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For |q| < 1,

(a; q)∞ =
∞∏

n=0

(1 − aqn) (1.1)

(a; q)∞ =
∞∏

n=1

(1 − aq(n−1)) (1.2)

(a1, a2, a3, ..., ak; q)∞ = (a1; q)∞(a2; q)∞(a3; q)∞...(ak; q)∞ (1.3)

Ramanujan [2, p.1(1.2)]has defined general theta function, as

f(a, b) =
∞∑
−∞

a
n(n+1)

2 b
n(n−1)

2 ; |ab| < 1, (1.4)

Jacobi’s triple product identity [3,p.35] is given, as

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞ (1.5)

Special cases of Jacobi’s triple products identity are given, as

φ(q) = f(q, q) =
∞∑

n=−∞

qn2

= (−q; q2)2
∞(q2; q2)∞ (1.6)

(q) = f(q, q3) =
∞∑

n=0

q
n(n+1)

2 =
(q2; q2)∞
(q; q2)∞

(1.7)

f(−q) = f(−q,−q2) =
∞∑

n=−∞

(−1)nq
n(3n−1)

2 = (q; q)∞ (1.8)

Equation (1.8) is known as Euler’s pentagonal number theorem. Euler’s another well
known identity is as

(q; q2)−1
∞ = (−q; q)∞ (1.9)
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Studying q-product identities

Throughout this paper we use the following representations

(qa; qn)∞(qb; qn)∞(qc; qn)∞ · · · (qt; qn)∞ = (qa, qb, qc · · · qt; qn)∞ (1.10)

(qa; qn)∞(qb; qn)∞(qc; qn)∞ · · · (qt; qn)∞ = (qa, qb, qc · · · qt; qn)∞ (1.11)

(−qa; qn)∞(−qb; qn)∞(qc; qn)∞ · · · (qt; qn)∞ = (−qa,−qb, qc · · · qt; qn)∞ (1.12)

Now we can have following q-products identities, as

(q2; q2)∞ =
∞∏

n=0

(1 − q2n+2)

=
∞∏

n=0

(1 − q2(4n)+2) ×
∞∏

n=0

(1 − q2(4n+1)+2) ×
∞∏

n=0

(1 − q2(4n+2)+2) ×
∞∏

n=0

(1 − q2(4n+3)+2)

=
∞∏

n=0

(1 − q8n+2) ×
∞∏

n=0

(1 − q8n+4) ×
∞∏

n=0

(1 − q8n+6) ×
∞∏

n=0

(1 − q8n+8)

or,
(q2; q2)∞ = (q2; q8)∞(q4; q8)∞(q6; q8)∞(q8; q8)∞ = (q2, q4, q6, q8; q8)∞ (1.13)

(q4; q4)∞ =
∞∏

n=0

(1 − q4n+4)

=
∞∏

n=0

(1 − q4(3n)+4) ×
∞∏

n=0

(1 − q4(3n+1)+4) ×
∞∏

n=0

(1 − q4(3n+2)+4)

=
∞∏

n=0

(1 − q12n+4) ×
∞∏

n=0

(1 − q12n+8) ×
∞∏

n=0

(1 − q12n+12)

or,

(q4; q4)∞ = (q4; q12)∞(q8; q12)∞(q12; q12)∞ = (q4, q8, q12; q12)∞ (1.14)

(q4; q12)∞ =
∞∏

n=0

(1 − q12n+4) =
∞∏

n=0

(1 − q12(5n)+4) ×
∞∏

n=0

(1 − q12(5n+1)+4)×

×
∞∏

n=0

(1 − q12(5n+2)+4) ×
∞∏

n=0

(1 − q12(5n+3)+4) ×
∞∏

n=0

(1 − q12(5n+4)+4)

=
∞∏

n=0

(1− q60n+4)×
∞∏

n=0

(1− q60n+16)×
∞∏

n=0

(1− q60n+28)×
∞∏

n=0

(1− q60n+40)×
∞∏

n=0

(1− q60n+52)

or,
(q4; q12)∞ = (q4; q60)∞(q16; q60)∞(q28; q60)∞(q40; q60)∞(q52; q60)∞

= (q4, q16, q28, q40, q52; q60)∞ (1.15)

Notes
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Studying q-product identities

II. Preliminaries

Similarly we can compute following as

(q5; q5)∞ = (q5; q15)∞(q10; q15)∞(q15; q15)∞ (1.16)

(q6; q6)∞ = (q6; q24)∞(q12; q24)∞(q18; q24)∞(q24; q24)∞ = (q6, q12, q18, q24; q24)∞ (1.17)

(q6; q12)∞ = (q6; q60)∞(q18; q60)∞(q30; q60)∞(q42; q60)∞(q54; q60)∞

= (q6, q18, q30, q42, q54; q60)∞ (1.18)

The outline of this paper is as follows. In sections 2, some recent results obtained by the
author in [1], and also some well known results are recorded, which are useful to the rest
of the paper. In section 3, we state and prove six new q-product identities, which are not
recorded in the literature.

In [1], following identities are being established

(q2, q4, q6; q8)∞[(−q; q2)2
∞ + (q; q2)2

∞] = 2(−q4; q8)2
∞ (2.1)

(q2, q4, q6, q8; q8)∞[(−q; q2)2
∞ − (q; q2)2

∞] = 4q
(q16, q32, q48; q48)∞
(q8, q24, q40; q48)∞

(2.2)

(−q; q2)2
∞ + (q; q2)2

∞
(−q; q2)2

∞ − (q; q2)2
∞

=
(−q4; q8)2

∞(q8, q8, q24, q24, q40, q40; q48)∞
2q

(2.3)

(−q; q2)2
∞(q; q2)2

∞(q2; q2)2
∞ = (q2, q2, q4; q4)∞ (2.4)

(−q; q2)∞(−q3; q6)∞ − (q; q2)∞(q3; q6)∞
(−q; q2)∞ × (−q3; q6)∞ × (q; q2)∞ × (q3; q6)∞

=
2q(−q2; q4)2

∞(q4, q8, q16, q20, q24; q24)∞
(q2, q4, q6, q8; q8)∞(q6, q12, q18; q24)∞

(2.5)
(−q3; q6)∞(−q5; q10)∞ − (q3; q6)∞(q5; q10)∞

(−q3; q6)∞ × (−q5; q10)∞ × (q3; q6)∞ × (q5; q10)∞
=

(q4, q8, q12; q12)∞
(q6, q12, q18, q24; q24)∞

×

× 2q3

(q2, q6, q10; q12)∞(q10, q20, q30, q30, q40, q50; q60)∞
(2.6)

[(q; q2)∞(q15; q30)∞] + [(−q; q2)∞(−q15; q30)∞]

[(q; q2)∞(q15; q30)∞][(−q; q2)∞(−q15; q30)∞]
=

(q12, q20, q24, q36, q40, q48, q60, q60; q60)∞
(q10, q30, q30, q50, q60; q60)∞

×

× 2

(q2, q4, q6, q8, q8; q8)∞(q6, q18, q30, q42, q54; q60)∞
(2.7)

In Ramanujan’s notebooks [6, p.240], the following entries are recorded as

f(q3, q6) = (q) − qψ(q9) (2.8)

f(−q2,−q3)f(−q,−q4) = f(−q,−q2)f(−q5,−q10) (2.9)

In Ramanujan’s notebooks [6, p.243], the following entries are recorded as

f(q, q7)f(q3, q5) = (q) (q4) (2.10)

1.
M

.P
.
C

h
au

d
h
ar

y
;
O

n
q-

pr
od

u
ct

id
en

ti
ti
es

,
p
re

p
ri

n
t.

Ref.

6.
S
.

R
am

an
u
ja

n
;

N
ot

eb
oo

ks
(V

ol
u
m

e
I)

,
T
at

a
In

st
it

u
te

of
F
u
n
d
am

en
ta

l
R

es
ea

rc
h
,

B
om

b
ay

,
19

57
.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

4

    
 

  
20

12
    
 M
ay

©  2012 Global Journals Inc.  (US)

Studying q-product identities

III. Main Results

2f(q3, q5) = (q
1
2 ) + (−q

1
2 ) (2.11)

2q
1
2f(q, q7) = (q

1
2 ) − (−q

1
2 ) (2.12)

Notes

In this paper, we established following new results, which are not recorded in the literature
of special functions

(q2; q2)∞
(q; q2)∞

= (−q3,−q6, q9; q9)∞ + q
(q18; q18)∞
(q9; q18)∞

(3.1)

(q; q)∞ = (q, q2, q3, q4, q5; q5)∞ (3.2)

(q; q2)∞ =
(q2, q6; q8)∞

(−q,−q3,−q5,−q7; q8)∞
(3.3)

(−q
1
2 ; q)∞ + (q

1
2 ; q)∞ =

2(−q3,−q5, q8; q8)∞(q
1

2 ,−q
1

2 ; q)∞
(q, q2, q3, q4, q5; q5)∞

(3.4)

(−q
1
2 ; q)∞ − (q

1
2 ; q)∞ =

2q
1
2 (−q,−q7, q8; q8)∞(q

1
2 ,−q 1

2 ; q)∞
(q, q2, q3, q4, q5; q5)∞

(3.5)

(−q 1
2 ; q)∞ + (q

1
2 ; q)∞

(−q 1
2 ; q)∞ − (q

1
2 ; q)∞

=
(−q3,−q5; q8)∞

q
1
2 (−q,−q7; q8)∞

(3.6)

Proof of (3.1): By substituting a = q3 and b = q6 in (1.5), we have

f(q3, q6) = (−q3; q9)∞(−q6; q9)∞(q9; q9)∞

also, by substituting q = q9 in (1.7), we get

(q9) =
(q18; q18)∞
(q9; q18)∞

employing (1.7) and putting the values of f(q3, q6) and (q9) in (2.8), we get

(−q3; q9)∞(−q6; q9)∞(q9; q9)∞ =
(q2; q2)∞
(q; q2)∞

− q
(q18; q18)∞
(q9; q18)∞

after simplification, we get

(q2; q2)∞
(q; q2)∞

= (−q3,−q6, q9; q9)∞ + q
(q18; q18)∞
(q9; q18)∞

which established (3.1).

Proof of (3.2): By substituting a = −q2 and b = −q3 in (1.5), we have

f(−q2,−q3) = (q2; q5)∞(q3; q5)∞(q5; q5)∞
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Notes

by substituting a = −q and b = −q4 in (1.5), we have

f(−q,−q4) = (q; q5)∞(q4; q5)∞(q5; q5)∞

employing (1.8) and putting the values of f(−q2,−q3) and f(−q,−q4) in (2.9), we get

(q2; q5)∞(q3; q5)∞(q5; q5)∞(q; q5)∞(q4; q5)∞(q5; q5)∞ = (q; q)∞(q5; q5)∞

after simplification, we get

(q; q)∞ = (q, q2, q3, q4, q5; q5)∞

which established (3.2).

Proof of (3.3): By substituting a = q and b = q7 in (1.5), we have

f(q, q7) = (−q; q8)∞(−q7; q8)∞(q8; q8)∞

by substituting a = q3 and b = q5 in (1.5), we have

f(q3, q5) = (−q3; q8)∞(−q5; q8)∞(q8; q8)∞

also by substituting q = q4 in (1.7), we get

(q4) =
(q8; q8)∞
(q4; q8)∞

employing (1.7) and putting the values of f(q, q7), f(q3, q5) and (q4) in (2.10), we get

(−q; q8)∞(−q7; q8)∞(q8; q8)∞(−q3; q8)∞(−q5; q8)∞(q8; q8)∞ =
(q2; q2)∞
(q; q2)∞

× (q8; q8)∞
(q4; q8)∞

further using (1.13), and after simplification, we get

(q; q2)∞ =
(q2, q6; q8)∞

(−q,−q3,−q5,−q7; q8)∞

which established (3.3).

Proof of (3.4): By putting q = q
1
2 and q = −q 1

2 in (1.7), we have

(q
1
2 ) =

(q; q)∞

(q
1
2 ; q)∞

and (−q
1
2 ) =

(q; q)∞

(−q 1
2 ; q)∞

by substituting the values of f(q3, q5) from proof of (3.3), (q
1
2 ) and (−q 1

2 ) in (2.11),
we get

2(−q3; q8)∞(−q5; q8)∞(q8; q8)∞ =
(q; q)∞

(q
1
2 ; q)∞

+
(q; q)∞

(−q 1
2 ; q)∞
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Studying q-product identities

after simplification, and employing (3.2), we have

(−q
1
2 ; q)∞ + (q

1
2 ; q)∞ =

2(−q3,−q5, q8; q8)∞(q
1
2 ,−q 1

2 ; q)∞
(q, q2, q3, q4, q5; q5)∞
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 I.

