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Abstract - In this work the new algorithm entitled Reconstruction of Variational Iteration Method (RVIM) is used as an
efficient technique in finding the approximate solutions of the linear and nonlinear equations using only few terms of its
own iteration. The algorithm can help overcome the difficulty arising in calculating nonlinear intricate terms.
Reconstruction of Variational Iteration Method (RVIM) is independent of any small parameters. Besides, it provides us
with a simple way to ensure the convergence of series solution, so that we can always get accurate enough
approximations. All of these verify the great potential and validity of the RVIM technique in comparison with those of
Variational lteration Method (VIM) for strongly nonlinear problems in science and engineering.
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L. [NTRODUCTION

It is very difficult to solve nonlinear problems, either numerically or theoretically, and even more

difficult to establish a real model for nonlinear problems. Much assumption has to be made artificially
or unnecessarily to make the practical engineering problems solvable, leading to loss of most
important information. we propose a new kind of analytical method for nonlinear problems called the
reconstruction of variational iteration method, in which is pointing out of similarities and differences
with VIM and Homotopy Perturbation Method (HPM), not requiring small parameter in an equation
as the perturbation techniques conduct and don't use the Lagrange multiplier. It has been shown the
capability of this method to solve effectively, easily, and accurately, a large class of nonlinear
problems with approximations converging rapidly to accurate solutions.
The method that has been used gives rapidly convergent successive approximations. As stated before,
we aim to obtain analytical solutions to problems. We also aim to confirm that the reconstruction of
variational iteration method is powerful, efficient, and promising in handling scientific and
engineering problems. The RVIM technique is independent of any small parameters in general. In
addition, it provides us with a simple way to ensure the convergence of series solution; therefore we
can always get accurate enough approximations. The RVIM technique has been successfully applied
to many nonlinear problems in science and engineering. All of these facts verifying the great potential
and validity of the RVIM technique for strongly nonlinear problems in science and engineering.

[I.  DESCRIPTION OF THE NEW METHOD

To clarify the basic ideas of our proposed method in [1], we consider the following differential
equation the same as VIM based on Lagrange multiplier [2-5]:

using the Laplace Transform, Int. J. Nonlinear Sci. Numer. Simul. 10 (2009)1377-

1. E. Hesameddini, H. Latifizadeh, Reconstruction of Variational Iteration Algorithms
1382.

Lu(xll '"rxk) + Nu(xli"'lxk) = f(xll '"ka)l (1)
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Subject to:
LU(Xl, ] xk) = 2;(:0 inu(xi)r (2)

where L is a linear operator, N is a nonlinear operator and f (xq, -+, x;) is an inhomogeneous term.
we can rewrite equation (1) down a correction functional as follows:

iju(xj) = f (g, Xen) — Nulxy, -+, xg) — Zéczo Ly u(xy). 3)

i#j

h((xll'"lxk)'u(xlf'"lxk))

Therefore:
Lx].u(xj) = h((xq, -+, x), uxy, -+, X)), 4)

with artificial initial conditions being zero regarding the independent variable x; .

By taking Laplace transform to both sides of the equation (4) in the usual way and using the artificial
initial conditions, the result is as follows:

P(s).U(xq, "+, Xi—1, 8, Xjp1, X)) = H((xl' o Xi-1, S, xi+1:xk):u): (5)

where P(s) is a polynomial with the degree of the highest derivative in the equation (5), (the same as
the highest order of the linear operator Lx]. ). The following relations are possible;

L[h] = H, (6-a)
B(S) = 555 (6-b)
L[b(x)] = B(s), (6-¢)

where in the equation (6-a) the function H ((xl, L Xio1, S, Xiy 1, Xk ), u) and

,h((xy, -+, X1, X, X141, %), u) have been abbreviated as H, h, respectively.

Hence, the equation (5) can be rewritten as:

U(xlf X1 S, X1, xk) = H((le CXi—1 S X1 xk)' u)' B(S) (7)

Now, by applying the inverse Laplace transform to both sides of the equation (7) and using the (6-a) -
(6-¢), we obtain:

i
WXy, ") Xim1) Xy Xip1, X)) = fo Lh((xp o Xi-u T xi+1rxk)ru)-b(xi —1)dr. @)

Now, we must impose the actual initial conditions to obtain solution of the equation (1). Thus, we
have the following iteration formulation:

Upp1 (g, X1, Xy X1, X)) = Ug(Xq, 5 X1, Xjy Xjg1, Xg) + )

+ fOXi{h((xlt X1 T Xig1, xk)' un)' b(xi N T)}d'l',
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where ug is an initial solution with or without unknown parameters. Assuming g is the solution of,
Lu, with initial/boundary conditions of the main problem. In case of no unknown parameters, u,
should satisfy initial/ boundary conditions. When some unknown parameters are involved in u, the
unknown parameters can be identified by initial/boundary conditions after few iterations, this
technology is very effective in dealing with boundary problems. It is worth mentioning that, in fact,
the Lagrange multiplier in the He's variational iteration method is A(t) = b(x; — T) as shown in [1].
The initial values are usually used for selecting the zeroth approximation uy. When u is determined,
then several approximations u,, n > 0, follow immediately. Consequently, the exact solution may be

obtained by using

(10)

U(Xl, oy Xi—1 X Xt 1, xk) = limn—> Un (xlr o Xi—1 X Xig1, xk)-

In what follows, we will apply the RVIM method to homogeneous/non-homogeneous parabolic
partial differential equations to illustrate the strength of the method and to establish exact solutions for
these problems.

