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Abstract - Integral transform, fractional integral transform is a flourishing filed of active research due to its wide range of
application. Fourier transform, fractional Fourier transform is probably the most intensively studied among all fractional
transforms, similarly 2D canonical sine-sine transforms, and 2D canonical cosine-cosine is a powerful mathematical tool
for processing images. In this paper the canonical 2D sine-sine transform is define in generalized sense. And various
testing functions spaces defined by using Gelfand-shilov technique. Also uniqueness theorem, modulation theorems
are proved.
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I. [NTRODUCTION

Integral transforms have been successfully used for almost two centuries is solving
many problems in mathematical physical, applied mathematics and engineering science.
Historically origin of the integral transform is P.S. Laplace and J.Fourier. Laplace
transform is useful, for evaluating certain definite integral [2].

The definition of canonical sine-sine transform as follows [1].

{2DCSST 1 (1,%)}(s,w) ={ f (t,X),K, (t.X)K, (x,w))

In the present paper, 2D sine-sine transform is extended in the distribution sense.
The plan of the paper is as follows. The definitions are given in section 2. In section 3,
testing functionspace is defined by Galfand-shilovtechnique [3],[4].Section 4 some result on
countable union space are proved. In sectionb, inversion and uniqueness theorem are
stated. In section 6, modulations theorems are given. The notations and terminology as
per zemanian [5],[6].

[I.  DEerINITION TwWO DIMENSIONAL CANONICAL SINE-SINE TRANSFORM

Let E(RxR) denote the dual of E(RxR). Therefore the generalized canonical sine

transform of f(t,x)eE'(RxR) is defined as

{2DCST f (t,x)}(s,w)

:Ii 1Sin(§tjsj n[v—v xj eiz(g}zeiz[%)xz f (t, x) dxalt
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sup
Where Yer (K, (LS)K, (x W)} =0 <t <w |DIDIK, (t,5)K, (x,W)| <o
—00 < X< 0

[11.  DIFFERENT S-TYPE TESTING FUNCTION SPACES

In this section we have defined s-type testing function spaces by imposing
conditions not only on the decreases of the fundamental functions at infinity, but also on
the growth of their derivatives as the order of derivative increases. Clearly, SS** space will
be extension of testing function space D, so that these spaces have been successfully, used

in pseudo differential operator theory.

a) The space SS*":
It is given by

sup

SSf’b ={¢Z¢e E. /crl,k‘p¢(t,x) = th Dxp¢(t’x)

kapAJ.I”}

1

The constant C, , and A depend on ¢.

b) The space SS*” :
Ss**/this space is given by

sSSP = {¢.¢ €E, / py ,#(t,X) = sup|t'DDP4(t, x)| < C, ,B*K" }
The constantsC , and B depend on 4.

c) The space SS™*
This space is formed by combining the condition (3.1) and (3.2)

S ={p:geE 14, ,#(t,X) =" |[t' DIDPg(t,x)| < C AI"BK"’ |
l,k,p=0,12............ Where A,B,C depend on ¢.

d) The space SSi)"’

It is defined as,
S ={#:4€E. 101, ,#(8X) =17 ' DIDP(t,X)| < C,, (M) 1}

For any x>0 where m is the constant, depending on the function¢.

e) The space SS*™"
This space is given by

SgRb AN {¢ ‘peE, /pl,k,p¢(t1X) Zilp |tI Dtkap¢(t’ X)| <C s (n+5)k kkﬁ}

For any § >0 where nthe constant is depends on the function¢.
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f) The space SSipP"
This space is defined by combining the conditions in (3.4) and (3.5).
S/ ={g:geE, 14, 4(1,X) =17 |t DI DPg(t, X)

<C,,(m+u) (n+5)" .I"kk/’}

Notes

IV.  REsuLTs oN COUNTABLE UNIONS-TYPE SPACE
Proposition 4.1: If m <m,then sSp =ss*? . The topology of SS'p is equivalent to the

: a,b a,b
topology induced on SSil by S,
H ab _ a,b a,b
e T, n T,m, /SS%rTh

Proof: For ¢essj;§l and é‘,’k'p(gﬁ)SCk’ﬂ(ml+,u)l 1"

<Ce,p(my+u) 1" Thus, SSf‘rf’ll c $;r?1z

The space $f"b can be expressed as union of countable normed spaces.

