SV GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH
Global Journals Inc.

MATHEMATICS AND DECISION SCIENCES

Volume 13 Issue 8 Version 1.0 Year 2013

Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)

Online ISSN: 2249-4626 & Print ISSN: 0975-5896

On Some Problems in Fuzzy Sets Theory
By I. Tofan

University of lasi Komania
Abstract - The aim of this paper is to sketch some connections between concepts and results of
the classical mathematics and, respectively the mathematics of fuzzy sets.

GJSFR-F Classification : For Code: 54H05, 03D60

ON SOME PROBLEMS IN FUZZY SETS THEORY

Strictly as per the compliance and regulations of :

© 2013. |. Tofan. This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction in any medium, provided the original work is properly cited.



&

. ! epaper
Print Journal - [=

&

sSlancarc

R« On Some Problems in Fuzzy Sets Theory

[. Tofan

Abstract - The aim of this paper is to sketch some connections between concepts and results of the classical

mathematics and, respectively the mathematics of fuzzy sets.

I. [NTRODUCTION ([3,6])

sections.

of U and denote

FU)=[0,1]" = {plp: U — [0,1]}.

is called the a-level set of (U, p).
In this context we have:

1.1 For any = € U, p(x) = sup{k € [0,1]|z € ,Ui}.

satisfies the conditions:
i) Uo = U;
ii) a <B=Uz CU, (o, 5 €10,1]);

we have U, = (] Uq;.
€N

[1] Alkhamees Y., Mordeson J., Reduced fields, primitive anf fuzzy Galois
theory, J. Fuzzy Math. v. 8 (2000), 157-173.

level sets.

Let us remember some known definitions and results useful for the next

Let U be a nonempty set. A pair (U, u), where pp @ U — [0,1] is a
mapping is called a fuzzy set. We shall also call p: U — [0, 1] a fuzzy subset

For (U, ) and « € [0, 1] the set ,Uy = {x € U|u(z) > a} (also denoted i)

1.2 Let (Ua)aepp,1] € P(U) be a family of subsets of U. Then (Ua)aeo,1]
is the family of level sets of a fuzzy subset u : U — [0, 1] if and only if it

iii) for any increasing sequence («;)ien, @i € [0,1], Vi € N, having limit «

It is clear that a fuzzy set is completely determined by the family of its

1.3 In relation with Im g (v : U — [0, 1]) it is sayed that p satisfies the
sup property if any nonempty subset of Im p has the greatest element. In
other words, i has the sup property if and only if for every nonempty subset
A of Im p1, these exists x € {y € U|u(y) € A} such that p(z) = sup A.
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1.4 Using the couples (¢,t*) where ¢ is a t-norm, and ¢* is its dual t-
conorm the operations with fuzzy subsets are defined:

for p,m € F(U) we define Ny n and p U n by

pen U —[0,1], pnen(z) = t(u(z),n(@));
pUen:U = [0,1], pUpn(z) = t*(u(@), n(x)).
The most useful couples (¢,t*) are given by:
i) ti(,y) = min{z, y}, #(z,y) = max{z, y};
i) ta(z,y) = wy, t5(z,y) =2 +y—xy;
i) t3(z,y) = max{z +y — 1,0}, t5(z,y) = min{z +y, 1}.
The empty fuzzy set is given by 0:U — [0, 1], @(m) = 0,Ve € U. By U
one intend the application U : U — [0,1] U(z) = 1, Vo € U. We shall
denote pu C n, if u(x) < n(z), Yo € U. The complement 7z of p is given by
n:U—[0,1], a(x) =1 — p(z), Yz € U.

1.5 A fuzzy subset p: R — [0, 1] (where R is the field of real numbers is
called a fuzzy number if satisfies the following conditions:
i) there exists x, € R with pu(z,) = 1;
ii) the set {z|u(x) # 0} is bounded;
iii) the level sets ,R,, a € [0,1], are closed intervals.

One usually takes the fuzzy numbers of the following type:

0, z<a
mi(x), x € [a,b)

p(z) =<1, z € [b, (]
mo(x), x € [c,d]
0, x>d,

where a < b < ¢ < d are reals and 71 and 79 satisfy the conditions that turn
i in a fuzzy number.

