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Abstract - In this paper new fundamental theorems are stated, which allow to easily determine a first-order majorant system of a
pseudo-quadratic uncertain MIMO discrete-time system.

For the above class of systems, some results and systematic methods are provided, which allow to solve, “via majorant
system”, several analysis problems of robust stability, stabilization and tracking of a generic reference signal with bounded
variation in presence of a generic disturbance with bounded variation.

The utility and the efficiency of the main results proposed in this paper are illustrated with three significant examples.
Keywords : pseudo-quadratic mimo uncertain discrete-time systems, majorant systemn, robust stability, stabilization
and tracking.

[ INTRODUCTION

There exist many discrete-time systems linear but with uncertain parameters, uncertain pseudo-linear and with
bounded coefficients, uncertain pseudo-quadratic and with bounded coefficients, having, in several cases, a
bounded nonlinear additional term or that are solicited with non standard inputs, for whose not always an
equilibrium state or the steady-state response exists.

Regarding this, consider: the demographic, economic, resource and traffic management, environmental,
agricultural, biological, medical, sampled systems, etc.

For a given system of the above mentioned significant class, it is important to obtain an estimate of its evolution
in a finite or infinite time, for all the initial conditions belonging to a prefixed compact set and for all the values
of uncertainties, or to design a controller in order to practically stabilize it or, finally, to design a controller to
force this system to track a sufficiently regular prefixed trajectory with a bounded error.

Despite the numerous scientific papers available in literature (e.g. [1]-[16]), some of which also very recent (e.g.
[19], [23]-[25]), the following practical limitations remain: 1. the considered classes of systems are often with
little relevant interest to engineers; 2. the considered signals (references, disturbances, etc.) are almost always
standard waveforms (polynomial and/or sinusoidal ones); 3. the controllers are often not very robust and/or do
not allow satisfying more than a single specification.

In this paper a systematic method, in a more general framework with respect to the ones proposed in literature
(see e.g. [1]-[16],[19], [23]-[25]), for the analysis, for the practical stabilization and the tracking of a significant
class of pseudo-linear and pseudo-quadratic uncertain MIMO systems, with additional bounded nonlinearities
and/or bounded disturbances, is considered. Some of these results are an extension of analogous results for the
continuous-time systems provided in [18],[21],[22],[26],[27].
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In detail, in Section II the considered class of pseudo-quadratic uncertain MIMO systems is presented, the
definition of majorant system is given and, finally, several analysis and synthesis problems are formulated. In
Section III some basic theorems are stated, which allow to determine, by calculating the eigenvalues of
appropriate matrices only in correspondence of the extreme values of the uncertain parameters and of the
vertices of suitable polytopes of the state space, if the system is pseudo-quadratic, a majorant system of a
pseudo-quadratic uncertain MIMO system. In Section IV some methods are proposed to analyze the robust
practical stability, via majorant system, of a pseudo-quadratic uncertain MIMO system.

In Section V some theorems are provided, which allow to determine a state feedback control law to stabilize a
pseudo-quadratic uncertain MIMO system and to design an integral controller with state reaction, that forces a
LTI uncertain MIMO system to track a generic reference signal with bounded variation in presence of a generic
disturbance with bounded variation too.

In Section VI the main results proposed in this paper are illustrated with three significant examples.

I1. PROBLEM FORMULATION

Consider the following class of nonlinear discrete-time dynamic systems

Xk+1 = a(xk H pa k)+ A\)(Xkawka pa k)xk +[ZA (Xkawka pak)xiijk + B(Xk: pak)uk

i=1

(1
yk = C(Xk7 pa k)xk H

where: keZ is the time; xeR" is the state; ueU cR", with U compact set, is the control and/or
disturbance input;weW cR', with W compact set, is a possible parametric input; yeR™ is the output;
pe[p,p]cR” is the vector of uncertain parameters; A €R™,i=0,1,..,n, BeR™ and CeR™ are
bounded matrices continuous with respect to their arguments, with C of full rank, and multilinear with
respect to pandw; aeR" is a bounded continuous vector multilinear with respect to p, which models
particular nonlinearities of the system.

The following preliminary notations and definitions are introduced:

I}l =XPx, =[], =X, Sp , ={x:[x], <o}, Gy, ={x:[M], =p}, Co,2C,, 2
where P e R™ is a symmetric and positive definite (p.d.) matrix, x" is the transpose of x e R" and ép’ ,isa

, where Qe R™;

Ty (A)=—————, where Ae R™". 3)

Definition 1. Give the system (1), an hyper-interval W, =[w,w']cW ,a §>0 anda p.d. symmetric matrix
PeR™. A positive first-order system p,,, = f (g, 5), p, =%,|

or U =7(p), where p =[x],, such that
Ivil<ve, Yk=0, vx, €R", vw, eW,, Vu, eU:|u <5 and Vpe[p, p'], is said to be majorant system of
the system (1).

