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           To overcome limitations induced by vagueness and uncertainty of real life data, 

neoclassical analysis [6] has been developed. It extends the scope and results of classical 

mathematical analysis by applying fuzzy logic to conventional mathematical objects, such as 

functions, sequences and series etc. Since the introduction of the concept of fuzzy sets by 

Zadeh [28] in 1965, fuzzy set theory has become an active area of research in science and 

engineering. The ideas of fuzzy set theory have been used widely not only in many 

engineering applications, such as, in the computer programming [10], in quantum physics 

[15], in population dynamics [2], in the control of chaos [9], in bifurcation of non-linear 

dynamical system [12], but also in various branches of mathematics, such as, theory of metric 

and topological spaces [8], in the theory of linear systems [17], studies of convergence of 

sequences of functions [5,13,27] and in approximation theory [1].
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          Using the notion of fuzzy real numbers, different types of fuzzy real-valued sequence 
spaces have been introduced and studied by several mathematicians. The initial works on 
double sequences of real or complex terms are found in Bromwich [4]. Hardy [11] introduced 
the notion of regular convergence for double sequences of real or complex terms. Moričz
[16], Basarir and Solancan [3], Choudhary and Tripathy [7], Tripathy and Dutta [22,23], 
Tripathy and Sarma [24,25] are a few to be named those who studied different aspect of 
double sequences of fuzzy real numbers

         The space )(m was introduced by Sargent [19]. He studied some properties of the 

space ).(m Later on it was studied from sequence space point of view and some matrix 
classes with one member as )(m were characterized by Rath and Tripathy [18], Tripathy
and Sen [26] and many others.         

     Throughout the thesis N, R and C denote the sets of natural, real and complex numbers
respectively and   ,w denote the spaces of all and bounded sequences of complex terms 
respectively.

      A fuzzy real number X is a fuzzy set on ,R ie. a mapping  ]1,0[:  LRX

associating each real number t with its grade of membership ).(tX

      A fuzzy real number X is said to be convex if 

                )],()([min )()()( rXsXrXsXtX  where .t rs 

      If there exists Rt 0 such that ,1)( 0 tX then the fuzzy real number X is said to be 

normal. 

           A fuzzy real number X is said to be upper semi-continuous if for each   ,0

)),,0([1  aX for all La is open in the usual topology of R. The set of all upper semi 

continuous, normal, convex fuzzy  number is denoted by ).(LR Throughout the thesis, by a 

fuzzy real number we mean that the number belongs to ).(LR

           

II. Definitions and Background

The -level set of a fuzzy real number X, ,10  is denoted and defined as    

                                   }.)(:{][   tXRtX
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Every real number r can be expressed as a fuzzy real number r as follows :

                                          

 


otherwise0
if1

)(
rt

tr

           The additive identity and multiplicative identity in )(LR are denoted by 0 and 1

respectively.

           The absolute value ),(of  || LRXX  is defined as (one may refer to Kaleva and 

Seikkla [42]):

          
                           








.0if0

0if)},(),(max{
(t)||

t
ttXtX

X           

           Let D be the set of all closed bounded intervals ],[ RL XXX  on the real line R.      

           If ],,[ RL YYY  then YX  if and only if  LL YX  and .RR YX 

          Also let ).|Y-|,|-|(max     ),( RLRL YXXYXd  Then (D, d ) is a complete metric space.   

          Let RLRLRd  )()(: be defined by   

                         .)(,for    ,)][,]([sup),(
10

LRYXYXdYXd 




                                            

                                               

           Then d defines a metric on )(LR and  dLR ),( is a complete metric space.  