For mi(z) = £=2, ma(x) = 9= (a # b,c # d) one gets trapezoidal fuzzy

a Cc

numbers. If also b = ¢, triangular fuzzy numbers are obtained. It is clear
that a triangular fuzzy number is perfectly determined be a triple (z,y, 2),
where z,y, z are reals such that x <y < z (for z = y = 2, practically one
obtains the reals).

1.6 Finaly, we recall that by fuzzy relation on U one intends a fuzzy
subset of U x U.
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II.  LEVEL SETS ([1,7,8,9])

Using the notion of level set of a fuzzy set one can define:

2.1 Let (G,+) be a group and let u : G — [0,1] be a fuzzy subset of G.
We say that p is a (normal) fuzzy subgroup of G if the level sets of G, ,Ga,
are (normal) subgroups of G, for all a € Im p.

R ¢ One obtains that u : G — [0, 1] is a fuzzy subgroup of G if and only if:
€

i) p(x-y) = min{u(x), u(y)}, for any =,y € G;
i) p(z=t) > u(z), Vo € G.

In the case of normal fuzzy subgroups we must add the condition iii) u(x -
y) = u(y - x), for any z,y € G.

2.2 In a similar way as above it is possible to define the notions of fuzzy
subring or fuzzy ideal of a ring. In the following, we shall construct the
fuzzy ring of quotients (a detailed study is given in [8]).

Let (R,+,-) be a unitary commutative ring and let o : R — [0,1] be
a fuzzy subset of R. We say that ¢ is a fuzzy multiplicative subset of R if
every level set oy, t > o(0) is a multiplicative system (in the classical sense).

One obtain that o : R — [0, 1] is a fuzzy multiplicative subset of R if
and only if the following conditions are satisfied:

i) o(x-y) > min{o(z),o(y)}, for any x,y € R;
ii) 0(0) = min{o(z)|x € R};
iii) o(1) = max{o(x)|z € R}.

If o is a fuzzy multiplicative subset of R, then for every ¢t > o(0), we
may construct the classical ring of fractions o, 'R = 5, with respect to the
multiplicative system o;. Let y; denote the canonical ring homomorphism
R — S;. If 0(0) < s < t, since 0 < 0, the universality property of the
ring of fractions yields to the existence of a unique ring homomorphism
pts St — 95 such that s 0 v = s

The system of rings and homomorphisms (S, ¢s) is an inductive system
([0(0), 1] being endowed with the reverse of the usual order).

Let 0~ 'R denote the inductive limit of this system. It is natural to call

o 'R the ring of quotients relative to the fuzzy multiplicative system o (a

and Applied Mathematics, 8 (2000), 83-90.

universality property is satisfied [8,9]).

[8] Tofan I., Volf A.C., Fuzzy rings of quotients, Italian Journal of Pure

2.3 In the case of field extensions let F'//k be a field extension and p :
F — [0,1] be a fuzzy subset of F. p is called a fuzzy intermediate field of
F/k if Yo € Im i, the level set p,, is an intermediate field of F/k.

We obtain that p is a fuzzy intermediate field of F'/k if and only if the
following conditions are satisfied:

i) p(x —y) = min{u(x), py}, for any z,y € F;

i) p(x-y~') > min{u(r), w(y)}, if y # 0;
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iii) for every xz € F u(z) < u(z), vz € K.

2.4 Let X be a nonempty set and p : X x X — [0, 1] be a fuzzy relation
on X. p will be called a similarity relation on X if Va € [0,1], po is an
equivalence relation on X.

We obtain that p is a similarity relation on X if and only if the following
conditions are satisfied:
Ref

i) p(z,z) =1,Vz € X;

ii) p(z,y) = p(y,z), for any z,y € X;

iii) p(x,2z) > sup min{p(z,y), p(y, z)}, for any z,z € X.
yeX

2.5 The above described context suggests the following open problem:
what kind of properties from classical mathematics have a fuzzy counter-
part?

I1I.  Sup PROPERTY ([1,8,9])
In relation with sup property we have the following remarks:

3.1 An unitary commutative ring R is artinian if and only if every fuzzy
ideal of R has the sup property.

3.2 If F/k is a field extension then every fuzzy intermediate field of
F/k has the property if and only if there are no infinite strictly decreasing
sequences of intermediate fields of F'/k.

