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-  In classical mechanics, the system of coupled harmonic oscillators is shown to possess the symmetry 

applicable toa six-dimensional space in complex coordinates, two-dimensional phase space consisting of two position 

and twomomentum variables. In search into the features of a dynamical system, with the

 

possibility of its complex 

invariant,we explore this dynamical systems. Dynamical algebraic approach is used to study two-dimensional complex 

systems(coupled oscillator system) on the extended complex phase plane (ECPS). Scope and importance of invariants

 

in theanalysis of complex trajectories for dynamical systems is discussed.
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The coupled oscillator provides many soluble models in different branches of physics because of its math-
ematical simplicity. It stays with us in many different forms because it provides the mathematical basis for many
soluble models in physics, including the Lee model in quantum field theory [1], the Bogoliubov transformation in
superconductivity, relativistic models of elementary particles [2]. In physics coupled harmonic oscillator system in
two-dimensions [3], in the Bells inequality experiments employing coupled harmonic oscillators [4]. This also has
been used for description of motion of a charged particle in a magnetic field [5, 6] or . They are also studied in context
of electrical circuits with time-varying capacitors and inductors, particularly with reference to their memory property,
has become of considerable interest in recent years [7]. Blasoneet al [8] studied momentum-dependent terms in the
Hamiltonian structure in the context of the so-called holographic principle and in the treatment of quantum gravity as
a dissipative and deterministic system. Hamiltonian for such system is given by

H =
1
2

[α1p2
x + α2p2

y + β1x2 + β2y2] + α3(pxy+ xpy). (1)

Invariants for above Hamiltonian provided they exist and can be computed, and even the complex invariants [9] ex-
ist, are a very useful tool to understand the theoretical structure of this dynamical systems. Since invariants of real
Hamiltonian systems have been played a vital role in understanding the underlying dynamics of the systems and so
we expect that the complex invariants can also be helpful in exploring some deep insights into features of complex
dynamical systems. In the past, complex invariants have been discussed in context of understanding fermion masses
and quark mixing, and CP-conserving two-Higgs-doublet model scalar potentials in the Particle physics [10, 11].
In this paper, we construct a complex invariants corresponding coupled oscillators based on the ECPS approach in
complex domain [12]. Recently, with a view to explore some role of invariants for complex systems, Kaushal et
al. [13] found invariants for some one dimensional systems within the framework of an ECPS. Some quantum me-
chanical studies within the ECPS are also reported [14]. But most of such studies are restricted in one dimension
only. Such studies in higher dimensions is desirable from the intrinsic mathematical interest, to check the validity of
various methods/theories and to find solutions of some realistic physical problems. With this motivation, recently we
generalized the ECPS in two dimensions and studied the coupled oscillator.
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We make use of the Lie algebraic approach to derive at least one invariant for the TD versions of above coupled
oscillator system. In fact, the Lie algebraic approach (ref therein [15]) commands several advantages over the ratio-
nalization method, particularly for the TD systems, not only in terms of the closure property of the Poisson bracket
algebra of phase space functions but also for its straightforward extension to the corresponding quantum system.

If we define

x = x1 + ip3; y = x2 + ip4; px = p1 + ix3; py = p2 + ix4. (2)

then, a two dimensional real phase space (x, y, px, py, t), may be transformed into the corresponding extended complex
phase plane (ECPS) (x1, p3, x2, p4, p1, x3, p2, x4, t) The above transformations add four additional degrees of freedom,
(x3, x4, p3, p4, t), which can make mathematical analysis of a problem a bit more involved. But nevertheless, these
type of transformations are used in many studies [12, 13, 14, 13]. From eq.(2) one can easily obtain one can easily
obtain

∂

∂x
=

∂

∂x1
− i

∂

∂p3
;

∂

∂y
=

∂

∂x2
− i

∂

∂p4
;

∂

∂px
=

∂

∂p1
− i

∂

∂x3
;

∂

∂py
=

∂

∂p2
− i

∂

∂x4
. (3)

Now consider a complex phase space functionI (x, y, px, py, t) as

I = I1(x1, p3, x2, p4, p1, x3, p2, x4, t) + iI2(x1, p3, x2, p4, p1, x3, p2, x4, t). (4)

Further, the invariance of I implying

dI
dt
=
∂I
∂t
+ [ I ,H] = 0, (5)

where [., .] is the Poisson bracket, which in view of the definition, eq.(2), turns out to be

[ I ,H](x,p) = [ I ,H](x1,p1) − i[ I ,H](x1,x3) − i[ I ,H](p3,p1) − [ I ,H](p3,x3)