           A fuzzy real-valued double sequence is a double infinite array of fuzzy real numbers 

nkX for all Nkn , and is denoted by ),( nkX where ).(LRX nk 

            A fuzzy real-valued double sequence )( nkX is said to be convergent in Pringsheim’s 

sense to the fuzzy real number ,0X if for every ,0 there exists ),(00 nn         

Nkk  )(00  such that ,),( 0 XXd nk for all .  and 00 kknn                     

           A fuzzy real-valued double sequence )( nkX is said to be bounded if 

.)0,(  sup
,

nk
kn

Xd                                                                                     

           A fuzzy real valued double sequence space FE is said to be solid (or normal ) if 

  ,F
nk EY  whenever ( , 0) ( , 0)nk nkd Y d X for all Nkn , and   .F

nk EX             

           A fuzzy real valued double sequence space FE is said to be monotone if FE contains 

the canonical pre-image of all its step spaces.
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           Throughout  denotes a permutation over .NN  For )( nkXX  a given sequence,

)(XS denotes the set of all permutation of the elements of ),( nkX that is )}.{()( ),( knXXS 

           A fuzzy real valued double sequence space FE is said to be symmetric  if 

,)( FEXS  for all .FEX 

           A fuzzy real valued double sequence space FE is said to be sequence algebra if  

  ,Fnknk EYX  whenever      ., F
nknk EYX            

           A fuzzy real valued double sequence space FE is said to be convergence free if 

  ,F
nk EY  whenever   F

nk EX  and 0nkX implies  .0nkY

             Let denote the set of all subsets of .N For any  ,Ns s denote the class of all 

 such that  does not contain more than s elements.  nk  is a non-decreasing 

sequence such that 

                                        1,11)1)((  knnk nkkn  for all ., Nkn 

A BK-space is a Banach space of complex double sequences  nkxx  in which the

                    

co-ordinate maps are continuous, that is,

     ,0)(  nk
i

nk xx whenever 0)(  xx i as ,, kn

where   ,)()( i
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i xx  for all  Ni and    .nkxx 

The space )(m introduced by Sargent [19] is defined as 
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Tripathy and Sen [26] introduce the sequence spaces ),( pm  as follows :
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Generalizing the above sequence spaces, we now introduce the spaces ),(2 pm  as follows:
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)(where nkpp  is a double  sequence of bounded strictly positive real numbers.

Theorem 1. The class of sequences ),(2 pm  is a linear space.

Proof.  With standard techniques, we can easily prove the result.

Theorem 2. The class of sequences ),(2 pm  is complete.

Proof.  Let  )(iX be a Cauchy sequence in ),(2 pm  where ).( )()( i
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        Hence for each fixed ,, Nkn  the sequence  )(i
nkX is a Cauchy sequence in R(L).

              

III. Main Results

Since R(L) is complete, the sequence  )(i
nkX converges in R(L), for each ., Nkn     

Let ,lim )(
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i
nki

XX 


for all ,, Nkn  where  ).( nkXX 

We now show that  (i)  ),(2 pmX  and

and   (ii) .)( XX i 

From equation (1), we get for each fixed s and r
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        Hence ),(2 pm  is complete.      

        Theorem 3. The class of sequences ),(2 pm  is a B K-space.

        Proof.  By Theorem 2, ),(2 pm  is a Banach space. 
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          Hence ),(2 pm  is a B K-space.

         This completes the proof of the theorem.
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       Theorem 4. (i) The class of sequences ),(2 pm  is a symmetric space. If ),(2 pmX 

and ),(XSU  where )(XS denotes the set of all permutation of the elements of ),( nkX then 

.
),(),( 22 pmpm

XU




       (ii) The class of sequences ),(2 pm  is a normal space.        

        Proof. The proof of the result follows from definition.
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  ),,(2 pmX nk  a contradiction. 

      This step concludes the proof of the theorem.

      In view of the above theorem, we formulate the following result.

      Corollary 1. ),(),( 22 pmpm   if and only if       where,supand  sup 1

1,s1,s
 


ss 

      .
s

s
s 


 

      Theorem 7. ppm ),(2  if and only if    


s
1,s

sup and   .sup 1

1,s



s

     Proof.  Putting ,1nk for all ,, Nkn  in Corollary 1, we get the result easily.

      Theorem 8. If ,sup0
,

nk
kn

nknk qqp  then ).,(),( 22 qmpm  

      Proof.  Using the properties of  p spaces, we get the result easily.

     Theorem 9. ),(),( 22 pmpm   if nk
kn

nknk qqp
,

sup0  and .sup
1,s









 s

s




      Proof.  Using the properties of  p spaces and Theorem 5, we get the result.                            
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