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Semi-Invariant Submanifolds of Nearly
Hyperbolic Cosymplectic Manifold

Mobin Ahmad*® & Kashif Ali °

Abstract - We consider a nearly hyperbolic cosymplectic manifold and study semi-invariant submanifolds of a nearly
hyperbolic cosymplectic manifold. We also study parallel distributions on nearly hyperbolic cosymplectic manifold and
find the integrability conditions of some distributions on nearly hyperbolic cosymplectic manifold.

Keywords and phrases . semi-invariant submanifolds, nearly hyperbolic cosymplectic manifold, intrgrability
conditions, parallel distribution.

[.  INTRODUCTION

The notion of CR-submanifolds of a Kaehler manifold as generalization of
invariant and anti-invariant submanifolds was initiated by A. Bejancu in [7]. A semi-
invariant submanifold is the extension of the concept of a CR-submanifold of a Kaehler
manifold to submanifolds of almost contact manifolds. The study of Semiinvariant
submanifolds of Sasakian manifolds was initiated by Bejancu-Papaghuic in [9]. The same
concept was studied under the name contact CR-submanifold by Yano-Kon in [16] and K.
Matsumoto in [14]. The study of semi-invariant submanifolds in almost contact manifold
was enriched by several geometers (see, [1], [2], [3], [4], [5], [6], [11], [14]). On the other

hand, almost hyperbolic (f, g,7,§)-structure was defined and studied by Upadhyay and
Dube in [15]. Joshi and Dube studied semi-invariant submanifolds of an almost r-contact
hyperbolic metric manifolds in [12]. In this paper, we study semi-invariant submanifolds
of a nearly hyperbolic cosymplectic manifold.

II.  PRELIMINARIES

Let M be an n-dimensional almost hyperbolic contact metric manifold with almost
hyperbolic contact metric structure-(¢, &,7, g), where a tensor ¢ of type (1,1), a vector
field &, called structure vector field and n, the dual I-form of ¢ satisfying the followings

¢*X =X +n(X)$, (2.1)
9X, &) =n(),n) = -1, (2.2)
(&) =0, nop =0, (2.3)
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9(@X,9Y) = —g(X,Y) = n(X)n(¥) (2.4)
for any X,Y tangent to M [15]. In this case
9(@X,Y) = —g(¢Y, X). (2.5)

An almost hyperbolic contact metric manifold with almost hyperbolic contact
metric structure-(¢, &, 7, g) is said to be nearly hyperbolic cosymplectic manifold [10] if
(Vx®)Y + ¢(VyX) = 0, (2.6)
for all X,Y tangent to M.
The Nijenhuis tensor N(X,Y) of a nearly hyperbolic cosymplectic manifold M is defined as

NX,Y) = (Vd)Xd))Y - (V¢Y¢)X —o(Vxd)Y + ¢(Vyp)X (2.8)

forany X,Y € TM.
From (2.6), we have

(Vox®)Y = —(Ty)opX. (2.9)
Also, we have
(Vyd)pX = (Vym)(X)E + d(Vyp)X. (2.10)
From (2.9) and (2.10), we get
(Vox®)Y = (Vym)(XE + p(Typ)X. (2.11)
Using (2.11) in (2.8), we get
N(X,Y) =4¢p(Vyp)X + 2g(pX,Y)E (2.12)

forX,Y € TM.

The paper is organized as follows. In section 2, we give a brief  description of
nearly hyperbolic cosymplectic manifold. In section 3, we study some properties semi-
invariant submanifolds of a nearly hyperbolic cosymplectic manifold. In section 4, we
discuss the integrability conditions of some distributions on nearly hyperbolic cosymplectic
manifold. In section 5, we study parallel horizontal distribution on nearly hyperbolic
Kenmotsu manifold.

[II.  SEMI-INVARIANT SUBMANIFOLDS

Let M be a submanifold immersed in M. We assume that the vector field & is
tangent to M. Denote by {é} the 1-dimensional distribution spanned by é on M. Then M
is called a semi-invariant submanifold [8] of M if there exist two differentiable
distributions D and D+ on M satisfying.

