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I. [NTRODUCTION

A non -flat differentiable manifold (M™,g) (n> 3), is called generalized pseudo
symmetric G(PS),, , if there exits a vector field P and 1- form A, B, C, D on M Such that

(DxS)(Y,Z) =2AX)S(Y,Z) + B(R(X,Y),Z)+ C(Y)S(X,Z)
+D(Z)S(X,¥) + p(R(X, Z)Y). (1.1)

In 1993, Chaki and Koley [6] introduced another type of non-flat differentiable
manifold (M™", g) (n> 2), satisfies the condition

(DxS)(Y,Z) = 2A(X)S(Y, Z) +B(Y) S(X,Z) + C(Z)S(X,Y), (1.2)

where A,B,C are three non-zero 1-form and D denotes the operator of covariant
differentiation with respect to g. Such a manifold were called by them a generalized
pseudo Ricci-symmetric manifold and an n - dimensional manifold of this kind were

denoted by G(PRS)n.

De, Guha and Kamilya [7] introduced and studied a type of differentiable manifold
, n>2), whose Riccl tensors of type (0,2) satisiies the condition
M™, g 2), whose Ricci f 0,2 isfies th diti

(DxS)(Y,Z) = AX)S(Y,Z) +B(X) g(¥, 2), (1.3)
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where A and B are two non-zero 1-forms, P,Q are two vector fields such that

g(X,P)=A(X),

8(X,Q)=B(X),
such a manifold were called by them a generalized Ricci-recurrent manifold and an

n-dimensional manifold of this kind were denoted by (GR),,.

Tarafdar and Jawarneh [4] introduced a type of non-flat differentiable manifold
(M™, g) (n> 3), whose curvature tensor R satisfies the condition
(DxR)(Y,Z)W = 2A(X)R(Y,Z)W + A(Y)R(X,Z)W + A(Z)R(Y, X)W
FAW)R(Y,2)X + AW)R(Y,Z) X, (1.4)

where A is a non- zero 1-form and g(X,P)=A(X),

Such a manifold were called by them a Semi pseudo symmetric and an n-
dimensional manifold of this kind is denoted by (SPS)n .

Tarafdar and Jawarneh [5] introduced another type of non - flat Riemannian
manifold (M", g) (n> 3), Whose Ricci- tensor of type (0,2) satisfies the condition

(DxS)(Y,Z) = A(Y)S(X,Z) +A(Z)S(X,Y), (1.5)

where A is a non zero 1-form , such a manifold were called by them Semi pseudo
Ricci -symmetric and an n — dimensional manifold of this kind is denoted by (SPRS)n.

I1. PRELIMINARIES

An n-dimensional differentiable manifold M™ is a Lorentzian para — Sasakian (LF-
Sasakian) manifold if it admits a (1,1) — tenser field ¢, a contravariant vector field &, a

covariant vector field n and a Lorentzian metric g which satisfy ([2], [3])

¢*X =X +n(X)5, (2.1)

n = -1, (2.2)

9(@X,9Y) = g(X,Y) + n(Xn(Y), (2.3)

9X,8) =n(X), (2.4)

(Dxp)(¥) = g(X,Y)E +n(¥)X + 2n(XOn(Y)S, (2.5)

and Dx§ = ¢X, (2.6)

for any vector fields X and Y, where D denotes covariant differentiation with
respect to g ([1],[2],[3]).

In an LP-Sasakian manifold M™ with structure (¢,¢,7, g), it is easily seen that

(a) ¢¢ =0 (b) n(¢X) =0 (c) rank(¢) =n —1. (2.7)
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Let us put

F(X,Y) = g(¢X,Y). (2.8)
Then the tensor field F is symmetric (0, 2) tensor field i.e.,
N F(X,Y) = F(Y,X), (2.9)
otes
and F(X,V)=(Dyx n)(Y) . (2.10)

Also in an LP-Sasakian manifold, the following relation holds:

‘RX,Y,Z,§)=g(Y,Z)nX) — g(X, Z2)n(Y), (2.11)

R(X,Y)é = ()X — n(X)Y, (2.12)

R, X)Y = g(X,Y)§ —n(¥)X, (2.13)

S(@X, ¢Y) = S(X, V) + (n — Dn(X)n(Y), (2.14)

and SX, &) = —-1nX) , (2.15)

for any vector fields X, Y,Z ,Where R(X,Y)Z is the Riemannian curvature tensor, S is the
Ricci tensor.

