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I.  INTRODUCTION

For |¢| < 1,
(a:q)oe = ] (1 = ag™) (1.1)
n=0
(a5¢)00 = H(l —aq" V) (1.2)
(a1,a2,03, ..., ax; @)oo = (a15 @)oo (025 @)oo (435 @) o+ (AR @)oo (1.3)

Ramanujan [2, p.1(1.2)]has defined general theta function, as

flab) =" a™ 5™ L | < 1, (1.4)

— 00

Jacobi’s triple product identity [3,p.35] is given, as
f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) s (1.5)

Special cases of Jacobi’s triple products identity are given, as

o@)=fla.0)= > ¢ =040 ") (1.6)
o sy N e (070

(9) = fa,:4°) = %q e (1.7)

f=a) = f(=a, =) = 3 ()"0 = (g0)~ (1.8)

Equation (1.8) is known as Euler’s pentagonal number theorem. Euler’s

another well known identity is as

(6% = (0o (1.9)

3. B.C. Berndt; Ramanujan’s notebook Part III, Springer-Verlag, New York, 1991.

2. B.C. Berndt; What is a g-series?, preprint.
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Throughout this paper we use the following representations

(44" )
(4" oo

(—4% 4" )0

(¢"

(¢"

(4" ¢

10" )oo

10" )oo

(4% 4")so

(4% 4"

(4% 4")so

(g0 = (—¢", —¢", ¢ - -

(g9 = (¢%,0%, ¢ 450 oo

(q50) 0 = (0% 6" ¢ 4540

Now we can have following g-products identities, as

or,

or,
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(0% ¢ = [J(1 =)
n=0
o0 o0
— H(l q2(4n)+2) ~ H(l _ q2(4n—i-1)—i-2)><
n=0
% H(l _ q2(4n+2)+2) > H(l _ q2(4n+3)+2>
n=0 n=0
_ H(l q8n+2) % H( 8n+4 >< H 8n+6 % H 8n+8
n=0 n=0
(0% 0%) o0 = (€% 6%) o0 (0" 6%) 00 (65 0%) 00 (65 ¢®) 0

(Us)

or,

',;]8

oo

(a5 4% = [T (1 ="

n

RIED) +4 ) x H

=0

n=0
o0
H 12n+4
n=0
(¢" ") oo
oo
(g% 9" =

o0

xH(l

oo

=116~

n=0

n=0

*H

q12(5n+2)+4) % H(l

60n+4 % H

oo

<I10-

= (¢"1¢") o0 (¢ ¢"*) 0 (¢"%: ¢

= (%, ¢"¢%, 0% ¢®)

oo
4(3n+1) +4 X H 3n+2)+4)
oo o0
H(l 12n+8 % H 12n+12
n=0 n=0

=(¢*¢% ¢"% ¢

H (1 _ q12n+4)

2(5n +4 >< H 5n+1)+4)

o0

q12(5n+3)+4) % H(l _ q12(5n+4)+4)

n=0 n=0
oo oo
60n+16 % H (1 _ q60n+28) %
n=0
60n+40 X H 60n+52

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

Notes



(0*0")s0 = (0% 0°) 00 (4" 6% 00 (6°%; 4%) 50 (4*°; 4°) 0 (0°% ¢™) o
= (¢*,¢"%, ¢*®,¢"°, ¢"* ¢"*) (1.15)

Similarly we can compute following as

(@%0°)00 = (@°50") o0 (0" 0") o0 (0" ¢ e
= (0" 4",¢";¢") (1.16)
Ref‘ ((]6,(]6)00 — (qﬁ;q24)oo(q12;q24)oo(q18;q24)oo(q24;q24)oo
=(¢%4"%4¢"% ") (1.17)
(4%0"%)00 = (6400 (@"%; 6°*) 00 (6% 4°*) 00 (6% 4™ 0 (67 ™) o
— (6% 4", 4%, ¢, % ¢*)oe (1.18)

The outline of this paper is as follows. In sections 2, some recent results
obtained by the author [1], and also some well known results are recorded
in [6;7], those are useful to the rest of the paper. In section 3, we state
and prove four g-product identities, which are new and not recorded in the

literature of special functions.