 

Introduction

 The telegraph equation also called telegraphist’s equation was first introduced by 
kirchoff in his paper in 1857

 

and then appeared in the paper by Heavyside in 1876.

 

But it 
first attracted serious attention when treated by Poincare in 1893.The original form of the 
telegraph equation is

 
)(2

2

SLRK
t
uKL ++

∂
∂

t
u
∂
∂

2

2

x
uRSu

∂
∂

=+                                  (1)

 
Where 

 
u=electric potential or electric current

 
K=electrostatistic capacity

 
L=self inductance

 
R=resistance

 

S=leakage conductance

 

x=distance along the wire

 

t=time               

 

The telegraph equation has characteristics of both wave motion and diffusion.

 

If 
there is no resisistance and leakage,

 

it reduces to

 2

2

2

2 1
x
u

KLt
u

∂
∂

=
∂
∂

                                        (2)
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Which is the equation of wave motion with phase speed of(KL)-1/2

 
On the other 

hand when inductance is negligible compared with the resistance and there is no leakage 
we have

 

2

21
x
u

RKt
u

∂
∂

=
∂
∂

                                          (3)
 

Which is the equation of diffusion with diffusivity of (RK)-1  

Recently various iterative methods are applied for getting Numerical and 
analytical solutions of telegraph equations[1,2,3,4]. In this paper Homotopy Analysis 
Method is applied to solve the proposed equations. HAM introduced by Liao[5,67,8] has 
been used by many mathematicians and engineers to solve various equations based on 
homotopy , which is a basic concept in topology. In recent years this method has been 
successfully employed to solve many types of nonlinear homogeneous or nonhomogeneous 
equations and systems of equation as well as problems in Science and engineering[9-16].

 

The validity of the HAM is independent of whether or not there exists small parameters 
in the considered equation. HAM provides us with a simple way to adjust and control the 
convergence of solution series. .It provides us with freedom to use different base fuctions 
to approximate a nonlinear problem. Especially, it provides us with freedom of replace a 
nonlinear partial differential equation of first order n into an infinite number of linear 
Differential equations of order k, where the order k is even unnecessarily to be equal to 
order n.When the base functions are introduced the H(r,t) is properly chosen using the

 

rule of solution expression, rule of coefficient of ergodicity and rule of solution 
existence.By plotting h curves the proper h is chosen.

 
Thus as long as h,H(r,t),

 
U0(r,t)

 

and linear operator L are properly chosen the solution expression converges to exact 
solution in the convergence region.

 
Homotopy analysis method provides us the great 

freedom to choose all of them.
 

II.
 

Basic idea of Homotopy Analysis Method (ham)
 

In this section the basic ideas of the homotopy analysis method are introduced. 
Here a description of the method [7] is given to handle the general nonlinear problem.

 

                               𝑁𝑁𝑁𝑁0(𝑡𝑡)=0,t>0,                                          (4)
 

Where 𝑁𝑁
 

is a nonlinear operator and 
 

𝑢𝑢0(𝑡𝑡)
 

is unknown function of the 
independent

 
variable t.

 

Zero-
 

order deformation equation 
 

  

 
 

                         𝐿𝐿�𝑓𝑓(𝑡𝑡)� = 0,When𝑓𝑓(𝑡𝑡) = 0.                               (5)
 

The auxiliary parameter h, the auxiliary function
 

𝐻𝐻(𝑡𝑡),
 

and the auxiliary linear 

operator 𝐿𝐿
 

play important roles within the HAM to adjust and control the convergence 

region of solution series. Liao[8] constructs, using 𝑞𝑞 ∈ [0,1]
 

as an embedding parameter, 
the so-called zero-order deformation equation.

 

     (1 − 𝑞𝑞)𝐿𝐿[(∅(𝑡𝑡; 𝑞𝑞) −
 

𝑢𝑢0(𝑡𝑡)] = 𝑞𝑞ℎ𝐻𝐻(𝑡𝑡)𝑁𝑁[(∅(𝑡𝑡; 𝑞𝑞)],  
  

     (6)
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Let 𝑁𝑁0(𝑡𝑡)  denote the initial guess of the exact solution of Eq. (4), h≠ 0 an 

auxiliary parameter, 𝐻𝐻(𝑡𝑡) ≠ 0 an auxiliary function. and L an auxiliary linear operator 
with the property.



   
 

 

  
 

                                           
 

  
 

                                                       

 
 

 

 

 
 

  
 

 
 

 

   
 

   
 

                  Where  ℵ𝑚𝑚=� 𝑜𝑜, 𝑚𝑚 ≤ 1

    
1,

   
𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�                             (13)
 

 And
 

                  
𝑅𝑅𝑚𝑚(𝑢𝑢𝑚𝑚�����⃗ , 𝑡𝑡) = 1

(𝑚𝑚−1)!
𝜕𝜕𝑚𝑚−1𝑁𝑁[∅(𝑡𝑡;𝑞𝑞)]

𝜕𝜕𝑞𝑞𝑚𝑚−1                            (14)
 

 
  

 

 
𝑢𝑢(𝑡𝑡) = ∑ 𝑢𝑢𝑘𝑘𝑚𝑚

𝑘𝑘=0 (𝑡𝑡)                                   (15)
 

III.
 

Illustrative Examples
 

Example1:
 Let us consider the following telegraph equation 

 
utt +ut+u=uxx                                                            (16) 

With initial conditions
 

 U(x,0)=ex

 
ut(x,0)=-e-x                                           (17)
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Where ∅(𝑡𝑡; 𝑞𝑞) is the solution which depends on h, 𝐻𝐻(𝑡𝑡), 𝐿𝐿, 𝑁𝑁0(𝑡𝑡) and q. when 
q=0,the zero-order deformation Eq.(6) becomes  

∅(𝑡𝑡; 0) = 𝑁𝑁0(𝑡𝑡),                                     (7)

And when q=1, since h≠ 0 and 𝐻𝐻(𝑡𝑡) ≠ 0, the zero-order deformation Eq.(6) reduces to, 

𝑁𝑁[∅(𝑡𝑡; 1)] = 0,                                      (8)
                  

So, ∅(𝑡𝑡; 1) is exactly the solution of the nonlinear Eq.(4). Define the so-called mth 
order deformation derivatives.

𝑁𝑁𝑚𝑚(𝑡𝑡) = 1
𝑚𝑚!

𝜕𝜕𝑚𝑚∅(𝑡𝑡;𝑞𝑞)
𝜕𝜕𝑞𝑞𝑚𝑚

                                   (9)   

If the power series (9) of ∅(𝑡𝑡; 𝑞𝑞) converges at q=1, then we gets the following 
series solution:

𝑁𝑁(𝑡𝑡) = 𝑁𝑁0(𝑡𝑡) + ∑ 𝑁𝑁𝑚𝑚∞
𝑚𝑚=1 (𝑡𝑡).                           (10)

Where the terms 𝑁𝑁𝑚𝑚(𝑡𝑡) can be determined by the so-called high order deformation 
described below.
High- order deformation equation

Define the vector,
𝑁𝑁𝑛𝑛=�������⃗ {𝑁𝑁0(𝑡𝑡), 𝑁𝑁1(𝑡𝑡), 𝑁𝑁2(𝑡𝑡) … …𝑁𝑁𝑛𝑛(𝑡𝑡)                            (11)

Differentialing Eq(6)m times with respect to embedding parameter q, the setting 

q=0 and dividingthem by 𝑚𝑚! , we have the so-called mth- oder deformation equation.

𝐿𝐿[𝑁𝑁𝑚𝑚(𝑡𝑡) − ℵ𝑚𝑚𝑁𝑁𝑚𝑚−1(𝑡𝑡)] = ℎ𝐻𝐻(𝑡𝑡)𝑅𝑅𝑚𝑚(𝑁𝑁𝑚𝑚�����⃗ , 𝑡𝑡),                (12)

For any given nonlinear operator 𝑁𝑁, the term 𝑅𝑅𝑚𝑚(𝑁𝑁𝑚𝑚�����⃗ , 𝑡𝑡) can be easily expressed 
by (14). Thus, we can gain 𝑁𝑁1(𝑡𝑡), 𝑁𝑁2(𝑡𝑡) … …. by means of solving the linear high-order 
deformation Eq. (12) one after the other order in order. The mth –order approximation of 
u(t) is given by



 
We apply homotopy analysis method to Eq. (16) and (17), as follows:

 since m≥1, χm=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2

 

in( 12)then (12) becomes

 
Um(x,t)=um-1(x,t)-L-1(Rm(um-1,x,t))

 

                     (18)

 Where

 Rm(um-1,x,t) =∂2um-1/∂t2+∂um-1/∂+um-1-∂2um-1/∂x2

 
 

And solution for

 

𝑢𝑢0:

 
Now we can select

 

 

𝑢𝑢0(x,t)=

 

e-x+te-x                                                         

 

(19)

 Applying (19) in (18) we get the following approximations

 
 

U1(x,t)=

 

e-x+te-x                           

 

u2(x,t)=

 

e-x+te-x +t2/2! e-x   U3(x,t)= e-x+te-x +t2/2!e-x  +t3/3!
 e-x   

 

 
The Final solution is

 u(x,t)= et-x

 

                                    (20)

 Example 2:

 
Consider the following form of telegraph equation

 utt +αut+βu=uxx+f(x,t)                              (21)

 
With α=1,

 

β=1 and f(x,t)=

 

ex+t+1

 With initial conditions
 u(x,0)=ex,ut(x,0)=2                               (22)

 
We apply homotopy analysis method to Eq. (21) and (22), as follows:

 since m≥1, χ
m
=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2

 
in(12)then (12) becomes

 
Um(x,t)=um-1(x,t)-L-1(Rm(um-1,x,t))                     (23)        

 

Where
 

Rm(um-1,x,t) =∂2um-1/∂t2+∂um-1/∂t+um-1-∂2um-1/∂x2-(ex+t+1)
 

 
And solution for  𝑢𝑢0:

 
Now we can select  

 
𝑢𝑢0(x,t)=

 
ex t+t                                      (24)

 

Applying (24) in (23) we get the following approximations
 

 U1(x,t)=
 

ext+t   U2(x,t)=
 

ext+t..........................
 

 The Final solution is
 U(x,t)= ext+t                                      (25)

 
 Example3:

 Let us consider the following telegraph equation
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where 

 

α=2,β=2,c=1                                           (26)

 
 

with initial condition

 

u(x,0)=1-e2x

 

ut(x,0)=-2                              (27)

 
We apply homotopy

 

analysis method to Eq. (26) and (27), as follows:

 

since m≥1, χm=1 setting h= -1 and H(r,t)=1and here we setL==∂2u/∂x2

 

in(12)then (12) 
becomes

 
            Um(x,t)=um-1(x,t)-L-1(Rm(um-1,x,t))                       

 

(28)        

 
Where

 
Rm(um-1,x,t) =∂2um-1/∂x2-∂2um-1/∂t2-4∂um-1/∂t-4um-1

 
And solution for

 

𝑢𝑢0:

 

Now we can select

 

 

𝑢𝑢0(x,t)=

 

e-2t+1-2x                                (29)

 
Applying (29) in (28) we get the following approximations

 
u1(x,t)=

 

e-2t+1-2x+(2x)2/2!-(2x)3/3!

 
u2(x,t)= e-2t+1-2x+(2x)2/2!-(2x)3/3!+(2x)4/4!-(2x)5/5!

 The Final solution is

 u(x,t)= e-2t+1-2x+(2x)2/2!-(2x)3/3!+(2x)4/4!-(2x)5/5!+..................

 U(x,t)=e-2t+e-2x

 

                                        (30)               

 
 IV.

 

Conclusion

 In this paper exact solutions for some of the telegraph equations have been 
established.The Homotopy Analysis method(HAM) is successfully used to develop these 
solutions. This work shows that HAM has significant advantages over the existing 
techniques.It avoids the need for calculating the Adomain polynomials which can be 
difficult in some cases.

