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The Development of Discrete Version of
Laplace Transformation (Sigma (o)
Transformation) Obtained from the

Relationship between Laplace and Fourier
Transformations

Dr. Umana Thompson Itaketo

Abstract - The relationships between Laplace and Fourier transformations are studied very closely. It is observed that
Fourier transformation can be obtained from Laplace transformation but the reverse is not true. Based on this, a generic
mathematical analysis leads to an expression relating Laplace transformation to Fourier transformation. Further
mathematical analysis from that expression leads to something quite new: The Discrete Version of Laplace
transformation, which the author calls sigma (¢ ) transformation.

Keywords . laplace transformation, fourier transformation, relationships, analysis, discrete, sigma (o)
transformation.

I.  INTRODUCTION
It is a common knowledge in Mathematics that Laplace transformation is
about converting any time-dependent function, f(t), to a complex domain function,
F(s), (where s= o + jw) (Ogata, 2010) and vice-versa. Also, it is equally known in
Mathematics that Fourier transformation is about converting a time-dependent

function, f(t), to a frequency-dependent function, F(w), and vice-versa. Mathematical

expressions representing these two statements are given by:

[0 ¢]
Fo = [eSt ) dt (1)
(Stephenson, 2011, 2nd ed.)
o (Equation for Laplace transformation).
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o+ jwt

. 1
F(t)= £ F(9) = 52 |F(9 ds )
ojw (Stephenson, 2011, 2nd ed.)
(Equation for inverse Laplace transformation).
o0
Fiw) = | Wl ot 3)
(Gabel, 2010)
00 (Equation for Fourier transformation).
1 o0
FO) = L1Fjw) = 2| Fiw)eWiaw (4)
-00 (Gabel, 2010)

(Equation for inverse Fourier transformation).

Taking a hard look at those four (4) equations, one would have some
impressions that there are some relationships between Laplace and Fourier
transformations which have not yet been explored. This paper attempts to uncover,

link and exploit such relationships.

I1. ESTABLISHING A RELATIONSHIP BETWEEN LAPLACE AND FOURIER
TRANSFORMATION

Looking at equations (1) and (3), it will immediately be noticed that Fourier
transformation, F(jw), is a special case of Laplace transformation F(s), when S = jw,
covering the entire time spectrum -co to +oo. (Recall that in the complex plane,
S= 0 +jw. Hence when the real component 0 =0, S= 0 + jw, and F(s) = F(jw)).

Thisis demonstrated below:

Refer to equation (1),
o0
F(s) = [eStf(t) dt (Eqn. (1) recalled).
-0
ButS=0+jw
(0.¢]

L F(o+jw) = [e O o
(0 +jw)= [e " 1y )

0
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If o =0, equation (5) becomes.
o0

Fiw) = [edWfdt (6)(a)

0
Equation (6)(a) is aone-sided Fourier transformation in the right half of the time axis.
Equation (3) equally expresses Fourier transformation but across the entire time axis
(o0 to +00). It can hence be confirmed that Fourier transformation is a special case
of Laplace transformation when o = 0. Now, if in equation (5),
00
jw=0,F(0) = [ e @ @) dt (6)(b).
0

It should be noted that equation (6)(b) does not represent Laplace transformation.
Hence, the reverse of how equation (6)(a) was obtained is not true. This will further

be explained | ater.
I1I.  THE LAW OF LINEARITY APPLIED TO LAPLACE AND FOURIER
TRANSFORMATIONS

If o and jw are linearly-related, and the law of linearity applied to equation
(5), F(o+ jw) in equation (5) becomes:

F(s) = F(o + jw) = F(0) + F(jw) (Kreyszig, 2005) (7)

But from (5), F(o+jw) = [ e @™ 1) (eqn. (5) recalled).
0

- F(o) + FGw) = | € (t) dt (8)
0

Also, from eguation (3),

Fiw) = | e™™ f() dt (eqn. (3) recalled)