+ [ I ,H](x2,p2) − i[ I ,H](x2,x4) − i[ I ,H](p4,p2) − [ I ,H](p4,x4). (6)

Consider a coupled harmonic oscillator systems in two-dimensions, whose Hamiltonian is given by (1). Using
(2), the above Hamiltonian (see [12] for detail method) can be expressed as

H =
α1

2
p2

1 −
α1

2
x2

3 + iα1p1x3 +
α1

2
p2

2 −
α1

2
x2

4 + iα1p2x4 +
α2

2
x2

1 −
α2

2
p2

3 + iα2p3x1p4

+
α2

2
x2

2 −
α2

2
p2

4 + iα2x2 + α3(p1x2 + ip1p4 + ix3x2 − x3p4 + x1p2 + ix1x4 + ip2p3 − p3x4)

=

20∑

m=1

hm(t)Γm(x1, p3, x2, p4, p1, x3, p2, x4), (7)

and the variousΓ’s and h(t)’s for the above complexH are given as

Γ1 =
p2

1

2
; Γ2 =

x2
3

2
; Γ3 = p1x3; Γ4 =

p2
2

2
; Γ5 =

x2
4

2
; Γ6 = p2x4; Γ7 =

x2
1

2
; Γ8 =

p2
3

2
;

Γ9 = x1p3; Γ10 =
x2

2

2
; Γ11 = x2p4; Γ12 =

p2
4

2
; Γ13 = p1x2; Γ14 = p1p4; Γ15 = x3x2;

Γ16 = x3p4, Γ17 = x1p2; Γ18 = x1x4; Γ19 = p3p2; Γ20 = p3x4. (8)

With

h1 = h2 = α1; h3 = iα1; h4 = h5 = α2; h6 = iα2; h7 = h8 = β1; h9 = iβ1; h10 = h11 = β2

h12 = iβ2; h14 = h15 = iα3; h13 = α3; h16 = −α3; h17 = α3; h18 = h19 = iα3; h20 = −α3. (9)

a) Li e algebraic approach
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The dynamical algebra in this case is not closed. To find closure property for the above system, we have to add sixteen
more phase space functions (Γl)’s. The additional (Γl)’s are as follow

Γ21 = p1p3; Γ22 = p1x1; Γ23 = x2p1; Γ24 = p1p4, Γ25 = p3x3; Γ26 = x1x3; Γ27 = x2x3; Γ28 = x3p4;

Γ29 = x2p2; Γ30 = p4p2; Γ31 = p2p3; Γ32 = p2x1, Γ33 = x2x4; Γ34 = x4p4; Γ35 = x1x4; Γ36 = p3x4, (10)

with correspondinghl(t) = 0. Now in the light of Poisson bracket (6) for complex systems, we get large number (288
no. of) nonvanishing Poisson brackets (for more detail see [12]). Therefore, their use (5) yields the following set of
PDEs inλ’s as described in (??) section two:

λ̇1 = 4α1(iλ21− λ22) − 4α3(λ23− iλ24), (11)

λ̇2 = −4α1(λ25+ iλ26) − 4α3(iλ27 + λ28), (12)

λ̇3 = −2α1(λ21+ iλ22+ iλ25− λ26) − 2α3(iλ23 + λ24 + λ27 − iλ28), (13)

λ̇4 = −4α2(λ29+ iλ30) + 4α3(iλ31 − λ32), (14)

λ̇5 = −4α2(λ34+ iλ33) − 4α3(λ36 + iλ35), (15)

λ̇6 = −2α2(iλ29+ λ30− iλ34+ λ33) − 2α3(λ31 + iλ32 + λ35 − iλ36), (16)

λ̇7 = −4β1(−λ22+ iλ26) + 4α3(λ32− iλ35), (17)

λ̇8 = 4β1(iλ21+ λ25) + 4α3(λ36 + iλ31), (18)

λ̇9 = 2β1(λ21+ iλ22− iλ25+ λ26) + 2α3(λ31 + iλ32 + λ35 − iλ36), (19)

λ̇10 = 4α3(λ23− iλ27) − 4β2(λ29 + λ33), (20)

λ̇11 = 2α3(iλ23+ λ24+ λ27− iλ28) − 2α3(λ29 + iλ30 + λ34 − iλ33), (21)

λ̇12 = 4α3(iλ24 + λ28) − 4β2(λ30 + λ34), (22)

λ̇13 = 2α3(λ22− iλ33− iλ26+ λ29) + 2β1(iλ23 − iλ27) + 2β2(λ32 − iλ35), (23)

