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It is a common knowledge in Mathematics that Laplace transformation is 

about converting any time-dependent function, f(t), to a complex domain function, 

F(s), (where s = σ + jw) (Ogata, 2010) and vice-versa.  Also, it is equally known in 

Mathematics that Fourier transformation is about converting a time-dependent 

function, f(t), to a frequency-dependent function, F(w), and vice-versa.  Mathematical 

expressions representing these two statements are given by: 

         ∞   
         

-stF(s) =          e     f(t)  dt  (1) 

(Stephenson, 2011, 2nd ed.) 
o    (Equation for Laplace transformation). 
∫

© 2013   Global Journals Inc.  (US)
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The Development of Discrete Version of Laplace Transformation (Sigma (σ) Transformation) Obtained 
from the Relationship between Laplace and Fourier Transformations

   

    
1
              σ+  jwt  

F(t) = ℒ-1  F(s) = 2πest      F(s)  ds    (2)

              σ  jw                                  (Stephenson, 2011, 2nd ed.) ∫
         ∞  
            

-jwtF(jw) =     e         f(t) dt     (3) 

(Gabel, 2010) 

         -∞    (Equation for Fourier transformation). 

             1     ∞          
jwtF(t) =  ℒ-1 F(jw) =  2π        F(jw)e       dw   (4)

              -∞     (Gabel, 2010) 

 (Equation for inverse Fourier transformation). 

 Taking a hard look at those four (4) equations, one would have some 

impressions that there are some relationships between Laplace and Fourier 

transformations which have not yet been explored.  This paper attempts to uncover, 

link and exploit such relationships. 

Looking at equations (1) and (3), it will immediately be noticed that Fourier 

transformation, F(jw), is a special case of Laplace transformation F(s), when S = jw, 

covering the entire time spectrum -∞ to +∞.  (Recall that in the complex plane,         

S = σ + jw.  Hence when the real component σ = 0, S = 0 + jw, and F(s) = F(jw)).  

This is demonstrated below: 

Refer to equation (1), 

         ∞  
            

-stF(s) =     e         f(t)  dt       (Eqn. (1) recalled).

        -∞    

∫

∫
∫

II. Establishing a Relationship Between Laplace and Fourier

Transformation
       

          0  

But S = σ + jw 

           ∞   
      

: . F(σ + jw) =          e          f(t)  dt     
 (5)∫ �(σ+ jw)t

 (Equation for inverse Laplace transformation). 

Notes
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from the Relationship between Laplace and Fourier Transformations

 If σ = 0, equation (5) becomes: 

  ∞   
    

-jwtF(jw) =        e            f(t)  dt      (6)(a)

                     0

Equation (6)(a) is a one-sided Fourier transformation in the right half of the time axis.  

Equation (3) equally expresses Fourier transformation but across the entire time axis 

(-∞ to +∞).  It can hence be confirmed that Fourier transformation is a special case 

of Laplace transformation when σ = 0.  Now, if in equation (5),  

      ∞
jw = 0, F(σ) =     e �(σ)t  f(t) dt      (6)(b). 

    0

It should be noted that equation (6)(b) does not represent Laplace transformation.  

Hence, the reverse of how equation (6)(a) was obtained is not true.  This will further 

be explained later. 

 If σ and jw are linearly-related, and the law of linearity applied to equation 

(5), F(σ+ jw) in equation (5) becomes: 

F(s) = F(σ + jw) = F(σ) + F(jw) (Kreyszig, 2005)   (7)

∫

∫

III. The Law of Linearity Applied to Laplace and Fourier 

Transformations

∞
But from (5),                  F(σ + jw)  =       e� (σ+ jw)t  f(t)  dt     (eqn. (5) recalled). 

