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[. [NTRODUCTION AND PRELIMINARIES

Let A(p) denote the class of functions of the form

f2)=2"+) apn (peN={1,2,...}),

n=1

which are analytic and p-valent in the open unit disk U := {z : |z| < 1}. Let S be
the class of analytic and univalent functions in U. We note that A(1) = S.

A function f € A(p) is said to be in the class $*(p, a) of p-valently starlike of
order v in U if and only if it satisfies the inequality

Re{zﬁg)} >a (z€eU;0<a<p).

On the other hand, a function f € A(p) is said to be in the class K(p,a) of
p-valently convex of order o in U if and only if it satisfies the inequality

2f"(z)
f1(z)
In particular, we write S*(1,0) := §*, K(1,0) := K, where §* and K are the usual

subclass of A, consisting of functions which are starlike and convex, respectively
(see [1, 2]).

Re{1+ }>a (zeU;0<a<p).
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The object of the present paper is to investigate various properties of the following
classes of analytic and p-valent function defined as follows.

A function f € A(p) is said to be a member of the class B(v, 3, p, ) if and only
if it satisfies the inequality

‘ ( By f"(2) + (287 + B = 7)22"(2) + 2f'(2) ) _ p‘ <p—a (1)

By22f"(2) + (B —=7)zf'(2) + (1 = B+7)f(2)
(0<y<p<L0<a<ppeN),

for some «, for all z € U.

Note that the condition (1) implies that

Re { B2 [ (2) + (287 + B —)2° () + Zf’(Z)) } -,

By f"(2) + (B —=7)zf'(2) + (1 = B+7)f(z
0<y<p<L0<a<ppeN).

We note that B(0, 3,p,«) = Tz(p; @) is the class studied by Irmak and Raina in
[3]. The important subclasses such as S*(p, a), K(p,«), S*and K are seen to be
easily identifiable with the aforesaid class.

In recent times, Irmak et al. [3] and Prajapat [9] investigated certain subclasses
of multivalent analytic functions and obtained some sufficient conditions for these
classes. In this paper, motivated by the aforementioned works, we obtained suf-
ficient conditions for functions to be a member of the class B(v, 3, p, «). We also
indicate some special cases and consequences of the main result. The other results
investigated include certain inequalities for p-valent functions which characterize
the properties of starlikeness and convexity in the open unit disk. Furthermore our
result unifies the result for a functions belonging to the class of p-valently starlike
function of order o and p-valently convex function of order a.

In order to derive our main results, we need the following Lemmas.

Lemma 1. [4] Let w(z) be the non-constant and analytic function in U with w(0) =
0. If |lw(z)| attains its mazimum value on the circle |z| =1 <1 at a point zy, then

zow'(20) = kw(zp) (2)
where k > 1 is a real number.

Lemma 2. [5] Let Q be a set in the complex plane C and suppose that ®(z) is a
mapping from C? x U to C which satisfies ®(ix,y;z) ¢ Q for 2 € U, and for all real
x,y such that y < —n(1+ x?)/2. If the function q(z) = 1+ ¢,2" + @ue1 2"+ -+ s
analytic in U such that ®(q(z), 2¢'(2);z) € Q for all z € U, then Re q(z) > 0.

Lemma 3. [7] Let 0 be the complex number, Re § > 0, and X be a complex number,
Al <1,XA# —1 and let h(z) = z 4+ ax2® + - -+ be a regular function on U. If

zh" (2
‘A 7 + (1~ 12*) 5h’((z))

<1
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for all z € U, then the function

Fs(2) = (5 /0 ) t“h'(t)dt) v

:Z—|—

d+1 d+2 (0+1)2

15 regular and univalent in U.

2az 2 < 3as 25(1—5)a§> ER

Lemma 4. [8] Let 6 be a complex number, Re 6 > 0, and A a complex number,

A <1, and h € A. If
1— |Z|2Re§
Re ¢

zh"(2)
h(z)

<T—|Al

for all z € U, then for any complex number n,Re n > Re 9, the function

Fy(z) = (n /0 ) t”%’(t)dt) .

18 in the class S.