 

The reliability of the method and reduction in the size of 
computational domain give this method wider applicability.The results shows that HAM 
is a powerful mathematical tool for finding the exact and approximate solutions of the 
nonlinear equations.
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Introduction

 

The series representation of the H-function of several complex variable studied by 
Olkha and Chaurasia [6,7] is given as follows:

 

),λ,

],
=],...,

(r)v(r)(u;...;)v',(u'

 

:

 

'0

(r)D(r)[B;...;]D',[B':C',A'r1 Hz[z

 

H 







,...,

];φ:φ[:]θθ[(

;]δ:δ[:]ψψ[( r1

(r)(r)[b;...;]':b'(r),...,':a)

(r)(r)[d;...;]':d'(r),...,'

 

:

 

c)
zz

 

)!δ(

)−()(
ΦΦ=

)(
=

)(
=

=
∞

== ∏

∏
∑∑

∑

i
(i)

im

r

1i

in
r

1iiU
i

r

1i
21

0in

(i)u

1im n

 

1z
,

     

(1.1)

 where

 












ψ+−Γ












θ−Γ












θ+−Γ

=Φ

∑∏∑∏

∑∏

===+λ=

=

λ

=

i
(i)
j

r

1i
j

C

1j
i

(i)
j

r

1i
j

A'

1'j

i
(i)
j

r

1i
j

'

1j
1

Uc1Ua

Ua1
,

   

(1.2)

 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

13

    
 

  
20

12
    
 

© 2012 Global Journals Inc.  (US)

M
ay

6.
O

lk
h
a,

 G
.S

. 
an

d
 C

h
au

ra
si

a,
 V

.B
.L

. 
–

S
om

e 
in

te
gr

al
 t

ra
n
sf

or
m

 i
n
v
ol

v
in

g 
th

e 
H

-f
u
n
ct

io
n
 

of
 s

ev
er

al
 c

om
p
le

x
 v

ar
ia

b
le

s,
 K

y
u
n
gp

oo
k
 M

at
h
. 
J
.,
 2

2 
(1

98
2)

, 
30

9-
31

5.

Ref.

Keywords



 

 

)φ−(Γ)δ+−(Γ

)φ+−(Γ)δ−(Γ

=Φ

∏∏

∏∏

+=+=

=
≠
=

i
(i)
j

(i)
j

(i)B

1(i)vj
i

(i)
j

(i)
j

(i)D

1(i)uj

i
(i)
j

(i)
j

(i)v

1j
i

(i)
j

(i)
j

(i)u

jmj
1j

2

UbUd1

Ub1Ud

,
     

(1.3)
 

 r1,...,  i
nd

U (i)

im

i
(i)

im

i =,
δ

+
=        (1.4) 

which is valid under the following conditions  

 ]+[δ≠]+[δ i
(i)

im
(i)
ji

(i)
j

(i)

im ndpd      (1.5) 

for 0 z210npu1mm j ii
(i)

ii ≠,...;,,=,;,...,=,≠  

 
r1,...,

  
i0(i)

j

(i)D

1j

(i)
j

(i)B

1j

(i)
j

C'

1j

(i)
j

'

1j
i =∀<δ−φ+ψ−θ=∇ ∑∑∑∑

===

λ

=    
(1.6)

 

Srivastava and Panda [8] have introduced the multivariable H-function 









,...,=],...,

:)β,α[:]γγ[(

:]∈,∈[:]ξξ[(

)β,αβα(:λ,

], R1

(R)(R)(;...;]n':q'(R),...,': g)

(R)(R)[p;...;]':p'(R),...,'f)L

(R)(R)(;...;)','0

(R)N(R)[M;...;]N',[M' : CA,R1 yyHy[y H         (1.7) 

For the sake of brevity 

 ,≤∈−η+ξ−γ= ∑∑∑∑
===

λ

=
0T (i)

j

(i)N

1j

(i)
j

(i)M

1j

(i)
C

1i

(i)
j

1j
i

     
(1.8)

 

,>∈−∈+η−η+ξ−γ−=Ω ∑∑∑∑∑∑
+α=

α

=+β=

β

==+λ=
0(i)

j

(i)N

1(i)j

(i)
j

(i)

1j

(i)
j

(i)M

1(i)j

(i)
j

(i)

1j

(i)
j

C

1i

(i)
j

A

1j
i   (1.9) 

R.1,...,  iT
2
1(y arg ii =∀,π<|)|  

II. Main Theorem 

 The transformation valid under the following conditions: 

(i) ,−>)ρ 1Re(  

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

14

    
 

  
20

12
    
 M
ay

©  2012 Global Journals Inc.  (US)

An Integral Involving Extended Jacobi Polynomial

    

      

8.
S
riv

astav
a, H

.M
. an

d
 P

an
d
a, R

. –
E

x
p
an

sion
 th

eorem
s for th

e H
-fu

n
ction

 of sev
eral 

com
p
lex

 v
ariab

les, J
. R

ein
e A

n
gew

. M
ath

., 288 (1976), 129-145.

Ref.



 

 

(ii)
 

,−>














δ
+

∈
+σ ∑∑

==
1

d
h

p
h

 
Re (i)

j

(i)
j'

i'

r

1i'
(i)
j

(i)
j

i

R

1i  

(iii)
 

r,1,...,  i' R,1,...,  ip),(qk   t 0, k T hh i
'
i'i ==−=>,,,

 

 iiii T
2
1(y arg Ω,,Ω<|)| are given in (1.8) and (1.9).

 

(iv)
 

x)Fn ;ω,ρ( is Fujiwara’s polynomial.
 

Thus, the following transformation holds 

]−(,...,−(;ω,ρ(−(−( σρ∫ rh
r

h'
1n

q

p
x)qzx)q[z

 
H

 
x)Fx)qp)x

 

.

 

dxx)qy

 

x)q[y

 

H Rh
R

h
1 ]−(,...,−(

 

21

iU'ih
r

1i
1

i
(i)

im

r

1i

niU
i

r

1i

nin
r

1i

0in

(i)u

1im

 

n)1p)q
!n 

 

n

tz1
ΦΦ+ρ+(Γ−(

)!δ((

)()−(
=

∑

∑

=
++σ+ρ

=

=

+)(
=

∞

== ∏

∏
∑∑

 

.

 









],,...,:

=
−σ−[],,...,:

=
−ρ−ω[

],,...,:
=

σ−−ρ−−[],,...,:
=

−σ−+ω[

)β,αβα(:+λ,

],++

∑∑

∑∑

Rh1hiU'ih
r

1i
Rh1hiU'ih

r

1i

Rh1hiU'ih
r

1i
n1Rh1hiU'ih

r

1i
n

(R)(R)(;...;)','20

(R)N(R)[M;..;]N',[M':2C2,A
H

 

 






−(,...,−(;]η,η[:]γγ[(

;]∈,∈[:]ξξ[(

Rh
R

1h
1

(R)(R)[q;...;]',q'(R),...,':g)

(R)(R)[p;...;]',p'(R),...,

 

':f)
p)qyp)qy .

   

(2.1)

 
III.

 

Proof

 

 

IV.

 

Special Cases

 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

15

    
 

  
20

12
    
 

© 2012 Global Journals Inc.  (US)

M
ay

An Integral Involving Extended Jacobi Polynomial

To prove (2.1), we express the multivariable H-function in series form with the 
help of (1.1) and then changing the order of integration and summations which is valid 
under the conditions stated and evaluating the remaining integral with the help of a 
known result of Chaurasia and Sharma ([2], p.269, eqn. (2.1)), we get the required result.

(a) Giving suitable values to the parameters and making use of a 
transformation formula given by Srivastava and Panda ([8], p.139, eqn. 4.11), after a little 
simplification, we have the following result
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For r = 1 =R in (2.1), we obtain the following result
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i' =,=,=λ== we get a known result due to Srivastava 

and Panda [8].
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Chaurasia and Sharma in [2].

 

(f)

 

The result already established by the equation (3.2) and (3.3) in [2] can be 
deduced from our results.

 

A great number of interesting integral formulae as particular cases our main result 
can be deduced, but we omit them here for lack of space.
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Abstract -

 

In this paper we have proved some coincidence and common  fixed point theorem in cone metric space by 
using Jungck type contractive condition and generalized the results of Huang Long Guang and Zhang Xian.  

 

I.

 

Introduction

 

Common fixed point theorems have been proved by many authors by using  
contractive conditions for  single valued mapping [5], [6], [7]. The concept of weakly 
commuting mapping defined by S. Sessa [9] was generalized by Singh and Pant [10]. They 
proved some common fixed point theorem by using weak commutative condition of 
mappings. G. Jungck [3] has generalized this condition by defining compatible mapping 
and proved some common fixed point theorem.   

 

Recently Huang Long [4] replaced the set of real numbers by an ordered Banach 
space and obtained some fixed point theorems for self mapping satisfying different 
contractive condition. Dejan Ilic and Rakocevic [1] and K. Jha [5] have proved some fixed 
point theorems in cone metric space by using commuting mapping. Abbas and Jungck [6] 
has proved some common fixed point theorem for non commuting mappings in the set of 
cone metric spaces. P. Raja [8] has proved new results by extending Banach contraction 
principle in complete cone metric spaces. Jungck type contraction [2] leads to a new 
development

 

regarding the weaker forms of commuting mappings which is stated as:

 

Let Y

 

be an arbitrary nonempty set and (X, d) is a metric space. Let f and I

 

be 
maps from Y

 

with the values in X. Consider the following properties,

 

a.

 

d (fx, fy) <

 

kd (Ix, Iy),

 

xy∈X,

 

  0 <

 

k <

 

1

 

b.

 

d (fx, fy) <

 

kd (Ix, Iy),

  

xy∈X,

 

c.

 

d (fx, fy) <

 

d (Ix, Iy),

 

xy∈X

 

In the scenario of existing literature in metric fixed point theory the pair of 
mapping (f, I) satisfying properties a, b

 

and c

 

are called Jungck contraction, Jungck 
strictly contraction and Jungck non expensive contraction. Piyush tripathi [10] proved 
some common fixed point theorems and extended some well known results by using 
Jungck type contraction. 

 

The papers of Jungck [2] and piyush tripathi [9] motivated us to establish 
coincidence and common fixed point theorem for two self mapping in a complete cone 
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metric spaces by using Jungck  type contractive condition which is the extended result of 
Huang Long [4].

 The following definitions regarding cone metric space is defined in the paper of 
Huang Long [4].

 
 Definition-1.1

 

Suppose E

 

as the real Banach space and P

 

is a subset of E. Then P

 is cone if and only if

 (i)

 

P

 

is closed, non-empty and P ≠
 

{0}
 (ii)

 

If α, β
 

∈
 

R

 

and α, β
 

>
 

, 0

 

and if x, y

 

∈
 

P

 

then α
 

x + β
 

y ∈
 

P

 (iii)

 

If x ∈
 

P

 

and -

 

x ∈
 

P ⇒
 

x = 0    

 For a cone P
 
which is subset of E Huang Long [4] defined a partial ordering < <

 with respect to P
 
as x < <

 
y
 
if and only if y -

 
x ∈

 
int P, where int P

 
is interior of P

  
Definition-1.2 :

 
P

 
is called normal cone if there exist a number K

 
>
 
0 such that o <

 x <
 
y  ⇒

 
||x||

 
<
 

Definition-1.3:
 
The cone P

 
is said to be regular if every increasing sequence which 

is bounded above is convergent. 
 

 
K

 
||y||

 

Definition-1.4 :
 

Let X
 

is a non - empty set. Let d
 
is a mapping from X ×

 
X →

 E
 
and if

 
d  satisfies the following conditions.  

(i) d (x, y) > 0 ∀ x, y ∈ X 
(ii) d (x, y) = 0 iff  x = y 
(iii) d (x, y)  = d (y, x) 

(iv) d (x, y) <  d (x, z) + d (y, z) ∀  x y z ∈ X 
Then d is called the cone metric on X and the pair (X, d) is called the cone metric space. 

Definition-1.5: A sequence {xn} in a cone metric space (X, d) is said to be convergent and 

converges to x ∈ X if for every   c ∈  E  with o < < c, ∃ N such that n > N, d (xn, x) <  < c, 

and x is called the limit of {xn}.  

i.e. lim xn  =  x or xn → x  for n → ∞ 

Definition-1.6: A sequence {xn} in a cone metric space (X, d) is said to be convergent and 

converges to x ∈ X if for every  c ∈ E with o < < c ∃ N such that n > N, d (xn, x) < < c. 

Definition-1.7 : A cone metric space (X, d) is said to be complete cone metric space if 
every Cauchy sequence is convergent in (X, d). 

Definition-1.8 : A cone metric space (X, d) is said to be sequentially compact if for any 

sequence {xn} in X, there exists a subsequence { }
inx  of {xn} such that { }

inx  is convergent 

in X. To prove our main result, the following Lemma [2] are very important.  

Lemma – 1.1 [4] : Let (X, d) be a cone metric space, {xn} be a sequence in X. If {xn} 
converges to x then {xn} is a Cauchy sequence. 

Lemma – 1.2 [4] : Let (X, d) be a cone metric space, P be a normal cone with normal 

constant K. Let {xn} be a sequence in X. Then {xn} is a Cauchy sequence if and only if 
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d (xm, xn)  →
 
0  (m, n  →  ∞)

 
Lemma –

 
1.3 [4] : Let (X, d) be a cone metric space, P

 
be a normal cone with normal 

constant K. Let {xn}
 
and {yn}

 
be two sequences in X

 
and xn

 
→

 
x,  yn

 
→

 
y  (n →

 
∞)  

 
Then                                 d (xn, yn) → d (x, y) when n → ∞  

II. Main Results  

Theorem-2.1: Let (X, d) be a  cone metric space, P be a normal cone with constant K. 