In an algorithmic form, the new presented method can be expressed and implemented the solutions as
follows:

Algorithm. Let k be the iteration index, set an appropriate value for the tolerance (Tol.) for numerical
purposes.

Step 0: Choose an appropriate ug so that Ly; (ug) =0,

Step 1: Setk = 0.

Step 2: Use the calculated values of u,, to compute uy,; from Eq. (9).
Step 3: Define uy, = uy, .

Step 4: If Max|uy — ux_1| < Tol stop, otherwise continue.

Step 5: Define uy,q = uy.

Step 6: Set n = n + 1, and return to step 2.

[II.  APPLICATION OF THE PROPOSED METHOD FOR THE PARABOLIC EQUATIONS

Examplel. Consider the following one dimensional, variable coefficient of the fourth-order parabolic
partial differential equations [6, 7, and 8]

%u x4\ 0%t

2t G+E);2=0  3<x<1t>0 (11)
Subject to the initial conditions:

ux,0) =0, Lxo=14+2, (12)
and the boundary conditions:
u( > t) =(1+ %) sin(t), u(1,t) = (%) sin(t), (13)
%(% t) = %(%)3 sin(t), %( 1,t) = %sin(t).
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By selecting auxiliary linear operator, the Eq. (11) is rewritten as:
h(x,&u)

22 4 0%
Leu(x,t) === = — ((; + 2 a—;j) (14)

Now by applying the Laplace transformation with respect to independent variable t on both sides of
Eqg. (11), using the artificial initial condition [1], solution of the governing equation (11) has

aforementioned in Eq. (8),
u(x,t) =[5t — &) h(x, & wdé. (15)

Therefore, using the Egs. (8), (9) one can obtain the following RVIM's iteration formula in the ¢-
direction

Uns1 (6, 6) = uo(x, ) + f, (t — &) h(x, &,1,)dE. (16)

where, h(x,¢,u,) is indicated as:

hGx, € up) = — ((,—t+ 2y Ty, E)) . (17)

Now let's, start with an arbitrary initial approximation uy(x,t) = (1 + %)t that satisfies the initial

condition. Using the RVIM iteration formula (16), we can have the following successive
approximation:

u(x, t) = (1 +§0) (t — t3—3'), (18)
w000 =(1+2)(e-£+5), (19)
us(, ) = (1+ 2 (t—t3—3!+t5—f—t7—7!). (20)

Whereas the RVIM method admits the use of
u=lim,, u,.
Which gives the exact solution:

u(x, t) = (1 +Z)sin(t). Q1)

120
Obtained upon using the Taylor expansion of sin(t).

Example 2. Consider the following parabolic equation [6, 7, and 8]

2 4
6“+(L_1)6—“=0, 0<x<1,t>0, (22)

ot? sin(x) ox*

subject to the initial conditions:

u(x,0) = x —sin(x),  x,0)=-(x-sin(x)), (23)

© 2012 Global Journals Inc. (US)

Ref.

C8¢ET

-22€1(6002) 0T MWIS “Iowmy ‘10§ IedUIUON "[ "Ju] ‘wiIojsuel], oderder] o) Suisn
SWYIIOS[Y UOIJeId)] [EUOIJRIIRA JO UOIONIISUOINY ‘UYopeziiye] [ ‘TUIPpowesaf] ‘i ‘T



Ref.

1. E. Hesameddini, H. Latifizadeh, Reconstruction of Variational Iteration Algorithms

using the Laplace Transform, Int. J. Nonlinear Sci. Numer. Simul. 10 (2009)1377-

1382.

and the boundary conditions:

u(0,t) =0, u(1,t) = e *(1 —sin(1)), (24)
0%u 3 2u .
F) 0,t) =0, ﬁ( 1,t) = e *sin(1).

As in the previous example, to implement the RVIM technique, first of all we need to choose the
auxiliary linear operator as:

h(x,§w)
0%u d4u
LeuCet) =55 = - ((—sni‘(x> - 1)5)-

Accordingly, after taking Laplace transform using the artificial initial condition as in [1], on both side
of the Eq. (22), the following RVIM iteration formula in the #-direction can be obtained as:

o*u,

U1 (6,6) = Uug (6, 8) = f (6 = ) (2 = 1) G G, ). (25)

By the RVIM's recurrent formula in the Eq. (25), the terms of the sequence {u,} are constructed as
follows, after choosing its initial approximate solution as uy(x,t) = (x — sin(x))(1 — t).

u (x, t) = (x — sin(x))(l —t+ tz—z,), (26)
u,(x,t) = (x — sin(x))(l —t+ tz—z!—g), 27)
us(x, t) = (x—sin(x))(l—t+t2—2!—‘;—3!+i—T . (28)

The next terms of {u,} can be determined in a similar way and the n-th approximation of u can be
constructed as:

. tl
u, = (x — sin(x) XLy - (29)
And since
lim,, u, =(x—sin(x))e™". (30)
Therefore, approximate solution that is obtained by RVIM procedure converges to the exact solution.

