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[.  INTRODUCTION
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The spread of a contagious disease involves interactions of two populations: thé
susceptible and the infectives. In some diseases these two populations are from differeﬁt
species. For example, malaria is not passed directly between animals but by th'éf
anopheline mosquitoes, and schistosomiasis is passed from animal to animal only througtch
contact with water in which live snails that can incubate the disease-causing helminthesg
In other diseases, the infection can be passed direct from invectives to susceptible: Virési
diseases like chicken-pox, measles, and influenza, and bacterial diseases like tuberculo?s

can pass through a population much like flame through fuel.

[y

There are useful analogies between epidemics and chemical reactions. A theory of

alo [ourna

epidemics was derived by W.O.Kermack, a chemist, and A.G.Mc Kendrick, a physiciang

D

Proc.Roy.Soc. (A) 115 (1923), 700-721,139(1932), 55

who worked at the Royal college of Surgeons in Edinburgh between 1900 and 1930.They

4. W.O.Kermark and A.G.Mc.Kendrick,A contributioro tthe theory of epidemics

introduced and used many novel mathematical ideas in studies of populations [4].Onge
important result of theirs is that any infection determines a threshold size for thegy
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sugeptible population, above which an epidemic will propagate. Their theoretical
epidemic threshold is observed in practice, and it measures to what extent a real
population is vulnerable to spread of an epidemic. At roughly the same time V.I.Semenov
[6] derived a theory of combustion that identified explosion meets beyond which
combinations of pressure and temperature cause chemicals to begin explosive chain-
branched reactions Re £

These models can serve as building blocks to study other diseases, for example
ones having intermediate hosts, and diseases in stratified populations, for example where
there are mixing groups that have various contact probabilities, like families, preschools,
and social groups. Some of these extensions are described in the exercises

II.  SPREAD OF AN EPIDEMIC AND DETERMINISTIC MODELS

Consider the situation where a small group of people having an infectious disease
mixes with a sizable population susceptible to carry the infection. The equations a use
how many people will ultimately catch the disease? Will the infection spread rapidly or
die out gradually? How does the epidemic evolve in time? In order to discuss this
situaion, we consider a fixed population and assume that three kinds of individuals in it
exist viz, susceptibles, infectives and removals. Susceptibles can acquire the infection
upon effective contact with an infective. Infectives have the disease and are capable of
transmitting it. Removals are those who have passed through the disease process but are

no longer susceptible or infective. We assume that a person who as permanent immunity

‘siaysljgnd bejiaa-1ebunds suoneoidde
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and also the disease has a negligibly short incubation period. This implies that an
individual who contracts the disease becomes infective immediately after words. The

flow of the disease is describe as follows

S-1-R

Indicating that susceptible might become infectives, and invectives might be
removed, but there is no supply of new susceptible to the processes.
We now begin with the Reed-Frost model which describes the spread of infection in
population due to random sampling.
In a given population Ie§,,1,and R, bethe number of susceptible infected persons
and removals at the™nsanpling time at the end of "hsanpling interval, the

corresponding numbers a&,,,l ., and R ;.

The probability that a susceptible avoids contact with all of the infectives during the
sampling interval is

g, =@-p)"
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Therefore, the probability that

S..=kis

which is a simple binomial distribution. That is, the probability that k survive the
sampling interval as susceptible is the number of ways k can be selected from among-

candidates times the probability that k avoid effective contact and the probability that =

:

S
R3]
>
>

have effective contact.

If
Sn+l: k thm |n+1:Sn+1_k md R1+1:Rn+|n

This calculation is summarized by the formula

[ssue

_k — Sn kKf1_ A\SX
Pr[sn+l_§ and In] _(k jqn (1 p)

XIII

Volume

and this called the Reed-Frost model [1].
The Kermack-Mc Kendrick model [2] is a nonrandom model that describes the E

proportion in large populations.

Let x, denote the number of susceptiblg, the number of infectives and the number of

removals. It might be expected that the number of susceptible in the next sampling :

interval would be

Frontier Research

X, =(1-p)" X,

sine the factor (1- p)” is the proportion of susceptible who avoid effective contact

with all infectives.

