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Notee Creation of a Summation Formula Attached
with Recurrence Relation and
Hypergeometric Function

Jai Bhagwan® & Salahuddin®

Abstract- The main aim of present paper is the creation of a summation formula attached with recurrence relation and
Hypergeometric function. We have used computational method using Mathematical.

l. [NTRODUCTION

a) Generalized Hypergeometric Functions

A generalized hypergeometric function ,Fy(aq, ..., ap; b1, ..., bg; 2) is a function which can
be defined in the form of a hypergeometric series, i.e., a series for which the ratio of
successive terms can be written

ck+1  P(k) (k+a1)(k+ a2)...(k+ ap)

e Qb)) (k+b1)(K +ba)...(k+ by)(k + 1) = (1)

Where k + 1 in the denominator is present for historical reasons of notation[Koepf
p-12(2.9)], and the resulting generalized hypergeometric function is written

- ap,az, -+ ,ap ; . :i (a1>k(a2>k___(ap>kzk (2>
T bbar by s = (01)k(b2) - - (bg)iK!
or
(ap) 9 s ((a )) k
F =3 Wap))kz (3)
p-q |
5 2 ()R
where the parameters b1, bs, - - - , b, are positive integers.

The ,F, series converges for all finite z if p < ¢, converges for | z |[< 1 if p = ¢+ 1,
diverges for all z , z # 0 if p > ¢ + 1[Luke p.156(3)].

The function 2F(a,b;c; z) corresponding to p = 2,q = 1, is the first hypergeometric
function to be studied (and, in general, arises the most frequently in physical problems),
and so is frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s
hypergeometric function [Gauss p.123-162]. To confuse matters even more, the term ”hy-
pergeometric function” is less commonly used to mean closed form, and ”hypergeometric
series” is sometimes used to mean hypergeometric function.
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The hypergeometric functions are solutions of Gaussian hypergeometric linear differential
equation of second order

2(1—=2)y" +[c—(a+b+1)z]y —aby=0 (4)
The solution of this equation is

ab ala+1)b(b+1) , }

:A[l A U ey iU ) % S
4 0 +1!cz 2l e(e+1) e

This is the so-called regular solution, denoted

ab af@+1)b(b+1) 5 = (a)p (b)p2"
eFilobes) = U Sy = g ©

which converges if ¢ is not a negative integer for all | z |< 1 and on the unit circle | z |=1
if Rle—a—10)>0.

It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a) or
generalized factorial function.

Many of the common mathematical functions can be expressed in terms of the hyperge-
ometric function. Some typical examples are

(1-2)"%=zF(1,1;2;—2) (7)

;2% (8)

N W

11
.1

~ =2 3Fi (5, =
sinT" z=12z9 1(2,2,
b) Gauss’ Relations For Contiguous Functions

The six functions F(a+1,b;¢; 2), F(a, b+ 1;¢; 2), F(a,b; c+ 1; 2) are called contiguous to
F(a,b;c; z). Relation between F(a,b;c; z) and any two contiguous functions have been
given by Gauss.

[ Abramowitz p.558(15.2.19)]

a, b;

)

1 .

(a—b) (1-2) o Fy [ z] = (c=b) 2 F1 [ " bc_

c) Recurrence Relation

In mathematics, a recurrence relation is an equation that recursively defines a sequence,
once one or more initial terms are given: each further term of the sequence is defined as
a function of the preceding terms.The recurrence relation of Gamma function is defined
by [Temme p.42(3.1.1)]

I'(z4+1)=2T(z) (10)

a) Legendre’s Duplication Formula
Following Bells and Wong [ p.26(2.3.1)], we have

VT T(22) = 2D 1(2) F<z + %) (11)

I\ _ 20 o)
o(3)=ve r() 12)
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— 2 (13)

Following Prudnikov, Brychkov & Marichev [ p.491.(7.3.7.3)], we have

) atb+1 a+b—1
a, b 1}\5[ I( )1 2 T(tb=1)

£ | Sl 5| = VF e * Tar

(14)

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above formula can be written in the form

a, b ; 1 9(b—1) p(atb=1 r
2 b [ atb—1 . 5} ) E
2 )

It is noted that the above formula [Prudnikov,491.(7.3.7.3)], i.e. equation(14) or (15) is
not correct.The correct form of equation(14) or (15) is obtained by [Asish et. al(2008),
p.337(10)]

a, by 1] 207V (=L T(E) ((b+a-1) 2 I(ktl)
b )= l>{ f+ ] 1o

Involving the derived formula obtained by [Salahuddin,p .45(9)], we establish the main
formula.

