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I.  INTRODUCTION AND DEFINITIONS

Let A denote the class of functions f(z) of the form
f(2) :z+Zakzk (1.1)
k=2

which are analytic in the unit disc £ = {z : |z| < 1}.Let S denote the
subclass of A consisting of univalent functions f(z) in E.
Let A(w) C A denote the class of functions of the form

fR) =(—w+) alz-w)r (1.2)

)
k=2

which are analytic in the unit disk £ = {z : |2| < 1} and normalised with
f(w) =0and f'(w) —1 =0 and w is a fixed point in E.

Let B(w, o, \) and Q(w, o, \) denote the class of analytic function of order
a in E defined as follows:

S(w) ={f € A(w) : f is univalent in E}

Az —w)?f"(2) + (2 = w) ['(2)
(1= f(2) + Az —w)f'(2)

B(w,a,A):{fES(w):Re( )>a,0§)\§1,0§a<1,

zEE}

Author « : Department of Applied Mathematics Sri Venkateswara College of Engineering Sriperumbudur, Chennai - 602105, India.
E-mail : sruthilayaO6@yahoo.co.in

Author o Department of Mathematics Aalim Muhammed Salegh College of Engineering “Nizara Educational Campus" Muthapudupet,
Avadi IAF, Chennai - 600 055. E-mail . revathi.joe@gmail.com

© 2013 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F ) Volume XIII Issue I Version I E Year 2013



Global Journal of Science Frontier Research (F) Volume XIII Issue I Version I E Year 2013

Quran) = {7 € 5) s e

Az —=w)?f"(2) + (1 +20) (2 = w)* f"(2) + (2 — W)f’(z)) -
(2 —w)2f"(2) + (2 —w) f'(2) ’
0§A§LO§a<LzEE}

Let T'(w) denote subclass of S(w) whose elements can be expressed in the
form

f) = (z—w) = > an(z —w)". (1.3) 'Notes

Here we denote by H(w,a, \) and K (w, a, A) respectively the subfamilies of
B(w,a, A) and Q(w, a, A) obtained by taking intersection of B(w,a, A) and
Q(w, o, \) with T'(w) that is,

H(w,a,\) = B(w,a,\) N T(w),

and
K(w,a,\) = Q(w,a, \) N T(w).

Also let P(w) C P(class of Cartheodory functions) denote the class of
functions of the form

Py(z) =1+ ) Bi(z—w)* (1.4)

that are regular in E and satisfy P,(w) =1, ReP,(z) > 0 for z € F and w is
a fixed point in E and

|By| < k>1, d=|w|.

2
(1+d)(1—d)k "’
[I.  CO-EFFICIENT ESTIMATES

For our main results we first derive the following:

Lemma2.1. A function f(z) € T'(w) is in the class H(w, a, A) if and only
if .
k=)l —d)f (1= A+ M)ap <1—a. (2.1)
k—

2

The result is sharp.
Proof. Assume that the inequality (2.1) holds and let |z —w| =1—-d < 1
then we have

Az —w)?f"(2) + (2 — w) ['(2) — 2ok = Dar(z —w)" 1 (1 = A+ Ak)

I=NfE)+AE-w)f(z) 1‘ - ‘ 1= s ar(z —w) 1 (1 = A+ Ak)

Sk = Day(1 = )11 = A+ k)
= oS an(l— A1 — A+ M)

<1-oa.
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2—w)2 () +(z—w) ' (2
This shows that the values of Aemw) )+ (2) lie in the circle centered at

A=Nf(2)+A(z—w) f'(2)
v = 1 whose radius is 1 — a. Hence f(z) is in the class H(w, a, A). Then

Re ()\(z —w)2f"(2) + (2 — w)f'(z)) R (1 — S k(L = A+ AR ag(z — w)k1)

(I=XNf(2) + Mz —w)f'(2) L= (1= A+ Ak)ag(z — w)k!

> . (2.2)

for z € F and w is a fixed point in E. Choose values of z on the real axis so

that MEZ S EHEZIIE) 4o real.Upon clearing the denominator and letting
(1= f(2)+A(z—w) f'(2)

z — 17 through real values, we have

o (1 - f:ak(l —d)"H (1= A+ Ak)) <1- i k(1 — X+ Me)ap(1 — d)*!

k=2
(2.3)
which is the required result.
Finally, we note that the assertion (2.1) of lemma 2.1 is sharp, with the
external function
f) = (- ) - = () (2.4
B (k—a)(1 =X+ Ak)(1 — d)k1 ' '
Corollary 2.2. Let f(z) € T(w) be in the class H(w, a, ). Then we have
-«
< . 2.5
W= —a) (I = A+ k) (1 — )1 (2:5)
Equality in (2.5) holds true for the function f(z) given by (2.4).
Lemma 2.3. A function f(z) € T(w) is in the class K(w,a, ) if and
only if
D k(k—a)(1—d)f (1= A+ Ak)ap < 1 —a. (2.6)
k=2

The result is sharp.

