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Let A(p) denote the class of functions of the form

f(z) = zp +
∞
∑

n=1

ap+nzp+n (p ∈ N = {1, 2, . . . }),

which are analytic and p-valent in the open unit disk U := {z : |z| < 1}. Let S be
the class of analytic and univalent functions in U. We note that A(1) ≡ S.

A function f ∈ A(p) is said to be in the class S∗(p, α) of p-valently starlike of
order α in U if and only if it satisfies the inequality

Re

{

zf ′(z)

f(z)

}

> α (z ∈ U; 0 ≤ α < p).

On the other hand, a function f ∈ A(p) is said to be in the class K(p, α) of
p-valently convex of order α in U if and only if it satisfies the inequality

Re

{

1 +
zf ′′(z)

f ′(z)

}

> α (z ∈ U; 0 ≤ α < p).

In particular, we write S∗(1, 0) := S∗, K(1, 0) := K, where S∗ and K are the usual
subclass of A, consisting of functions which are starlike and convex, respectively
(see [1, 2]).
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Some Subclasses of P-Valent Analytic Functions

The object of the present paper is to investigate various properties of the following
classes of analytic and p-valent function defined as follows.

A function f ∈ A(p) is said to be a member of the class B(γ, β, p, α) if and only
if it satisfies the inequality

∣

∣

∣

∣

(

βγz3f ′′′(z) + (2βγ + β − γ)z2f ′′(z) + zf ′(z)

βγz2f ′′(z) + (β − γ)zf ′(z) + (1 − β + γ)f(z)

)

− p

∣

∣

∣

∣

< p − α (1)

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

for some α, for all z ∈ U.

Note that the condition (1) implies that

Re

{

βγz3f ′′′(z) + (2βγ + β − γ)z2f ′′(z) + zf ′(z)

βγz2f ′′(z) + (β − γ)zf ′(z) + (1 − β + γ)f(z)

}

> α,

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N).

We note that B(0, β, p, α) ≡ Tβ(p; α) is the class studied by Irmak and Raina in
[3]. The important subclasses such as S∗(p, α), K(p, α), S∗ and K are seen to be
easily identifiable with the aforesaid class.

In recent times, Irmak et al. [3] and Prajapat [9] investigated certain subclasses
of multivalent analytic functions and obtained some sufficient conditions for these
classes. In this paper, motivated by the aforementioned works, we obtained suf-
ficient conditions for functions to be a member of the class B(γ, β, p, α). We also
indicate some special cases and consequences of the main result. The other results
investigated include certain inequalities for p-valent functions which characterize
the properties of starlikeness and convexity in the open unit disk. Furthermore our
result unifies the result for a functions belonging to the class of p-valently starlike
function of order α and p-valently convex function of order α.

In order to derive our main results, we need the following Lemmas.

Lemma 1. [4] Let w(z) be the non-constant and analytic function in U with w(0) =
0. If |w(z)| attains its maximum value on the circle |z| = r < 1 at a point z0, then

z0w
′(z0) = kw(z0) (2)

where k ≥ 1 is a real number.

Lemma 2. [5] Let Ω be a set in the complex plane C and suppose that Φ(z) is a

mapping from C
2 × U to C which satisfies Φ(ix, y; z) /∈ Ω for z ∈ U, and for all real

x, y such that y ≤ −n(1 + x2)/2. If the function q(z) = 1 + qnz
n + qn+1z

n+1 + · · · is

analytic in U such that Φ(q(z), zq′(z); z) ∈ Ω for all z ∈ U, then Re q(z) > 0.

Lemma 3. [7] Let δ be the complex number, Re δ > 0, and λ be a complex number,

|λ| ≤ 1, λ 6= −1 and let h(z) = z + a2z
2 + · · · be a regular function on U. If

∣

∣

∣

∣

λ |z|2δ +
(

1 − |z|2δ
) zh′′(z)

δh′(z)

∣

∣

∣

∣

≤ 1

Ref.
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Some Subclasses of P-Valent Analytic Functions

for all z ∈ U, then the function

Fδ(z) =

(

δ

∫ z

0

tδ−1h′(t)dt

)1/δ

= z +
2a2

δ + 1
z2 +

(

3a3

δ + 2
+

2δ(1 − δ)a2
2

(δ + 1)2

)

z3 + · · ·

is regular and univalent in U.

