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Abstract

 

-

 

The present paper is concerned with the propagation of Stoneley waves at the interface of two couple stress 

thermoelastic medium in context with Lord and Shulman (LS) and Green and Lindsay (GL) theories of thermoelasticity. It 

is observed that shear wave get decoupled from rest of the motion. After developing the formal solution, the secular 

equation for surface wave propagation is derived. The dispersion curve giving the phase velocity and attenuation 

coefficient related to wave number are plotted graphically to depict the effect of thermal relaxation times. The amplitude 

ratios of displacement components and temperature distribution are also computed numerically and shown graphically 

to depict the effect of thermal relaxation times. Some special cases are also deduced from the present investigation.
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The study of surface wave propagation along the free boundary of an elastic half-

space or along the interface between two dissimilar elastic half-spaces has been a subject 

of continued interest for many years. These waves are well known in the study of seismic 

waves, geophysics and non-

 

destructive evaluation, and there is a rich literature available 

in surface waves in terms of classical elasticity (see, e.g., Achenbach (1973); 

Brekhoviskikh (1960); Bullen and Bolt (1985); Ewing et   al. (1957); Love (1911); Udias 

(1999)). Surface waves propagating along the free boundary of an elastic half-space, non-

attenuated in their direction of propagation and damped normal to the boundary are 

known as Rayleigh waves in the literature, after their discoverer (Rayleigh (1885)).  The 

phase velocity of Rayleigh wave is a single valued function of the parameters of an elastic 

half-space. These waves are nondispersive and their velocity is somewhat less than the 

velocity of shear waves in unbounded media.

 

Stoneley (1924) investigated the possible existence of waves similar to surface 

waves and propagating along the plane interface between two distinct uniform elastic 

solid half-spaces in perfect contact, and

 

these are now universally known by his name. 

Stoneley waves can propagate at interfaces between either two elastic solid media or an 

elastic solid medium and a liquid medium. These waves are harmonic waves propagating 

along the interface between two elastic half-spaces, produce continuous traction and 

displacement across the interface and attenuate exponentially with distance normal to the 
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interface in both the half-spaces, provided the range of the elastic constants of the two 

solids lie within some suitable limits (Scholte, (1947)). Stoneley (1924) obtained the 

frequency equation for propagation of Stoneley waves and showed that such interfacial 

waves can exist only if the velocity of distortional waves in the two half-spaces is 

approximately same.  

Nayfeh and Abdelrahman (2000) found an approximate model for wave 

propagation in rectangular rods and their geometric limits. Tomar (2005) studied the 

wave propagation in elastic plates with voids. Some problems of wave propagation in 

micropolar elasticity medium voids were discussed by Kumar and Deswal (2006). Tomar 

and Singh (2006) discussed the propagation of Stoneley waves at
 
an interface between two 

microstretch elastic half-spaces. Kumar et al. (2012) discussed the wave propagation in
 

micropolar thermoelastic layer with two temperatures. 

The ideas underlying the couple stress linear theory of elasticity  were advanced by 

Voigt (1887) and the Cosserats (1909), but the subject was generalized and reached 

maturity only with the works of  Toupin (1962), Green and Rivlin (1964) in addition, 

Kröner (1963) gave a physical aspects pertinent to crystal lattices and non local 

interpretation of the theory. It is noticed that the earlier application of couple stress 

elasticity theory, manly on quasi-static problems of stress concentration, met with success 

providing solution more adequate physically than classic solutions (Mindlin and Tiersten 

(1962), Weitsman (1965, 1967) Bogy and Sternberg (1967), Lakes (1982)).   

Aggarwal and Alverson (1969) studied the effects of couple stresses on the 

diffraction of plane elastic waves by cylindrical discontinuities. Stefeniak (1969) presented 

the reflection of plane wave from a free surface in Cosserat medium. Sengupta and Ghosh 

(1974a, 1974b]) studied the effect of couple stress on surface waves in elastic media and 

propagation of waves in an elastic layer. Sengupta and Benergi (1978) investigated the 

effects of couple stresses on propagation of waves in an elastic layer immersed in an 

infinite liquid.   

Anthonie (2000) studied the effects of couple stresses on the elastic bending of 

beams. Lubarda and Markenscoff (2000) investigated the conservation integrals in couple 

stress elasticity. Chen and Wang (2001) presented strain gradient theory with couple 

stress for crystalline solids. Circular inclusions in anti-plane strain couple stress elasticity 

have been investigated by Lubarda (2003). Selim (2006) studied the orthotropic elastic 

medium under the effect of initial and couple stresses. Shodja and Ghazisaeidi (2007) 

studied the effects of couple stresses in anti-plane problems of piezoelectric media with 

inhomogeneties. Radi (2007) find the effects of characteristic material lengths on mode III 

crack propagation in couple stress elasticity-plasticity materials by adopting an 

incremental version of the indeterminate theory couple stress plasticity displaying linear 

and isotropic strain hardening.   