"26-L8 ‘(TT0g) T ‘A109y T, sty
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3.3 Similarly, let G be a group. Then every fuzzy subgroups of G has the
sup property if and only if there are no infinite strictly decreasing sequences
of subgroups of G.

3.4 Tt is clear that this kind of results can be obtained for any algebraic
structure for which is defined a notion of fuzzy substructure.

The investigation of the cosequences of the sup property in, for example,
lattice theory can give interesting results.

IV.  Fuzzy NUMBERS ([5,10])

In relation with fuzzy numbers at least two problems are of interest: firstly,
the investigation of some possible arithmetic operations with fuzzy numbers
as well as of the derived algebraic structures based on the proposed opera-
tions - and - secondly, the building of the sets of fuzzy numbers using, for
example, 2.2.

The standard operations on the set of fuzzy numbers are tipically defined
using Zadeh’s extension principle or using the level subsets of the operands,
but they do not have, for example, the property of distributivity among
other lacking desirable properties.

Some new operations, in the case of triangular fuzzy numbers, are pro-
posed in [10].

© 2013 Global Journals Inc  (US)
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4.1 Usually a triangular fuzzy number (z,y,z) € R, x < y < z can be
uniquely represented by a triple (\,y, p), where A =y —z, p = z — y are
positive reals and are called left, respectively, right tolerance.

We will use the notation (y, A, p) instead of (A, y, p), withy € R, A\, p € R,
A, p > 0.
4.2 We consider the operations
(a,A,p) ® (b, X, p) = (a + b, max{\, X'}, max{p, p'});
(@, A, p) © (b, N, p') = (a-b,max{\, X'}, max{p, p'}),

and the relation ” ~” (on the set of triangular fuzzy numbers) given by

a=1>

a, A\, p) ~ (b, N, p') if
(a; A, p) ~ (b, X, p') {A—X:p—ﬂ

4.3 One obtains:

1

7 7

~” is an equivalence relation;

ii) @, are commutative and associative;

)
)
iii) ”®” is distributive with respect to @;
iv) (0,0,0,) is neutral element for @; (1,0,0) is neutral element for ©®;
v) (a,\ p) @ (—a,p,\) ~ (0,0,0), Va € R;
for a #0 (a,\,p) © (a7, p, \) ~ (1,0,0).

More than that, these operations are unique, such that the tolerance
(left and right) of the result is not less than the tolerance of any of operands
and satisfy a property of monotonicity.

4.4 As an open problem one can propose the investigation of the case
in which the left and the right tolerance of the result can be obtained as
functions of the all tolerances of the operands and as having proper form for
any of the operations @, ©.

V.  Fuzzy PROBABILITY ([2,4,11])

Finally, another type of transfer between classical and, respectively, fuzzy
mathematics consist in the substitution of the set P(U) with F(U) (with
keeping fit of the properties).

5.1 Let  # ® and F(2). By fuzzy field of events we intend K C F(Q)
such that:

i) Qek;
i) wne K= ulUneK;

i) pe K=neK.
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‘We obtain:
iv) 0eK;
V) uﬂﬂl € K;

5.2 Let K be a fuzzy field of events. By probability on K one intend
P : K — [0, 1] such that

i) P(Q) =1;
ii) pyn=0¢=P(ulU,n) = P(u) + Pn).

We obtain:

i) P(0) = 0;
iv) P(p) =1— P(un);
v) P(ulUin) + P(u(yn) = P(p) + P(n);

5.3 In the case t = t3 (t* = ti) supposing in 2.1 that pu,n € K =
pon e K, where p@n: Q—[0,1], p @ n(z) = p(z) - n(x) we shall denote
P(u/n) =P(up®n)/Pn),(P(n) #0). In the above condition we have

B P(p) - P(n/p)
P(u/n) = P(p) - P(n/n) + P(n) - P(u/n)

and
if p1,...,pn € K are such that p;(),p; = 0 for i # j, then

P, Up Uy - U pn) = P(pn) + Plp2) + ...+ Plpn).

5.4 In this area many open problems can appear:

- the connection with other operations with subsets (difference, implica-
tion);

- the next step can be to substitute [0, 1] with the, for example, I; =
{(a,\,p)la € [0,1],0 < XA < a,0 < p <1-—a} (some new operations are
needed).
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