[1I.  GENERALIZED PSEUDO SYMMETRIC LP- SASAKIAN MANIFOLD

Suppose that M™ is a generalized pseudo symmetric LP-sasakian manifold Putting
Z=¢& in(1.1),we get

(DxS)(Y,§) = 2A(X)S(Y,§) + B(R(X,Y)$) + C(Y)S(X,$)
+D(E)SK,Y) +p(RIK, ) V). (3.1)
Using (2.2), (2.12) and (2.15) in (3.1), we get
(DxS)(Y,8) =2(n-1)A (X)n(¥)+ n(Y)B(X) - n (X)B(Y)+(n-1)C(Y) n (X)
+D()SX,Y) + n(Y)p(X) — g(X,Y)p(&). (32)
We know that
(DxS)(¥, &) = (n— Dg(@X,¥) — S(Y, PX), (3.3)
Therefore, from (3.2) and (3.3), we get

2(n-1)A OV + 1 (Y)B(X)-1 (X)B(Y)+(@-1)C(Y) 7 (X)+D()S(X, ¥)
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+n(V)p(X) — g(X, V)p(§)=(n-1)g(¢X,Y)-S(Y,PX). (3.4)
Therefore, putting X=Y=¢ in (3.4) and using (2.1) and (2.15), we get

(n-1)[24 (§£)+C(§)+D(§)]=0.
Since n>3, we obtain 24 ()+C(&)+D(¢)=0. (3.5)

So, the vanishing of the 1-form 2A+C+D over the vector field ¢ is necessary in
order that M be an LP-Sasakian manifold.
Now we will show that 2A+C+D=0 holds for all vector fields on M.

Putting Y=¢ in (1.1), we get
(DxS$)(€,Z) = 2(n — DACON(2)+n(2)B(X)-g(X,2)B(§)+ C(§)S(X, Z2)
+(n-1)D(Z) n (X)+ 7 (Z)p(X)-n (X)p(Z). (3.6)
Also, We know that
(DyS)(, 2)=(n-1)g(§X, 2)-S($X, 7). (3.7)
From (3.6) and (3.7), We get
2(n = DAX)N(Z)+n(2)B(X)-g(X,Z)B(§)+ C()SX, 2)+(n-1)D(Z) n (X) +n(Z)p(X)-n
(X)p(2)= = (n-1)g(pX, Z2)-S(¢X, Z). (3.8)
Putting Z=¢, in (3.8), we get
—2(n—1DAX) — B(X) —n(X)B() + (n — DC(EnX) + (n — 1)D(E)nX)
—p(X) —nX)p() = 0. (3.9)
Putting X=¢ in (3.8), we get
2(n = DAGNX) + (n— DCEMX) — (n— DDX) + p(X) + n(X)p(§)=0.  (3.10)
Adding (3.9) and (3.10) and using (3.5), we get
—2(n—DAX) —nX)BE) —BX)+ (n—DCEMX) —(n—-1DX)=0. (3.11)
Now, Putting X= ¢ in (3.4), and replacing Z with X, we get

2(n = DAGNX) + BEnX) +BX) — (n — 1DCX) + (n — DD(Hn(X) = 0.
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(3.12)
Adding (3.11) and (3.12) and using (3.5), we get

mn—DRAX)+CX)+D(X)] =0
Since n = 3, Hence we get

2A(X) + C(X) + D(X)=0, for all X

© 2013 Global Journals Inc. (US)
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This implies 2A+C+D=0.
Hence, we can state the following theorem:

Theorem 3.1 .There exists no generalized pseudo symmetric LP - Sasakian manifold
(M", g), n= 3, if 2A+C+D is not every where zero.

IV.  GENERALIZED Pseupo Riccl SYMMETRIC LP - SASAKIAN MANIFOLD

Suppose that M™ is a generalized pseudo Ricci symmetric LP - Sasakian manifold then
(DxS)(Y,Z) =2AX)S(Y,Z) + B(Y)S(X,Z) + C(Z)S(X,Y). (4.1)
Putting Z= ¢, in (4.1) and using (2.15), we get
(DxS)(Y, &) =2(n = DACON(Y) + (n — DB )InX) + C(OSK,Y). (4.2)
Also, we know that
(DxS)(Y,Z) = (n —Dg(9X,Y) — S(Y, 8X). (4.3)
From (4.2) and (4.3), we get

2(n — DA + (n — DBX)n(X) + C(ESKX,Y) =
(n—1g(@X,Y) — S, 0X). (4.4)

Putting X = Y = £ in (4.4), we get
(n— D24 +BE) + ()] =0.
Which gives (since n> 3),
[2A(§) + B() + C(5)] = 0. (4.5)
Putting X= ¢ in (4.4), we have
(n— D24 + ()] — (n— DB(Y) = 0.
So, By virtue of (4.5) this yields
(n— DB +B(Y)] =0,
Which gives us (since n = 3), B(Y) = —n(Y)B(&). (4.6)
Similarly, Taking Y=¢ in (4.4), we get
—2A() +n(X[B() + (] = 0.
Hence applying (4.5), we get
A = —n(XAE) . (4.7)
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Since (V¢S)(§,X) = 0, then from (1.2), we obtain

(n—DnX[2A) + B(E)] - (n—1)CX) = 0. (4.8)

So, by making the use of (4.5), the equation (4.8) reduces to
C(X)= - C(&En) (4.9)

Adding equation (4.6), (4.7) and (4.9), we get

2A(X)+B(X)+C(X)= -[2A(§)+B(£)+C(§)In(X) (4.10)
And then, from (4.5), it follows that

2A(X)+B(X)+C(X)=0, for all X,
Thus 2A+B+C=0.