λ̇14 = 2α3(λ26+ λ30 − iλ34 + iλ22) + 2β1(λ24− iλ28) + β2(−λ32+ iλ35), (24)

λ̇15 = 2α3(λ21− iλ25 + λ33 + iλ29) + 2β1(iλ23+ λ27) + β2(λ31− λ36), (25)

λ̇16 = 2β2(iλ21 + λ25 + iλ30 + iλ34) + 2β1(iλ24 + λ28) − β2(λ31 + iλ36), (26)

λ̇17 = 2α3(iλ21 − λ22 − λ29 + iλ30) + 2α1(iλ31− λ32) − 2α2(iλ23+ λ24), (27)

λ̇18 = −2α3(λ21+ iλ22 + iλ29 + λ30) + 2α1(−λ31+ iλ32) + α2(−iλ23+ λ24), (28)
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λ̇19 = 2α3(iλ25− λ26− iλ29− λ30) − 2α1(λ31 + iλ32) + 2α2(−λ27+ iλ28), (29)

λ̇20 = −2α3(λ25 + iλ26 + iλ29 + λ30) − 2α1(λ31+ iλ32) + 2α2(−iλ27− λ28, ) (30)

λ̇21 = 2β1(iλ1 + λ3) + 2α1(−λ9 + iλ8) + 2α3(−iλ16− λ15) + 2α3(iλ17+ λ18), (31)

λ̇22 = 2β1(λ1 − iλ3) + 2α1(iλ9 + λ7) + 2α3(iλ14− λ13) + 2α3(λ17− iλ18), (32)

λ̇23 = 2β2(iλ17− iλ18) + 2α1(−λ13+ iλ15) + 2α3(−iλ3 + λ1) + 2α3(iλ11 − λ10), (33)

λ̇24 = 2α3(iλ1 + λ3) + 2α3(−λ11+ iλ12) + 2α1(−iλ16 − λ14) + 2β2(λ18 − λ17), (34)

λ̇25 = 2β1(−λ2 − iλ3) − 2α1(iλ9 + λ8) + 2α3(−λ16− iλ15) + 2α3(iλ19+ λ20), (35)

λ̇26 = 2β1(−iλ2 + λ3) + 2α1(iλ7 − λ9) + 2α3(−iλ13− λ14) + 2α3(λ19− iλ20), (36)

λ̇27 = 2α3(−iλ2 + λ3) + 2α3(−iλ10− λ11) − 2α1(iλ13+ λ15) + 2β2(λ19+ iλ20), (37)

λ̇28 = 2α3(λ2 + iλ3) + 2α3(−iλ11− iλ12) − 2α1(λ14 − iλ16) + 2β2(−λ19+ iλ20), (38)

λ̇29 = 2β2(λ4 + λ6) + 2α2(−λ10+ iλ11) + 2α3(iλ15− λ13) + 2α3(λ17− iλ19), (39)

λ̇30 = −2α3(λ4 + iλ6) + 2α2(−λ11− iλ12) + 2α3(−iλ16− iλ14) + 2α3(iλ17 + λ19), (40)

λ̇31 = 2α3(iλ4 + λ6) + 2α2(iλ8 + λ9) + 2α2(−iλ16 − λ15) + 2β1(iλ17 + λ19), (41)

λ̇32 = 2α3(λ4 − iλ6) + 2α3(λ7 + iλ9) + 2α2(iλ14− λ13) + 2β1(λ17− iλ19), (42)

λ̇33 = 2β2(λ5 + λ6) + 2α2(−λ10− iλ11) + 2α3(−iλ13− λ15) + 2α3(λ18 − iλ20), (43)

λ̇34 = 2β2(−λ5 − λ6) + 2α2(−iλ11+ λ12) + 2α3(−λ14− iλ16) + 2α3(iλ18+ λ20), (44)

λ̇35 = 2β1(−λ18− λ20) + 2α2(−iλ13− λ14) + 2α3(−iλ5 + λ6) + 2α3(iλ7 − λ9), (45)

λ̇36 = 2α3(λ5 + iλ6) − 2α3(iλ9 + λ8) + 2α2(−λ16+ iλ15) + 2β1(iλ18 + λ20). (46)

As such the solution to these 36 coupled equation turns out to be difficult. Therefore, we make the following choices
aboutλ’s which facilitate to find solutions of above equations.
From eqs.(11), (12) and (13), we get 2̇λ3 = iλ̇1−iλ̇2. If we considerλ3 = c3 (a constant), and by takingλ1 = λ2 = η1(t);
which immediately gives