Proof. Assume that the inequality (2.1) holds and let |z —w| =1—-d < 1
then we have

Az —w)f"(2) + (1 + 20z = w)*f"(2) + (2 —w) ()

Mz —@Pf" () + (2 - ) (2) !
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| =2 bk = Dag(z — w)" (1 — A+ Xk)
B 1= kap(z —w)F=H(1 — X+ k)

% k(k — Dap(l — d)*1(1 — A+ Mk)
DR S R L (D NV R

1—o.

z—w)3 " (2 2—w)2 () +(z—w) f' (2
This shows that the values of Memw)'f /\( (z)jil)j;j()z(” (Z)_i);,();;( (=) lie in the N e

circle centered at 7 = 1 whose radius is 1 — a. Hence f(z) is in the class
K(w,a, \). Then

Az — W) (2) + (1420 (2 — w2f"(2) + (2 —w) ['(2)
e ( (z— )2 f"(2) + (z — ) ['(2) )

1= >0 k(1= A+ Ak)ag(z — w)k!
_ = 2.
Re<1— S 1At Aap(z —w)1 ) T (2.7)

for € F and w is a fixed point in E. Choose values of z on the real axis so that

Az—w)? £ (2) 4+ (142X (z—w)2 " (2)+ (z—w) /' (2)
AMz=w)2 " (2)+(z—w) f'(2)

and letting z — 1~ through real values, we have

is real.Upon clearing the denominator

aY (1 — ikak(l —d)"H 1= A+ Ak)) <1 —ikm — A+ Ak)ag(1—d)**

k=2

(2.8)
which is the required result.
Finally, we note that the assertion (2.6) of Lemma 2.3 is sharp, with the
external function
1 -« i
=(z—w)— — . 2.9
e e e iy Wy v T e e A (29)
Corollary 2.4. Let f(z) € T(w) be in the class K(w,a,\). Then we
have
11—«
< . 2.10
U= Tk —a) (L= A+ M) (1 — d)F—1 (2.10)
Equality in (2.10) holds true for the function f(z) given by (2.9).
Theorem 2.5. Let f(2) € H(w, o, \) and f(2) = (2 —w) —az(z —w)* — -
for 0 < a < 1, and w is a fixed point in E. Then
—2(1 - «)
< 2.11
|CL2|_ (1+A)(1—d2)7 ( )
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~1 {( 1—a 2(1—04)2],

3l S T [T aa @) T (1
-1 2(1 — «) 2(1 — a)? 4(1 —a)?
ladl = 753 {3(1+d)(1—d)3 1—d)(1— )y 3(1—d2)3}

Proof. Let us define

Az — w)2f"(2) + (2 — w) f'(2) o » ]
TN e o) @t -aRG). (2.12)

Notes

That is,

Az=w) " (2)+H(z=w) f'(2) = [(1=-A) f(2) FAG=w) f ()t (1-a) Y Bi(z—w)"].

k=1

(2.13)
On comparing the coefficient in(2.13)the result follow.
We define the d-neighbourhood of the function f(z) € T'(w) by
={geTW) :g(x)=(z—w) =Y bilz=w) Y k(1 —d)*'|w] < 6},
k=2 k=2
(2.14)
and in particular, for the identity function
w
e(z) = (1 - ;> , (2.15)

we immediately have

Ns(e) ={g € T(w) : g(2) = (z—w) = Y _be(z—w)*, Y k(1 —d) || < 5}.

(2.16)
Theorem 2.6. Let f(2) € K(w,a,\) and f(2) = (z —w) —ag(z —w)? — - - -
for 0 < a < 1, and w is a fixed point in E. Then
~1~a) (2.17)

o=l < T Na =@y

-1 j—Y 2(1 — )?
|a3| =112\ {3< d)(l —d2) - 3(1 — d2)2} ’
—1 1—a (1—)? (1—a)?
las] < 113\ {6(1 Td)(1-d)p? + 21 —d)(1—d?)? ' 3(1 — d2)3} .
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Proof. Let us define

Az —w)Pf"(2) + (L+20) (2 — w)’ f"(2) + (2 — w) ['(2)
Az = w)2f"(2) + (2 —w)f'(2)

—a+(1—a)Py(2). (2.18)

That is,
Az=w) " (2)+(142X) (z=w)* [ (2) +(z—w) ['(2) = [Mz—w)* " (2)+(z=w) f(2)] Notes
o+ (1—a)) Bz —w)*] (2.19)

comparing the coefficients we get the required result.