Hence, we can state the following theorem:
Theorem 4.1. There exists no generalized Pseudo Ricci-Symmetric LP-Sasakian
manifold (M",g), n23 if 2A+B~+C is not everywhere zero.

V. GENERALIZED RicCl RECURRENT LP- SASAKIAN MANIFOLD ADMITTING CODAZZI
Typre Ricct TENSOR
We know that
(DyS)(Y,Z) = DyS(Y,Z) — S(DyY,Z) — S(Y, Dy Z) . (5.1)
Then, from (5.1) and (1.3), we get
AX)S(Y,Z) + B(X)g(Y,Z) = DyS(Y,Z) — S(Y, Dy 2). (5.2)
Putting Z= ¢ in above relation, we get
(n—DAXY)+BX)nY) =(n—-1)g@X,Y) — S, 0X). (5.3)
Putting Y= ¢ in (5.3), we have
(n—1DAX)+BX) =0. (5.4)

Here we assume that a generalized Ricci recurrent manifold admits Codazzi type
Ricci tensor

ie. (DxS$)(Y,Z) = (DyS)(X,Z). (5.5)
Then by virtue of (1.3), it follows from (5.5) that

AX)S(Y,Z) +BX)g(Y,Z) = A(Y)S(X,Z) + B(Y)g9(X,Z). (5.6)
Putting X= ¢ in above, we get

ASY,2) + By, Z) = [(n — DAX) + B In(2). (5.7)
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In view of (5.4), (5.7) yields

_ __5®
SY,2) =2Ag(Y,Z), where A= 0

i.e. M" is an Einstein manifold.
Hence, we can state the following theorem:

Theorem 5.1. If a generalized Ricci recurrent LP - Sasakian manifold admits a

Codazzi type Ricci tensor, then it is an Einstein manifold with constant A= — %.
VI.  SEMI PSEUDO SYMMETRIC LP - SASAKIAN MANIFOLD (SPS)N (M™, g),n > 3

Suppose that M™ is a Semi pseudo symmetric LP-Sasakian manifold then from
(1.4), we obtain

(DxS)(Y, &) = (2n— DAONY) + (0 — DAX M) + AE)SK,Y). Since g(X,P) =
AX) = AQ) = (& P) = n(P) (6.1)
This implies  (DxS)(Y,&) = 2n — DACORY) + (n — 2)n(XDAY) + n(P)S(X,¥). (6.2)
We also know that

(DxS)(Y,8) = (n = 1)g(BX, V) =S¥, 0X). (6.3)

From equation (6.2) and (6.3), we get

2n — DAXNY) + (n — 2)n(X)AY) +n(P)S(X,Y) = (n—1g(@X,Y) — S, 0X).

(6.4)

Putting X = £ in (6.4), we get
(Bn—2)n(P)n¥) — (n - 2)AY) = 0. (6.5)

Putting ¥ = & in (6.5), we get
nP)=20 (6.6)

Hence, from (6.5) and (6.6), we get

A(Y) = 0.

Which is inadmissible by the definition of (SPS)n.
Hence, we can state the following theorem:

Theorem 6.1. A (SPS), (n > 3), cannot be an LP sasakian manifold.
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VII.  SEMI PSEUDO RiCcCl SYMMETRIC (SPRS), (M",g),n >3 LP ~SASAKIAN MANIFOLD

In this section we assume that a (SPRS),, is an LP sasakian manifold then from
(1.5), we obtain

(DxS)(Y,¢§) = (n — DAX)InX) + AG)SKX, Y). (7.1)
Also we know that
(DxS)(Y, &) = (n—1g(@X,Y) — S(Y, DX). (7.2)
From (7.1) and (7.2), we get
mM=—DAX)NX) +AG)SKX,Y)=(n—1)g@X,Y) — S(DX,Y). (7.3)

Putting X = & in (7.3), we get

A(Y) = An(). (7.4)
Putting Y=¢ in (7.4), we get
A(§) = 0. (7.5)
Using (7.5) in (7.4), we get
A(Y) = 0.

Which is inadmissible by the definition of (SPRS),,.
Hence, we can state the following theorem .:

Theorem 7.1. A (SPRS), (n > 3) can not be an LP sasakian manifold.
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