λ1 = η1(t) + c1; λ2 = η1(t) + c2. (47)

From eqs.(14), (15) and (16), we get 2̇λ6 = iλ̇4−iλ̇5. If we considerλ6 = c6 (a constant), and by takingλ4 = λ5 = η2(t);
which immediately gives

λ4 = η2(t) + c4; λ5 = η2(t) + c5. (48)
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Again From eqs.(17), (18) and (19), we get 2̇λ9 = iλ̇7−iλ̇8. If we setλ9 = c9 (a constant), and considerλ7 = λ8 = η3(t);
which immediately gives

λ7 = η3(t) + c7; λ8 = η3(t) + c8. (49)

From eqs.(20), (21) and (22), we get 2̇λ11 = iλ̇10−iλ̇12. If we setλ11 = c11 (a constant), and considerλ12 = λ10 = η4(t);
which immediately gives

λ12 = η4(t) + c12; λ10 = η4(t) + c10. (50)

Now, in order to find solutions forλ13, λ14, λ15 andλ16 we have to make simplification for complications of above set
of 24 eqs (23-46). (i.e.α1 = α2 = α3, andβ1 = β2 = α3). From eqs.(17), (20) and (23), we get 2̇λ13 = λ̇7 + iλ̇10. If we
considerλ13 = c13 (a constant), and considering the eqn from above relation (withλ10 = η4(t) + c10, λ7 = η3(t) + c7;)
gives

λ13 = η(t) + c13. (51)

whereη(t) = 1
2i [η4(t) + η3(t); ] is an another function of time, and (c13 = c7 + c10; a constant.)

From eqs.(18), (20) and (25), we get 2iλ̇15 = λ̇10 + iλ̇8, If we considerλ15 = c15 (a constant), and considering the eqn
from above relation (withλ10 = η4(t) + c10, λ8 = η3(t) + c8;) gives

λ15 = η(t) + c15, (52)

whereη(t) = 1
2i [η4(t) + η3(t)] is an another function of time andc15 = c10+ c8; a constant.

In order to find solutions forλ16, from eqs.(18), (22) and (26), we get 2iλ̇16 = λ̇8 + λ̇12. If we considerλ16 = c16; (a
constant), and considering the relation (withλ8 = η3(t) + c8, λ12 = η4(t) + c12;) gives

λ16 = η(t) + c16, (53)

whereη(t) = 1
2i [η4(t) + η3(t)]; andc16 = c8 + c12; a constant.

From eqs.(17), (22) and (24), we get 2iλ̇14 = λ̇7 + λ̇12, If we considerλ14 = c14; (a constant), and considering relation
(with λ7 = η3(t) + c7, λ12 = η4(t) + c12;) gives

λ14 = η(t) + c14, (54)

whereη(t) = 1
2i [η4(t) + η3(t)]; andc16 = c7 + c12 a constant.

Now, to find solutions forλ17, λ18, λ19 andλ20, refer from eqs.(11), (14) and (27), we get 2̇λ17 = λ̇1 + λ̇4; and
considering the relationλ1 = η1(t) + c1, λ4 = η2(t) + c4; gives

λ17 = φ(t) + c17, (55)

whereφ(t) = 1
2

∫
[η̇1(t) + η̇2(t)]dt; andc17 = c1+ c4, a constant. From eqs.(11), (15) and (28), we get 2̇λ18 = iλ̇1− iλ̇5;

and considering the relationλ1 = η1(t) + c1, λ5 = η2(t) + c5; will results

λ18 = ϕ(t) + c18, (56)

whereϕ(t) = 1
2

∫
[iη̇1(t)− iη̇2(t)]dt; andc18 = c1+ c5, a constant. Similarly to find solutions ofλ19, from eqs.(12), (14)

and (29), we get 2̇λ19 = iλ̇2 − iλ̇4; and considering the relationλ2 = η1(t) + c2, λ4 = η2(t) + c4; gives

λ19 = χ(t) + c19, (57)

whereχ(t) = 1
2

∫
[iη̇1(t) − iη̇2(t)]dt andc19 = c2 + c4, a constant.

Again from eqs.(12), (15) and (30), we get 2̇λ20 = λ̇2+ λ̇4; and considering the relationλ2 = η1(t)+c1, λ4 = η2(t)+c4;
gives

λ20 = (t) + c20, (58)

where (t) = 1
2

∫
[η̇1(t) + η̇2(t)]dt; andc20 = c2 + c4, a constant.