Lemma 5. [6] Let p(2) be analytic in U,p(0) = 1,p(2) # 0 in U and suppose that

there exists a point zy € U such that

T T
jrg(p(z)| < S, for 2] < [zl Jars(p(z0))| = To.

where 0 < a < 1, then we have

where

1 1
k> 3 (a—l— a> > 1 when arg(p(zo)) = ga,

™

1
<a + ) < —1 when arg(p(z)) = —5%

a

k<t
-2

p(20)Y* = £ai, (a>0).
[I.  MAIN RESULTS

By using Lemma 2, we first prove the following theorem.

Theorem 6. Let f € A(p). Define a function Gg., by

Gpq(2) =22 f"(2) + (B—zf'(2) + (L =B+ f(z), (0<y<B<1Lzel),

and if Gg(2) satisfies

. 2G (2) 2G5 (2) B 2Gl(2) n n.
R { G (2) (” Gy (2)  Ganl2) )} >p(1-3)+3
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0<y<B<LO0<a<ppmneN),
then f(z) € B(v, B, p, ).
Proof. Let f € A(p). Define a function w(z) in U by

s a)w(2).(0<~ < B<10<a<ppeN) (3)
G (2) = =r= - Notes

then the function w(z) is analytic in U, and w(0) = 0.
A computation using (3) shows that

2Gl. (2) 51 2G5 (2) B 2Gl (2)
Gq(2) Gp(2)  Gaal(2)

)ZO%%MWNd+w@ﬂ+p
= ®(w(z), 2w'(2); 2)

?

where ®(r,s;2) = (p — a)[s + r| + p.
For all real z,y satisfying y < —n(1 + 2?)/2, we have

Re ®(iz,y; 2) = Re {(p — a)[y + iz] + p}

< —5p- )1+ +p
n
< —5(27—04)4‘1?
n n
=p(1-3)+ 50

Let @ = {w:Rew>p(l—7%)+%a}. Then ®(w(z),2w'(2);2) € Q and
iz, y;z) ¢ Q for all real z and y < —n(1 + 22)/2, z € U.

By using Lemma 2, we have Re w(z) > 0, which implies that

GI
Re{zﬁw('z)} >a,(0<y<B<L0<a<ppeN),
Gpq(2)

and hence f(z) € B(v, 5, p, a).
By setting v = = 0 in Theorem 6, we have following corollary.
Corollary 7. If f € A(p) satisfies

) () () ny n
Re{ ) (“ £ ) >} >p(1-3)+50
O (0<a<ppneN),

then f(z) € S*(p, a).

Its further case when a@ = 0 and p = 1, Corollary 7 reduces to Corollary 8.
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Notes

Corollary 8. If f € A satisfies

Ui (e G0

(n €N),

then f(z) € S*.
By taking v = 0,3 = 1 in Theorem 6, we have the following corollary.
Corollary 9. If f € A(p) satisfies

(R (AR +2:0" () () ny | n
I“{Lma (1* ﬁ%@+f@>"f@>)}>p@‘2>+2“

(0<a<p;p,neN),

then f(z) € K(p, a).
A further case of Corollary 9, when o = 0,p = 1 gives the following corollary.
Corollary 10. If f € A satisfies

CFEY (o 2 220 2 (2) n
I“{tma (“% )+ () ﬁ@))}>1
(Tl € N)7
then f(z) € K.

Theorem 11. Let —1 < b < a < 1, 0 < a < p, p € N such that
p(l+a)+a <2p(p—>b)+b. If Gg,(2) satisfies the inequality

GG G| plath)
E.E G | wrae-n " "
then f(z) € B(v, B, p, a).
Proof. Define a function w(z) by
ZG/ﬁ,y(Z) _PD + aw(2) (z € U). (5)

Gan(2)  p—bw(z)
Then w(z) is analytic in U and w(0) = 0. By the logarithmic differentiation of (5),
we get
2Gl . (2) B 2Gl (2) _ pla+b)zw'(2) '
Ghy(2)  Goy(z)  (p+aw(z))(p—buw(z))

1+ (6)

Now suppose that there exists zy € U such that

max |w(z)| = |w(z)| =1,
jol<lzol

© 2013 Global Journals Inc

(Us)

Global Journal of Science Frontier Research (F ) Volume XIII Issue III Version I E Year 2013



then from Lemma 1, we have (2). Letting w(z) = €%, from (6), we have

p(a+ b)ke®

ZoGg’,y(Zo) ZOG/&,Y(Z()) ’
(p + ae®)(p — be®)

1+ -5 -
G, (20) Gp(20)

pla+0b)
T (pta)p-b)

This contradicts our assumption (4). Therefore |w(z)| < 1 holds true for all z € U.