Let a=-log(1- p)so that e® is the probability that a given susceptible will

lobal Journal of Science

b g

successfully avoid contact with each infective during the sampling interval. Assume that:

C

the sampling interval is the same as the interval of infectiousness. Supposing that those
leaving the susceptible class enter directly into the infectious class, and that a proportion;

say b, of the infectives remain infective at the end of each sampling interval. Then

X, =€ "%, and
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yn+1 = (1_ e_ayn )Xn + byn

determine their numbers. This model is the Kermack-Mc Kendrick model.

We now consider simple deterministic models without removal [3].In a given

population at timet, let s be the number of susceptilddt), | (t) be the number of

infected persons. Let be the initial number of susceptible in the population and let one Ref.

person is infected initially. Assuming that the rate of decreas® (9f or the rate of
increase ofl (t), is proportional to the product of the number of susceptible and the

number of infected. We obtain a model

ds dl
—=-p9 ,—=-p9
i P Th

SinceS(0) isn andl (0) is one and(t) +1 (t) =N+ 1.we obtain

ds
—==BS(n+1-S
e )

Integrating using the initial conditions

S(t)= n(n+1) © = (n+ :|_)e(n+1)l?t
T n+emus T n+emuA

Sothat

LtS(t)=0, Lt! ¢)=n+1

noo noo

and, ultimately, all persons will be infected.
A modification of above model may be obtain by assuming that a susceptible person can
become infected at a rate proportionalSoand an infected person can recover and

become susceptible again at a rgtesothat we get the model

asS_ dr_ B
P B9 +yl o B -y (2.1)
which gives
S(t) +1(t)=N=S(0)+1 (0)=§,+1,(,# 0) (2.2)

from (2.1) and (2.2)

S (BN -1 =17 =k - AI°

© 2013 Global Journals Inc. (US)
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Integrating, we obtain

I(t)j ¢ (k £0)
B ,B[ekt_l] -1
o
Ref

| Bt+l, a8
Ast - 0 , T
N-pif N >,o:z
10)= 'By .
0 if N<p== =
5

We now discuss the deterministic model taking into account the number of persons~

removed from the population by recovery, immunization, death, hospitalization or by any 7

other means. We make use of the following assumptions [5].

I. The population remains at affixed level N in the time interval under consideration. This

Volume XIII

0

means, of course, that we neglect births, deaths from causes unrelated to the disease

(F

under consideration, immigration and emigration.

rch

I.The rate of change of the susceptible population is proportional to the product of the?

S

number of(S) and the number of members(bf

Frontier Re

[ll. Individuals are removed from the infectious clélgsat the proportional to the size of

5. Qassic Papers in the theory of epidemics.Sge A.G.Mc.Kendrick, Mathematics
applied to medical problems, Roy.Soc.Edinb.,1926.

(1).
Let St), I(t), and R(t) denote the number of individuals in classg,(l),and f
(R),respectively, at time t. It follows immediately form rules (I-11l) tisat), | (t), andR E
(t) satisfies the system of differential equations. 3

ﬁz—rs %

dt

%=r8| -yl (2.3)

|
E— y|
dt
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For some positive constant@and ). The proportionality constamtis called the infection
rate, and the proportionality constgntis called removal rate.

The first two equations of (2.1, 2.2) do not depend on R.Thus,we need only consider the

system of equations.

E=—r8|, Ezrs -yl (2.4) Notcs

For the two unknown functior§(t) andl (t).OnceS (t) andl (t) are known, we can solve
for R (t) form the third equation of (2.3). Alternately, observe &Q%’f)
Thus,
S(t) +1 (t) +R (t) =constant=N
so that R(t)=N-St)-1(t),

the orbits of (2.2) are the solution curves of the first-order equation

a_rS-y __, ¥ (2.5)
a -rS rs

Integrating this differential equation gives
I(S)=I0+SO—S+,0Iog§ (2.6)

whereS, ardl, are the number of susceptible and infectives at the initial tirg and

,o:Z . To analzeth behavior of the curves(2.6),we compu(s) :—1+§ . The gantity
p

—1+§is negative foS> p ,and positive forS< p .Hence,I(S) is an increasing function

of Sfor S< p anda decreasing function & forS> p.Next, observe that (0)=-
andl (§)) =1, > 0.Consequently, there exists a unique pdiwith 0<S, < S, , such
thatl (S,)=0, and 1(S)>0forS, <S<§ . The point(S,,0) is an equilibrium point of

(2.2) since botlg(f and %vanish whenr=0.