1 = , where D, an are mutually orthogonal to each other.
(i) TM = D®D*®{&}, where D, D* and {¢} lly orthogonal h oth
(ii) The distribution D is invariant by ¢, that is, ¢Dy = Dy for each XeM,

(iii) The distribution D* is anti-invariant by ¢,that is, ¢Dg < TyM* for each XeM,
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Notes

where TM and T*M be the Lie algebra of vector fields tangential to M and normal to M
respectively. Let the Riemannian metric induced on M is denoted by the same symbol g

and V be the induced Levi-Civita connection on M, then the Gauss and Weingarten
formulas are given respectively by

VY = V¥ + h(X,Y), (3.1)
VyN = —AyX + V4N (3.2)

for any X,Y € TM and N € T*M, where V* is a connection on the normal bundle T+ M, h
is the second fundamental form and Ay is the Weingarten map associated with N as

g(AyX,Y) = g(h(X,Y),N) (3.3)
foranyx € M and X € T,M. We write
X =PX +QX, (3.4)

where PX € D and QX € D*.
Similarly, for N normal to M we have

¢N = BN + CN, (3.5)

where BN (resp.CN) is the tangential component (resp.normal component) of @N.

Lemma 3.1. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic
manifold M, then

2(Vxp)Y = Vx@Y — VypX + h(X,¢Y) — h(Y, ¢X) — ¢[X,Y]
forall X,Y € D.
Proof. By Gauss formula (3.1), we have

VyY = VX = VypY — VypX + h(X,pY) — h(Y, pX) — ¢p[X,Y]. (3.6)
Also, by covariant differentiation we get
VxpY —VypX = (Vxd)Y — (Vy )X + ¢[X,Y]. (3.7)
From (3.6) and (3.7), we obtain
(Vx )Y — (Vyp)X = VxdY — VydX + h(X, ¢Y) — h(Y, $X) — ¢[X,Y]. (3.8)
Adding (2.6) and (3.8), we get
2(Vx @)Y = Vy @Y — Vy¢pX + h(X, ¢Y) — h(Y, 9X) — ¢[X, Y]

forall X,Y € D.

Hence Lemma is proved.
Lemma 3.2. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic
manifold M, then
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2(Tx @)Y = AyxY — Apy X + VEQY — VX — p[X, Y]

forall X,Y € D*.
Proof. By Weingarten formula (3.2), we have

forany X,Y € D*.

Also, by covariant differentiation, we have
VoY —VypX = (V)Y — (Vy )X + ¢[X,Y].
From (3.9) and (3.10), we get
(Vx @)Y — (Vyd)X = AyxY — AyyX + VY — VydX — ¢[X,Y].
Adding (2.6) and (311), we get
2(Vx @)Y = AyxY — AypyX + Vi @Y — Vi X — ¢[X, Y]

forall X,Y € D*.

Hence Lemma is proved.

(3.9)

(3.10)

(3.11)

Lemma 3.3. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic

manifold M. Then

2(Vx @)Y = —ApyX + Vx Y — VydpX — h(Y, pX) — ¢[X,Y]
forallX € DandY € D*.
Proof. Using Gauss and Weingarten formulas, we have

V@Y — VypX = —AyyX + VY — VypX — h(Y, pX).
Also, by covariant differentiation, we have
VY —Vy¢pX = (Vxp)Y — (Vy )X + ¢[X,Y].
From (3.12) and (3.13), we get
(Vxd)Y — (Vyd)X = —AyyX + VxpY — VypX — h(Y, pX) — ¢[X,Y].

Adding (2.6) and (3.14), we obtain

2(Vx @)Y = —ApyX + Vy Y — VydpX — h(Y, pX) — ¢[X,Y]

forallX € DandY € D*.

Hence Lemma is proved.

