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Abstract - This paper describes method for modelling of helical-r+revolutional cyclical surfaces. The axis of the cyclical
surface @, is the helix s, created by revolving the point about n7 each other revolving axes 0, (n = 1,2,3), that move
together with Frenet-Serret moving trihedron along the cylindrical helix s. Particular evolutions are determined by its
angular velocity and orientation. The moving circle along the helix s or s;, where its center lies on the helix and circle lies
in the normal plane of the helix creates the cyclical surface.
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I. [NTRODUCTION

Let thre-dimensional Euclidean space E® is determined by Cartesian coordinate system
(O,X, y,z). In this space is given cylindrical helix swith axis identical with coordinate axis z
determined by vector function (Fig.1)

r(v)= (s z,,1)=(a cosmv,sga sinmv,bv,1), ve(0,2n), 1)

where parameter a is radius of the helix, b is the reduced pitch, sg determined orientation of the helix,
(sg =+1 for right-handed and sg =-1 for left-handed revolution), m is number of pitches. Let
(0',n,b,t) be Frenet-Serret moving trihedron of the cylindrical helix s represented by regular square
matrix
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where the matrix elements are the coordinates of unit vectors of the principle normal n, binormal b and
tangent t of the helix s in the point 0’ € s in the coordinate system (0, XY, z)

)=, 0, ()t,()= @

'(v)xr"(v) )

n(v)=(n,(v).n, (v)n, (v))=b(v) x t(v). ©)
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Transformations of revolutions about coordinate axes X, y, z are represented by matices
T(o.v), T,(e.w), T.(p w), where ¢ is angle and v is orientation of the revolution,

transformation of translation is represented by matrix T(ird +d +dz), where

X1 — Yy —
(i d, £d,,* dz) is translation vector determined by its coordinates (6), (7):
1 0 0 0 cosp 0 wysing 0
0 cosp wysing O 0 1 0 0
T(o v)= . Tlew)=| : (6)
0 —wysing cose O —ysing 0 cosep O
0 0 0 1 0 0 0 1
cose wysing 0 O 1 0 0 0
—ysing cosep O O 0 1 0 O
T:lev)= ,Tled,, £d,,£d,)= @
0 0 01 +d, +d, +d, 1

The moving circle ¢=(0’,r) along the helix s, where its center 0’ lies in the normal plane

determined by principal normal n and binormal b of the helix in the point 0’ e s creates the cyclical
surface @. The vector function of this surface is

P(uv)=r(v)+c(u).M(v), ue(0,2n), ve(0,2n), (8)

where r(v) is vector function of the helix s expressed in equation (1), M(v) is transformation matrix
of the coordinate system (0',n,b,t) into coordinate system (0,x,y,z) (2) and

c(u)=(rcosu, rsinu,0,1)u e <O,2n> is vector function of the circle ¢ determined by its center 0’

and radius r (Fig.2). In Fig.3 there are displayed two screws of the right-handed cyclical surface @
together with the cylindrical surface on which helix s is wound.

Fig. 1 Helix s with Trihedron Fig. 2 : Cyclical Surface ® 77 7 - Surface @ and Cylinder

1.  CycricaL HeLicAL SURFACE CREATED BY ONE REVOLUTION

The helix s, created by revolution of the point P(x,,Y,,Z,.1) about the axis o, connected to the
moving trihedron of the helix s, is represented by vector function

r(v)=r(v)+ (X, Yo. 20, 1). Ty(my, sg, ). M(v) )
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and cyclical surface @, created in a similar way as surface @ by vector function
P, (uv)=r,(v)+¢; (u).M,(v), ue(0,2n), ve(0,2n), (10)

where r,(v) is vector function of the helix s, expressed in equation (9), M,(v) is transformation
matrix of the coordinate system (0",n’,b’,t') into coordinate system (0,x,y,z) (11),

¢, (u)=(r, cosu, r, sinu,0,1)u e <0,2n> is vector function of the circle ¢, determined by center
Notes 0"es, and radius ry

11)
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Elements of this matrix are coordinates of unit vectors of the principle normal n’, binormal b’ and
tangent t' of the helix s, in the point 0" € s, in the coordinate system (0’,n,b,t)