Let us see what all this implies about the spread of the disease within the
population. Ad runs fromt,to «, the point §t) ,I(t))travels along the curve (2.4), and
it moves along the curve in the direction of decreasgsince St) decreases

monotonically with time. Consequently, i§ is less than, then I(t) decreases

© 2013 Global Journals Inc. (US)
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morotonically to zero, an&t) decreases monotonically t§, .Thus, if a small group of
infectives |, is inserted into a group of susceptilde, with § < p ,then the disease
will die out rapidly. On the other hand, ; is greater than, thek(t) increases aS{(t)
decreases t@, and it achieves a maximum value wi8mnp . It only starts decreasing
when number of susceptible falls below the threshold valdgom these results we may
draw the following conclusions.

Conclusions I. An epidemic will occur if the number of susceptible in a population =

exceeds the threshold vaIwa:Z.
r

Year

II. The spread of the disease does not stop for lack of a susceptible populati
it stops only for lack of infectives. In particular, some individuals will escape the disease-

altogether.

V Versio

a) Spread of Infection within a Family
What happens when an infectious diseases is introduced into a small family? Wh

1€

is the likelihood of spread within the family? We can answer these questions by carefull);:g

counting the possibilities.

()lll]llk‘

Consider a fixed population and assume that three kinds of individuals in it are defined:\

S8
by a disease: susceptibles,infectives, and removals.Susceptibles can acquire the infection

h

upon effective contact with an infective,infectives have the disease and are capable

d‘{c.\ﬂa

transmitting it, and removals are those who have passed through the disease process but

are no longer susceptible or infective.

Frontier

S- 1-R

cience

=N

indicating that susceptible might become infectives,and invectives might be removed, bu

there is no supply of new susceptible to the processes.

urnal of

There are problems with taking such a simple view of a disease. For example;

there are great variations in the level of susceptibility, infectiousness, and immunity=

b g

C

among individuals in populations. Also, these definitions may depend on stratifying
attributes such as age groups, genetic type or mixing groups, etc, there are many diseases
whose transmission mechanisms are not known, nor how long are latency periods]

between becoming infective and the appearance of symptoms.

© 2013 Global Journals Inc. (US)
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[1I.  CALCULATION OF THE SEVERITY OF AN EPIDEMIC
Suppose that there are smooth functisig, | (t),and R(t)and a small intervah
such thatx,=S(nh), y, =1 (nh), and z, =R(nh). Since the sampling interval h is small,
we must rescala andb

Leta=rh andb=1-ho.Then setting= nh, we have NOteS

S(t+h)=e™Og(t)
I (t+h) =@-ho)l (t)+@1-e™)S()
R(t+h) =R(t) + (L~ (1-ho))I (t)

It follows that

S(t+h)—S(t)= (€™ -1)S(t)~ —rhl (t)S(t)

| (t+h)—1(t)=-hol (t) +(1-e™D)S(t)
~—hal (t) +rhl (t)S(t)

R(t+h) —=R(t)=hol (t)

Dividing these equations by and passing to the limih=0 gives three differential

equations for approximations t), | (t),and R(t) ; which we write as

ﬁz—rIS
dt

OI—I:rIS—JI
dt

drR
—=0l
dt

This system of equations is the continuous-time version of Kermark and Mc Kendrick’'s
model.Incidentally,the calculation just completed gives a neat derivation of the law of
mass action in chemistry in which the rate at which to chemical species ,say having
concentrationsS and ,| interact is proportional to producs! . Thus, the Law of mass
action follows from the binomial distribution of random interactions since the expected

number of interactions occurring in a specified (short) time interval is

(1-q,)S,=(1-e"")S,~rhi S,

© 2013 Global Journals Inc. (US)
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Obwously, this law and the two model derived for epidemics depend on the assumption

that the populations are thoroughly mixing as the process continues

We can solve the differential equations and so determine the severity of an

epidemic.Taking the ratio of the first two equations gives

@z_ rns _ -rS
di rIS—al rS-o
Therefore
d=(Z-1ds
rsS
Integrating this equation gives
| = (%)Iog S-S4C

where ¢ is a constant of integration that is determined by the initial conditions:

C=1,-10gS§,+S,
Typical trajectories

In the infinitesimal sampling process, the threshold level of S* becomes

- (d-b) o
> _(1—ea) (r)

S'is the value ofSfor which %:0 .We see that trajectories starting near but about this

value describe epidemics that end at a comparable distance below this value.Trajectori

that start well aboutS end up nearS=0.However, in each case the final size of the

susceptible populationS (infinity), is where the trajectory meets the=0 axs

Therefore ,solving the equation

s-Dlogs=C
r

(F) Volume XIII Issue V Version I E Year 2013
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S

For its smaller of two roots gives the final size .this is not possible to do in a convenient™

form; however, it is easy to do using a computer. In this way ,we can estimate ari:
<

epidemic’s severity once we have estimated the infectiousaess () and the removal

rate (b or o)

Reairrent diseases. Finally, there are diseases in which removals can eventually becorfié

susceptible again .This is the case for a variety of sexually transmitted diseases, for

example gonorrhea. The flow of such a disease is depicted by the graph

© 2013 Global Journals Inc
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S-1-5S.

Without further discussion, we can write down a model of such a disease:

E:—rSI +0l

dt

dl

—=r9 -0l

dt ' g Notcs

Since | +Sis constant (its derivative is zero), we can reduce these equations to a single
equation.
C=(0-19)1,+5,-9).

We see that ifS :g< l, +S,.thenS — S'in this case! In the other cag- |,+S, and
r

the infection dies out of the population. Whe® - S the disease is epidemic.
Stratification of the population, latency periods of the disease, hidden carriers, seasonal
cycling of contact rates, and many other factors confound the study of epidemics, but the

simple modals derived here provide useful and interesting methods.
IV.  SPREAD OF GONORRHEA IN ANANTAPUR DISTRICT (A CASE STUDY)
Gonorrhea ranks first today among reportable communicable diseases in the United

States. There are more reported cases of gonorrhea every year than the combined totals
for syphilis, measles, mumps, and infectious hepatitis. This painful and dangerous
disease, which is caused by the gonococcus germ, is spread from person to person by
sexual contact. A few days after the infection there is usually itching and burning of the
genital area, particularly while urinating. About the same time a discharge develops
which males will notice, but which females may not notice. Infected women may have no
easily recognizable symptoms, even while the disease does substantial internal damage.
Gororrhea can only be cured by antibiotics (usually penicillin). However, treatment must
be given early if the disease is to be stopped from doing serious damage to the body. If
untreated, gonorrhea can result in blindness, sterility, arthritis, heart failure, and
ultimately, death.

In this section we construct a mathematical model of the spread of gonorrhea. Our work
is greatly simplified by the fact that the incubation period of gonorrhea is very short (3-7

days) compared to the often quite long period of active infectiousness. Thus, we will

© 2013 Global Journals Inc. (US)
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assime in our model that an individual becomes infective immediately after contracting

gonorrhea. In addition, gonorrhea does not confer even partial immunity to those

individuals who have recovered from it. Immediately after recovery, an individual is

again susceptible. Thus, we can split the sexually active and promiscuous portion of the

population into two groups, susceptibles and infectives.cl&}be the total number of

promiscuous malesg,(t) be the total number of promiscuous femalegt)the total
number of infective males, ang(t) the total number of infective females, at time t.