Example3. Now, we solve the following one dimensional non-homogeneous fourth-order equation
[6, 7, and 8]:

0%u

+(x+1)a4—u=(x4+x3—£x7)cos(t) 0<x<1,t>0 (31
ot ox* 7! ! ’ )

Subject to the initial conditions:

u(x,0) = 2x7,  x0)=0, (32)
and the boundary conditions:
u(0,t) = 0, u(1,t) = Zcos(b), (33)
0%u 0%u 1
=2 0.0=0, 752 (L8 = 55cos(D).
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Applying RVIM to this equation with the given initial and boundary conditions, according to (3) and
(4), we can have:
h(x,§u)

Liu(x, t) = (x4 +x3 — —x )cos(t) —(x+1) Z% (34)

Now, by applying the Laplace Transform with respect to independent variable ¢ on both sides of Eq.
(31) using the artificial initial condition [1], therefore, using the Egs. (8) and (9), one obtain the
following RVIM's iteration formula in the #-direction:

Una1 (6, 8) = up (x,8) + [ (t — &) h(x, & uy)dE. (35)

Where, h(x, &, u,) is indicated as:

h(x,&uy,) = (x4 + x3 —%x )cos(t) —(x+ 1)a u"( , ). (36)

With the aid of initial approximation uy(x,t) = %x7 and using the RVIM iteration, we can obtain
directly the rest of the other components as follows:

2
u;(x,t) = x3 +x* — %(x4 + x3) — x3 cos(t) — x* cos(t) + %x7 cos(t), (37)
Uy (x,t) = 24 + 24x — 12t%(x + 1) — 24 cos(t) + %x7 cos(t) + t*(1 + x), (38)
uz(x, t) = %x7 cos(t). (39)

It can be easily shown that u, = %x7 cos(t), n = 4,5, ...; thus, the solution of Eq. (31) is obtained
which reads:
lim,, u, :%x7 cos(t). (40)

That is the exact solution.

Example4. Consider the fourth-order parabolic equation in two space variables [9]

2%u d0*u 1

St 2(% —+2(2 6,)ay4_0 Z<x<1t>0. (41)
Subject to the initial conditions:

u(x,y, 0) = 0, (xyO) 2+—x +3;|, (42)
and the boundary conditions:
u G,y, t) = (2 + & 5) + y—) sin(t), u(1,y,t) = (2 +2+ 3;—?) sin(t), (43)
0%u (1 82 1
= (z9.t) = (&) sino, 5 (Ly,0) = sin(®),
0%uy; 1 (0.5)* 0%u 1
922 (x,i, t) = ( )sm(t) ﬁ(x, 1,t) = Esm(t).
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To implement the RVIM method on this differential equation with the given initial and boundary
conditions, according to (3) and (4), the auxiliary linear operator is selected as:

h(x,&u)

Leute ) = 5 = = (2 5+ 2 (%) 350)- (44)

Therefore, as in the previous examples the RVIM iterative formula can be expressed as:
t
un+1(x» t) = uO (x' t) + fO (t - f) h(xl {I un)dg' (45)
So that h(x, &, u,), is indicated as:
—_ 1 X ﬁ
h(x,§,u,) = ( () u ) + 2(3+5) 5o (x,f)>. (46)

We start with an initial approximation uqy(x,t) = t(2 + ’;—? + ’;—?), by the iteration formula (45), one can
obtain the first few components as follows:

w o) =(t-2)(2+2+2), (47)
w00 = (t-S+5)2+2+2), (48)
us(x, ) = (t——+———)(2+ +2), (49)

The rest of the other components are obtained using the iteration formula (45) and then the solution of
u(x, t) in closed form is given by:

u(x,y, t) =lim,, u,(x,yt)= (2 +3 ° 42 )sm(t) (50)

That follows immediately upon using the Taylor expansion for sin(t).

IV. DISCUSSION

There are two main goals pursued in this work. The first was employing the powerful Reconstruction
of the Variational Iteration to investigate fourth-order parabolic differential equations and the second
one was showing the power of this method and its significant features. The two goals are achieved.

It is obvious that the method gives rapidly convergent successive approximations without any
restrictive assumptions or transformation that may change the physical behavior of the problem.
Reconstruction of the variational iteration gives several successive approximations through using the
RVIM's iteration relation. Moreover, the RVIM reduces the size of calculations and the method is
direct and straightforward. The RVIM uses the initial values for selecting the zeroth approximation,
and boundary conditions, when given for bounded domains, and can be used for justification only.
For nonlinear equations that arise frequently in expressing nonlinear phenomena, RVIM facilitates the
computations and gives the solution rapidly. As for concrete problems where an exact solution does
not exist, a few approximations can be used for numerical purposes So by these advantages the RVIM
method seems to be reliable and promising.
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