Gourgiotis and Gorgiadis (2008) investigated an approach based on distributed 

dislocations and dislocations for crack problems in couple stress theory of elasticity. 

Recently, the inplane orthotropic couple stress elasticity constant of elliptical call honey 

comb have been studied by Chung and Waas (2010).  Kumar et al. (2012a, 2012b) studied 

the wave propagation in couple stress thermoelastic half space underlying an inviscid 

liquid layer and the propagation of SH-waves in couple stress elastic half space underlying 

an elastic layer. 

The present study is concerned with the propagation of Stoneley waves in couple 

stress generalized thermoelastic medium in the context of Lord and Shulman (LS), Green 

and Lindsay (GL) theories of thermoelasticity.  The dispersion curves giving the phase 
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velocity and amplitude ratios of displacement components and temperature distribution 

are obtained and depicted graphically. Some special cases of interest are also studied.      

 
Following Mindlin and Tiersten (1962), Lord and Shulman (1967), Green and 

Lindsay (1972) the equations governing the couple stress generalized thermoelastic 

medium in absence of body forces, the constitutive relations are  
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where 

 iu  are the displacement components, i is rotational vector,  is density, ijt are 

stress components, ijm are couple stress components, ij are strain components, ijke is 

alternate tensor, ijk is curvature tensor, ij is Kronecker’s delta, 2 is Laplacian operator,

10 ,  are thermal relaxation times with 001  . Here ,0,1 1  on for LS theory and

0,0 1  on , for GL theory. 

With the help of equations (2), (4)-(7) and without loss of generality assuming 

that ,0,  pklqijklpq uee equation (1) takes the form  

     illpiqkpqijkiijji T
t

ueeuuu ,1, 1,
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, 
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







                      (8) 

 

We consider two homogeneous isotropic couple stress generalized thermoelastic 

half spaces 1M and 2M  connecting at the interface 03 x  .  We  consider  a  rectangular 

Cartesian coordinate system, ),,( 321 xxx  at any point on the plane horizontal surface and 
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1x -axis in the direction of the wave propagation and 3x -axis taking vertically downward 

into the half-space so that all particles on a line parallel to 2x -axis are equally displaced, 

therefore, all the field  quantities will be independent of  2x -coordinates. Medium 2M  

occupies the region 03  x and region 03 x is occupied by the half-space (medium

1M ). The plane 03 x represents the interface between two media  1M   and 2M . 
 

We take the displacements components as  

),0,( 31 uuui 

With the help of following Helmholtz’s representation of displacement components 

1u and 3u in terms of potentials 
 
and 
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where *   is the characteristic frequency,  

equation (8) with the aid of equations (10) and (11) after suppressing the primes can be 

written as  
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The equation (13) corresponds to purely transverse wave mode that decouples from 

rest of the motion and is not affected by the thermal effect.  

 

We assume the solution of equations (12)-(14) of the form   

 )(
313131

1))(),(),((),,( tkxiexTxxT  


 
       (16) 

where 
k

c 
  is the non-dimensional phase velocity, is the frequency and k is the wave 

number. Substituting the values T,,   from equation (16) in equations (12)-(14) and 

satisfying the radiation condition as 0,, T  as 3x , we obtain the values of 

T,, for medium 1M ,  

  )(
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                           (19) 

We attach bars for the medium 2M and write the appropriate values of T,, for 

 032 xM satisfying the radiation conditions as: 
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Notes

,    



Substituting the values of  ,,,, T and T from equations (17)-(22) in equation 

(10), we obtained the displacement components 

For medium 1M  

34333231
2413211

xmxmxmxm eBmeBmeikAikeAu 
 ,         (25) 

34333231
2122113

xmxmxmxm eikBeikBeAmeAmu 
 ,         (26) 

For medium 2M  

34333231
2413211

xmxmxmxm eBmeBmeAikeAiku  ,          (27) 

34333231
2122113

xmxmxmxm eBikeBikeAmeAmu  .          (28) 

 

 

a) Mechanical Conditions 
The boundary conditions are the continuity of normal stress, tangential stress, 

tangential couple stress, displacement components, temperature and rotations vector at 

the interface of elastic half spaces. Mathematically these can be written as 
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b)
 
Thermal Condition  

The thermal condition corresponding to insulated boundary is given by 
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Using equations (6) and (7) with aid of (11) in equations (4) and (5), we obtain the 

values of ijt
 
and ijm as  
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piqjpqpjqipqij ueaueam ,13,12  .     (32) 

With the help of equations (31) and (32) with aid of (17)-(22) and (25)-(28) from 

equations (29) and (30), we obtain a system of eight homogeneous simultaneous linear 

equations and after some simplification, we obtain the secular equation as 
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4
22

4
4

11
22

41028 mkmkakmaP 

 