Solutions for (λ21− λ28) can be obtained respectively as from eqs.(31-38), we obtain following equations

Notes
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iλ̇21 + λ̇22 = 2(α1λ7 − α1λ8 − α3λ13 + iα3λ14 − iα3λ15 + α3λ16) = 0. (59)

λ̇23 + iλ̇24 = 2(−α3λ10 + α3λ12 − α1λ13+ iα1λ15 − iα1λ14+ α1λ16) = 0. (60)

λ̇25− iλ̇26 = 2(α1λ7 − α1λ8 − α3λ13 + iα3λ14 − iα3λ15 + α3λ16) = 0. (61)

λ̇27+ iλ̇28 = 2i(−α3λ10 + α3λ12 − α1λ13 + iα1λ15 − iα1λ14 + α1λ16) = 0. (62)

Since

λ7 = λ8, λ10 = λ12; λ13 = λ14 = λ15 = λ16 = η(t), (63)

or if we set

λ̇21 = −iλ̇22 = ξ̇(t); λ̇23 = −iλ̇24 = θ̇(t);

λ̇25 = iλ̇26 = δ̇(t); λ̇27 = −iλ̇28 = ζ̇(t). (64)

which immediately gives

λ21 = ξ(t) + c21; λ22 = −iξ(t) + c22; λ23 = θ(t) + c23; λ24 = −iθ(t) + c24;

λ25 = δ(t) + c25; λ26 = −iδ(t) + c26; λ27 = ζ(t) + c27; λ28 = iζ(t) + c28. (65)

Solutions for (λ29− λ36) can be obtained respectively as, from eqs.(39-46), we obtain following equations

λ̇31 − iλ̇32 = −2(−iα3λ7 + iα3λ8 + iα2λ13 + α2λ14− α2λ15 − iα2λ16) = 0. (66)

λ̇29 + iλ̇30 = 2(−α2λ10 + α2λ12 − α3λ13+ iα3λ15 − iα3λ14+ α3λ16) = 0. (67)

λ̇33+ iλ̇34 = 2i(−α2λ10 + α2λ12 − α3λ13 + iα3λ15 − iα3λ14 + α3λ16) = 0. (68)

λ̇35 + iλ̇36 = −2(−iα3λ7 + iα3λ8 + iα2λ13 + α2λ14− α2λ15 − iα2λ16) = 0. (69)

Since

λ7 = λ8, λ10 = λ12; λ13 = λ14 = λ15 = λ16 = η(t), (70)

or if we set

λ̇29 = −iλ̇30 = γ̇(t); λ̇31 = iλ̇32 = µ̇(t); λ̇33 = −iλ̇34 = ρ̇(t); λ̇35 = −iλ̇36 = σ̇(t). (71)

Which immediately gives

λ29 = γ(t) + c29; λ30 = iγ(t) + c30; λ31 = µ(t) + c31; λ32 = −iµ(t) + c32;

λ33 = ρ(t) + c33; λ34 = iρ(t) + c34; λ35 = σ(t) + c35; λ36 = iσ(t) + c36. (72)

where the arbitrary functionη’s, φ, ϕ, χ, ψ, ξ, θ, δ, ζ, γ, µ, ρ andσ’s and integration constants,ci ’s, (i = 1, ....36). are
obtained through the equations, when we have solved eqs.[(11)-(46)]. Therefore, substitution of the solutions forλi ’s
yield the, complex invariant for a two dimensional complex oscillator systems as

I =
1
2
η1(p2

1 + x2
3) +

1
2
η2(p2

2 + x2
4) +

1
2
η4(x2

1 + p2
3) +

1
2
η3(x2

2 + p2
4) + η(x1x3 + p3p4 + x2p3 + x1p4)

+φp1p2 + ϕp1x4 + χx3p2 + x3x4 + ξ(p1p3 − ip1x1) + θ(p1x2 − ip1p4) + δ(p3x3 − ix1x3)

+ζ(ip4x3 + x2x3) + γ(ip2p4 + p2x2) + µ(p3p2 − ix1p2) + ρ(ip4x4 + x2x4) + σ(ip3x4 + x1x4). (73)

is our desired invariant.
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We have shown in this paper, the coupled harmonic oscillator system with two space and one time variable
share the same mathematical framework as the coupled harmonic oscillators in one dimension ECPS. The role of a
linear invariant designed, however, for a rotating TD harmonic oscillator inN-dimensions is investigated by Malkin
and Man’ko [16] in the context of coherent states. While the use of the quantum analogue of such TD systems in one
dimension has been known [17, 18] for more than three decades.
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