Thus we conclude from (5) that Notes
2G5 (2) _ ‘ _ 'pﬂw(Z) _ '
Gpq(2) p—bw(z)
_pta—pp-b)
p—>b

<Sp—« (Z < U)a
which implies that f(z) € B(v, 3, p, @).
Theorem 12. Let f € A(p). If G~ (2) satisfies anyone of the following conditions:

- 2G5 (2) B 2G5 (2)
G, (2)  Gpnl(2)

zG@4z)<14ng7@> ZGAW@))

p—«
7
<o a (7)

Gon@ \' T @0 T Gl | TP ®)

2Gp, (2)

G (2) -«
Byy b

— P < = 9
zGﬂﬁ(z) (2p — «)? (9)

Gpq(2)

1+

el
1 + Z,LV(Z) —p
G677<Z> _ 1

2Gl (2)

Gp(2)

(10)

Global Journal of Science Frontier Research (F) Volume XIII Issue III Version I E Year 2013

G//
: 1+7Z ,6’7(2)—19
zGﬁﬁ(z) G,&,Y(z)
Gpr(2) ZG/ﬁn(z)

Gﬁﬁ@)
0<y<B<1;0<a<ppeN),
then f(z) € B(v, 3,p, ).

Re —1] 3 <1, (11)

© 2013 Global Journals Inc. (US)
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Proof. Let f € A(p). Define a function w(z) in U by

zG’ﬁﬁ(z)

— = =p+(p—w(z), 0<y<F<L0<a<ppeN), (12)

Gp(2)

then the function w(z) is analytic in U, and w(0) = 0.
It follows from (12) that

< g,v(z) _ ZG/ﬁ,y(Z) _ (p—a)zw'(2)
Gy (2)  Gay(z)  pt(p—a)w(z)

1+

Hence, from (12) and (13), we have

Gl (2) (1 L 205(2) _ 2Gj,(2)

Gpq(2) Gha(2)  Gq(2)
a0 p-awe)
2Co2) P+ — ()P
Gpq(2)
2GY(2)
14 228\%)
MO S SR
2Gy(2) w(z) p+(p— a)w(z)
Gpr(2)
and
2G5,2) _
2Gly (2) b Gon(z) " N A O)
Gﬁﬁ(Z) M o w(z)
Gpr(2)

Now, suppose there exists zy € U such that

max |w(z)| = |w(z)| = 1,
j2l<lzol

10 ;

(13)

) — (p— )2 (2), (14)

(15)

(16)

then from Lemma 1, we have (2). Therefore, letting w(zp) = €' in each of (13)-(17),

we obtain that

20 gﬁ(Zo) B ZOG/B”Y(ZO>

p—«

_ i0
4 :’ (p— a)ke

p+(p— e

G, (20) Gp(20)

Gﬂw(zo)

ZoGlﬁ,,y(ZO) 14 ZOGZI’»Y(ZO) ZQG%},Y(Z())
G, (20) Gp(20)

- 2p_a7

— )‘:‘(p—a)keﬂ > (p— ),

© 2013 Global Journals Inc
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1 4 ZOG%,V (Z())

Ghalzo) ] ’ (p — a)ke” p—a
20G,(20) (p+ (p—)e®)?| = (2p — )
GB,W(ZO)
G//
| 4 280700 ,ﬁ’”(ZO) —p
Gﬁﬁ(z(ﬁ | = ' k > 1
20G.,(20) B p+(p—a)? — 2p—a)
Gp(20)
, 1+@§@99—p
ZOGQ,W(ZO) G/B’V(Zo) .
Re ; -1 =k>1,
G(20) 200G, (20)
Gp(20)

0<y<B<1;0<a<ppeN),

which contradict our assumption (7)-(11), respectively. Therefore |w(z)| < 1 holds
true for all z € U. From (12), we have

ZG%W(Z)
’—p' =|p-w)| <(p-a),0<y<F<L0<a<ppeN),
Gpq(2)

which implies that

GG _n [ BB + @B+ B2 (R) +2f(2) |
t { Gpq(2) } =R {5722f”(z) +(B=7)2f'(2) + (1= B+9)f(2) } -

0<y<p<L0<a<ppeN),
and hence f(z) € B(v, 8,p, a).