[I.  MAIN SUMMATION FORMULA
For the main formula a #b

For a <1 and a > 30

P [a, b ; 1] 2(6-1) P(Mﬂ))lr(b%) {(—42849873690624000a)+
241 | a4b—30 . 5| = a—29
atb=30 . 9 —b)T(b 15
2 ((L ) () P( 2 ) H{a_(QC_]-)}
¢=1

n (102174938785382400a° — 90168185255362560a> + 48238440075952128a*) n
15
I {a- ¢ - 1)

n (—14222757092524032a° + 3434748504629248a5 — 476013869035520a" + 63240546512640a%) n

:r_?l fa— (20~ 1)}

n (—4603989262336a° + 362770106624a'° — 14085527040a*! + 665833376a'2? — 127928324 '3) n

I {a— (2 1)}

¢=1
n (343728a* — 2480a'® + 31a'6 + 42849873690624000b — 31082092167168000ab)+
15
[T {a—(2¢-1j}
¢=1
n (—73098173806018560ab + 108868047825272832a°h — 57797146289504256ah) n

:ﬁl{a— (2¢ - 1)}
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n (22066910445879296a°b — 4278218966429696a°b + 807376117319680a7b)
15
1 a2}

+

| (-749554327674880% + 8169315368448 — 3856359367680’ + 255934531840 ')
15
Cl:[l {a—(2¢-1)}

N (—582589696a'2b + 23404256a'3b — 198896a'4b + 4464a'5h — 7109284661821440057) N

15
I1 {a—(20-1)}
¢=1
n (112755981161594880(1[)2 — 36482063700197376a2b% — 29343138531508224(13192) n
15
I1 {a-(20-1)}
¢=1
a — a + a
n 30395328111255552a%? — 10197276680204288a°b? + 2946095411127296a5b2 n
15
H{a= -1}

N (—374548696047616ab? + 56962219478272a%h? — 3393695599104a%? + 308716484928a'%?) N

+

15
Il {a—(2¢-1)}
¢=1

N (—8514867712a'1b? + 4800084640 2b? — 4847408a'3b? + 165416a4b? + 50510377899786240b%) N

15
[T {a—(2¢-1)}
¢=1
. (-99910969798164480ab’ + 54967053635026044a°” — 10666441061793792a°°)
15
I {a-2¢- 1)

N (—4166767625613312a"b> + 3206675295074304a°b> — 686051126108160a°?) N
15
I {a-¢-D}

N (156167659677696a7b> — 12540657489408a%h? + 1572782347392a°® — 543231897604 %) N

15
Il {a—(2¢-1)}
¢=1

(4180393152a'1b® — 51048816a'2b® + 2459664a'3b — 20713454402863104b) N
15
[T {a—(2C-1)}
¢=1
40852434546720768ab* — 32041240778039296a%b* + 8698430393331712a%b?) N

+( 15
[l {a—(2¢-1}
(=1

| (- 11546763930762240"h" — 247150742668800°" + 1478649400857600°%*)
15
Cljl {a—(2¢-1)}

N (—19581576698880a"b* + 3617566362720a%b* — 166428633600ab* + 17522948400a'%?) N

15
[1 {a—(2¢-D}
¢=1
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N (—266463600a'1b* + 17530500a'2b* + 5543553731788800b° — 12155400984281088ab®) N
15
T fa—-c-1)

8180404586819584a2b® — 3671679306500096a3b° + 552177907875840ah°) N
15
I1 {a—(2¢-1)}
¢=1
\| otes N (—54103342402560a°6° — 6502833792000a5b° + 3126362400000ab> — 233673258240a%b°) N
15
I[1{a—(2¢-1)}
¢=1
N (3583903056000 — 71955960040 + 64512240a''b° — 103390423764992005) N
15
1 {a—(2¢-1)}
¢=1
(2099766917263360ab5 — 1867829847333888a2b® + 595797693046784a°h9) N
15
Cljl {a—(2¢-1)}