© 2013 Global Journals Inc. (US)
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Lemma 3.4. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic
manifold M. Then

P(Vy$PY) + P(VypPX) — PAygy X — PAsoxY = dP(VyY) + $pP(VyX), (3.15)
Q(VydPY) + Q(VypPX) — QAyoyX — QAgoxY = 2Bh(X,Y), (3.16)

Notes h(Y,pPX) + h(X, pPY) + VxdQY + Vy $pQX = —2n(Y)pQX — 2n(X)pQY + ¢Q(VxY)
+¢Q(VyX) + 2Ch(X,Y), (3.17)

n(VxdPY) + n(Vy$pPX) —n(AporX) —n(ApoxY) =0 (3.18)
forany X,Y € TM.

Proof. Differentiating (3.4) covariantly and using (3.1) and (3.2), we get

VydpX = (Vyd)X + ¢(VyX) + Ph(X,Y).
Also,

Vy$X = PVydPY + QVydPX + (VydPX)E + h(Y, $PX) + V5 ox Y
—PAyoxY = QAgqxY — n(AgoxY)E.

Thus, we have
(Vyd)X + ¢ (VyX) + ph(X,Y) = PVxpPY + QVypPX + n(VypPX)E
+h(Y, 9PX) + VioxY — PAgoxY — QApoxY — n(ApoxY)E. (3.19)
Interchanging X and Y, we have
(Vx®)Y + ¢(VxY) + dh(Y,X) = PVypPX + QVxdPY + 1n(VxpPY)E
+h(X, pPY) + Vioy X — PAsorX — QApor X — n(AporX)E. (3.20)
Adding (3.19) and (3.20), we have
(Vyd)Y + (Vy )X + ¢(Vy X) + ¢(VyY) + 2¢h(X,Y) = PVypPY + PV, pPX
+QVypPX + QVypPY + n(VypPX)E + n(VxpPY)E + h(Y, pPX) + h(X, $PY)
+VioxY + ViorX — PAgoxY — PAgorX — QApoxY — QAgorX —n(ApoxY)E

—n(AporX)E. (3.21)

By virtue of (2.6) and (3.21), we obtain
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PP (VyX) + GP(VyY) + pQVyX + pQVyY + 2Bh(X,Y) + 2Ch(X,Y) = PVypPX
+PVydPY + QVy pPX + QVydPY + n(Vy pPX)E + (VydPY)E + h(Y, pPX)
+h(X, PPY) + Vi oxY + VioyX — PAsoxY — PAsorX — QApoxY — QAgsorX

—1(Agox¥)é = n(AporX)S.

Comparing horizontal, vertical and normal components we get the desired result.

Hence the Lemma is proved.

Definition 3.5. The horizontal distribution D is said to be parallel [10] on MifVyY € D for
all vector field X,Y € D.

Theorem 3.6. Let M be a semi-invariant submanifoldof a nearly hyperbolic cosymplectic
manifold M. If the horizontal distribution D is parallel, then

h(X, ¢Y) = h(Y, $X)
forall X,Y € D.
Proof. Let X,Y € D and D is parallel then Vy¢Y € D and Vy¢pX € D. From (3.12), we have
h(Y, pX) + h(X, ¢Y) = 2¢h(X,Y). (3.22)
Replacing X by ¢X in (3.22) and using (2.1), we get
h(Y,X) + h(¢X, pY) = 2¢h($X,Y). (3.23)

Again replacing Y by ¢Y in (3.22) and using (2.1), we get

h(pY, ¢X) + h(X,Y) = 2¢h(X, pY). (3.24)
By virtue of (3.23) and (3.24), we have
Ph(@X,Y) = ph(X, ¢Y). (3.25)

Operating ¢ on both sides of (3.25), we get
h(¢X,Y) = h(X, ¢Y).

Hence the theorem is proved.

Definition 3.7. A semi-invariant submanifold is said to be mixed totally geodesic [§]
if h(X,Y) =0 forall X € Dand Y € D*.

Theorem 3.8. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic
manifold M. Then M is a mixed totally geodesic if and only if Ayy € D for all X € D.