Lemma 4. [8] Let δ be a complex number, Re δ > 0, and λ a complex number,

|λ| < 1, and h ∈ A. If

1 − |z|2Re δ

Re δ

∣

∣

∣

∣

zh′′(z)

h′(z)

∣

∣

∣

∣

≤ 1 − |λ|

for all z ∈ U, then for any complex number η, Re η ≥ Re δ, the function

Fη(z) =

(

η

∫ z

0

tη−1h′(t)dt

)1/η

is in the class S.

Lemma 5. [6] Let p(z) be analytic in U, p(0) = 1, p(z) 6= 0 in U and suppose that

there exists a point z0 ∈ U such that

|arg(p(z))| <
π

2
α, for |z| < |z0|, |arg(p(z0))| =

π

2
α,

where 0 < α ≤ 1, then we have

z0p
′(z0)

p(z0)
= ikα,

where

k ≥
1

2

(

a +
1

a

)

≥ 1 when arg(p(z0)) =
π

2
α,

k ≤ −
1

2

(

a +
1

a

)

≤ −1 when arg(p(z0)) = −
π

2
α,

p(z0)
1/α = ±ai, (a > 0).

By using Lemma 2, we first prove the following theorem.

Theorem 6. Let f ∈ A(p). Define a function Gβ,γ by

Gβ,γ(z) := βγz2f ′′(z) + (β − γ)zf ′(z) + (1 − β + γ)f(z), (0 ≤ γ ≤ β ≤ 1; z ∈ U),

and if Gβ,γ(z) satisfies

Re

{

zG′
β,γ(z)

Gβ,γ(z)
2 +

zG′′
β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

)}

> p
(

1 −
n

2

)

+
n

2
α

)

II. Main Results
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Proof. Let f ∈ A(p). Define a function w(z) in U by

zG′
β,γ(z)

Gβ,γ(z)
= p + (p − α)w(z), (0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N), (3)

then the function w(z) is analytic in U, and w(0) = 0.
A computation using (3) shows that

zG′
β,γ(z)

Gβ,γ(z)
2 +

zG′′
β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

)

= (p − α)[zw′(z) + w(z)] + p

= Φ(w(z), zw′(z); z),

where Φ(r, s; z) = (p − α)[s + r] + p.

For all real x, y satisfying y ≤ −n(1 + x2)/2, we have

Re Φ(ix, y; z) = Re {(p − α)[y + ix] + p}

≤ −
n

2
(p − α)(1 + x2) + p

≤ −
n

2
(p − α) + p

= p
(

1 −
n

2

)

+
n

2
α.

Let Ω =
{

w : Re w > p(1 − n
2
) + n

2
α
}

. Then Φ(w(z), zw′(z); z) ∈ Ω and

Φ(ix, y; z) /∈ Ω for all real x and y ≤ −n(1 + x2)/2, z ∈ U.

By using Lemma 2, we have Re w(z) > 0, which implies that

Re

{

zG′
β,γ(z)

Gβ,γ(z)

}

> α, (0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

and hence f(z) ∈ B(γ, β, p, α).

By setting γ = β = 0 in Theorem 6, we have following corollary.

Corollary 7. If f ∈ A(p) satisfies

Re

{

zf ′(z)

f(z)

(

2 +
zf ′′(z)

f ′(z)
−

zf ′(z)

f(z)

)}

> p
(

1 −
n

2

)

+
n

2
α

(0 ≤ α < p; p, n ∈ N),

then f(z) ∈ S∗(p, α).

Its further case when α = 0 and p = 1, Corollary 7 reduces to Corollary 8.

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p, n ∈ N),

then f(z) ∈ B(γ, β, p, α).

)

Notes
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By taking γ = 0, β = 1 in Theorem 6, we have the following corollary.

Corollary 9. If f ∈ A(p) satisfies

Re

{

(zf ′(z))′

f ′(z)

(

1 +
z2f ′′′(z) + 2zf ′′(z)

zf ′′(z) + f ′(z)
−

zf ′′(z)

f ′(z)

)}

> p
(

1 −
n

2

)

+
n

2
α

(0 ≤ α < p; p, n ∈ N),

then f(z) ∈ K(p, α).

A further case of Corollary 9, when α = 0, p = 1 gives the following corollary.