Suppose T, I : X → X  are self mappings satisfies the condition  

   (i) d(Tx Ty) <  kd(Ix Iy) for all x, y ∈  Y, where k ∈  [0, 1).  

  (ii) ( ) ( )T Y I Y⊆ .  

  (iii)   Either T(Y)  or I(Y)  is complete.  

Then T and I have a coincidence point in X. 

Proof: Since ( ) ( )T Y I Y⊆ Choose ( )0 1 1 0, ,  such thatx x Y Ix T x∈ = and 1 2 2 1, ,x x Y Ix Tx∈ = , 

hence we can construct a sequence { }nx such that 1n nIx Tx+ =   

( ) ( )
( )

1 1

1

,

,
n n n n

n n

d Ix Ix d Tx Tx

kd Ix Ix
+ −

−

=

<  

( ) ( )
( )

1 1 2

1 2

,

,
n n n n

n n

d Ix Ix d Tx Tx

kd Ix Ix
− − −

− −

=

<  

( ) ( )2
1 1 2. , ,n n n nd I x Ix k d Ix Ix+ − −<  

continuing this process we get   

( ) ( )1 1 0, ,n
n nd Ix Ix k d Ix Ix+ <  

So for n > m 

( ) ( ) ( ) ( )
( ) ( )

( )

1 1 2 1

1 2
1 0

1 0

, , , ..... ,

..... ,

,
1

n m n n n n m m

n n m

m

d Ix Ix d Ix Ix d Ix Ix d Ix Ix

k k k d Ix Ix

k d Ix Ix
k

− + − +

− −

< + +

< + +

<
−

 

We get 

( )

( )

1 0|| ( , ) || || , ||
1

, 0 ,

m

n m

n m

kd Ix Ix K d Ix Ix
k

d Ix Ix as n m

<
−

⇒ → → ∞

 

Hence { } 1{ }n nIx Tx −=
 

is a Cauchy sequence in ( ) ( )T Y I Y⊆ . Suppose I(Y)
 

is 

complete in X
 
so there is p

 
∈

 
I(Y), z∈Y  such that ,   asn nIx Tx p n→ → ∞ and   I z = p.
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Putting x = nx
 
and y = z

 
in (i) . 

 
( , ) ( , )n nd Tx Tz kd Ix Iz≤

 
( , ) ( , )n nd Tx Tz kd Ix p≤

 
as n →∞ ,

 ( , ) ( , ) ( , ) 0d p Tz kd p p d p Tz≤ ⇒ =
 

So we get Tz = Iz = p. Therefore z is a coincidence point of T
 
and I.

 
Again if T(Y)

 
is complete then ( ) ( )nTx p T Y I Y→ ∈ ⊆ hence as above z

 
is 

coincidence point of
 
T

 
and I.

 
Theorem-2.2: Let (X, d)

 
be a cone metric space, P

 
be a normal cone with constant 

K. Suppose T, I : X →
 
X  are self mappings satisfies the condition 

 

        

 

    

   
Then T and I have a unique common fixed point in X. 

Proof: If we take Y = X in Theorem 2.1 then we get sequence { }nTx  which is a 

Cauchy sequence. Suppoose g(X) is complete then ( )nTx p g X→ ∈ , z X∈  such that Iz = 
p and Iz = Tz = p . Since T and I are commuting at their coincidence point so TIz = ITz  
and Tp = Ip. 

Putting x = z,  y = Tz , in (i),  
( , ) ( , )d Tz TTz kd Iz ITz≤ , 

 ( , ) ( , )d p Tp kd Iz TIz≤  
2( , ) ( , )d p Tp k d p Tp≤  

. 

.
 
.
 
( , ) ( , )nd p Tp k d p Tp≤

 
As n →∞ ,

 
( , ) 0d p Tp →

 
Tp Ip p= =
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So p is a common fixed point of T and I. For uniqueness suppose  and p q′ ′ are two 

common fixed points of T and I, 

(i) d(Tx Ty) < kd (Ix Iy) for all x, y ∈ Y, where k ∈ [0, 1). 

(ii) ( ) ( )T Y I Y⊆ .
(iii) Either T(X) or I(X) is complete.

(iv) T and I are commuting at their coincidence point.



 

 

  

  

From (i) 2( , ) ( , ) ( , ) ( , ). . .( , )nd Tp Tq k Ip Iq k Tp Tq k Ip Iq k Ip Iq′ ′ ′ ′ ′ ′ ′ ′ ′ ′≤ = ≤ ≤ , as n →∞

 

( , ) ( , ) 0  d Tp Tq d p q p q′ ′ ′ ′ ′ ′= = ⇒ = . Therefore T

 

and I

 

have unique common fixed point.

 

The following theorem was proved by Huang Long-Guang and Zhang Xian [4].

 

Theorem - 2.2.[4]

 

:

 

Let (X, d) be a complete cone metric space, P be a normal 

cone with normal constant K. Suppose the mapping T : X →

 

X

 

satisfies the contractive 

condition d (Tx, Ty) <

 

kd

 

(x, y),

 

for all x, y ∈

 

X, where k

 

∈

 

[0, 1) is a constant. Then T 

has a unique fixed point in X and for any x ∈

 

X iterative sequence (T
n

 

x) converges to 
the fixed point. 

 

Proof:  In the our Theorem 2.2, mapping I

 

is considered as identity mapping then 
the theorem stated by Huang Long [4] becomes special case of our proved Theorem 2.2
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I. Introduction

Generalized Gaussian Hypergeometric function

A generalized hypergeometric function pFq(a1, ...ap; b1, ...bq; z) is a function which can be
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive
terms can be written

ck+1

ck

=
P (k)

Q(k)
=

(k + a1)(k + a2)...(k + ap)

(k + b1)(K + b2)...(k + bq)(k + 1)
z. (1)

Where k + 1 in the denominator is present for historical reasons of notation, and the
resulting generalized hypergeometric function is written

pFq





a1, a2, · · · , ap ;
z

b1, b2, · · · , bq ;



 =

∞
∑

k=0

(a1)k(a2)k · · · (ap)kz
k

(b1)k(b2)k · · · (bq)kk!
(2)

or

pFq





(ap) ;
z

(bq) ;



 ≡ pFq





(aj)
p
j=1 ;

z

(bj)
q
j=1 ;



 =
∞

∑

k=0

((ap))kz
k

((bq))kk!
(3)

where the parameters b1, b2, · · · , bq are neither zero nor negative integers and p, q are
non-negative integers.

The pFq series[23, p.156(3)] converges for all finite z if p ≤ q, converges for | z |< 1 if
p 6= q + 1, diverges for all z , z 6= 0 if p > q + 1.

The pFq series [23, p.156(4)]absolutely converges for | z |= 1 if R(ζ) < 0 , conditionally
converges for | z |= 1, z 6= 0 if 0 ≤ R(ζ) < 1 , diverges for | z |= 1 , if 1 ≤ R(ζ) ,

ζ =
p

∑

i=1

ai −
q

∑

i=0

bi.
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

The function 2F1(a, b; c; z) corresponding to p = 2, q = 1, is the first hypergeometric
function to be studied (and, in general, arises the most frequently in physical problems),
and so is frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s
hypergeometric function (Gauss 1812, Barnes 1908). To confuse matters even more,
the term ”hypergeometric function” is less commonly used to mean closed form, and
”hypergeometric series” is sometimes used to mean hypergeometric function.
The hypergeometric functions are solutions to the hypergeometric differential equation

z(1 − z)y′′ + [c − (a + b + 1)z]y′ − aby = 0                      (4)

The solution of this equation is

y = A0

[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

(5)

This is the so-called regular solution,denoted

2F1(a, b; c; z) =
[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

=
∞

∑

k=0

(a)k (b)kz
k

(c)kk!
(6)

Which converges if c is not a negative integer for all of | z |< 1 and on the unit circle
| z |= 1 if R(c − a − b) > 0. Here (a)k is a Pochhhammer symbol and is defined by

(a)k =
Γ(a + k)

Γ(a)
=







a(a + 1)(a + 2) · · · (a + k − 1); if k = 1, 2, 3, · · ·
1 ; if k = 0
k! ; if a = 1, k = 1, 2, 3, · · ·

(7)

Contiguous Relation is defined by

[ Andrews p.363(9.16), E. D. p.51(10)]

(a − b) 2F1

[

a, b ;
c ;

z

]

= a 2F1

[

a + 1, b ;
c ;

z

]

− b 2F1

[

a, b + 1 ;
c ;

z

]

(8)

Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.8)]

2F1

[

a, b ;
a+b+1

2
;

1

2

]

=
Γ(a+b+1

2
) Γ(1

2
)

Γ(a+1
2

) Γ( b+1
2

)
(9)

=
2(b−1) Γ( b

2
) Γ(a+b+1

2
)

Γ(b) Γ(a+1
2

)
(10)

In a monograph of Prudnikov et al., a summation theorem is given in the form [Prud.,
p.491(7.3.7.8)]

2F1

[

a, b ;
a+b−1

2
;

1

2

]

=
√

π

[

Γ(a+b+1
2

)

Γ(a+1
2

) Γ( b+1
2

)
+

2 Γ(a+b−1
2

)

Γ(a) Γ(b)

]

(11)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

27

    
 

  
20

12

© 2012 Global Journals Inc.  (US)

M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

II. Derivation of Main Result

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

2F1

[

a, b ;
a+b−1

2
;

1

2

]

=
2(b−1) Γ(a+b−1

2
)

Γ(b)

[

Γ( b
2
)

Γ(a−1
2

)
+

2(a−b+1) Γ(a
2
) Γ(a+1

2
)

{Γ(a)}2 +
Γ( b+2

2
)

Γ(a+1
2

)

]

(12)

Recurrence relation is defined by

Γ(z + 1) = z Γ(z) (13)

2F1

[

a, b ;
a+b+36

2
;

1

2

]

=
2b Γ(a+b+36

2
)

(a − b) Γ(b)
×

×
[

Γ( b
2
)

Γ(a
2
)

{

131072(1371195958099968000a − 2317820965473484800a2 + 1687424939411374080a3)
[ 16

∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−713340918791405568a4 + 198107173820104704a5 − 38628489336586240a6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(5503512041431040a7 − 587213457166336a8 + 47604013453568a9 − 2951316459520a10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(139842010880a11−5022477824a12 + 134304352a13−2589440a14 + 34000a15−272a16 +a17)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(1371195958099968000b + 8731883713131970560a2b − 2360644428997066752a3b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(2267279959510548480a4b − 332504193149960192a5b + 113489856414113792a6b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−9741187137183744a7b+ 1633123923118336a8b−84542302806016a9b+ 7814003087616a10b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−239628553216a11b + 12599892448a12b− 209966592a13b + 6046832a14b − 41888a15b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(561a16b + 2317820965473484800b2 + 8731883713131970560ab2 + 6586791913742008320a3b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−641592925093232640a4b2 + 650308733691240448a5b2 − 44844741067923456a6b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(16064617532609536a7b2 − 716669564497920a8b2 + 124598817697024a9b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−3416752171008a10b2 + 322510879808a11b2 − 4919566080a12b2 + 258685328a13b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−1669536a14b2 + 46376a15b2 + 1687424939411374080b3 + 2360644428997066752ab3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(6586791913742008320a2b3 + 1475014418219950080a4b3 − 66433020866600960a5b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(66036533182833664a6b3 − 2389236717666304a7b3 + 844644599515904a8b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−20324619617280a9b3 + 3472660479552a10b3 − 48420456448a11b3 + 4440873008a12b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−26898080a13b3 + 1344904a14b3 + 713340918791405568b4 + 2267279959510548480ab4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(641592925093232640a2b4 + 1475014418219950080a3b4 + 130395697879248384a5b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−3018527499018240a6b4 + 2849386432882176a7b4 − 55437330212352a8b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(18754939121952a9b4 − 230462749440a10b4 + 37583709072a11b4 − 209805024a12b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(18156204a13b4 + 198107173820104704b5 + 332504193149960192ab5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(650308733691240448a2b5 + 66433020866600960a3b5 + 130395697879248384a4b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(5152732631861760a6b5 − 63011227023360a7b5 + 55557257991840a8b5 − 548720832000a9b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(174501294000a10b5 − 858293280a11b5 + 131128140a12b5 + 38628489336586240b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(113489856414113792ab6 + 44844741067923456a2b6 + 66036533182833664a3b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(3018527499018240a4b6+ 5152732631861760a5b6+ 94632071909760a7b6−579061866240a8b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(472343733840a9b6 − 1855967520a10b6 + 548354040a11b6 + 5503512041431040b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(9741187137183744ab7 + 16064617532609536a2b7 + 2389236717666304a3b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(2849386432882176a4b7 + 63011227023360a5b7 + 94632071909760a6b7 + 771154504560a8b7)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(−1855967520a9b7 + 1391975640a10b7 + 587213457166336b8 + 1633123923118336ab8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(716669564497920a2b8+ 844644599515904a3b8+ 55437330212352a4b8+ 55557257991840a5b8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(579061866240a6b8 + 771154504560a7b8 + 2203961430a9b8 + 47604013453568b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(84542302806016ab9 + 124598817697024a2b9 + 20324619617280a3b9 + 18754939121952a4b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(548720832000a5b9 + 472343733840a6b9 + 1855967520a7b9 + 2203961430a8b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(2951316459520b10 + 7814003087616ab10 + 3416752171008a2b10 + 3472660479552a3b10)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(230462749440a4b10 + 174501294000a5b10 + 1855967520a6b10 + 1391975640a7b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(139842010880b11 + 239628553216ab11 + 322510879808a2b11 + 48420456448a3b11)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(37583709072a4b11 + 858293280a5b11 + 548354040a6b11 + 5022477824b12 + 12599892448ab12)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(4919566080a2b12 + 4440873008a3b12 + 209805024a4b12 + 131128140a5b12 + 134304352b13)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(209966592ab13 + 258685328a2b13 + 26898080a3b13 + 18156204a4b13 + 2589440b14)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(6046832ab14 + 1669536a2b14 + 1344904a3b14 + 34000b15 + 41888ab15 + 46376a2b15)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(272b16 + 561ab16 + b17)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144b(1371195958099968000 + 454463600984064000a + 2408583749802393600a2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(409718296547426304a3 + 371450374831276032a4 + 37209556220248064a5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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+
262144b(13119256415248384a6 + 816573706268672a7 + 143071677346048a8 + 5580081723392a9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(536072618752a10 + 12670987264a11 + 683148128a12 + 8854144a13 + 254864a14 + 1360a15)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(17a16 − 454463600984064000b + 5602141152938557440ab + 530443749074927616a2b)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(2236858534136119296a3b + 181975987703382016a4b + 150102662129467392a5b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(8324773808992256a6b+ 2766373471713280a7b+ 100364553873408a8b+ 16718432293376a9b)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(377613378560a10b + 34335380352a11b + 434701696a12b + 21799712a13b + 116688a14b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(2992a15b+ 2408583749802393600b2−530443749074927616ab2 + 3835561229137870848a2b2)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(154131876008951808a3b2 + 546583153785495552a4b2 + 23772499280572416a5b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(17769653514624000a6b2 + 567373035896832a7b2 + 175071078614784a8b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(3666336672768a9b2 + 570176595648a10b2 + 6908438784a11b2 + 582389808a12b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(3060816a13b2 + 139128a14b2 − 409718296547426304b3 + 2236858534136119296ab3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−154131876008951808a2b3 + 824706375706312704a3b3 + 16573886047465472a4b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144b(50743149268748288a5b3 + 1238566414041088a6b3 + 837876594497536a7b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(15271496942592a8b3 + 4336637568384a9b3 + 48502617856a10b3 + 6955354432a11b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(34967504a12b3 + 2689808a13b3 + 371450374831276032b4 − 181975987703382016ab4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(546583153785495552a2b4 − 16573886047465472a3b4 + 71333080666400256a4b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(771002818375680a5b4 + 2068758086579712a6b4 + 28279271725056a7b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(17304861730464a8b4 + 166875688320a9b4 + 43340876304a10b4 + 200268432a11b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(26225628a12b4−37209556220248064b5 + 150102662129467392ab5−23772499280572416a2b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(50743149268748288a3b5 − 771002818375680a4b5 + 2781395797847040a5b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(16350893475840a6b5 + 38813777544960a7b5 + 276657828480a8b5 + 153076973280a9b5)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(605206800a10b5 + 143048880a11b5 + 13119256415248384b6 − 8324773808992256ab6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(17769653514624000a2b6 − 1238566414041088a3b6 + 2068758086579712a4b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−16350893475840a5b6 + 50631230643840a6b6 + 151970987520a7b6 + 321136968240a8b6)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144b(927983760a9b6 + 463991880a10b6 − 816573706268672b7 + 2766373471713280ab7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−567373035896832a2b7 + 837876594497536a3b7 − 28279271725056a4b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(38813777544960a5b7 − 151970987520a6b7 + 410059647360a7b7 + 491285520a8b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(927983760a9b7 + 143071677346048b8 − 100364553873408ab8 + 175071078614784a2b8)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−15271496942592a3b8 + 17304861730464a4b8 − 276657828480a5b8 + 321136968240a6b8)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−491285520a7b8 + 1166803110a8b8 − 5580081723392b9 + 16718432293376ab9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−3666336672768a2b9 + 4336637568384a3b9 − 166875688320a4b9 + 153076973280a5b9)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−927983760a6b9 + 927983760a7b9 + 536072618752b10 − 377613378560ab10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(570176595648a2b10 − 48502617856a3b10 + 43340876304a4b10 − 605206800a5b10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(463991880a6b10−12670987264b11 + 34335380352ab11−6908438784a2b11+ 6955354432a3b11)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−200268432a4b11 + 143048880a5b11 + 683148128b12 − 434701696ab12 + 582389808a2b12)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144b(−34967504a3b12 + 26225628a4b12 − 8854144b13 + 21799712ab13 − 3060816a2b13)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144b(2689808a3b13 + 254864b14 − 116688ab14 + 139128a2b14 − 1360b15 + 2992ab15 + 17b16)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

}

−

−Γ( b+1
2

)

Γ(a+1
2

)

{

262144a(1371195958099968000 − 454463600984064000a + 2408583749802393600a2)
[ 16

∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−409718296547426304a3 + 371450374831276032a4 − 37209556220248064a5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(13119256415248384a6 − 816573706268672a7 + 143071677346048a8 − 5580081723392a9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(536072618752a10 − 12670987264a11 + 683148128a12 − 8854144a13 + 254864a14 − 1360a15)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(17a16 + 454463600984064000b + 5602141152938557440ab − 530443749074927616a2b)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2236858534136119296a3b − 181975987703382016a4b + 150102662129467392a5b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−8324773808992256a6b + 2766373471713280a7b − 100364553873408a8b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(16718432293376a9b − 377613378560a10b + 34335380352a11b − 434701696a12b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(21799712a13b−116688a14b + 2992a15b+ 2408583749802393600b2 + 530443749074927616ab2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(3835561229137870848a2b2 − 154131876008951808a3b2 + 546583153785495552a4b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−23772499280572416a5b2 + 17769653514624000a6b2 − 567373035896832a7b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144a(175071078614784a8b2 − 3666336672768a9b2 + 570176595648a10b2 − 6908438784a11b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(582389808a12b2 − 3060816a13b2 + 139128a14b2 + 409718296547426304b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2236858534136119296ab3 + 154131876008951808a2b3 + 824706375706312704a3b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−16573886047465472a4b3 + 50743149268748288a5b3 − 1238566414041088a6b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(837876594497536a7b3 − 15271496942592a8b3 + 4336637568384a9b3 − 48502617856a10b3)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(6955354432a11b3 − 34967504a12b3 + 2689808a13b3 + 371450374831276032b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(181975987703382016ab4 + 546583153785495552a2b4 + 16573886047465472a3b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(71333080666400256a4b4 − 771002818375680a5b4 + 2068758086579712a6b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−28279271725056a7b4 + 17304861730464a8b4 − 166875688320a9b4 + 43340876304a10b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−200268432a11b4 + 26225628a12b4 + 37209556220248064b5 + 150102662129467392ab5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(23772499280572416a2b5 + 50743149268748288a3b5 + 771002818375680a4b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2781395797847040a5b5−16350893475840a6b5 + 38813777544960a7b5−276657828480a8b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(153076973280a9b5 − 605206800a10b5 + 143048880a11b5 + 13119256415248384b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144a(8324773808992256ab6 + 17769653514624000a2b6 + 1238566414041088a3b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2068758086579712a4b6+ 16350893475840a5b6+ 50631230643840a6b6−151970987520a7b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(321136968240a8b6 − 927983760a9b6 + 463991880a10b6 + 816573706268672b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2766373471713280ab7 + 567373035896832a2b7 + 837876594497536a3b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(28279271725056a4b7 + 38813777544960a5b7 + 151970987520a6b7 + 410059647360a7b7)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(−491285520a8b7 + 927983760a9b7 + 143071677346048b8 + 100364553873408ab8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(175071078614784a2b8 + 15271496942592a3b8 + 17304861730464a4b8 + 276657828480a5b8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(321136968240a6b8 + 491285520a7b8 + 1166803110a8b8 + 5580081723392b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(16718432293376ab9 + 3666336672768a2b9 + 4336637568384a3b9 + 166875688320a4b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(153076973280a5b9 + 927983760a6b9 + 927983760a7b9 + 536072618752b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(377613378560ab10 + 570176595648a2b10 + 48502617856a3b10 + 43340876304a4b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(605206800a5b10+ 463991880a6b10+ 12670987264b11 + 34335380352ab11 + 6908438784a2b11)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144a(6955354432a3b11 + 200268432a4b11 + 143048880a5b11 + 683148128b12 + 434701696ab12)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(582389808a2b12 + 34967504a3b12 + 26225628a4b12 + 8854144b13 + 21799712ab13)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(3060816a2b13 + 2689808a3b13 + 254864b14 + 116688ab14 + 139128a2b14 + 1360b15)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144a(2992ab15 + 17b16)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
131072(1371195958099968000a + 2317820965473484800a2 + 1687424939411374080a3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(713340918791405568a4 + 198107173820104704a5 + 38628489336586240a6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(5503512041431040a7 + 587213457166336a8 + 47604013453568a9 + 2951316459520a10)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(139842010880a11 + 5022477824a12 + 134304352a13 + 2589440a14 + 34000a15+ 272a16+ a17)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(1371195958099968000b + 8731883713131970560a2b + 2360644428997066752a3b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(2267279959510548480a4b + 332504193149960192a5b + 113489856414113792a6b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(9741187137183744a7b+ 1633123923118336a8b+ 84542302806016a9b+ 7814003087616a10b)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(239628553216a11b + 12599892448a12b + 209966592a13b + 6046832a14b + 41888a15b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(561a16b − 2317820965473484800b2 + 8731883713131970560ab2 + 6586791913742008320a3b2)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(641592925093232640a4b2 + 650308733691240448a5b2 + 44844741067923456a6b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(16064617532609536a7b2 + 716669564497920a8b2 + 124598817697024a9b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(3416752171008a10b2 + 322510879808a11b2 + 4919566080a12b2 + 258685328a13b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(1669536a14b2 + 46376a15b2 + 1687424939411374080b3 − 2360644428997066752ab3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(6586791913742008320a2b3 + 1475014418219950080a4b3 + 66433020866600960a5b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(66036533182833664a6b3 + 2389236717666304a7b3 + 844644599515904a8b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(20324619617280a9b3 + 3472660479552a10b3 + 48420456448a11b3 + 4440873008a12b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(26898080a13b3 + 1344904a14b3 − 713340918791405568b4 + 2267279959510548480ab4)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−641592925093232640a2b4 + 1475014418219950080a3b4 + 130395697879248384a5b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(3018527499018240a6b4 + 2849386432882176a7b4 + 55437330212352a8b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(18754939121952a9b4 + 230462749440a10b4 + 37583709072a11b4 + 209805024a12b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(18156204a13b4 + 198107173820104704b5 − 332504193149960192ab5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(650308733691240448a2b5 − 66433020866600960a3b5 + 130395697879248384a4b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(5152732631861760a6b5+ 63011227023360a7b5+ 55557257991840a8b5+ 548720832000a9b5)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(174501294000a10b5 + 858293280a11b5 + 131128140a12b5 − 38628489336586240b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(113489856414113792ab6 − 44844741067923456a2b6 + 66036533182833664a3b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−3018527499018240a4b6+ 5152732631861760a5b6+ 94632071909760a7b6+ 579061866240a8b6)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(472343733840a9b6 + 1855967520a10b6 + 548354040a11b6 + 5503512041431040b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−9741187137183744ab7 + 16064617532609536a2b7 − 2389236717666304a3b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(2849386432882176a4b7 − 63011227023360a5b7 + 94632071909760a6b7 + 771154504560a8b7)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(1855967520a9b7 + 1391975640a10b7 − 587213457166336b8 + 1633123923118336ab8)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−716669564497920a2b8+ 844644599515904a3b8−55437330212352a4b8+ 55557257991840a5b8)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−579061866240a6b8 + 771154504560a7b8 + 2203961430a9b8 + 47604013453568b9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−84542302806016ab9 + 124598817697024a2b9 − 20324619617280a3b9 + 18754939121952a4b9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
131072(−548720832000a5b9 + 472343733840a6b9 − 1855967520a7b9 + 2203961430a8b9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−2951316459520b10 + 7814003087616ab10 − 3416752171008a2b10 + 3472660479552a3b10)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−230462749440a4b10 + 174501294000a5b10 − 1855967520a6b10 + 1391975640a7b10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(139842010880b11 − 239628553216ab11 + 322510879808a2b11 − 48420456448a3b11)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(37583709072a4b11 − 858293280a5b11 + 548354040a6b11 − 5022477824b12 + 12599892448ab12)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−4919566080a2b12 + 4440873008a3b12 − 209805024a4b12 + 131128140a5b12 + 134304352b13)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−209966592ab13 + 258685328a2b13 − 26898080a3b13 + 18156204a4b13 − 2589440b14)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(6046832ab14 − 1669536a2b14 + 1344904a3b14 + 34000b15 − 41888ab15 + 46376a2b15)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
131072(−272b16 + 561ab16 + b17)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