            0
     

           ∞  

:. F(σ) + F(jw)  =       e  
-(σ + jw)

 f(t)  dt      (8)

          0

Also, from equation (3),  

       
∞

  
F(jw)  =     e -jwt  f(t) dt     (eqn. (3) recalled)

     -∞   

∫
∫

∫
© 2013   Global Journals Inc.  (US)
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The Development of Discrete Version of Laplace Transformation (Sigma (σ) Transformation) Obtained 
from the Relationship between Laplace and Fourier Transformations

Substituting equation (3) in (8), we have: 

    ∞        ∞   

F(σ) +  e -jwt f(t) dt=         e  -(σ  +  jw)t  f(t)  dt  (9) 

-∞                     0

Equation (9) then becomes: 

      ∞             0              ∞

F(σ) +      e -jwt f(t) dt  +    e - jwt f(t)dt   =      e
-(σ + jw)t

 f(t) dt 

0                   ∞                       0

       ∞                   ∞           0  

: . F(σ) =     e  -(σ +  jw)t  f(t)  dt    -     e-  jwt  f(t)  dt-     e-jw f(t)  dt  

       0                               0                     -∞

       ∞                          ∞         0  

F(σ) =         e  -(σ +  jw)t  f(t) dt   -    e- jwt f(t) dt -     e -jwt  f(t)  dt  

       0                              0                        -∞

       ∞                          ∞   0  

F(σ)     =     e -(σ +  jw)t  f(t) dt  -      e- jwt f(t) dt +     e-jwt f(t) dt  

       

0                              0                     -∞
   

∫∫

∫ ∫ ∫
∫ ∫ ∫
∫ ∫ ∫
∫ ∫ ∫

        ∞   

F(σ)   =     e 
-(σ + jw)t

 f(t) dt  -   | ½F(jw)| + | ½F(jw) |  (Ejimanya, 2005). 

       0   

        ∞   

F(σ)    =     e 
-(σ + jw)t

 f(t) �F(jw)  

       0

F(σ )  =   F(S) �  F(jw)  

Equation (10) goes to prove the linearity property of the complex spectrum, 

s(=σ+ jw) earlier postulated in equation (7), on which Laplace transformation is 

based. 

However, it is pertinent to mention here that Laplace transformation is 

expressed by F(s), not F(σ).  What then does F(σ) signify? 

∫
∫

Notes

 (10) 
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from the Relationship between Laplace and Fourier Transformations

 The expression F(σ) can be viewed as the real axis component of Laplace 

transformation while F(jw) (Fourier transformation), can be viewed as the imaginary 

component of Laplace transformation.  This implies that F(σ) and F(jw) are 

complementary to each other to produce F(σ).  Hence making use of equation (10), a 

table could be developed for F(σ) from the knowledge of F(s) and F(jw). 

 Now, given a function F(t), its F(s) and F(jw) can be determined or obtained 

from tables.  A difference of that, that is F(s) � F(jw) will give F(σ) which is the real 

axis component of Laplace transformation of the given expression.  It should be noted 

that as at today, a table of F(σ) does not exist. 

IV. The Significance of F(σ) 

 As earlier mentioned above, it would strike readers compulsively that Fourier 

transformation, F(jw) of any function, is the imaginary component of Laplace 

transformation because it can be obtained by setting σ = 0 in s = σ + jw as earlier 

discussed.  Fortunately, this has been developed and presented in tables as Fourier 

transformation.  However, by setting jw = 0 in s = σ + jw, the tables for the resulting 

expression, F(s) = F(σ + 0) = F(σ), has never been developed nor interpretation given 

to its meaning. 

 A word of caution in Laplace transformation: One may argue that the claim 

that F(σ) has never been developed is not true.  That is, the individual could express 

F(σ) as: 

        ∞   

F(σ)    =     e �σt  f(t) dt    (11) (Nagrath et al., 2009 2nd ed.) 

       0
∫

It should be noted that equation (11)does not express Laplace transformation.  The right 

hand side of equation (11) only resembles Laplace transformation.  Reason: The right 

hand side of any Laplace transformation MUST contain e-st.  It should be noted that e-σt

in equation (11) is not the same as e-st.  In every Laplace expression, the �s� component 

(signifying a complex spectrum: s = σ + jw), must be there, otherwise it is not Laplace 

transformation. 