Corollary 10. If f ∈ A satisfies

Re

{

(zf ′(z))′

f ′(z)

(

1 +
z2f ′′′(z) + 2zf ′′(z)

zf ′′(z) + f ′(z)
−

zf ′′(z)

f ′(z)

)}

> 1 −
n

2

(n ∈ N),

then f(z) ∈ K.

Theorem 11. Let −1 < b < a ≤ 1, 0 ≤ α < p, p ∈ N such that

p(1 + α) + a ≤ 2p(p − b) + b. If Gβ,γ(z) satisfies the inequality

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

∣

∣

∣

∣

∣

<
p(a + b)

(p + a)(p − b)
(z ∈ U), (4)

then f(z) ∈ B(γ, β, p, α).

Proof. Define a function w(z) by

zG′
β,γ(z)

Gβ,γ(z)
=

p + aw(z)

p − bw(z)
(z ∈ U). (5)

Then w(z) is analytic in U and w(0) = 0. By the logarithmic differentiation of (5),
we get

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)
=

p(a + b)zw′(z)

(p + aw(z))(p − bw(z))
. (6)

Now suppose that there exists z0 ∈ U such that

max
|z|<|z0|

|w(z)| = |w(z0)| = 1,

Corollary 8. If f ∈ A satisfies

Re

{

zf ′(z)

f(z)

(

2 +
zf ′′(z)

f ′(z)
−

zf ′(z)

f(z)

)}

> 1 −
n

2

(n ∈ N),

then f(z) ∈ S∗.

© 2013   Global Journals Inc.  (US)
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Theorem 12. Let f ∈ A(p). If Gβ,γ(z) satisfies anyone of the following conditions:

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

∣

∣

∣

∣

∣

<
p − α

2p − α
, (7)

∣

∣

∣

∣

∣

zG′
β,γ(z)

Gβ,γ(z)
1 +

zG′′
β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

)∣

∣

∣

∣

∣

< p − α, (8)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

zG′
β,γ(z)

Gβ,γ(z)

− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

<
p − α

(2p − α)2
, (9)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

− p

zG′
β,γ(z)

Gβ,γ(z)
− p

− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

<
1

(2p − α)
, (10)

Re



















zG′
β,γ(z)

Gβ,γ(z)











1 +
zG′′

β,γ(z)

G′
β,γ(z)

− p

zG′
β,γ(z)

Gβ,γ(z)
− p

− 1





























< 1, (11)

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

then f(z) ∈ B(γ, β, p, α).

∣

∣

∣

∣

zG′
β,γ(z)

Gβ,γ(z)
− p

∣

∣

∣

∣

=

∣

∣

∣

∣

p + aw(z)

p − bw(z)
− p

∣

∣

∣

∣

<
p + a − p(p − b)

p − b

≤ p − α (z ∈ U),

which implies that f(z) ∈ B(γ, β, p, α).

)

then from Lemma 1, we have (2). Letting w(z0) = eiθ, from (6), we have

∣

∣

∣

∣

∣

1 +
z0G

′′
β,γ(z0)

G′
β,γ(z0)

−
z0G

′
β,γ(z0)

Gβ,γ(z0)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

p(a + b)keiθ

(p + aeiθ)(p − beiθ)

∣

∣

∣

∣

≥
p(a + b)

(p + a)(p − b)
.

This contradicts our assumption (4). Therefore |w(z)| < 1 holds true for all z ∈ U.
Thus we conclude from (5) that Notes
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Some Subclasses of P-Valent Analytic Functions

1 +
zG′′

β,γ(z)

G′
β,γ(z)

− p

zG′
β,γ(z)

Gβ,γ(z)
− p

− 1 =
zw′(z)

w(z)

1

p + (p − α)w(z)
, (16)

and

zG′
β,γ(z)

Gβ,γ(z)











1 +
zG′′

β,γ(z)

G′
β,γ(z)

− p

zG′
β,γ(z)

Gβ,γ(z)
− p

− 1











=
zw′(z)

w(z)
. (17)

Now, suppose there exists z0 ∈ U such that

max
|z|<|z0|

|w(z)| = |w(z0)| = 1,

then from Lemma 1, we have (2). Therefore, letting w(z0) = eiθ in each of (13)-(17),
we obtain that

∣

∣

∣

∣

∣

1 +
z0G

′′
β,γ(z0)

G′
β,γ(z0)

−
z0G

′
β,γ(z0)