Then, the total numbers of susceptible males and susceptible femate@)ara (t) and

following rules:

. Males infectives are cured at a mferoportional to their total number, and
female infectives are cured at a raieproportional to their total number. The constant
a is larger than a, since infective  males quickly develop painful symptoms and
therefore seek prompt medical attention. Female infectives, on the other hand, ar

usually asymptomatic, and therefore are infectious for much longer periods.

Il. New infectives are added to the male population at abrgt@portional to the
totd number of male susceptibles and female infectives. Similarly, new infectives are
added to the female population at a rdte proportional to the total number of female

susceptibles and male infectives.

IIl. The total numbers of promiscuous males dgmiscuous females remain at
constant levelg, ard c,, respectively.

It follows immediately from rules I-11l that

d
—f:—a1x+bl(c1—x>y

d (4.1)

d
d—f:—azwbz(cz—y)x

If x(t,)and y(t,)are positive, therx(t) ard y(t) are positive for alt >t
If X(t,)is less thanc andy(t,) is less thag, thenx(t) isless tham, and y(t) is less than

c, forall t>t,

© 2013 Global Journals Inc. (US)
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We can show that equation (4.1)

(a) Suppose tha#, a, islessthan b b,c, c, .Then, every solutior(t), y(t) of (4.1) with

0=<x(t,)<c, and 0< y(t,) < c,, approaches the equilibrium solution.

X = bbcc, —aa, y= bbge,-ag,
ab,+bbe, * ab+bbg, N otoe

ast approaches infinity. In other words, the total number of infective males and infective

females will ultimately level off.
Proof: The result can be established by splitting the rectehglg<c, and 0< y<c,

into regions in which both(;—?[( and % have fixed signs. This is a accomplished in the

following manner. Setting((%:Oin equation (4.1), and solving fgras a function ok
gives.

—6|1X+bl(Cl—X)y: 0

bly(cl'x) = aX
—_ axX -
y= = @X
bG-9
Similarly, setting % =0in (4.1)
—a,y+b,x(c,-y)=0
b,x(c, —y) =a,y

=&Y

bz(cz -Y)

sz (Cz -y)= Yy

szcz - szy =ayy
szcz =a,y+ szy

xb,c, = y(@, + xb,)

xb,c, _y
a, +Xb,

_ be

= =@ X
y 2, +xb, @

© 2013 Global Journals Inc. (US)



Observe thatg x ard ¢ x are monotonic increasing functions ®f ¢ x approaches
infinity as x approachesc, ard @ x approachesc, asx approaches infinity. Second,
observe that the curvgs= ¢ x, y =@ X intersect a0, 0)and at(x,, y,) where

X, = bbcc, —aa, = bb,cc,-aa,
N otes ab, +bbc, a,b +bbc,

Third, observe thafs x isincreasing faster thag x atx=0, Snce

(0)=PC2 . &
0)=—22, %
% (0) " e,

Herce, ¢ X lies above forO< x=<x, and lies below g Xx forx,<x=<c,. The point
. I . : tgn)f dy _

(% Y,) is an equilibrium point of (4.1) since bo i1 anda are zero wherx=x, ard

Y=Y

Finally, observe tha% IS positive at any poin{(x,y) alove the curvey=¢ x,ard

dy

negative at any poingx, y) below this curve. Similarly,a IS positive at any poingx, y)

below curvey =@ x, and negative point(x,y) atove this curve. Thus, the curves
y=¢gx,ady=¢g x sdit the rectangleO<x<c¢c and 0<y=<c, into four regions in

which %andﬂ haved fixed sings.

dt
It can be established that any solutioft), y (t) of (4.1) which starts in region | at time
t=t,, will remain in this region for all future timg =t, that and approach the
equilibrium solutionx=x, y=, ast approaches infinity.
Any solutionx (), y (t) of (4.1) which starts in region Il at tinte=t,, will remain in this
region Il for all future time , must approach the equilibrium solutonx, y=1y, ast
approaches infinity.
Any solutionx (t), y (t) of (4.1) which starts in region IV at tinte=t,, will remain in this
region IV for all future time , must approach the equilibrium solutierx, y=1y, ast

approaches infinity.