Proposition 4.2: sz"b =§188;‘r?11 and if the space SS;f"b is equipped with strict inductive
limit topology S,pmndefined by injective map from szgl to S5 then the sequence {4}

in SSf’b converges to zero.
Proof: we show that SS* = U ss2®
=1 7™M
Clearly Gl ssip = S§t° for proving the other inclusion, let ¢e SS** then
D>
8 (#(t.) = |t DEDY g (t.X)
<G A7, (4.1)

where A is some positive constant, choose an integer m=myand #=0 such that

Ck’pA\I < Ckyp(m'f‘/,l)l .
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Then (4.1) we get ¢SS}, implying that S = Gl S
Proposition 4.3: If , <y, and g,<p, then SS;"‘l’b'ﬂl <SS and the topology of $;'b’ﬁ' is
equivalent to the topology induced on Ss;"l'b'ﬁ1 by SSZb‘ﬂ 2, [ |
Proof: Let ¢e SS;"l’b’ﬂ1

Swp(2)=1" ‘tl DDL(t, X)‘
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<CA1'7 BKK

<cAl'72 BPkP”2  wherd k, p=0,12,3

Hence ¢ eSsz'b'ﬁZ. Consequently, SSfl"["ﬁ1 - Ssz'b'ﬁZ. The topology of SSy""l'b’ﬁ1
Is equivalent to the topology Ty‘:'b‘ﬂ2 / Ssz'b'ﬂz
It is clear from the definition of topologies of these spaces.

Proposition 4.4: SS*° = 90188;'b’ﬂi and if the space SS*° is equipped with the strict SS*P
7ibi= '

inductive limit topology defined by the injective maps from SS;"T’b’ﬂi to SS** then the

sequence {¢,} in SS*® converges to zero iff {¢,} is contained in some SSf’b’ﬁi and converges
I

to zero.
Proof: Ss*%= U ss*™/
nh=1 7
Clearly U Ss*P/ -ss?
v 1= 7

For proving other inclusion, let ¢(t, X) € SS* then

Mkp(4) =|91Jp ‘t' D¥D4(t, x)‘
is bounded by some number. We can choose integers y,, and 3, such that

M.p(#)<C A7 BEM Klo/m
L ge SSf_"D'ﬂi for some integer y and

Hence S5*°c U s8**# Thus SS$*°= U S?PA
7ip=L 7 7B=1 i

V. INVERSION AND UNIQUENESS THEOREMS
Theorem 5.1: (Inversion) If {2DCSST f (t,x)}(s,w) is canonical sine-sine transform of f (t,x)
then inverse of transform is given by
f(t,

)
= \/?J?eﬂz]ﬂeﬂzszT;Zsin(stjsjn(%vxje;[a)szeg(w {2DCSST f (t,x)}(s,w)dsdw

Theorem 5.2: (Uniqueness) If{2DCSST f(t,x)} (s,w) and {2DCSST g(t,x)} (s,w) are 2D canonical
sine-sine transform and suppf cs, ands alsosuppgcsand s

Where s, ={t:teR", [t{<aa>0} and s ={x:xeR", |x<b,b>0}

If {2DCSST f(t,x)} (s,w) = {2DCSST g(t,x)} (s,W)

then, f = gin the sense of equality in D'(l)
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Proof: By inversion theorem

-g=

%'% o206) HPF” S5 sn[ jsm(b j{2DCSST i, x)}(sw)dde]
(PR [
Notes [ e LI

e B (B G G e )