Since a majorant system of a system belonging to the class of uncertain nonlinear systems (1), that obviously
includes also the linear uncertain system, is a first-order time-invariant system, this system can be used to
easily solve numerous analysis and synthesis problems. E.g. the analysis of practical stability, the analysis of
the performances decreasing of a control system, or its impossibility to guarantee given performances in the
hypothesis of deterioration and/or faults of its components (fault tolerance), the robust stabilization, the
robust tracking.

© 2013 Global Journals Inc. (US)



The aim of the present paper is to establish new fundamental results which easily allow to determine a
majorant system of the system (1) and to provide systematic methods, via majorant system, to solve, for
brevity, only some main problems between the numerous analysis and synthesis above mentioned ones.

[1I.  BAsiC THEOREMS

To easily determine and analyze a majorant system of the system (1) the following basic theorems are
necessary.

Theorem 1. Let PeR™ be a symmetric p.d. matrix, Q(x,p)eR™ be a symmetric S.p.d. matrix,
g(x, p) € R" be a vector, continuous with respect to xeR" and pegpcR", with g compact set; then Vp >0

itis:
max  X'QU PX< max 2., (QUGpIPT)P" < max 2, (Q(x PP )P’ )
xeCp ,, P Xe
Jmax X'gop)< max \g(xp)Plg0up) p< max \g(xp)'PIg(X.p) (5)

Moreover, if Q(x, p) is linear with respect to x it is

xEéna)éer TQ(X, p)x < maxslﬁmax(Q(X pP P’ < Emax A Q% PP 07, (6)
while if Q(x, p) is quadratic with respect to x it turns out to be
xEcma)f)E@X TQ(X, p)x < maxeﬂm(Q(X PP’ < X Ao (Q(X, PP ) 0", (7)

More in general, if Q(x, p) is continuous, pseudo-linear with respect to x and with bounded coefficients, i.e.

if Q(x,p)= Zn:Qi (X, p)%;, with bounded Q (x, p) , then

i=1

max X (ZQ (x, p)xe< max ﬂmax(ZQ(z p)XP" j

xeCp . pep
ZERn

(8)

XECpl pep
zeR"

< max A, (ZQi (z, P)%, PlJ o
i=1

whereas if Q(x, p) is continuous, pseudo-quadratic with respect to x and with bounded coefficients, i.e. if

Qx,p)= zn:zn:Qij (X, p)xx; , with bounded Q; (x, p), then

i=1 j=1

max X [ZZQ”(X PIXX; ]x< max_ /Imax (ZZQU(Z PIXX )

xeCp . pep
i=l 1 i=1 1
! ZER" !

n n
< max A, [ZZQU(29 p)XinPIJp4
XECPJ,pEW i1 j=1

zeR"

€
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Proof. Note that, if f(x)eR is a continuous function with respect to xeR" and X, X,, X, < X,, are

compact subsets of R", it is max f(x)£m§x f(x). Moreover, since P is p.d., there exists a symmetric
xeX, xeX,

nonsingular matrix S such that P =S”. Hence, by posing z =Sy, it is

max X Q(X, p)x < max y'Q(x,p)y= max  z'STQ(x,p)S'z=  max A (ST'Q(x,p)STz'z=
xeCp . pPep yeCp, ,.XeCp ,, PEP 2eCy ,.xeCp ,,, pep 2eCy ,.xeCp . pep
= max 4,.(S87'Q(x,p)S'S )’ = max A.,(Q(x,p)P)p’< max A (Q(x,p)P)p’,
xeCp ,. pep xeCp . Pep xeCp ., Pep (10)
and so (4). Similarly
x"g(x, p) < T9(x, p)= 2'S™'g(x, p) <
X g(x, p) oo, ax Y g(X, p) o, X a(x, p)

(11

< max

ZeC,Ap ,XeCp’/,, pegp

2[S9, p)

= max g0 P PTg(xp) p< max \g(x p) P g(x.p) p,

xeCp ,,pep

and hence (5).
Inequalities (6) easily follow from the fact that, if Q(x,p) is linear with respect to x,

Q(x, p)|xeCP =Q(X, p)|xecp p . Inequalities (7), (8), (9) analogously follow.