From (2.14) and (2.15) we immediately have

Ns(e) = {g € T(w) : g(2) = (z—w) =Y _bp(z—w)", > k> (1—d)* || < 6}.

(2.20)
Theorem 2.7. H(w,a,\) C Ns(e) where 6 = %.
Proof. Let f(z) € H(w,a, A). Then in view of lemma 2.1, since
(k —a)(1+ N\)(1 — d)*! is an increasing function of k(k > 2), we have
(1=d)(1+M)(2-a) > ar <Y (k—a)(1=A+Ak)(1-d)*'ap < 1-a, (2.21)
k=2 k=2
which immediately yields
1 -«
. 2.22
> o< g 22

On the other hand, we also find from(2.3) that

(1=d) Y kap(1=M k) —a(1=d) > " ap(1=A k) <> (k—a)ar(1—d)* ' (1-A+\k)
k=2

k=2 k=2
<l-a. (2.23)
From (2.22) and (2.23), we have
)1+ ) Zkak I-—a)+a(l—d)(1+X)) a (2.24)
k=2

© 2013 Global Journals Inc. (US)



- 2(1 - a)
Notes ; k= 2—a)l—d)(1+)) (2.25)

which proved the theorem.

_ 1-a
Theorem 2.8. K(w,a,\) C Nj(e) where § = PRy TR

Proof. Let f(z) € K(w, @, \). Then in view of lemma 2.3, since
k(k—a)(1 =X+ Mk)(1 —d)*! is an increasing function of k(k > 2), we

have
21-d)(1+M)2-a)> ap <Y k(k—a)(1=A+Ak)(1—-d) ' < 1-a
k=2 k=2
(2.26)
which immediately yields
= l—-«a
< . 2.27
Z T22—-a)(1=d)(1+ N (227)
On the other hand, we also find from(2.8) that
2(1—d)(14)) Z kag—2a(1=d)(142) Y ~ar <Y k(k—a)(1—d)* " ap(1-A+\k)
k=2 k=2 k=2
<1l—-oa. (2.28)
From (2.27) and (2.28), we have
2(1 —d)(1+ ) Zkak (1—a)+2a(1—d)1+X)) a (2.29)
k=2
(1-a) 2(1-a)
<(1-
I-a)+ = =2,
= -«
kay < 2.30
; =0 —da N (2:30)

which proved the theorem.
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I1I.  INTEGRAL MEAN [NEQUALITY

Lemma3.1. If f and ¢ are analytic in E with f < g then

2 2
| latrenpao < [ irtretas @)
0 0
where § > 0,z =re, w=de? and 0 <7 +d < 1.
Applying Lemma 3.1 and(1.2) we prove the following.

Theorem3.2. Let § > 0. If f(2) € H(w,, \), then 2z = re?, w = de'?
and 0 < d <r <1, we have

[ ueenpan < [T nee s 2
0 0

where
l1—«

R (3.3)

fo(2) = (2 —w) =

Proof. Let f(z) defined by (1.3) and f2(z) be given by (3.3) we must show

that
2 oo J 27 1— 4
/0 1—;ak(2—w)k_l d@g/o 1_(2—a)(1—d)(1—|—)\) (z —w)| db.
(3.4)
By Lemma 3.1, it suffices to show that
. 1 -«
1—;ak(z—w)k <1—(2_a)(1_d)(1+)\)(z—w), (3.5)
setting
- kel l-«
1—;%@—@ =1 (2_a)(1_d>(1+)\>h(z). (3.6)
From(3.6) and (2.1) we obtain
n(z)] =D 2- a)((11 — Z;(l nata), a(z — w)F! (3.7)

k=2

ar < |z — wl.

<z —w ; (k= a>(1(1—_dlé)—1(1 +)

This completes the proof of theorem 3.2.

© 2013 Global Journals Inc. (US)
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Theorem3.3. Let 6 > 0. If f(2) € K(w,a, \), then 2z = re? w = de?
and 0 < d < r <1, we have

2 27
/ Fre®)[Pd6 < / [falre®)[do (3.8)
0

0

where
1—-a 2
T wa—aaty W

Proof. Let f(z) defined by (1.3) and f2(2) be given by (3.9) we must show

(3.9)

that
2 >0 I 2 1—a g
/0 1—;%(2'—(») d@g/o 1_2(2—a)(1—d)(1+)\) (z —w)| db.
(3.10)
By lemma 3.1, it suffices to show that
1-Y ap(z—w) <1 T oz)(ll_—ad)(l T (3.11)
setting
= k1 1l -«
1—;%(2—@ —1—2(2_a)(1_d)(1+)\>h(z). (3.12)
From(3.12) and (2.6) we obtain
)] = |3 XA e -t (3.13)

20k —a)(1 =) 11+ A
<le-ul3 don o ey

< |z —wl.
This completes the proof of theorem 3.3.
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