}

]

(14)

III. Evaluation of Main Summation Formula (14)

Substituting c = a+b+36
2

and z = 1
2

in equation (8), we get

(a − b) 2F1

[

a, b ;
a+b+36

2
;

1

2

]

= a 2F1

[

a + 1, b ;
a+b+36

2
;

1

2

]

− b 2F1

[

a, b + 1 ;
a+b+36

2
;

1

2

]

Now involving the derived result from Gauss second summation theorem, we get

L.H.S = a
2b Γ(a+b+36

2
)

Γ(b)

[

Γ( b
2
)

Γ(a+2
2

)

{

65536(1371195958099968000a − 2317820965473484800a2)
[ 16

∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(1687424939411374080a3 − 713340918791405568a4 + 198107173820104704a5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−38628489336586240a6 + 5503512041431040a7−587213457166336a8 + 47604013453568a9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−2951316459520a10 + 139842010880a11 − 5022477824a12 + 134304352a13 − 2589440a14)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(34000a15 − 272a16 + a17 + 1371195958099968000b + 8731883713131970560a2b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−2360644428997066752a3b + 2267279959510548480a4b − 332504193149960192a5b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(113489856414113792a6b − 9741187137183744a7b + 1633123923118336a8b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−84542302806016a9b + 7814003087616a10b − 239628553216a11b + 12599892448a12b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−209966592a13b + 6046832a14b − 41888a15b + 561a16b + 2317820965473484800b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(8731883713131970560ab2 + 6586791913742008320a3b2 − 641592925093232640a4b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(650308733691240448a5b2 − 44844741067923456a6b2 + 16064617532609536a7b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−716669564497920a8b2 + 124598817697024a9b2−3416752171008a10b2 + 322510879808a11b2)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−4919566080a12b2 + 258685328a13b2−1669536a14b2 + 46376a15b2 + 1687424939411374080b3)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(2360644428997066752ab3 + 6586791913742008320a2b3 + 1475014418219950080a4b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(−66433020866600960a5b3 + 66036533182833664a6b3 − 2389236717666304a7b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(844644599515904a8b3 − 20324619617280a9b3 + 3472660479552a10b3 − 48420456448a11b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(4440873008a12b3 − 26898080a13b3 + 1344904a14b3 + 713340918791405568b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(2267279959510548480ab4 + 641592925093232640a2b4 + 1475014418219950080a3b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(130395697879248384a5b4 − 3018527499018240a6b4 + 2849386432882176a7b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−55437330212352a8b4 + 18754939121952a9b4 − 230462749440a10b4 + 37583709072a11b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−209805024a12b4 + 18156204a13b4 + 198107173820104704b5 + 332504193149960192ab5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(650308733691240448a2b5 + 66433020866600960a3b5 + 130395697879248384a4b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(5152732631861760a6b5 − 63011227023360a7b5 + 55557257991840a8b5 − 548720832000a9b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(174501294000a10b5 − 858293280a11b5 + 131128140a12b5 + 38628489336586240b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(113489856414113792ab6 + 44844741067923456a2b6 + 66036533182833664a3b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(3018527499018240a4b6 + 5152732631861760a5b6+ 94632071909760a7b6−579061866240a8b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(472343733840a9b6 − 1855967520a10b6 + 548354040a11b6 + 5503512041431040b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(9741187137183744ab7 + 16064617532609536a2b7 + 2389236717666304a3b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(2849386432882176a4b7 + 63011227023360a5b7 + 94632071909760a6b7 + 771154504560a8b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(−1855967520a9b7 + 1391975640a10b7 + 587213457166336b8 + 1633123923118336ab8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(716669564497920a2b8+ 844644599515904a3b8 + 55437330212352a4b8+ 55557257991840a5b8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(579061866240a6b8 + 771154504560a7b8 + 2203961430a9b8 + 47604013453568b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(84542302806016ab9 + 124598817697024a2b9 + 20324619617280a3b9 + 18754939121952a4b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(548720832000a5b9 + 472343733840a6b9 + 1855967520a7b9 + 2203961430a8b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(2951316459520b10 + 7814003087616ab10 + 3416752171008a2b10 + 3472660479552a3b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(230462749440a4b10 + 174501294000a5b10 + 1855967520a6b10 + 1391975640a7b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(139842010880b11 + 239628553216ab11 + 322510879808a2b11 + 48420456448a3b11)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(37583709072a4b11 + 858293280a5b11 + 548354040a6b11 + 5022477824b12 + 12599892448ab12)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(4919566080a2b12 + 4440873008a3b12 + 209805024a4b12 + 131128140a5b12 + 134304352b13)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(209966592ab13 + 258685328a2b13 + 26898080a3b13 + 18156204a4b13 + 2589440b14)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(6046832ab14 + 1669536a2b14 + 1344904a3b14 + 34000b15 + 41888ab15 + 46376a2b15)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
65536(272b16 + 561ab16 + b17)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

}

−

−Γ( b+1
2

)

Γ(a+1
2

)

{

262144(1371195958099968000 − 454463600984064000a + 2408583749802393600a2)
[ 16

∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
262144(−409718296547426304a3 + 371450374831276032a4 − 37209556220248064a5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(13119256415248384a6 − 816573706268672a7 + 143071677346048a8 − 5580081723392a9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(536072618752a10 − 12670987264a11 + 683148128a12 − 8854144a13 + 254864a14 − 1360a15)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(17a16 + 454463600984064000b + 5602141152938557440ab − 530443749074927616a2b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(2236858534136119296a3b − 181975987703382016a4b + 150102662129467392a5b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−8324773808992256a6b+ 2766373471713280a7b−100364553873408a8b + 16718432293376a9b)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−377613378560a10b + 34335380352a11b− 434701696a12b + 21799712a13b− 116688a14b)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(2992a15b+ 2408583749802393600b2 + 530443749074927616ab2 + 3835561229137870848a2b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−154131876008951808a3b2 + 546583153785495552a4b2 − 23772499280572416a5b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(17769653514624000a6b2 − 567373035896832a7b2 + 175071078614784a8b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(−3666336672768a9b2 + 570176595648a10b2 − 6908438784a11b2 + 582389808a12b2)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−3060816a13b2 + 139128a14b2 + 409718296547426304b3 + 2236858534136119296ab3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(154131876008951808a2b3 + 824706375706312704a3b3 − 16573886047465472a4b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(50743149268748288a5b3 − 1238566414041088a6b3 + 837876594497536a7b3)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−15271496942592a8b3 + 4336637568384a9b3 − 48502617856a10b3 + 6955354432a11b3)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−34967504a12b3 + 2689808a13b3 + 371450374831276032b4 + 181975987703382016ab4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(546583153785495552a2b4 + 16573886047465472a3b4 + 71333080666400256a4b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−771002818375680a5b4 + 2068758086579712a6b4 − 28279271725056a7b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(17304861730464a8b4 − 166875688320a9b4 + 43340876304a10b4 − 200268432a11b4)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(26225628a12b4+ 37209556220248064b5 + 150102662129467392ab5 + 23772499280572416a2b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(50743149268748288a3b5 + 771002818375680a4b5 + 2781395797847040a5b5)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−16350893475840a6b5 + 38813777544960a7b5 − 276657828480a8b5 + 153076973280a9b5)

[ 16
∏

ρ=0

{

a − b− 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−605206800a10b5 + 143048880a11b5 + 13119256415248384b6 + 8324773808992256ab6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(17769653514624000a2b6 + 1238566414041088a3b6 + 2068758086579712a4b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(16350893475840a5b6 + 50631230643840a6b6 − 151970987520a7b6 + 321136968240a8b6)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(−927983760a9b6 + 463991880a10b6 + 816573706268672b7 + 2766373471713280ab7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(567373035896832a2b7+ 837876594497536a3b7+ 28279271725056a4b7+ 38813777544960a5b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(151970987520a6b7 + 410059647360a7b7 − 491285520a8b7 + 927983760a9b7)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(143071677346048b8 + 100364553873408ab8 + 175071078614784a2b8 + 15271496942592a3b8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(17304861730464a4b8 + 276657828480a5b8 + 321136968240a6b8 + 491285520a7b8)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(1166803110a8b8 + 5580081723392b9 + 16718432293376ab9 + 3666336672768a2b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(4336637568384a3b9 + 166875688320a4b9 + 153076973280a5b9 + 927983760a6b9)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(927983760a7b9 + 536072618752b10 + 377613378560ab10 + 570176595648a2b10)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(48502617856a3b10+ 43340876304a4b10+ 605206800a5b10+ 463991880a6b10+ 12670987264b11)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(34335380352ab11+ 6908438784a2b11 + 6955354432a3b11+ 200268432a4b11+ 143048880a5b11)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(683148128b12 + 434701696ab12 + 582389808a2b12 + 34967504a3b12 + 26225628a4b12)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

V
  

 F
)

)

47

    
 

  
20

12
    
 

© 2012 Global Journals Inc.  (US)

M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(8854144b13 + 21799712ab13 + 3060816a2b13 + 2689808a3b13 + 254864b14 + 116688ab14)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

+

+
262144(139128a2b14 + 1360b15 + 2992ab15 + 17b16)

[ 16
∏

ρ=0

{

a − b − 2ρ
}

][ 17
∏

τ=1

{

a − b + 2τ
}

]

}

]

−

− 2b+1 Γ(a+b+36
2

)

Γ(b)

[

Γ( b+1
2

)

Γ(a+1
2

)

{

65536(1371195958099968000a + 2317820965473484800a2)
[ 17

∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(1687424939411374080a3 + 713340918791405568a4 + 198107173820104704a5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(38628489336586240a6 + 5503512041431040a7 + 587213457166336a8 + 47604013453568a9)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(2951316459520a10 + 139842010880a11 + 5022477824a12 + 134304352a13 + 2589440a14)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(34000a15 + 272a16 + a17 + 1371195958099968000b + 8731883713131970560a2b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(2360644428997066752a3b + 2267279959510548480a4b + 332504193149960192a5b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(113489856414113792a6b + 9741187137183744a7b + 1633123923118336a8b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(84542302806016a9b + 7814003087616a10b + 239628553216a11b + 12599892448a12b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(209966592a13b + 6046832a14b + 41888a15b + 561a16b − 2317820965473484800b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(8731883713131970560ab2 + 6586791913742008320a3b2 + 641592925093232640a4b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(650308733691240448a5b2 + 44844741067923456a6b2 + 16064617532609536a7b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(716669564497920a8b2 + 124598817697024a9b2 + 3416752171008a10b2 + 322510879808a11b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(4919566080a12b2 + 258685328a13b2 + 1669536a14b2 + 46376a15b2 + 1687424939411374080b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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+
65536(−2360644428997066752ab3 + 6586791913742008320a2b3 + 1475014418219950080a4b3)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(66433020866600960a5b3 + 66036533182833664a6b3 + 2389236717666304a7b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(844644599515904a8b3 + 20324619617280a9b3 + 3472660479552a10b3 + 48420456448a11b3)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(4440873008a12b3 + 26898080a13b3 + 1344904a14b3 − 713340918791405568b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(2267279959510548480ab4 − 641592925093232640a2b4 + 1475014418219950080a3b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(130395697879248384a5b4 + 3018527499018240a6b4 + 2849386432882176a7b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(55437330212352a8b4 + 18754939121952a9b4 + 230462749440a10b4 + 37583709072a11b4)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(209805024a12b4 + 18156204a13b4 + 198107173820104704b5 − 332504193149960192ab5)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(650308733691240448a2b5 − 66433020866600960a3b5 + 130395697879248384a4b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(5152732631861760a6b5 + 63011227023360a7b5 + 55557257991840a8b5 + 548720832000a9b5)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(174501294000a10b5 + 858293280a11b5 + 131128140a12b5 − 38628489336586240b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(113489856414113792ab6 − 44844741067923456a2b6 + 66036533182833664a3b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−3018527499018240a4b6+ 5152732631861760a5b6+ 94632071909760a7b6+ 579061866240a8b6)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(472343733840a9b6 + 1855967520a10b6 + 548354040a11b6 + 5503512041431040b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−9741187137183744ab7 + 16064617532609536a2b7 − 2389236717666304a3b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(2849386432882176a4b7−63011227023360a5b7+ 94632071909760a6b7+ 771154504560a8b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(1855967520a9b7 + 1391975640a10b7 − 587213457166336b8 + 1633123923118336ab8)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−716669564497920a2b8 + 844644599515904a3b8−55437330212352a4b8+ 55557257991840a5b8)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−579061866240a6b8 + 771154504560a7b8 + 2203961430a9b8 + 47604013453568b9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−84542302806016ab9 + 124598817697024a2b9−20324619617280a3b9 + 18754939121952a4b9)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−548720832000a5b9 + 472343733840a6b9 − 1855967520a7b9 + 2203961430a8b9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−2951316459520b10 + 7814003087616ab10 − 3416752171008a2b10 + 3472660479552a3b10)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
65536(−230462749440a4b10 + 174501294000a5b10 − 1855967520a6b10 + 1391975640a7b10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(139842010880b11 − 239628553216ab11 + 322510879808a2b11 − 48420456448a3b11)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(37583709072a4b11 − 858293280a5b11 + 548354040a6b11 − 5022477824b12 + 12599892448ab12)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−4919566080a2b12 + 4440873008a3b12 − 209805024a4b12 + 131128140a5b12 + 134304352b13)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−209966592ab13 + 258685328a2b13 − 26898080a3b13 + 18156204a4b13 − 2589440b14)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(6046832ab14 − 1669536a2b14 + 1344904a3b14 + 34000b15 − 41888ab15 + 46376a2b15)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
65536(−272b16 + 561ab16 + b17)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