Gβ,γ(z0)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

(p − α)keiθ

p + (p − α)eiθ

∣

∣

∣

∣

≥
p − α

2p − α
,

∣

∣

∣

∣

∣

z0G
′
β,γ(z0)

Gβ,γ(z0)
1 +

z0G
′′
β,γ(z0)

G′
β,γ(z0)

−
z0G

′
β,γ(z0)

Gβ,γ(z0)

)∣

∣

∣

∣

∣

=
∣

∣(p − α)keiθ
∣

∣ ≥ (p − α),

1 +
zG′′

β,γ(z)

G′
β,γ(z)

zG′
β,γ(z)

Gβ,γ(z)

− 1 =
(p − α)zw′(z)

[p + (p − α)w(z)]2
, (15)

)

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)
=

(p − α)zw′(z)

p + (p − α)w(z)
. (13)

Hence, from (12) and (13), we have

zG′
β,γ(z)

Gβ,γ(z)
1 +

zG′′
β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

)

= (p − α)zw′(z), (14)

)

Proof. Let f ∈ A(p). Define a function w(z) in U by

zG′
β,γ(z)

Gβ,γ(z)
= p + (p − α)w(z), (0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N), (12)

then the function w(z) is analytic in U, and w(0) = 0.
It follows from (12) that
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which contradict our assumption (7)-(11), respectively. Therefore |w(z)| < 1 holds
true for all z ∈ U. From (12), we have

∣

∣

∣

∣

zG′
β,γ(z)

Gβ,γ(z)
− p

∣

∣

∣

∣

= |(p − α)w(z)| < (p − α), (0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

which implies that

Re

{

zG′
β,γ(z)

Gβ,γ(z)

}

= Re

{

βγz3f ′′′(z) + (2βγ + β − γ)z2f ′′(z) + zf ′(z)

βγz2f ′′(z) + (β − γ)zf ′(z) + (1 − β + γ)f(z)

}

> α,

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

and hence f(z) ∈ B(γ, β, p, α).

Remark 1. By taking γ = 0; γ = β = 0; γ = 0 and β = 1; γ = β = α = 0 and

p = 1; γ = α = 0 and β = p = 1 in Theorem 12, we get the results of Irmak and

Raina [3, Theorem 1, Corollary 1-4].

Theorem 13. Let 0 ≤ γ ≤ β ≤ 1; 0 ≤ α < 1, δ be a complex number,

Re δ ≥
3 − 2α
2 − α

and λ be a complex number which satisfies the inequality

|λ| ≤ 1 −
3 − 2α

Re δ(2 − α)
. (18)

If Fβ,γ(z) :=
zG′

β,γ
(z)

Gβ,γ(z)
is regular in U and

Re



















z0G
′
β,γ(z0)

Gβ,γ(z0)











1 +
z0G

′′
β,γ(z0)

G′
β,γ(z0)

− p

z0G
′
β,γ(z0)

Gβ,γ(z0)
− p

− 1





























= k ≥ 1,

(0 ≤ γ ≤ β ≤ 1; 0 ≤ α < p; p ∈ N),

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 +
z0G

′′
β,γ(z0)

G′
β,γ(z0)

z0G
′
β,γ(z0)

Gβ,γ(z0)

− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

(p − α)keiθ

(p + (p − α)eiθ)2

∣

∣

∣

∣

≥
p − α

(2p − α)2
,

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 +
z0G

′′
β,γ(z0)

G′
β,γ(z0)

− p

z0G
′
β,γ(z0)

Gβ,γ(z0)
− p

− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

k

p + (p − α)eiθ

∣

∣

∣

∣

≥
1

(2p − α)
,
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Hence, from (19) and (22), we have

∣

∣

∣

∣

zh′′(z)

h′(z)

∣

∣

∣

∣

≤
3 − 2α

2 − α
. (23)

Using (23), we have

∣

∣

∣

∣

λ |z|2δ +
(

1 − |z|2δ
) zh′′(z)

δh′(z)

∣

∣

∣

∣

≤ |λ| +

∣

∣

∣

∣

zh′′(z)

δh′(z)

∣

∣

∣

∣

≤ |λ| +
1

Reδ

3 − 2α

2 − α
.

Again using (18), we have

∣

∣

∣

∣

λ |z|2δ +
(

1 − |z|2δ
) zh′′(z)

δh′(z)

∣

∣

∣

∣

≤ 1.