L

—178743343074816a*b° + 15207496657920a°b5 — 1156337239680a5b% — 733653043204 765
+ +
15
I {a-(¢- 1)

N (29075170320a8b°® — 937908720a°b° + 121580760a %5 + 139675243868160b7) N
15
[T {a—(2C-1)}
¢=1
N (—315216253958144ab” + 210439757914112a%" — 108338835331072a°h") N
15
I {a-¢-D}

17944242066432a*D7 — 3924412035840ab" + 1772200857600 — 10838056320a7b7) N

+( 15
Il {a—(2¢-1)}
¢=1

—282861360a%b” + 94287120a°b7 — 13985569165568b° + 27853051633664ab®
+ +
15
I {a- ¢ - )

N (—25906772757248a2b® + 7697887351296ab® — 2669359676832a*b® + 222457190400ab%) N
15
[T {a—(2C-1)}
¢=1
N (—37501461360a5b® + 699709680ab® — 35357670ab® + 10505763840006°) N
15
I {a-¢-D}

N (—2375213023744ab” 4 1454416768512a%° — 790386876288a3b° + 108636023040a%b°) N
15
[T {a— (-1}
¢=1
N (—27632383200a°b° + 918058800a°h° — 124062000ab° — 59398127360b1°) N
15
I {a-@c-1}
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(111928327680ab'® — 105528303296a2h'° + 25592473088a°h'° — 9433933392a4b10) n

+ 15
I {a- 2 -1}

Jr( 15
Cl;[1 {a—(2¢-1)}

n (—1587936064abt + 134073264a%b'! — 36463440a°b'! — 78393952b1% + 132474368ab'?) n

f{l fa— (2~ 1)}

N (—123782256a%b'? + 18886192a3b'? — 7152444a*b12 + 17472000 — 3719968ab'?) N
15
C1:[1 {a—(2¢-1)}

| ~704816a%" — 263200 + 34480ab'* — 31000 + 240b*° — 464ab' — b'°) }+
15
[1 {a—(2¢(-1)}

¢=1
(—42849873690624000a + 71092846618214400a — 50510377899786240a3) n
)

lli {a — 277}

L

490854000a°b'° — 96768360a°b'° + 2513871360b' — 5584355712ab'! + 2860642304a2b*t) n

20713454402863104a* — 5543553731788800a” + 1033904237649920a° — 139675243868160a7) n

llj)l {a — 277}

L

13985569165568a® — 1050576384000a° 4 59398127360a'® — 2513871360a'! + 78393952a2) n

lli {a — 277}

n (—1747200a'3 + 26320a'* — 2404 + a'® + 42849873690624000b + 31082092167168000ab)
15
[T {a—2n}
n=1
n (—112755981161594880ab + 99910969798164480ab — 40852434546720768ab) n
15
[1 {a—2n}

n=1

n (12155400984281088a°b — 2099766917263360a5 + 315216253958144a7b) n

E[l {a — 277}

n (—27853051633664a%b + 2375213023744a% — 111928327680a'% + 5584355712a'1b) N
15
[T {a—2n}
n=1
n (—132474368a'2b + 3719968a'3b — 34480a'*h + 464a'°b — 102174938785382400b2) n
15
[T {a—2n}
n=1

73098173806018560ab? + 36482063700197376a2b* — 54967053635026944a°b?) n

+( 15
n];ll {a—2n}
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320412407780392964%02 — 8180404586819584a°b% + 1867829847333888a%2
- -
15
IT {a—2n}
n=1

—210439757914112a7b? + 25906772757248a3%h? — 1454416768512a%2 + 105528303296a1%2
+ +

nll:sll {a — 277}

—2860642304a1b2 + 123782256a12b% — 1274224a'3b2 + 31000a 4b? + 9016818525536256003
+