}

−

−Γ( b+2
2

)

Γ(a
2
)

{

262144(1371195958099968000 + 454463600984064000a + 2408583749802393600a2)
[ 17

∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
262144(+409718296547426304a3 + 371450374831276032a4 + 37209556220248064a5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(13119256415248384a6 + 816573706268672a7 + 143071677346048a8 + 5580081723392a9)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(536072618752a10 + 12670987264a11 + 683148128a12 + 8854144a13 + 254864a14 + 1360a15)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(17a16 − 454463600984064000b + 5602141152938557440ab + 530443749074927616a2b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(2236858534136119296a3b + 181975987703382016a4b + 150102662129467392a5b)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(8324773808992256a6b+ 2766373471713280a7b+ 100364553873408a8b+ 16718432293376a9b)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(377613378560a10b + 34335380352a11b + 434701696a12b + 21799712a13b + 116688a14b)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(2992a15b+ 2408583749802393600b2−530443749074927616ab2 + 3835561229137870848a2b2)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(154131876008951808a3b2 + 546583153785495552a4b2 + 23772499280572416a5b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(17769653514624000a6b2 + 567373035896832a7b2 + 175071078614784a8b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(3666336672768a9b2 + 570176595648a10b2 + 6908438784a11b2 + 582389808a12b2)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(3060816a13b2 + 139128a14b2 − 409718296547426304b3 + 2236858534136119296ab3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−154131876008951808a2b3 + 824706375706312704a3b3 + 16573886047465472a4b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(50743149268748288a5b3 + 1238566414041088a6b3 + 837876594497536a7b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(15271496942592a8b3 + 4336637568384a9b3 + 48502617856a10b3 + 6955354432a11b3)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(34967504a12b3 + 2689808a13b3 + 371450374831276032b4 − 181975987703382016ab4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(546583153785495552a2b4 − 16573886047465472a3b4 + 71333080666400256a4b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(771002818375680a5b4+ 2068758086579712a6b4+ 28279271725056a7b4+ 17304861730464a8b4)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(166875688320a9b4 + 43340876304a10b4 + 200268432a11b4 + 26225628a12b4)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−37209556220248064b5 + 150102662129467392ab5 − 23772499280572416a2b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(50743149268748288a3b5 − 771002818375680a4b5 + 2781395797847040a5b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(16350893475840a6b5 + 38813777544960a7b5 + 276657828480a8b5 + 153076973280a9b5)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(605206800a10b5 + 143048880a11b5 + 13119256415248384b6 − 8324773808992256ab6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(17769653514624000a2b6 − 1238566414041088a3b6 + 2068758086579712a4b6)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−16350893475840a5b6 + 50631230643840a6b6 + 151970987520a7b6 + 321136968240a8b6)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(927983760a9b6 + 463991880a10b6 − 816573706268672b7 + 2766373471713280ab7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−567373035896832a2b7 + 837876594497536a3b7 − 28279271725056a4b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(38813777544960a5b7 − 151970987520a6b7 + 410059647360a7b7 + 491285520a8b7)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(927983760a9b7 + 143071677346048b8 − 100364553873408ab8 + 175071078614784a2b8)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+
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M
ay

Evaluation of a summation formula associated with Gamma function and involving Gauss Theorem

+
262144(−15271496942592a3b8 + 17304861730464a4b8 − 276657828480a5b8 + 321136968240a6b8)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−491285520a7b8 + 1166803110a8b8 − 5580081723392b9 + 16718432293376ab9)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−3666336672768a2b9 + 4336637568384a3b9 − 166875688320a4b9 + 153076973280a5b9)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−927983760a6b9 + 927983760a7b9 + 536072618752b10 − 377613378560ab10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(570176595648a2b10 − 48502617856a3b10 + 43340876304a4b10 − 605206800a5b10)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(463991880a6b10−12670987264b11 + 34335380352ab11−6908438784a2b11+ 6955354432a3b11)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−200268432a4b11 + 143048880a5b11 + 683148128b12 − 434701696ab12 + 582389808a2b12)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(−34967504a3b12 + 26225628a4b12 − 8854144b13 + 21799712ab13 − 3060816a2b13)

[ 17
∏

ζ=0

{

a − b− 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

+

+
262144(2689808a3b13 + 254864b14 − 116688ab14 + 139128a2b14 − 1360b15 + 2992ab15 + 17b16)

[ 17
∏

ζ=0

{

a − b − 2ζ
}

][ 16
∏

ξ=1

{

a − b + 2ξ
}

]

}

]

On simplification the result (14) is derived.
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Abstract -

 

In this work   Homotopy Analysis Method(HAM) is used for analytic treatment of the nonlinear hyperbolic-like 
equations with variable coefficients. This method can provide analytical solutions to the problems by just utilizing the 
initial conditions. The proposed iterative scheme finds the solution without any discretization, linearization or restrictive 
assumptions. The proposed method solves nonlinear problems without using Adomain polynomials which is the 
advantage of this method over Adomain Decomposition method. The results reveal that the HAM is very effective, fast, 
simple, convenient, flexible and accurate. Outcomes prove that HAM is in very good agreement with ADM,VIM HPM.
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I.

 

Introduction

 

 

 

II.

 

Basic Idea of Homotopy Analysis Method (ham)
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In this section the basic ideas of the homotopy analysis method are introduced. 
Here a description of the method [9] is given to handle the general nonlinear problem.1.

M
oh

am
m

ad
 
G

h
or

ei
sh

i,
A

d
om

ai
n
 
D

ec
om

p
os

it
io

n
 
m

et
h
od

(A
D

M
) 

fo
r 

N
on

 
li
n
ea

r 
w

av
e-

li
k
e 

eq
u
at

io
n
s 

w
it
h
 

v
ar

ia
b
le

 
co

ef
fi
ci

en
t,
A

p
p
li
ed

 
M

at
h
em

at
ic

al
 

sc
ie

n
ce

s,
v
ol

4,
20

10
,n

o 
49

,2
43

1-
24

44
.

Ref.

Recently various iterative methods are applied for getting Numerical and 
analytical solutions of Nonlinear hyperbolic-like equations with variable coefficients.
[1,2,3,4,5,6]. In this paper Homotopy Analysis Method is applied to solve the proposed 
equations. HAM introduced by Liao [7,8,9,10,11] has been used by many mathematicians 
and engineers to solve various equations based on homotopy, which is a basic concept in 
topology. In recent years this method has been successfully employed to solve many types 
of nonlinear homogeneous or nonhomogeneous equations and systems of equation as well 
as problems in Science and engineering [12,13,14,15,16]. The validity of the HAM is 
independent of whether or not there exists small parameters in the considered equation. 
HAM provides us with a simple way to adjust and control the convergence of solution 
series. It provides us with freedom to use different base functions to approximate a 
nonlinear problem. Especially, it provides us with freedom of replacing a nonlinear partial 
differential equation of first order n into an infinite number of linear Differential 
equations of order k, where the order k is even unnecessarily to be equal to order n. Thus 
as long as Auxillary parameter h, Auxillary function H(r,t), Initial approximation U0(r,t)
and linear operator L are properly chosen the solution expression converges to exact 
solution in the convergence region. Homotopy analysis method provides us the great 
freedom to choose all of them.



 

 

 

                               𝑵𝑵𝑵𝑵𝟎𝟎(𝒕𝒕)=0,t>0,                                                                (1)

 
Where 𝑁𝑁

 

is a nonlinear operator and 

 

𝑢𝑢0(𝑡𝑡)

 

is unknown function of the independent

 

variable t.

 

a)

 

Zero-

 

order deformation equation 

 

Let 

 

𝑢𝑢0(𝑡𝑡)  denote the initial guess of the exact solution of Eq. (1), h≠ 0

 

an 

auxiliary parameter, 𝐻𝐻(𝑡𝑡) ≠ 0

 

an auxiliary function. and L an auxiliary linear operator 
with the property.

 

                         (2)

 
The auxiliary parameter h, the auxiliary function𝐻𝐻(𝑡𝑡), and the auxiliary linear 

operator 𝐿𝐿

 

play important roles within the HAM to adjust and control the convergence 

region of solution series. Liao[10] constructs, using 𝑞𝑞 ∈ [0,1]

 

as an embedding parameter, 
the so-called zero-order deformation equation.

 

 

     (𝟏𝟏 − 𝒒𝒒)𝑳𝑳[(∅(𝒕𝒕;𝒒𝒒) −

 

𝒖𝒖𝟎𝟎(𝒕𝒕)] = 𝒒𝒒𝒒𝒒𝒒𝒒(𝒕𝒕)𝑵𝑵[(∅(𝒕𝒕;𝒒𝒒)],                            (3)

 
 

Where ∅(𝑡𝑡; 𝑞𝑞)

 

is the solution which depends on h, 𝐻𝐻(𝑡𝑡), 𝐿𝐿, 

 

𝑢𝑢0(𝑡𝑡)  and q. when 
q=0,the zero-order deformation Eq.(3) becomes 

 

 

∅(𝒕𝒕;𝟎𝟎) = 𝒖𝒖𝟎𝟎(𝒕𝒕),                                                    (4)

 

  

 
 

  
 

                                                       
I  the power series

 

(6) of ∅(𝑡𝑡; 𝑞𝑞)

 

converges at q=1, then we gets the following series 
solution:

 
 

                                

𝒖𝒖(𝒕𝒕) = 𝒖𝒖𝟎𝟎(𝒕𝒕) + ∑ 𝒖𝒖𝒎𝒎∞
𝒎𝒎=𝟏𝟏 (𝒕𝒕).                                         (7)

 

                                             

 

Where the terms 𝑢𝑢𝑚𝑚(𝑡𝑡)

 

can be determined by the so-called high order deformation 
described below.

 

b)

 

High-

 

order deformation equation

 

Define the vector,

 

𝒖𝒖𝒏𝒏=�������⃗ {𝒖𝒖𝟎𝟎(𝒕𝒕),𝒖𝒖𝟏𝟏(𝒕𝒕),𝒖𝒖𝟐𝟐(𝒕𝒕) … …𝒖𝒖𝒏𝒏(𝒕𝒕)                                    (8)

 
 

Differentialing Eq(4)m times with respect to embedding parameter q, the setting 

q=0 and dividingthem by 𝑚𝑚!

 

, we have the so-called mth-

 

oder deformation equation.
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𝑳𝑳[𝑵𝑵𝒎𝒎(𝒕𝒕) − ℵ𝒎𝒎𝑵𝑵𝒎𝒎−𝟏𝟏(𝒕𝒕)] = 𝒒𝒒𝒒𝒒(𝒕𝒕)𝑹𝑹𝒎𝒎(𝑵𝑵𝒎𝒎������⃗ , 𝒕𝒕),                                                (9)

ℵ𝒎𝒎 = � 𝒐𝒐, 𝒎𝒎 ≤ 𝟏𝟏
𝟏𝟏, 𝒐𝒐𝒕𝒕𝒒𝒒𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐

�                                                           (10)
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Where 

0)(0))((  twhenftfL

And when q=1, since h≠ 0 and 𝐻𝐻(𝑡𝑡) ≠ 0, the zero-order deformation Eq.(3) reduces to, 

𝑵𝑵[∅(𝒕𝒕;𝟏𝟏)] = 𝟎𝟎,                                                        (5)

So, ∅(𝑡𝑡; 1) is exactly the solution of the nonlinear Eq.(1). Define the so-called mth 
order deformation derivatives.