Remark 1. By taking vy =0;,v=08=0,v=0and f=1;,v=F=a =0 and
p=1L~vy=a=0and 8 =p=11in Theorem 12, we get the results of Irmak and
Raina [3, Theorem 1, Corollary 1-4].

Theorem 13. Let 0 < v < A < 1;0 < a < 1,0 be a complexr number,

Red > 32__25 and \ be a complexr number which satisfies the inequality
3 — 2«
AMN<l— ——rn—. 18
Al Red(2 — a) (18)

If Fs,(2) = Zgﬁ‘f;”((zz)) is reqular in U and

© 2013 Global Journals Inc. (US)
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2G(2)  2Gh(2)

1+ = -
Gh.(2)  Gpal(2)

then the function
s G () N\
F(z)= (6 / p1Gaa 0 (20)
0 Gﬁﬁ@)

1s univalent in U.

Proof. Define a function

h(z) = /0 Foa®) oy

t
_(0)—1 = - on yields /(z) = [22(2)
then we have h(0) = A/(0) —1 = 0. Also a simple computation yields h'(z) = .
and
Zh/”(2> _ ZF/C/?’N(Z) 1 (21>
W(z)  Fpa(2)
From (21), we have
Zh/”(Z) zFéﬁ(Z) 1
h'(2) F7(2) (22
i zG:/’g’ﬂ(z) B 2Gl (2) 1
Gh(2)  Gpal(2)
Hence, from (19) and (22), we have
zh"(2)| 3 -2«
. 23
M) |~ 2—«a (23)
Using (23), we have
h"(z) zh"(2)
M+ (1= 121%) 2 <A
‘ o+ (1= 1= ) | =N S
1 3 -2«
< —_— .
< AL+ Red 2 —«
Again using (18), we have
26 25\ 20" (2)
— <
‘/\ 12 + (1 12| ) | S

Applying Lemma 3, we obtain that the function F'(z) defined by (20) is univalent
in U.

We obtain Theorem 14 below, by using Lemma 4 and the same techniques as in
the proof of Theorem 13.
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Theorem 14. Let § be a complex number, Re 6 > 0, X\ a complex number, |\| < 1,

and f € A. If

2G (2) 2G5 (2)] 11—
14 P - R < (reU;0<y<B<L0<a<]),
Gio(2)  Gaal2) |~ 2-a
then for any complex number 1,
3—2a
Ren>Red > 7
1=ADE2—-a)

the integral operator

= (o[ Geige)

Theorem 15. Let p(2) be an analytic function in U, p(z) # 0 in U and suppose that

1s in the class S.

g (1) + "2y )| < o Gew, (21)

where 0 < a < p,0 <~y < B <1and f(2) € B(v, 3,p,a), then we have

™
larg(p(2))] < 5o (2 € U).
Proof. Suppose there exists a point zg € U such that
4 T
larg(p(z))] < 7% for |z| <lzo|, |arg(p(z0))| = 7

Then, applying Lemma 4, we have

arg (p(zo) + Wp/(zo)) = arg (p(zO) (1 " 2G4 (20) Zop'(zo)>)

Gﬁ,’y(zo Gﬁ,"/(ZO) p(ZO) (25)
220G, (20)
= arg(p(z)) + arg (1 + Zwka) .
”Y
When arg(p(zo)) = ma/2, since
Z()G/ﬁ (Zo) ) ( _ZoG,ﬁ (Zo) )
Re| =—"—ka| >0=arg |1 +i—"L—Fka | >0,
( Gs4(20) Gs4(20)
Eq. (25) becomes
21
ar 20)+———D (% > —a. 26
g (0leo) + 2 V) ) > (26)

© 2013 Global Journals Inc. (US)
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Similarly, if arg(p(z0)) = —ma/2, since

G G
Re (Wka) < 0= arg (1 + iwka) <0,
Gs4(20) Gpq(20)

we obtain that

Zg ,ﬁ,y(Z(J) ,

Gp4(20) b (ZO)) = arg(p(z)) + arg (1 )

ZoG/Igﬁ(Zo) k‘a) < — ™
2

arg (WO) ! PNEY 2
(27)

Thus, we see that (26) and (27) contradict our assumption (24). Consequently, we
conclude that

arg(p())| < 5o (= € ).
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