0= () @ =
b (v) = (31 (1) (v ) = LX) w3)

n'(v) = (v).nj (v).m; (v)) = b'(v) x t (v). (14)

(F) Volume XIII Issue

a) Revolution about tangent t of the helix s
The helix created by the revolution of the point P about the axis o, =t is expressed by vector

function (9), in which matrix T,(my,sg,)=T,(my,sg,). In Fig.4 is displayed cyclical surface @,
whose axis is helix s with parameters m =2,sg = +1 and surface ®;, whose axis is helix s, created by
revolution of the point P =(d,0,0,1) about tangent t of the helix s with parameters m, =8m,sg, = +1.
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Fig. 4 Cyclical Surfaces ®, ®;  Fiz 5 -4 Surfaces '®;  Fiz 6 - Left-handed Surfaces @,'®;

© 2013 Global Journals Inc. (US)



Global Journal of Science Frontier Research (F) Volume XIII Issue IV Version I E Year 2013

In Fig.5 are displayed k =4 surfaces 'd,, whose axes are helix isl, i=1..,k created by

revolution of the points 'p =(d cosia,dsinia,o,l), o =2n/k about tangent t of the helix s with
parameters m, =4m,sg, =+1, in Fig.6 are displayed the same surfaces with altered orientation of the
revolution m=2,sg =-1, m =4m,sg, =—-1.

b) Revolution about principal normal n of the helix s

Fig. 7 - Normal Surface @, Fig. § - 4 Surfaces '@, Fig. 9 - Normal Surfaces *®,, *®,

The helix s; created by the revolution of the point P about the axis 0, =n is expressed by vector
function (9), in which matrix T,(mv, sg,)=T,(my, sg,). In Fig.7 is displayed helix s with parameters
m=2,5g =+1 and normal surface ®;, whose axis is helix s, created by revolution of the point
P= (O,d,O,l) about normal n of the helix s with parameters m, =10m,sg, =+1, in Fig.8 are displayed
k =4 normal surfaces '®;, whose axes are helix isl, i=1..,k created by revolution of the points
'P=(0, dcosia,dsinia, 1), o=2r/k about normal n of the helix swith parameters
m, =7m,sg, =1, in Fig.9 are displayed surfaces *®;, ®; with altered orientation of the revolution
sg, =+1.

¢) Revolution about binormal b of the helix s
The helix created by the revolution of the point P about axis o, =b is expressed by vector

function (9), in which matrix T,(m,v, sg;)=T,(myv, sg,). In Fig.10 is displayed helix s with parameters
m=2,sg =+1 and binormal surface @, whose axis is helix s, created by revolution of the point
P= (d,0,0,l) about binormal b of the helix swith parameters m, =10m,sg, =+1, in Fig.11 is
displayed binormal surface with parameters m, =8m,sg, = —1, in Fig.12 are surfaces '®,, *®; created
by revolution of the points 'p= (d cosia, dsinia, 0, 1), o =2n/k about binormal b of the helix with
altered orientation of the revolution sg, =+1.
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Fig. 10 - Binormal Surface @, Fig. 114 Surfaces '®, Fig. 12 Binormal Surfaces '@, ®,

[11.  CycricaL HELicAL SURFACE CREATED BY TWO REVOLUTIONS

The helix s, created by revolution of the point P(x,,Y,,Z,,1) about axis o,, which revolves
about the axis o, identical with one edge of the moving trihedron of the helix s is represented by
vector function

R(W)=r(v)+ 0, Yo, 25,1). To(Myv, 59, ). To(myy, sg,). M(v), (15)

where matrix T,(m,v,sg,) represents revolution of the point P about the axis 0, and matrix
T,(m,v, sg, ) represents revolution of the axis 0, about the axis .

a) Revolution about two parallel axes

Fig. 13 Fig. 14 Fig. 15

If the helix s, is created by revolution of the point P about two parallel axes o, 1l 0, and o, =t,
where d, =|0,0,| is the distance between them, then (Fig.13)

T, (m2V1 592)= T(_ dl,0,0). T, (mzv’ ng)-T(+ dl’oio) ' Tl(mlva 591) =T, (le, 591) . (16)