15
[T {a—2n}
n=1
—108868047825272832ab> + 2934313853150822442b> 4+ 10666441061793792a3b>
- -
15
[T {a—2n}
n=1
—8698430393331712a*h? + 3671679306500096a°h> — 595797693046784a5h>
- -
15
[T {a—2n}
n=1

. (108338835331072a7h? — 7697873512964 + 7903868762880 — 255924730884

15
[T {a—2n}
n=1
N (1587936064a'1b® — 18886192a'%b> + 704816a'3b> — 48238440075952128b%) N
15
[1 {a—2n}
n=1
N (57797146289504256ab* — 30395328111255552a%h* + 4166767625613312ab?) N
15
I1 {a—2n}
n=1
(1154676393076224ab* — 552177907875840a°b* + 178743343074816a°b*) N
15
[T {a—2n}
n=1

—17944242066432a7b* + 2669359676832a8h* — 108636023040a°b* + 9433933392404
+ +

15
[T {a—2n}
n=1
n (—134073264a11b4 + 7152444a'2b* + 14222757092524032b° — 22066910445879296ab5) n
15
[T {a—2n}
n=1
10197276680204288a2b° — 3206675295074304a3b° + 247159742668800a4b5) n
15
[1 {a—2n}
n=1
54103342402560a°b° — 15207496657920a56° + 3924412035840a76° — 222457190400(18175) n
15
[T {a—2n}
n=1
(27632383200(1%5 — 490854000a%° + 36463440a'16° — 3434748504629248b6) n
15
[1 {a—2n}
n=1

L

L

_|_
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4278218966429696ab5 — 2946095411127296a%b° + 686051126108160ab°) n

Jr( 15
];[1 {a - 277}

n (—147864940085760a*b5 + 6502833792000a°b° + 1156337239680a¢ — 177220085760ab°) n

15
[1 {a—2n}
n=1
37501461360a5b% — 918058800465 + 96768360465 + 476013869035520b7) n
15
[T {a—2n}
n=1
n (—807376117319680ab” + 374548696047616a%" — 156167659677696ab") n
15
[1 {a—2n}
n=1
n (19581576698880a*h” — 3126362400000a°b” + 73365304320a5b7 + 10838056320a7b7) n
15
[T {a—2n}
n=1
n (—699709680a8b” + 124062000a°b” — 632405465126400° + 74955432767488ab®) n
15
[1 {a—2n}
n=1

L

n (—56962219478272a2b® + 12540657489408a3b® — 3617566362720a*b® + 233673258240a%°) n

15
[T {a—2n}
n=1
n (—29075170320a°b® + 282861360a"b® + 35357670a%b® + 4603989262336b°) n
15
[1 {a—2n}
n=1
n (—8169315368448ab” + 3393695599104a%b° — 1572782347392a°h° + 166428633600ab?) n
15
[T {a—2n}
n=1

+ (—35839030560&5b9 + 937908720a5h° — 94287120a70° — 362770106624610) "
15
IT {a—2n}
n=1
(38563593676861610 — 308716484928a2b'0 + 5432318976040 — 1752294840()a4b10) "

+ 15
nl;ll {a - 277}

+( 15
nl;ll {a - 277}

" (—4180393152a®b1t + 266463600a*b*! — 64512240a°b*! — 665833376512 + 582589696ab'?) n

719559600a°b10 — 121580760a°b'° + 14085527040b — 25593453184ab'! + 8514867712a%b1) n

15
[T {a—2n}
n=1
N (—480008464a2b'? + 51048816ab'2 — 17530500a*b'? 4 12792832b'3 — 23404256ab'?) N
15
[T {a—2n}
n=1
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. (4847408a2b'3 — 2459664a3b'3 — 34372814 + 198896ab** — 165416a2b'* + 2480b1°) .
15
[1 {a—2n}
n=1

(—4464ab'® — 31b6)

= (17)

[T {a—2n}

n=1

Notes
I1I.  EVALUATION OF MAIN SUMMATION FORMULA
Substituting ¢ = w and z = % in equation (24), we get
a, b 1 a, b—1; 1 a—1,b; 1
(a—b) 2F1 |: a+b2—30 . §:| = (a—b—30) 2F1 |: a+b2—30 . §:| +(a—b+30) 2F1 |: a+b2—30_ §:|