© 2013   Global Journals Inc.  (US)

Notes



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© 2013   Global Journals Inc.  (US)

52

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

X
II

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

III
Y
ea

r
  

20
13

  
  

 
F

)

)

The Development of Discrete Version of Laplace Transformation (Sigma (σ) Transformation) Obtained 
from the Relationship between Laplace and Fourier Transformations

 As already mentioned above, F(σ) signifies the real axis component of Laplace 

expression.  It has been shown in equation (10) that this component can be obtained from 

V. Applications of F(σ) 

the expression F(σ) = F(s) � F(jw).  It will not be mathematically true that F(σ) for any 

function can be obtained from a Laplace transformation of that function simply by setting 

jw = 0.  The reason for this claim is that Laplace transformation of a function has an �s� 

(a complex function given by s = σ + jw), embedded in it.  The �s� is usually applied in 

all the processes of obtaining the final result of F(s).  It will therefore be mathematically 

untrue to go to the final expression of any Laplace transformation expression and simply 

put jw = 0, obtain an expression, and claim that expression to represent F(σ). 

The following example will justify this argument: 

Let�s take a function f(t) = te
-at. 

From Laplace tables, the Laplace transform, F(s) of that function is  

F(s) =       1    
2

=      1        (Distefanno III, et al (12)

  s  +  a         (s + a)2

Also, from Fourier tables, the Fourier transform F(jw) of that function is  

F(jw) =       1      
2
         =   1      

   jw + a        (a + jw)2   (Distefanno III et al., 2009)  (13)

Bye-the-way, equation (13) goes to confirm the earlier postulation made in equation 

(6) that F(jw) is a special case of Laplace transformation when σ is set to zero, that is 

when σ = 0. 

Now, back to the argument.  In equation (12), it is known that s = σ + jw.  

Hence 

F(s) = F (σ + jw) =
    1 

=
     1    

           (s + a)2       [(σ + jw) + a]2

=
               1   (14)

      [(σ + a) + jw]2

Machine -

If jw is set to zero in both sides of equation (14) in order to determine F(σ), we will 

obtain: 

F(σ )   =   
 (15)  (σ + a)2

Notes

., 2009) 

  1      
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from the Relationship between Laplace and Fourier Transformations

Now, let�s carry out the operation in equation (10), that is F (σ) = F(s) � F(jw) on the 

same function, f(t) = te-at. 

 From Laplace transform tables, F(s) for that expression  =   1      , 
              (s + a)2 

(already stated in equation (12)).  Also, from Fourier transform tables,  

F(jw) =      1       , (equally stated in equation (13). 
   (a + jw) 

From equation (10), 

F(σ)  =     F(s) 

 =         1   -         1    (16)

  (s + a)2      (a + jw) 

Substituting for s = σ

 
1             -        1           

(σ + jw + a)2
   (a + jw)2

(a + jw)2
� (σ + jw + a)2

  (σ + jw + a)2 (a + jw)2

(a2 + 2jwa � w2) � [(σ + a) + jw]2

         [(σ + a) + jw]2 [a + jw]

 [(a2
� w2) + j (2wa)] � [(σ + a)2 + 2jw(σ + a) + w2]

   [(σ + a) + jw]2 [a + jw]

  (a2
� w2 + j2wa) � [(σ 2 + 2σa + a2) + 2jwσ + 2jwa + w2]

   [(σ + a) + jw]2 [a + jw]2

 a2
� w2 + j 2wa - σ 2

� 2σa � a2
� 2jwσ � 2jwa � w2

  [(σ + a) + jw]2 (a + jw)

  -w2 - σ2
� 2σa � 2jwσ � w2

        [(σ + a) + jw]2 [a + jw]

  -[2w2 + σ (σ + 2a)] � j2σw

        [(σ + a) + jw]2 [a + jw]2

© 2013   Global Journals Inc.  (US)
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But along the real axis, w = 0. 

:. F(s) = F(σ + jw) = F(σ) =   -σ(σ + 2a)  (17)

              (σ + a)2 (a)2

 It can be seen that the RHS of equation (17) and that of (15) are not the same.  

Equation (17) was obtained from first principles whereas (15) was not. 