In Fig.16 is displayed this surface ®; with parameters m, =8m,sg, =+1, m, =4m,,sg, =+1.
If the helix s, is created by revolution of the point P about parallel axes o, 11 o, and o, =n,
where d, =|0,0, |, then (Fig.14)

T, (mzvv 9, ) = T(0,0,—dl). Ty (mzv’ 50, ) T(O’O"*‘dl) Ty (mlva Sgl) =T, (le1 391) . (17)
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Notes

Ny
Fig. 16:0, 11 0, 0, =t Fig. 170, 1l 0y, 0, =N Fig. 18: 0, 11 0, 0, =b

In Fig.17 is displayed this surface ®; with parameters m, =6m,sg, =+1, m, =4m,,sg, =+1.
If the helix s, is created by revolution of the point P =(0,0,d,1) about parallel axes o, I o,
and o, =b, where d, =|0,0,|, then (Fig.15)

T, (mzvn 592) = T(0,0,—dl). T, (mzvl 592)-T(0'0v+d1)v Tl(mlvl 591)= T, (mlv! 591)- (18)
In Fig.18 is displayed this surface ®; with parameters m, =8m,sg, =-1, m, =5m;,sg, =+1.

b) Revolution about two intersecting axes

Fig. 19: (0, =t) L (0, =n) Fig. 21 (0, =n) L (0, =b)

In Fig.19 is displayed surface created by revolution of the point P=(2,2,0,1) about mutually
perpendicular axes (0,=t)1(0,=n) determined by the parameters m, =6m,sg, =-1,
m, = 4m,,sg, =—1, where matrices T,(m,v, sg,)=T,(m,v,sg,), T,(myv,sg,)=T,(myv, sg,), in Fig.20

is displayed surface created by revolution of the point P = (2.2,1.2,0,1) about mutually perpendicular
axes (0,=n) L (0, =t) determined by parameters m, =6m,sg, = +1, m, = 6m;,sg, =+1, and matrices
T,(my, sg,)=T,(m,v, sg,), T,(my,sg,)=T,(mv,sg,), here we see action of changing the order of

the revolutions to form of the surfaces. In Fig.21 is displayed surface created by revolution of the point

P=(25,250,1) about mutually perpendicular axes (0,=n)L(o,=b) determined by parameters

© 2013 Global Journals Inc. (US)
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m, =5m,sg; =-1, m,=3m,sg, =+1, Tz(mzvv 592)= Tx(mzv’ ng)' Tl(m1V’ 591)= Ty(ml\/’ 591)-'n
Figs.22,23 is displayed surface created by revolution of the point P = (d ,0,0,1) about intersecting axes
0,x(0,=t) determined by the parameters m, =6m,sg, =+1, m,=6m,sg, =1,
Tl(ml\/’ 391) =T, (mlv’ 591) T (mzv’ Sg, ) =T, (av+1)- T (mzva Sg, )-Ty (0‘1_1)-

¢) Revolution about two skew axes

In Figs.24,25 is displayed surface created by revolution of the point P=(d,0,0,1) about
mutually skew axes (0z11n)/ (o, =t), determined by parameters m, =4m,sg, = +1,
m, =8m,,sg, = +1, where transformation matrices of two revolutions are

Tl(mlva 591) =T, (mlv1 391) P (mzv’ 50, ) = T(0,0,—dl). Ty (mzva S9, ) T(0,0,+d1) .

In Figs.26,27 is displayed surface created by revolution of the point P = (d ,0,0,1) about mutually skew
axes (0,xt,0,xn) / (o, =t) determined by parameters m, =6m,sg, =+1, m, =4m,,sg, =-1, and
transformation matrices T,(m,v, sg,)= T, (c.,+1). T, (m,V, 59, ). T, (t,—1), Ty(myv, sg,)=T, (my, sg, ).