From (21), we have
∣

∣

∣

∣

zh′′(z)

h′(z)

∣

∣

∣

∣

≤

∣

∣

∣

∣

zF ′
β,γ(z)

Fβ,γ(z)

∣

∣

∣

∣

+ 1

=

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

∣

∣

∣

∣

∣

+ 1.

(22)

Proof. Define a function

h(z) =

∫ z

0

Fβ,γ(t)

t
dt,

then we have h(0) = h′(0)−1 = 0. Also a simple computation yields h′(z) =
Fβ,γ(z)

z
and

zh′′(z)

h′(z)
=

zF ′
β,γ(z)

Fβ,γ(z)
− 1. (21)

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

∣

∣

∣

∣

∣

≤
1 − α

2 − α
(z ∈ U), (19)

then the function

F (z) =

(

δ

∫ z

0

tδ−1
G′

β,γ(t)

Gβ,γ(t)
dt

)1/δ

(20)

is univalent in U.

Applying Lemma 3, we obtain that the function F (z) defined by (20) is univalent
in U.

We obtain Theorem 14 below, by using Lemma 4 and the same techniques as in
the proof of Theorem 13.
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where 0 < α < p, 0 ≤ γ ≤ β ≤ 1 and f(z) ∈ B(γ, β, p, α), then we have

|arg(p(z))| <
π

2
α (z ∈ U).

Proof. Suppose there exists a point z0 ∈ U such that

|arg(p(z))| <
π

2
α, for |z| < |z0|, |arg(p(z0))| =

π

2
α.

Then, applying Lemma 4, we have

arg

(

p(z0) +
z2
0G

′
β,γ(z0)

Gβ,γ(z0)
p′(z0)

)

= arg

(

p(z0)

(

1 +
z0G

′
β,γ(z0)

Gβ,γ(z0)

z0p
′(z0)

p(z0)

))

= arg(p(z0)) + arg

(

1 + i
z0G

′
β,γ(z0)

Gβ,γ(z0)
kα

)

.

(25)

When arg(p(z0)) = πα/2, since

Re

(

z0G
′
β,γ(z0)

Gβ,γ(z0)
kα

)

> 0 ⇒ arg

(

1 + i
z0G

′
β,γ(z0)

Gβ,γ(z0)
kα

)

> 0,

Eq. (25) becomes

arg

(

p(z0) +
z2
0G

′
β,γ(z0)

Gβ,γ(z0)
p′(z0)

)

>
π

2
α. (26)

Theorem 14. Let δ be a complex number, Re δ > 0, λ a complex number, |λ| < 1,
and f ∈ A. If

∣

∣

∣

∣

∣

1 +
zG′′

β,γ(z)

G′
β,γ(z)

−
zG′

β,γ(z)

Gβ,γ(z)

∣

∣

∣

∣

∣

≤
1 − α

2 − α
(z ∈ U; 0 ≤ γ ≤ β ≤ 1; 0 ≤ α < 1),

then for any complex number η,

Re η ≥ Re δ ≥
3 − 2α

(1 − |λ|)(2 − α)
,

the integral operator

Fη(z) =

(

η

∫ z

0

tη−1
G′

β,γ(t)

Gβ,γ(t)
dt

)1/η

is in the class S.

Theorem 15. Let p(z) be an analytic function in U, p(z) 6= 0 in U and suppose that

∣

∣

∣

∣

arg

(

p(z) +
z2G′

β,γ(z)

Gβ,γ(z)
p′(z)

)∣

∣

∣

∣

<
π

2
α (z ∈ U), (24)
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Similarly, if arg(p(z0)) = −πα/2, since

Re

(

z0G
′
β,γ(z0)

Gβ,γ(z0)
kα

)

< 0 ⇒ arg

(

1 + i
z0G

′
β,γ(z0)

Gβ,γ(z0)
kα

)

< 0,

we obtain that

arg

(

p(z0) +
z2
0G

′
β,γ(z0)

Gβ,γ(z0)
p′(z0)

)

= arg(p(z0)) + arg

(

1 + i
z0G

′
β,γ(z0)

Gβ,γ(z0)
kα

)

< −
π

2
α.

(27)

Thus, we see that (26) and (27) contradict our assumption (24). Consequently, we
conclude that

|arg(p(z))| <
π

2
α (z ∈ U).
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