-0
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Substituting equation (3) in (8), we have:

o0 o0
Fo) + | e () dt= |e " ) dt (9)

-00 0

Equation (9) then becomes:

O (o]
Fo)+| [e™f)ydt +|e™ fydt |= | e " 1) o
0
00 0
=) f Wty dt - | €™M f() dt- | e H(t) ot
0 -00
00 0
F(o) = f CHM tydt - e ™) dt- | e () dt
0 -00

o) 0
Fo) = ] Wty dt-| e ™ (t) dt + [ e f(t) it
0

-0

F(o) :/ &0 £y it -[|1/2Fgw)|+|1/2Fgw)|] (Ejimanya, 2005).

0
Fo) = | e () —Fw)

0
Fo) = FS - F(iw) (10)

Equation (10) goes to prove the linearity property of the complex spectrum,
s(=0+ jw) earlier postulated in equation (7), on which Laplace transformation is
based.

However, it is pertinent to mention here that Laplace transformation is

expressed by F(s), not F(o). What then does F(o) signify?
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[V.  THE SIGNIFICANCE OF F(o)

The expression F(o) can be viewed as the real axis component of Laplace
transformation while F(jw) (Fourier transformation), can be viewed as the imaginary
component of Laplace transformation. This implies that F(o) and F(w) are
complementary to each other to produce F(o). Hence making use of equation (10), a
table could be developed for F(o) from the knowledge of F(s) and F(jw).

Now, given a function F(t), its F(s) and F(jw) can be determined or obtained
from tables. A difference of that, that is F(s) — F(jw) will give F(o) which is the real
axis component of Laplace transformation of the given expression. It should be noted
that as at today, atable of F(0) does not exist.

As earlier mentioned above, it would strike readers compulsively that Fourier
transformation, F(jw) of any function, is the imaginary component of Laplace
transformation because it can be obtained by setting 0 = 0ins= o + jw as earlier
discussed. Fortunately, this has been developed and presented in tables as Fourier
transformation. However, by setting jw = 0in s= o + jw, the tables for the resulting
expression, F(s) = F(o + 0) = F(0), has never been developed nor interpretation given
to its meaning.

A word of caution in Laplace transformation: One may argue that the claim
that F(o0) has never been developed is not true. That is, the individual could express
F(0O) as:

00
Fo) = |e o f(t) dt (11) (Nagrath et al., 2009 2nd ed.)
0

It should be noted that equation (11)does not express Laplace transformation. The right

hand side of equation (11) only resembles Laplace transformation. Reason: The right
hand side of any Laplace transformation MUST contain €. It should be noted that et
in equation (11) is not the same as €. In every Laplace expression, the “s” component

(signifying a complex spectrum: s = o + jw), must be there, otherwise it is not Laplace

transformation.
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V. APPLICATIONS OF F(o)

As aready mentioned above, F(o) signifies the real axis component of Laplace
expression. It has been shown in equation (10) that this component can be obtained from
the expression F(o) = F(s) — F(jw). It will not be mathematically true that F(o) for any
function can be obtained from a Laplace transformation of that function simply by setting Notes
jw = 0. The reason for this claim is that Laplace transformation of a function has an “s”
(a complex function given by s= o + jw), embedded in it. The “s” is usually applied in
all the processes of obtaining the final result of F(s). It will therefore be mathematically
untrue to go to the final expression of any Laplace transformation expression and simply
put jw = 0, obtain an expression, and claim that expression to represent F(0).

The following example will justify this argument:
Let’s take a function f(t) = te™.

From Laplace tables, the Laplace transform, F(s) of that functionis

(1Y __ 1 (Distefanno 111, et al., 2009)  (12)
9= [va) = vy

sS+a

Also, from Fourier tables, the Fourier transform F(jw) of that functionis
2

(1 - _1
F(JW)_[jW+a] " (a+jw)?  (Disefannolll etal., 2009)  (13)

Bye-the-way, equation (13) goes to confirm the earlier postulation made in equation
(6) that F(jw) is a special case of Laplace transformation when o is set to zero, that is
when o =0.