Fig. 220, % (0, =t) Fig. 23 Fig. 21 (0211n) 1 (0 =t)

X

y

Fig. 25 Fig. 26:(0,xt,0,xn) / (0, =t) Fig. 27
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IV. CycricaL HELICAL SURFACE CREATED BY THREE REVOLUTIONS

The helix s, created by the revolution of the point P =(x,,Y,.Z,.1) about the axis o,, which
revolves about the axis 0, and this revolves about the axis o, identical with any edge of the moving
trihedron of the helix s is represented by vector function

rl(V): r(V)"‘(Xo' Yo 20’1) .T3(m3v, 593)- Tz(mzvl ng)'Tl(mlv’ 591)- M(V)’ (19)

Notes

where matrix T,(m,v, sg,) represents revolution of the point P about the axis o,, matrix T,(m,v, sg, )
represents revolution of the axis o, about the axis 0, and matrix T,(m,v, sg, ) represents revolution of
the axis 0, about the axis o;.

a) Revolution about three parallel axes

In Fig.28 is displayed surface created by revolution about three parallel axes o;l110,110 =t
determined by parameters m, =4m,sg, =+1, m,=4m,sg, =+1, my;=3m,,sg, =+1, matrices
T,(Myv, sg5)=T(~d,,0,0). T, (m,v, sg5). T(+ d,,0,0), T,(m,v,sg,)=T(-d,;,0,0).T,(m,v,sg,).T(+d,,0,0),

T,(myv, sg,)=T,(my, sg, ). In Fig.29 is displayed surface created by revolution about three parallel axes
05110, 110, =n determined by parameters m, =4m,sg, =+1, m, =4m,,sg, =+1, m; =4m,,sg, =+1
and by transformation matrices T,(myv, sg; )= T,(my, sg; )

T,(m,v, sg,)=T(0,0,-d,). T,(m,v, sg, ). T(0,0,+d, ), To(msv, sg5) = T(0,0,~d, ). T, (m,v, sg,).T(0,0,+d, ).

Fig. 25 04110, 110, =t Fig. 29:05110,110,=n Fig. 30: 04110,110,=b

In Fig.30 is displayed surface created by revolution about three parallel axes 05110, 110, =b
determined by parameters m, =3m,sg,=+1, m,=3m,sg,=+1, my;=3m,,sg,=+1 and
transformation matrices T;(mgv, sg,)=T(0,0,~d, ). T,(myv, sg,). T(0,0,+d,),

T,(myv, 59,)=T(0,0,-d,). T, (M,v, 59,). T(0,0,+d, ), T(my, sg;)=T,(myv, sg,).

b) Revolution about three perpendicular axes

In Figs.31,32,33 are displayed surfaces created by revolution of the point P = (d,d,O,l) about
three perpendicular axes with common point o, Lo, Lo, which are identical with edges of the
trinedron of the helix s, where parameters are the same m, =3m,sg, =+1, m, =3m,sg, =+1,
m, =3m,,sg, = +1, but the order of the revolutions changes.

© 2013 Global Journals Inc. (US)
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Fig. 31:0;=n,0,=b,0, =t Fig. 32: 0,=0,0, =1,0, =Db Fig. 33:04=Db,0, =n,0, =t

¢) Revolution about three skew axes

In Fig.34 are displayed surfaces created by revolution of the point P :(0,0,0,1) about three
skew axes 0,/0,/0,, which are parallel with edges of the trihedron of the helix s, o;1in, 0, IIb, 0511t,
where parameters are m, =4m,sg, =+1, m, =2m,,sg, =+1, m;=6m,,sg, =+1, transformation
matrices of three revolutions are
Ty(Mgv, 505) = T(0,0,-d,). T, (MyV, 595). T(0,0,+d, ), T,(m,v,59,)=T(~d,,0,0).T, (m,v,5g,). T(+d,,0,0),
T,(myv, sg,)= T(0,~d;,0). T, (m,v, sg, ). T(0,+d,,0).

Fig. 31 : 041In, 0, 11b, 0511t Fig. 35:041IN,0, =N,0, =D Fig. 36:031IN,0, =n,0; =t

In Figs.35,36 are displayed surfaces created by revolution about the axes 041In,0, =n,0, =b
or axes 041In,0, =n,0; =t.

V. CONCLUSION

The described method of modeling of the helical-n-revolutional cyclical surfaces makes it
possible to model different interest surfaces simply by changing the parameters.
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