© 2013 Global Journals Inc. (US)
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We make use of the above mentioned deterministic model to study of severity of

Gonorrhea diseased in Anantapur district during the period of 1995-2003 based on the

data collection from the Head Quarters of Hospital Anantapur during this period.

Year wise male population in Anantapur district and case study of gonorrheal

disease form therecorded data of Government Head Quarters Hospital, Anantapur,

Andhra Pradesh
Table 1

Years Total Male | Total number of Total number | Total number

population promiscuous Males of Infective of Males

Males Cured

19% 1686038 16860.38 7250 6975
19% 1698463 16984.63 5178 4846
1997 1723455 17234.55 6147 5872
1998 1748654 17486.54 3065 2969
199 1798563 17985.63 6598 5985
2000 1810943 18109.43 3657 3465
2001 1859588 18595.88 2713 2285
202 1910464 19104.64 2577 2299
2003 1945084 19450.84 1954 1835

Year wise Female population in Anantapur district and case study of gonorrheal

disease form therecorded data of Government Head Quarters Hospital, Anantapur,

Andhra Pradesh
Table 2
Years Total Female | Total number of | Total number of | Total number
population promiscuous | Infective Females | of Females
Females Cured
19% 1516549 15165.49 3549 3020
19% 1576910 15769.10 1988 1866
1997 1624704 16247.04 1769 1665
1998 1672291 16722.91 1935 1798
199 1695168 16951.68 1701 1595
2000 1755574 17555.74 1278 1152
2001 1780890 17808.90 1356 1265
2002 1801626 18016.26 1093 943
2003 1839792 18397.92 899 844

© 2013 Global Journals Inc. (US)
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MATHEMATICAL MODELING OF GONORRHEAL DISEASE A CASE STUDY WITH REFERENCE TO ANANTAPUR DISTRICT-

ANDHRAPRADESH-INDIA
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Figure 1 - Profileof Infective M aleswith Gonorrheal Disease during the period of 1995-2003
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Figure 2 : Profile of I nfective Females with Gonorrheal Disease during the period of 1995-2003
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V.  DiscussioN
The Study of epidemic is quite interesting and important. When a small group of people
having infected with an epidemic disease is inserted into a large population which is
capable of catching the disease, the question arises what happens as time evolves. Will
the disease die out rapidly or its spreads? How many people will catches is disease? To
answer these questions, we have chosen a mathematical modeling consisting of a system
of differential equations which govern the spread of infected disease within the
population and analyse the behavior of its solution. This approach will lead to the famous
threshold theorem of Epidemiology which states that an epidemic will occur only if the
number of people who are susceptible to the disease exceeds a certain threshold value. In
this paper, we discussed the spread of Gonorrheal disease among males and females in
Anantapur District during the period 1995-2003, based on the recorded data available in
Gowernment Head Quarters Hospital Anantapur. As already stated, we assume in our
model that an individual become infective immediately after contacting the Gonorrhea.
The proportional rates,, a, ard b, and b, are quite difficult to evaluate. However, we
have made the crude estimate of these proportional constants based on available data. It is

interesting note that conditioma, <bh,cc, is satisfied by the said constants. This

© 2013 Global Journals Inc. (US)
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cordition is equivalent th< (bﬁj ( ] The expressmrEblClj can be interpreted as
& a

the average number of males that one female infective contact during her infectious

period, if every male is susceptible. Similarly the expres%%g%] can be interpreted as
a

the average number of females that one male infective contact during his infectious

o

201

period, if every female is susceptible. These qua(t%g&] and [bzaf ] are called the
maximal female and male contacts rates. In view of the fact that this product of maximaE
male and female contact rates is greater than one, we may conclude that the solutiorﬂ
the mathematical model approaches the equilibrium solution and the Gonorrheal disease
will approach a non zero steady state in course of time. This equilibrium solution aIscE
implies that the total number of infective males and infective females will uItimater -

level off, and from Fig (3) the point of the equilibrium approximately gixgsnfective

XIII Issue

males) =260,y, (Infective females) =266. We may conclude that this Epidemic disease:<
does not die out but ultimately approach a steady state with reference to its severit_y

among the population of Anantapur District.

(F) Vo
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