[{2DCssT 1 (t,x)} - {2DCSSTg(t, x)} | dscw

bF Sin[;tjgn( : j{chssr g(t, )] (5.) dscw, H

Thus f=gin D'(I)
VI. MODULATION THEOREMS FOR CANONICAL SINE-SINE TRANSFORM
Theorem 6.1: If {2DCSST f (t,x)}(s,w) is canonical sine-sine transform of f(t,x) then

{2DCSST cos ut f (t,X) | (s, W)

)

==——[&"*"{2DCSST f (t,x)}(s+ ub,w)-+&"™ {2DCSST f (t,x)} (5~ o, w)

Proof: Definition of two dimensional canonical sine-sine transform f(t,x) is

{2DCSST f(t,x) |(s,w)

i(d i(d i(a). ifa)e
= —ﬁﬁez(bjgeibw N Sin(ftjsin(v—v x) ei(Bjt eZ[b) f (t, x)dxdt
i sl 00

{2DCSST cosut f (t,x) |(s,w)

sjn(gt]sjn[\g jcos,uteI [a}ze;(z)xz f (t,x)dxdt

8 —8
§—s8

Z_{ 11 bkl o s Sin[T’thn(nge;(g}ze;(z)xzf(t,x)dxdt

A1 eii‘é]*e‘z(i)“??gn[s ﬂbjwn[wxje'z@“;z@*f(t,x>dxdt}

= 1{e‘(sﬂd>e2i(uzm) {2DCSST f (t,x)}(s+ub,w) + o2l {2DCSST f (t,x)}(s- ub,w)}
{2DCSST cosut f (t,x) }(s,w)

:_[ (49) {2DCSST f (t, )} (s+ b, w) + €= {2DCSST f (t, x)}(s—,ub,w)]
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Theorem 6.2 If {ZDCSST f (t,x)}(s,w) is canonical sine-sine transform of f(t,x) then

{2DCSSTsin ut f (t,X) }(s,w) =

(&9 {2DCCST f (t,X)} (s+ b, W) € {2DCCST f (t,X)} (s ub,w) |

Theorem 6.3 If {2DCSST f (t,x)}(s,w) is canonical sine-sine transform of f(t,x) then

{2DCssTe" f (t,x) } (s, W)

—iE(,uzbd)

== [ i(sud) ({ZDCSSI'f(t x)}(s+,ub,w)—{2DCCSTf(t,x)}(s+yb,w))

+69)({2DCSST  (t,X)} (s b,w) + {2DCCST f (t,x)}(s- b, w)) |
Proof: Since {2DCsSTé" f (t,x)}(s,w)={2DCSST (cosut +isinut) f (t,x)}(s,w)

{2DCssT € f (t,x) }(s,w) = {2DCSST cosut f (t,x) }(s,W)+i{2DCSST sin ut f (t,x)}(s,w)

—iE(,uzbd)

_T[ #4) {2DCCST f (t,X)} s+ b, w) — ¥ {2DCCST f (t, X)} (s— b, w) |

7[ ) 2DCSST f (1, %)} (s+ ub,w) + € {2DCSST f (t,x)} (s~ ub,w)

549 (2DCCST f (t,%)}(s+ b, w) + €9 {2DCSCT £ (t,%)} (- b,w)

,L(‘,Zbd)

{2DCSSTe" £ (1,%) }(sW) %[e"““‘” ({2DCSST f (t,x)} s+ b,w) — {2DCCST f (t,X)}(s+ ub,w))

+€*9({2DCSST  (tx)} (5= W) + {2DCCST f (%)} (s by w)) |

VII. CONCLUSION

In this paper 2D canonical sine—sine transform is generalized in the distributional
sense. Uniqueness theorem is proved and various testing functions specs defined by using
Gelfand-shilov technique, topology properties are discussed. And lastly modulation
theorems are proved.
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