Remark 1. Theorem 1 can be easily generalized to the case in which Q(x, p) is a homogeneous function of
degree v with respect to x.

Remark 2. Clearly, if Q(x, p) and g(x, p) are independent of x, inequalities (4) and (5) hold with the
equal sign. Moreover, if Q(x,p) depends on x, it is quite difficult to compute max x"Q(x, p)x because

X" Q(X, p)x has, in general, different points of relative maximum, of relative minimum and of

“inflection”; the second and third members of (4), ((6),(8)), ((7),(9)) allow an easier computation of an upper
bound on x"Q(x, p)x|x . proportional to o, p,p", respectively, as it will be shown later on. A similar

xelp

talking is valid if g(x, p) depends on x.

Theorem 2. Let PeR™" be a p.d. symmetrix matrix, C e R™" be a matrix with rank m and BeR™" be a
matrix with rank h. Then

v=|CX| < 4 (CP'CT) p, V¥xeC,Q, (12)
|BU[, <\ (BPB) |u

Proof. By taking into account that, if F is a real matrix mxn with rank m, the matrix F'F has n—m null
eigenvalues and m positive eigenvalues equal to the ones of FF' and, by posing z=Sx, where S is a
symmetric nonsingular matrix such that P =S?, it is

., VueR" (13)

v=[Cx| =X CTCx =28 7CTCs 2 <[4, (S7'CTCS )] =
=, /zmx (CsT's™'cT) [sx| =, fﬂm (cP7CcT)p

and so (12). The proof of (13) easily follows.

(14)
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Theorem 3. Let A= Y A, 7'zy..7r €R™ be a matrix multilinearly depending on the parameters

ity sl €001}
7 7, .. 7] =x e]_[:{ir eR': 7 <z< ﬂ*} and let PeR™ be a symmetric p.d. matrix. Then the

maximum of A (QP™"), where Q= A"PA, is attained in one of the 2* vertices of [].
zell

Proof. Note that for a constant m, j#i, itis A=A +mA, 7, €[n;, n]. Moreover, since for Theorem 1

and Remark 2 itis A__(QP™") = max x'Qx, it turns out to be

‘max
xeCp )

max X' ((A +7A) P(A +mA))x =

melm 71, xeCp,y

max A ((A +mA) P(A +7A)P)

mela ]

(15)
max X' (ATPAZ +(A PA + ATPA )z, + ATPA, )X,
melm . 7' ], xeCp
Therefore, said #, % the point of maximum of f(z;,,%)=x" ((A, +7A) P(A +7A))X o’ itis
max 7, ((A+7A) P(A+mAP )= max X' ((A+5A) P(A +7,A))x=
relz 7'l mieln, 7], xeCp 4
' (16)
max (XT A PA Rz +28" A PART, + %" A PAb)?) = max (szriz +C,7, +CO) .
melx ] meln ']
Since ¢, =R A'PAX>0, it is
max (Czﬂf +¢7; +€, ) = max {62 () +6m +C,, C(m' ) +Em' + CO} . (17)
meln 7]
The proof easily follows from (16) and (17).
From Theorem 3 the next Corollary easily follows.
Corollary 1. Let A= >’ A ok 75'; € R™ be a matrix multiquadratic depending on the parameters
}

iyl 01, €10,1,2
(m 7w, ] =7 eH:{ﬂ'G Rz <m< ﬂ*} and PeR™ a symmetric p.d. matrix. Then an upper bound

of the maximum of 4 (QP™"), where Q= A"PA, is equal to the maximum of A_, (A'PAP™"), attained in

max max

one of the 2% Vertic;nof [1xIT, where A, is obtained from matrix A by substituting the product z,z,,;,
i=1,2,.,u,t0 7ri2 .
Theorem 3 can be generalized as follows.
Theorem 4. Let A be the matrix
A=iiZ%mAﬁhgxmﬂgx@ﬁnggmfﬂeRm, (18)

in which [z, 7, .. 7, '=rell= {7[ eR': 7 <rm< 7Z'+} and each function g;,i=1,2,..,x, is continuous with

respect to 7;, and let PeR™ be a p.d. symmetric matrix. Then the maximum of A (QP™'), where

max

Q= A"PA, is attained in one of 2 vertices of I", where
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F:{y € R* : min[g,...,]< )/Smax[gl...gﬂ]}, (19)

Proof. The proof follows from Theorem 3, by making the change of variable
y=9()=[0,(m) 9,(7,)-.9,(7,) ] and by noting that max 2,,, (Q(a(Z)P™") =max 4, (Q)P™).