𝟏𝟏𝑵𝑵𝒎𝒎(𝒕𝒕) = 𝟏𝟏
𝒎𝒎!

𝝏𝝏𝒎𝒎∅(𝒕𝒕;𝒒𝒒)
𝝏𝝏𝒒𝒒𝒎𝒎

                                           (6)



 

 

       
 

        

 

And

 

                  

𝑹𝑹𝒎𝒎(𝒖𝒖𝒎𝒎������⃗ , 𝒕𝒕) = 𝟏𝟏
(𝒎𝒎−𝟏𝟏)!

𝝏𝝏𝒎𝒎−𝟏𝟏𝑵𝑵[∅(𝒕𝒕;𝒒𝒒)]
𝝏𝝏𝒒𝒒𝒎𝒎−𝟏𝟏

                                                    (11)

 

 

For any given nonlinear operator 𝑁𝑁, the term 

 

𝑅𝑅𝑚𝑚(𝑢𝑢𝑚𝑚�����⃗ , 𝑡𝑡)

 

can be easily expressed 

by (11). Thus, we can gain 𝑢𝑢1(𝑡𝑡),𝑢𝑢2(𝑡𝑡) … ….

 

by means of solving the linear high-order 

deformation Eq. (9) one after the other order in order. The mth – order approximation of 
u(t) is given by

 

 
 

  

 
 

 
  

 

  

 
 

  

          
 

  
 

  
 

 

 

 
 

Applying (16) in (15) we obtain the following successive approximations:

 
 

U1(x,t)= ext                                                             (17)

 
 

U2(x,t)= ext                                                             (18)

 
 

U3(x,t)= ext                                                             

 

(19)

 

The Final solution is

 

U(x,t)=  ext                                                              (20)

 
 

Example2:
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Let us consider the following nonlinear two dimensional Hyperbolic-like equation 
with variable coefficients

( ) ( ) uuxyu
yx

uu
yx

u yxyyxxtt −
∂∂
∂

−
∂∂
∂

=
22

                                         (21)

With initial conditions
U(x,y,0)=0     ut=(x,y,0)=exy                                                (22)
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Ref.           𝑵𝑵(𝒕𝒕) = ∑ 𝑵𝑵𝒌𝒌𝒎𝒎
𝒌𝒌=𝟎𝟎 (𝒕𝒕).                                                                 (12)

III. Illustrative Examples

Example1:
Let us consider the  nonlinear hyperbolic-like equation 

utt=uxx+uxu-ext-e2xt2                                                         (13)
With initial conditions

U(x,y,0)=0, u t (x,y,0)=ex                                                    (14)

We apply homotopy analysis method to Eq. (13) and (14), as follows:
since m≥1, χm=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2 in( 9)then (9) becomes

(15)
Where

Rm(um-1,x,t) =∂2um-1/∂t2-∂2um-1/∂x2 -∂um-1/∂xum-1+ext+e2xt2

And solution for 𝑢𝑢0:
Now we can select

𝑢𝑢0(x,t)= ext                                         (16)

),,((),(),( 1

1

1 txuRLtxutxu mmmm 



 

xmmm
mm e

x

u

x

u

t

u
txuR 














 


1

2

1

2

2

1

2

1 ),,(
22 tet x



 

 

 

 

 
  

 

We apply Homotopy Analysis method to (21) and (22) as follows

 

since m≥1, χm=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2

 

in (9)then (9) becomes

 

            Um(x,y,t)=um-1(x,t)-L-1(Rm(um-1,x,y,t))

 

                                 (23)

         

Where

 

R(um-1,x,y,t)=∂2um-1/∂t2-∂2/∂x∂y(∂2um-1/∂x2∂2um-1/∂y2)+∂2/∂x∂y(xy∂um-1/∂x∂um-1/∂y)+um-1

 

And solution for

 

𝑢𝑢0:

 

Now we can select

 

 

𝒖𝒖𝟎𝟎(x,y,t)= exyt                                                                      (24)

 
 

Applying (24) in (23) we obtain the following successive approximations:

 
 

 
 

 
 

The Final solution is

 
 

U(x,y,t)= exy (t-t3/3!+t5/5!-t7/7!-

 

....................) =exysint                        (26)

 
 

Example3:

 

Let us consider the following Nonlinear Hyperbolic-like equation

 

 

Utt=u2∂2/∂x2(uxuxxuxxx)+u2
x∂2/∂x2(u3

XX)-18u5+u,   0<x<1,t>0                    (27)

 
 

With initial conditions

 
 

U(x,0)=ex  ut(x,0)=ex

 

                                                          (28)

 

 

We apply Homotopy Analysis method to (27) and (28) as follows

 

since m≥1, χm=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2

 

in( 9)then (9) becomes

 

                                     Um(x,t)=um-1(x,t)-L-1(Rm(um-1,x,t))

 

                                     (29)  

       

Where

 

R(um-1,x,y,t)=∂2um-1/∂t2-(um-1)2∂2/∂x2(∂um-1/∂x∂2um-1/∂x2∂3um-1/∂x3)-(∂um-1/∂x)2∂2/∂x2(∂2um-

1/∂x2)3+18(um-1)5-um-1

 

And solution for

 

𝑢𝑢0:

 

Now we can select

 
 

𝒖𝒖𝟎𝟎(x,t)= ex (1+t)                                                                        (30)
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Notes

Applying (30) in (29) we obtain the following successive approximations:

U1(x,t)= ex (t2/2!+t3/3!)                                                 (31)

U2(x,t)= ex (t4/4!+t5/5!)                                                  (32)

U3(x,t)= ex (t6/6!+t7/7!)                                                  (33)

                                                              (25)

)
!5

(),,(

),
!3

(),,(

5

2

3

1

t
etyxu

t
etyxu

xy

xy








 

 

 
 

 
  

 
 

 
 

 

The Final solution is

 
 

U(x,t)= ex (1+t2/2!+t3/3!+t4/4!+..........)

 

= ex+t                           (34)

 
 

Example4:

 

Finally we solve another nonlinear Hyperbolic-like equation

 

Utt=x2∂/∂x(uxuxx)-

 

x2(uXX)2+u,   0<x<1,t>0                               (35)

 

With initial conditions

 
 

                                           (36)

 
 

We apply Homotopy Analysis method to (35) and (36) as follows

 

since m≥1, χm=1 set h= -1 and H(r,t)=1,L==∂2u/∂t2

 

in( 9)then (9) becomes

 

               Um(x,t)=um-1(x,t)-L-1(Rm(um-1,x,t))

 

                              (37)

         

Where

 

Rm(um-1,x,t) =∂2um-1/∂t2-x2∂/∂x(∂um-1/∂x∂2um-1/∂x2)+x2(∂2um-1/∂x2)2-um-1

 

 

And solution for

 

𝑢𝑢0:

 

Now we can select

 
 

𝒖𝒖𝟎𝟎(x,t)= x2 (1+t)                                                          (38)

 
 

Applying (38) in (37) we obtain the following successive approximations:

 
 

U1(x,t)= x2 (1+t+t2/2!+t3/3!)                                         (39)

 
 

U2(x,t)= x2 (1+t+t2/2!+t3/3!+t4/4!+t5/5!)                             (40)

 
 

The Final solution is

 
 

U(x,t)=x2 (1+t+t2/2!+t3/3!+t4/4!+t5/5!+...........)

 

= x2et                    (41)

 

IV.

 

Conclusion

 

In this paper exact solutions for some of the hyperbolic-like equations have been 
established. The Homotopy Analysis method(HAM) is successfully used to develop these 
solutions. This work shows that HAM has significant advantages over the existing 
techniques. It avoids the need for calculating the Adomain polynomials which can be 
difficult in some cases. The reliability of the method and reduction in the size of 
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computational domain give this method wider applicability. The results shows that HAM 
is a powerful mathematical tool for finding the exact and approximate solutions of the 
nonlinear equations.
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the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 

choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 

to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 

data of that subject. Sometimes, detailed information plays a vital role, instead of short information. 

 

 

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper. 

They are here to evaluate your paper. So, present your Best. 

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 

think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 

automatically you will have your answer. 

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 

logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 

have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 

supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 

quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 

have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 

research paper. From the internet library you can download books. If you have all required books make important reading selecting and 

analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 

not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 

12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 

mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 

always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 

either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 

and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 

diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 

if study is relevant to science then use of quotes is not preferable.  
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 

tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 

confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 

possible that evaluator has already seen it or maybe it is outdated version.  

18.
 
Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 

suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 

target. 

 20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 

good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 

sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 

word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 

sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 

language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 

changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 

records. 

 22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 

will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 

an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 

trouble. 

 25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 

then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 

improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 

several ideas, which will be helpful for your research. 

29.

 

Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

 30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 

descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 

irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 

NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be 
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 

Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 

evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 

be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 

necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 

to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 

measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 

study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 

extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 

be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 

essential because it serves to highlight your research paper and bring to light all necessary aspects in your research. 

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING 

Key points to remember:  

 Submit all work in its final form. 

 Write your paper in the form, which is presented in the guidelines using the template. 

 Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 

submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 

study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 

show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 

that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 

of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 

of prior workings. 

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 

and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

 
To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

 
Insertion a title at the foot of a page with the subsequent text on the next page 
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 Separating a table/chart or figure - impound each figure/table to a single page 

 Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 
Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 

lines. It should include the name(s) and address (es) of all authors. 

 
Abstract:  

 
The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--

must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 

at this point. 

 
An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 

the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

 
Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 

Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 

maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to                    
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 

more than one ruling each.  

 Reason of the study - theory, overall issue, purpose 

 Fundamental goal 

 To the point depiction of the research 

 Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 

 Significant conclusions or questions that track from the research(es) 

Approach: 

 
Single section, and succinct 

 
As a outline of job done, it is always written in past tense 

 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 

 
Center on shortening results - bound background information to a verdict or two, if completely necessary 

 
What you account in an conceptual must be regular with what you reported in the manuscript 

 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

 
Explain the value (significance) of the study  

 
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 

 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 

 
Very for a short time explain the tentative propose and how it skilled the declared objectives. 

Approach: 

 
Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  

 
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a 
least of four paragraphs. 

 
Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 

 
Shape the theory/purpose specifically - do not take a broad view. 

 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

 This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be 
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic                  
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 
 
Materials: 

 Explain materials individually only if the study is so complex that it saves liberty this way. 

 Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  

 Do not take in frequently found. 

 If use of a definite type of tools. 

 Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 

 
Describe the method entirely 

 
To be succinct, present methods under headings dedicated to specific dealings or groups of measures 

 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  

 
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

 
It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 

 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

 
Resources and methods are not a set of information. 

 
Skip all descriptive information and surroundings - save it for the argument. 

 
Leave out information that is immaterial to a third party. 

Results: 
 

 The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 

 Content 

 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  

 

In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 

 

Present a background, such as by describing the question that was addressed by creation an exacting study.

 

 

Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 

 

Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 
What to stay away from 

 

Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 

 

Not at all, take in raw data or intermediate calculations in a research manuscript. 
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Do not present the similar data more than once. 

Manuscript should complement any figures or tables, not duplicate the identical information. 

Never confuse figures with tables - there is a difference. 
Approach 

As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.

Put figures and tables, appropriately numbered, in order at the end of the report  

If you desire, you may place your figures and tables properly within the text of your results part. 
Figures and tables 

If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 

Despite of position, each figure must be numbered one after the other and complete with subtitle  

In spite of position, each table must be titled, numbered one after the other and complete with heading 

All figure and table must be adequately complete that it could situate on its own, divide from text 
Discussion:  

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 

Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  

You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 

Give details all of your remarks as much as possible, focus on mechanisms. 

Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 

Try to present substitute explanations if sensible alternatives be present. 

One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 

Recommendations for detailed papers will offer supplementary suggestions.
Approach:  

When you refer to information, differentiate data generated by your own studies from available information 

Submit to work done by specific persons (including you) in past tense.  

Submit to generally acknowledged facts and main beliefs in present tense.  

ADMINISTRATION RULES LISTED BEFORE  
SUBMITTING YOUR RESEARCH PAPER TO GLOBAL JOURNALS INC. (US) 

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get

rejected.  

                 © Copyright by Global Journals Inc.(US) | Guidelines Handbook

XVII



 

Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 

To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 
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CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring
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