Now involving the the formula obtained by salahuddin[Salahuddin,p .45(9)], we get

L.H.S =

2(b-1) P(atb30) [(a —~b-30) T(4) { (—42849873690624000)
I'(b) (a—b+1) T(%52) 11_5[ {a—(2c—1)}
¢=1

2

n (56468406848716800a + 10090943081349120a2 — 45646821227298816a°) n
15
[ {a—(2¢-1)}
¢=1

n (30119994532429824a* — 10659242374635520a° + 2384177957457920a5) n
15
I {a— (¢ - 1)

—372420039991552a7 + 41100528816128a® — 3372406380160a° + 1992718832004 *°
+ +
15
[T {a-(2C-1)}
¢=1
N (—8841030848a'! + 271930672a'2 — 6056120a'3 + 80260a'* — 659a'° + a'9) N
15
I {o—(2- 1)}

n (113942720308838400b — 192432640779878400ab + 71179471376547840a2b) n
15
1 fa-t2c -1}

n (31565349178638336a°b — 35990351353896960ab + 14307315699220480a°b)

15 +
I {a— - 1)

n (—3391367994865920a5 + 532460361363712a"b — 59560797031680a%h + 4745684818240a"b) n
15
I {a- 2 -1}

| (-2791952404800"% + 116192379684 b — 3494493604 + 6800780’% — 841654 49)

15 +
Il {a—(2¢-1}
(=1
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434a'5bh — 121603224518000640b% + 229663329314734080ab? — 132562310349127680a2b?) n

+( 15
1 fa- - 1)

17716361173647360a%2 + 12817606114037760a*b2 — 7268501921936640a7H2
+ +
15
! {a—(2¢—1)}

1903248210151680a%h% — 309340014067200a7b% + 34669345543680a3b? — 2718132397440@%2) N
+ otes

+( 15
1 fa- - 1)

154142180400a1%? — 6044516400a'1b? + 166890360a'2b? — 2737455a3b% + 26970a4b?) N
15
I {o— (-1}
¢=1
N (71223832302649344b> — 142411269625675776ab> + 96502735620096000a263) N
15
[T {a—(2¢-1)}
¢=1
N (—27158505721528320a3b> 4 1046052696318720a*b> + 1645411005646080a°b°) N
15
[T {a—(2¢-1)}
¢=1
N (—540144838041600a5> 4 97422347546880a7b* — 10689025278240a%6> + 855046307760a°0%) N
15
[T {a—(2¢-1)}
¢=1
N (—43587835200a'°6% + 1695549960a' 1% — 35236305a'2b® 4 566370a'3b3) N
15
I {a- -1}

L

n (—26257008134651904b% + 54170505981911040ab* — 39455725614796800a2b) n
15
1 a2}

. (13679204053597440a%" — 2120890334688000a"h" — 19025526931200a%")
15
Cl:[l {a—(2¢-1)}

. (84920244816000a%" — 16677013852800a7b" + 21165020352000°" — 145414149000a%")
15

Hl {a—(2¢-1)}

C:
8158694700a'0b* — 2129955750 1b* + 52591504 '2b* + 6577457969438720b°
+ +

1 {o- -

n (—13820286467276800ab® + 10393670565008640a26° — 3918081302580480a°b°) n
15

Hl {a—(2¢-1)}

C:
. (1918457936256000b° — 694927834272000°h° — 24839991388800°° + 1910624274720a"°)

;ﬁl fa— (2 - 1)}
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In this way, we get the main formula.

IV. CONCLUSION

In this paper we have derived a summation formula with the help of contiguous rela-
tion . However, the formula presented herein may be further developed to extend this
result .Thus we can only hope that the development presented in this work will stim-
ulate further interest and research in this important area of classical special functions.
Just as the mathematical properties of the Gauss hypergeometric function are already
of immense and significant utility in mathematical sciences and numerous other areas of
pure and applied mathematics, the elucidation and discovery of the formula of hyperge-
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ometric functions considered herein should certainly eventually prove useful to further

developments in the broad areas alluded to above.
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