Now, back to the argument. In equation (12), it is known that s = o + jw.

Hence
_ Lo B 1
OO T T e
_ 1 (14)
(o +a) +jw]?
Machine -

If jw is set to zero in both sides of equation (14) in order to determine F(o), we will
obtain:

1

Fo) =
(o +a)?

(15)
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Now, let’s carry out the operation in equation (10), that is F (o) = F(s) — F(jw) on the

same function, f(t) = te®.

From Laplace transform tables, F(s) for that expression = 1 .
(s+4d)

(already stated in equation (12)). Also, from Fourier transform tables,

FGw)= 1 , (equally stated in equation (13).
(a+jw)

From equation (10),
Flo) = F@

= 1 1 (16)
(s+a? (a+jw)

Substituting for s= o

_ 1 o1
O orwra? T @y
g = (@+jw)’ - (o +jw +a)’
(8 = (O +jw + a2 @+ jw)
Fy = @rawa-w)—[(o+d)+jw]’
[(0+a) +jw]*[a+jw]
Fe = [(@° - W) +] (2wa)] - [(T + a)* + 2jw(0 + &) + W]
[(0+a) +jw]* [a+jw]
O = (& —w? +j2wa) — [(02+ 20a+ &) + 2jwo + 2jwa+ w7
) [(o+2) +jw]? [a+jw]?
Fe) = AW’ +j24- 0° - 20a- & - 2jwo — 2jwa— W’
[(0+a) +jw]? (a+jw)
F = -w?- o’ - 20a- 2jwo - w?
[(0+a) +jw]* [a+jw]
9 = 2w + o (0 + 23)] — j20wW

[(©+38) +jw]* [a+jw]*
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But along the real axis, w = 0.

. F() =Fo+jw)=F0)= -o(0+ 29 (17)
(0 +a)° (a)°

It can be seen that the RHS of equation (17) and that of (15) are not the same.
Equation (17) was obtained from first principles whereas (15) was not.

Similar procedure can be applied to develop what the author chooses to call

“sigma (0) transformation”, which could otherwise be called “Real axis translation of

Laplace transformation, F(s).” From such approach, a comprehensive table, like

Laplace and Fourier tables, could be developed for sigma (0) transformation, F(0),
by considering various f(t)’s and their respective F(s) and F(jw).

Sigma (o) has values through the entire spectrum of real numbers, that isfrom

—o0o0 t0 +oo. The value for “a” can be obtained from a given expression, such as f(t) =

at

te®. In the expression f(t) = te®, if a = 2, for instance, f(t) = te*. At a point along

the real axis, say 0= 3, using equation (17), we have:

F(o) = F(3) = -33+2(2 = -21
3+2?(@? 100

FQ = -2,
100
can be interpreted as the “Discrete Laplace transformation” of the expression, f(t) =
te? at apoint o = 3 along the real axis.

The development of Discrete Laplace transformation, as presented, may not
have applications now but since Science and Technology are continuously
developing, it islikely to have in the near future.

VI.  DISCUSSION

Fourier transformation, F(jw), is frequency transformation of a continuous —
time signal, f(t). Also, it will be recalled that z-transformation, by formulation and
definition, is a discrete transformation process applied to discrete events. The z-

transformation expression is given by:
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Fz) = k%:o f(k) 2 (Ogata, 2009) (18)

where z isdefined by z = €°".

A very similar analogy here is that just as the Laplace transformation is the
transformation of a time-based signal to the complex (s) plane, the sigma (o)
transformation shall one day provide information about the discrete components of

Laplace transformation along the real axis.

VII. CONCLUSION

Knowledge in al spheres of human endeavour, including Science and
Technology, is evolving day by day. In this particular adventure into the intricacies
and properties of Laplace and Fourier transformations, a new expression has been
established through the relationship between the two; the sigma (o) transformation.
It is hoped that sooner or later, this new expression shall be put to use in Science,

Engineering and Technology for the benefit of mankind.
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