1. PRELIMINARIES

In [1], following identities are being established

(4:6%)o0 = (4,4%, 6% ¢%) o (2.1)
(—:¢%% — (@S]t _ 2 59
q (4% ¢%)w)” 22
224324)00 = (¢, ~4¢") (2.3)
(6% 0% o0 = (% 0o (d* 4" (2.4)

In Ramanujan’s notebook [7, p. 209], following entry is recorded as

In Ramanujan’s notebook [6, p. 245], following entry is recorded as

V()P(—q)  PY(—¢*)

= 2.6
PP Y—) Pl (29
In Ramanujan’s notebook [6, p. 254], following entry is recorded as
3
q
o 36(~4) — s(-a)* =8 2 D p(g9) (27
10 .80 P(¢®)
S22
S F s In Ramanujan’s notebook [6, p. 222], following entry is recorded as
o] o]
2 88 ¢°(q) °(q)
Chal- o) T4 _ 9 (2.8)
M v A ?(a)9°(¢°) + 4g2planh *(¢°) ¢*(q)

6. S. Ramanujan; Notebooks (Volume I), Tata Institute of Fundamental Research,
7. S. Ramanujan; Notebooks (Volume II), Tata Institute of Fundamental Research,
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III.  MAIN RESULTS

In this section, we established following new results with the help of ’l,b()
and ¢(.) functions or in more general language we can say that by using the
properties of Jacobi’s triple product identity, as)(.) and ¢(.) functions are
its special cases. These results are not recorded in the literature of special
functions
(@ 9)o0 = (4:4:4°) o (3.1)
(4% 4")00 = (0% 6% 40 (0% ¢%) oo (3.2)
3(¢5 40 (4°54°) oo (0”3 ™)

(4672 +2(6%¢") o0 = i) (3.3)

5(¢* )%

(4% ¢")%

_ Cad*)2%(@% )% (6% 7)o +4(=0%4") (0" 4" o (a1 ¢°)5 (3.4)
(=4:¢%)0 (4% ¢%) oo (=% ¢°)3 (4% ¢"*)3 + 44%(q%5 4%) oo (¢%%5 4%°)

Proof of (3.1): By substituting, ¢ = ¢? in (1.8), we have
also by substituting, ¢ = —¢ in (1.6), we get
F(=¢*) = (% ¢*)w
$(—q) = (6:¢°)%(0% ¢*) oo
by substituting the values of f(—¢?), ¢(—q), employing (1.7) and (1.8) in
(2.5), we get

(4:90)o0 (0% 0%) 0 = (6:6°) 20 (0% ¢ )0

after simplification, we get (3.1).

Proof of (3.2): By substituting, ¢ = —¢,¢ = —¢*,¢ = ¢®> and ¢ = ¢*
respectively in (1.7), we get

and

by substituting the values of ¥(—q),v¥(—q?*),%(¢*),¥(¢*) and employing
(1.7) in (2.6), and further using (2.3), we get
(0% 0%)00(0% ¢%)oe (0% 4%) oo (0% %) o

(0% ¢®) (=4% 4% 0o (—6% 0*) 0 (425 ¢*) o

further using (2.4) in above expression, and after simplification, we get (3.2).
Proof of (3.3): By rearranging (2.7) can be written as

B6(=¢") —¢(=))® _ ¢(=¢*)
2%(q)]? P (a?)

by substituting ¢ = —¢® in (1.6) and ¢ = ¢* in (1.7) respectively, we get

(3.3.1)

o(—a°) = (¢*;4%)% (6% ¢°) e ;9 (%) =

© 2012 Global Journals Inc. (US)
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now substituting the values of ¢(—¢*) andp(¢®) in (3.3.1), and after sim-

plification, we get

30(—¢°) — #(—q)]

= (%40 (3.3.2)
27h(q)]
by substituting ¢ = —¢° and ¢ = —q respectively in (1.6), we get
$(—4") = (¢%:0"%)2%(¢'% 4"%)oo 5 S(=0) = (456°)% (6% ¢") o
now substituting the values of ¢(—¢?), ¢(—¢q) and employing (1.7) in (3.3.2),
after little algebra, we get
9. 18\2 (.18, 18\ _ (4*;4%) 0 3. .6 . 2\3
30%47)5 (@30 )0 = T 120076 ) oo + (45.07)5] (3.3:3)

(¢;4%) oo
by substituting ¢ = g7 in (2.4), we get

(@°14”) 00 = (0”1 0"%) (¢"% ¢"®)

o0

by using the values of (¢%; )0 in (3.3.3), and after simplification, we get
(3.3).
Proof of (3.4): By substituting ¢ = ¢° in (1.6) and (1.7) respectively, we
get 10. 10
8a) = (0520 ) (a7) = L L=
(4% ¢")
with values of ¢(¢),%(¢%), and further employing (1.6) and (1.7), we can

compute following identities

) @) (@5 [ ) (650
¢(q5) +41,b(q5) a (qlo;qlo)oo (_q5;q10)go + (q;qg)go :| (341)

6(0)9°(@°) + 4P () > (@) = (a% ¢ oo ("% ¢'0)2 x

6+ 47 ] (3.4.2)
T (;0) 0 (4% ¢10)3, a

¢*(q) (—4:4*)% (3.4.3)

x| (=4 6°)% (=% ¢"%)

5 =5
T e

by substituting the values from (3.4.1), (3.4.2) and (3.4.3) in (2.8), further

using the property (2.3), after simplification, we get (3.4).
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