Proof. Let Ayy € D forall X € D.

Now, g(h(X,Y),N)=g(Ayx,Y) =0 forY € D!, which is equivalent to h(X,Y) =0.
Hence M is totally mixed geodesic.

Conversely, Let M is totally mixed geodesic, that is h(X,Y) = 0 for X € D and Y € D*.

© 2013 Global Journals Inc. (US)
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Now, g(h(X,Y),N) = g(Ayx,Y) gives that g(Ayx,Y) = 0. Consequently, we

have Ayy € D for all Y € DL.
Hence the theorem is proved.

V. INTEGRABILITY CONDITIONS FOR DISTRIBUTIONS

Theorem 4.1. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic

manifold M. Then the distribution D@®(¢) is integrable if
h($X,Z) + h(dZ,X) = 0

forany X,Y,Z € D).

Proof. The torsion tensor S(X,Y) of an almost contact structure (¢, &,n,g)

Using Gauss formula in (2.12), we have

NX,Y) = 4¢(Vy0X — ¢Vy X — ph(Y,X) + h(Y, $X)).

If D(¢) is integrable, then N(X,Y) = 0. Hence

APpVydX — AVy X — 4n(VyX)E — 4h(Y, X) + 4¢h(Y, $X) = 0.

Comparing normal parts from both sides of (4.3), we get
$Q(VypX) — h(Y,X) = Ch(Y, $pX) = 0.
Replacing Y by ¢Z,Z € D in (4.4), we have

¢Q(Vy,dX) — h(¢Z,X) + Ch(¢Y, pX) = 0.

Interchanging X and Z in (4.5), we obtain

?Q(VyxpZ) — h($X, Z) + Ch(¢pX, ¢pY) = 0.

Subtracting (4.6) from (4.5), we get

PQLPX, pZ] — h(¢X,Z) + h($pZ,X) = 0.

Since D@(&) is integrable so that [¢pX, pZ] € DD(E) for X,Z € D.
Consequently (4.7) gives

h(¢pX,Z) + h(¢pZ,X) = 0.

Hence the theorem is proved.

Proposition 4.2. Let M be a semi-invariant submanifold of a nearly hyperbolic cosy

mplectic manifold M. Then

foranyY,Z € D*.

© 2013 Global Journals Inc
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Proof. Let X € y(M) and Y,Z € D*. From (3.1) and (3.2), we have

29(442Y,X) = g(h(Y,X),¢Z) + g(h(X,Y), pZ).

Using (3.3) and (3.1), we get

29(ApzY.X) = —g(VydX,2) — g(Vx Y, Z) + g((Vy )X + (Vx )Y, Z).

Using (2.6) in above equation, we have

29(A42Y,X) = —g(@VyZ,X) + g(AyyZ,X). (4.8)
Transvecting X from both sides of (4.8), we have
Interchanging Yand Z, we have

Subtracting above two equations, we get
1

Comparing the tangential parts from both sides of above equation, we get

1
ApzY — ApyZ = S 9PIY, Z], (4.9)

where [Y, Z] is Lie bracket.
Hence the proposition is proved.

Theorem 4.3. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic
manifold M.Then the distribution D' is integrable if and only if

ApyZ — Agz¥ =0 (4.10)
forallY,Z € D*.

Proof. Suppose that the distribution D* is integrable. Then [Y,Z] € D* for anyY,Z € D*.
Therefore, P[Y,Z] = 0. From (4.9), we get

Conversely, let (4.10) holds good. Then by virtue of (4.9), we get

¢PlY,Z] =0

forallY,Z € D*. Since rank ¢ = 2n, therefore, either P[Y,Z] = 0 or P[Y,Z] = ké.
But P[Y,Z] = ké is not possible as P being a projection operator on D. Hence P[Y,Z] = 0.

This implies that [Y,Z] € D! for all Z € D*. Thus D! is integrable.
Hence the theorem is proved.

© 2013 Global Journals Inc. (US)
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