 Similar procedure can be applied to develop what the author chooses to call 

�sigma (σ) transformation�, which could otherwise be called �Real axis translation of 

Laplace transformation, F(s).�  From such approach, a comprehensive table, like 

Laplace and Fourier tables, could be developed for sigma (σ) transformation, F(σ), 

by considering various f(t)�s and their respective F(s) and F(jw). 

 Sigma (σ) has values through the entire spectrum of real numbers, that is from 

�∞ to +∞.  The value for �a� can be obtained from a given expression, such as f(t) = 

te-at.  In the expression f(t) = te-at, if a = 2, for instance, f(t) = te-2t.  At a point along 

the real axis, say σ= 3, using equation (17), we have: 

F(σ) = F(3) = -3(3 + 2(2) =   -21
  (3 + 2)2 (2)2    100  

F(3)    =  -21  ,   
     100  

can be interpreted as the �Discrete Laplace transformation� of the expression, f(t) = 

te-2t at a point σ = 3 along the real axis. 

 The development of Discrete Laplace transformation, as presented, may not 

have applications now but since Science and Technology are continuously 

developing, it is likely to have in the near future. 

 Fourier transformation, F(jw), is frequency transformation of a continuous �

time signal, f(t).  Also, it will be recalled that ƶ-transformation, by formulation and 

definition, is a discrete transformation process applied to discrete events.  The ƶ-

transformation expression is given by: 

VI. Discussion

Notes
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   ∞
 F(z) =  Σ  f(k)  ƶ-k  (Ogata,  2009)   (18)

   k=0  

 where ƶ is defined by ƶ = e-ST. 

 A very similar analogy here is that just as the Laplace transformation is the 

transformation of a time-based signal to the complex (s) plane, the sigma (σ) 

transformation shall one day provide information about the discrete components of 

Laplace transformation along the real axis. 

 Knowledge in all spheres of human endeavour, including Science and 

Technology, is evolving day by day.  In this particular adventure into the intricacies 

and properties of Laplace and Fourier transformations, a new expression has been 

VII. Conclusion

established through the relationship between the two; the sigma (σ) transformation.  

It is hoped that sooner or later, this new expression shall be put to use in Science, 

Engineering  and Technology for the benefit of mankind. 

Disteffano III, J. J. et al. (2009), �Feedback and Control Systems,� Schaum�s Outline 

Series.  McGraw Hill Book Company, New York, USA (pp. 361 � 362). 

Ejimanya, J. I. (2005), �Communication Electronics,� Prints Konsult, Lagos, Nigeria, 

(pp. 126 � 132). 

Gabel, R. A. et al. (2010), �Signals & Linear Systems,� New York, USA (pp. 296 �

326). 

Kreyszig, E. (2005), �Advanced Engineering Mathematics,� John Wiley & Sons, 

Toronto, Canada, (pp. 65 � 66). 

Nagrath, I. J. et al. (2009, 2nd ed.), �Control Systems Engineering,� Wiley Eastern 

Ltd., New Delhi, India, (pp. 677 � 678). 

Ogata, K. (2009), �Discrete-Time Control systems,� Prentice Hall, Englewoods 

Cliffs, New Jersey, 07632, USA, (pp. 24 � 39). 

Ogata, K. (2010), �Modern Control Engineering, 2nd ed.�, Prentice Hall, Simon & 

Schuster Ltd., Alexandra, Block A, PasirPangjang Road, Singapore, (p. 13). 

Stephen, G. (2011, 2nd ed.), �Mathematical Methods for Science Students,� English 

Language Book Society, Longman, England, (pp. 449 � 450). 

References Références Referencias

1.

2.

3.

4.

5.

6.

7.

8.

© 2013   Global Journals Inc.  (US)

Notes


	The Development of Discrete Version of LaplaceTransformation (Sigma (σ) Transformation) Obtained from the Relationship between Laplace and Fourier Transformations
	Author

	Keywords
	I. Introduction
	II. Establishing a Relationship Between Laplace and Fourier Transformation
	III. The Law of Linearity Applied to Laplace and Fourier Transformations
	IV. The Significance of F(σ)
	V. Applications of F(σ)
	VI. Discussion
	VII. Conclusion
	References Références Referencias