  3
23

31233 mkmaP  ,   4
23

41234 mkmaP  ,   3
23

31237 mkmaP  , 

  4
23

41238 mkmaP  , 1141 kmbP  , 2242 kmbP  , 1145 mkbP  , 2146 mkbP  , ikP 51 ,

ikP 52 , 353 mP  , 454 mP  , ikPP  5655 , ,,,, 262161458357 mPmPmPmP 

 

ikPPmPmPikPP  68672661656463 ,,, , ,,,, 276175272171 bPbPbPbP 

,2 181 ikmP     ,)(,)(,2 22
484

22
283282 kmPkmPikmP 

 

   )(,)( 22
488

22
387 kmPkmP 

 

and
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The amplitude ratios of displacement components and temperature distribution at 

the interface 03 x for insulated boundary are given by 
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P
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A
A

 , 21
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1 LL
A
B

 , 21
42
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3
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2 LL
P
P

L
A
B
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where 
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Notes



 

 
For LS theory: Taking 1,0 01  n  in equation (33), we obtain the secular 

equation for couple stress thermoelastic media with one relaxation time with the changed 

values of 31 , ll as

 
03

1
1 ,    ilil

For GL theory:  In this case, taking 00 n   in equation (33), we obtain the 

secular equation in couple stress thermoelastic medium with two relaxation times with 

the changed values of 3l

 

as

 
il 3

For C-T theory: Taking 001  , in equation (33), yield the secular equation in 

couple stress thermoelastic medium with the changed values of 321 ,, lll   as

 
1

321
 illl

 
With view of illustrating theoretical results derived in preceding sections, we now 

present some numerical results in this section. The physical data for medium 1M and

 

2M

 
is given by  

For medium 1M : 

NNmNKTWmK

JkgcmkgmNmN
o

e

5.1,deg68.2,05.2,298.,deg107.1*

,deg1004.1,/74.1,/28.3,/17.2

1
11

0
112

113322













For Medium 2M : 

NNmNKTWmK

JkgcmkgmNmN
o

e

4.2,deg03.2,9.1,296.,deg104.2*

,deg10021.0,/65.2,/992.2,/238.2

1
11

0
112

113322













 

Using the above values of parameters, the dispersion curves of non-dimensional 

phase velocity, attenuation coefficient and amplitude ratios are shown graphically with 

respect to the non-dimensional wave number for insulated boundary. CGL region 

corresponds to the coupled theory of Green-Lindsay, region CLS corresponds to coupled 

theory of Lord-Shulman, region GL corresponds to Green-Lindsay and the region LS 

corresponds to Lord-Shulman theory. 

From fig.1 it is noticed that the values of phase velocity increase for all the 

theories CLS, CGL, LS and GL for small values of wave number whereas the values of 

phase velocity decrease for large values of the wave number and the values for CGL 

remain higher than the other theories.  
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Notes



From fig.2 we observed that the values of attenuation coefficient decrease sharply 

for all the theories then increase monotonically for all the theories. The values for GL are 

higher for small values of wave number than CLS, CGL and LS for 15.10  k whereas 

the values for CGL remain higher than the other theories for intermediate values of wave 

number. But the values for LS are higher than the other as the values of the wave number 

increase. 

Figs. 3, 4 and 5 are showing the behaviors of amplitude ratios of displacements and 

temperature with respect to wave number. The pattern of amplitude ratios in fig.3 is very 

similar. It decreases for all the four theories CLS, CGL, LS and GL. From fig.4 it is 

noticed that the values of amplitude ratio for CLS and CGL increase whereas it decrease 

for LS and GL theories. From fig. 5 it can be observed that the amplitude ratios increase 

for CLS and CGL theories. 

 

The propagation of Stoneley waves at the interface of two couple stress 

thermoelastic half spaces in the context of LS and GL theories of thermoelasticity have 

been studied. It has been observed that the transverse wave mode is not affected by 

thermal effect and get decoupled from rest of motion. The behavior and trends of 

variation of phase velocity is similar for CGL, CLS, LS and GL theories with difference in 

their magnitude values whereas the behavior of the attenuation coefficient is similar for all 

the theories. Appreciable effect of thermal relaxation times is obtained on phase velocity, 

attenuation coefficient and amplitude ratios of displacement components and thermal 

distribution. 
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Figure 1 : variation of phase velocity 
w. r. t. wave number

Figure 2 : variation of attenuation 
coefficient w. r. t. wave number

Figure 3 : variation of tangential 

amplitude  verses wave number

Figure 4 : variation of normal 

amplitude verses wave number
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Figure 5 : variation of temperature distribution verses wave number 

Notes



 

 

 

 

 

 

14

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

X
II

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
Y
ea

r
  

20
13

  
  

 
F

)

)

© 2013   Global Journals Inc.  (US)

Notes

This page is intentionally left blank 


	Propagation of Stoneley Waves in Couple Stress GeneralizedThermoelastic Media
	Authors

	Keywords
	I. Introduction
	II. Basic Equations
	III. Formulation of the Problem
	IV. Solution of tha Problem
	V. Boundary Condition
	a) Mechanical Conditions
	b)Thermal Condition

	VI. Amplitude Ratios
	VII. Special Cases
	VIII. Numerical Discussion
	IX. Conclusion
	References Références Referencias