Remark 3. For Theorem 3 and Corollary 1 the computation of max 4__(Q(x, p)P™"), if Q(x, p) is linear or

xeCp
quadratic with respect to X, is very easy if ('A:F,,l 2C,, is an hyper-rectangle (or a polytope decomposable
into hyper-rectangles). To this aim, to compute the vertices of CPJ , it is easy to prove that the point of
contact of the hyper-line orthogonal to the versor g,i=1,2,..,n,0f R" and tangent to the hyper-ellipse C,
(see Fig. 1) is

P 'e
p=—F7— (20)

i Jerpe

Figure 1 : Points of contact of the hyper-rectangle circumscribed to Cy .

Theorem 5. Consider the quadratic discrete-time system
Oy =0, +ap +a,, 8,20,a,>0,a,>0, p,>0. 21

If a >1 the system (21) is unstable. If 0<a <1 and a,=0,Vp, >0 the system evolves toward the

% with time constant T= L . Finally, if
. Ina,

equilibrium point D, =

a,>0,0<a <1 and (1-) —4a,a >0, said p,p,, p<p,, the roots of the algebraic equation
a,p’ +(a —)p+a,=0, Vp, [0, p,), the system evolves toward the equilibrium point p, = p, with time

. . 1
constant of the linearized system equal to 7, =——— , where ¢, =a +2a,p,.
na,

Proof. If a >1 it is always p,,, >, and, hence, the system is unstable. The remaining part of the proof
casily follows by making standard manipulations and from Fig. 2.

© 2013 Global Journals Inc. (US)



pk+1

P = Pi o

2
P =0+ o +3,

Ve
pe = pl p2 pk
Figure 2 : Graphical illustration of Theorem 5.
. . .. . . . n—
Theorem 6. Let AeR™ be a matrix with v real distinct eigenvalues A, i=1, ..., v, and with u= Y

distinct pair of complex conjugate eigenvalues A, =¢, + jo,, h=1, ..., g; moreover, let u,, i=1, ..., v, and
U, =U, *ju,, h=1, ..., u, be the associated eigenvectors. Then, by denoting with Z" the conjugate
transpose of the matrix of the eigenvectors Z =[u1 con Uy Ugy = JUpy Uy = JUpy oo U + U, U, — jubﬂ] and with

A =diag (/11, s tijo,a - jo,...a,+ jo ja)ﬂ) the diagonal matrix of the eigenvalues, the matrix

s &

P=(zz’)’ [ZU +ZZyl(uahUZh+uthIh)} 2)

h=1

turns out to be always p.d.; moreover it is

A (QP™) = A (A) = 7, (R) = = (23)

2
In(4,, (QP™))’
where Q=A"PA
Proof. As, for hypothesis, the eigenvalues of A are distinct, the matrix of the eigenvectors Z is
nonsingular. Hence the matrix ZZ" is p.d. and, therefore, also its inverse P is p.d. . Moreover, since
A=ZAZ", itis

QP =ATPAP = APAP =(Z') 'A'Z'(2°) 27242722 =(27) 2'zAz7 =(27) (A'A)Z. (24

Hence the eigenvalues of QP are l;ﬂj = ||lj ||2 , j=1,...,n, from which the proof follows.
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IV.  STABILITY ANALYSIS

First, consider the linear and time-invariant uncertain MIMO system

X = A(p)X + B( p)uk9 _C(p)xks with
A(p) = Z AP p? p; eR™, B(p)= Y, B, p'ps..p; €R™, (25)
Ly E 0] [P, ive{O,I}
C(p) = Z Cii.i P Ps..py €R™, pe[p, p'lcR".
iy iy eerly €00, 1)

It is well-known that this system is asymptotically stable if a= max A__ (A)<1. If the goal is only to study
pelp™, p']

the asymptotic stability without calculating a, then the Jury criterion to the characteristic polynomial
d(4, p) =det (A1 —A(p)) can be applied or it is possible to use one of the several methods to establish the

definite positivity of the matrix P(p), which 1is solution of the Lyapunov equation
A" (p)P(p)A(p)—P(p)=-Q, with Q p.d. . As it can be easily realized, both the methods are very onerous
because of the strong nonlinearity with respect to the parameters p both of d(4, p) and P(p). Clearly the

computation of a is even more onerous.
Let P be a p.d. symmetric matrix and fixed a p, >0, Vx €C, , from the first of (25) for u, =0 and from

Theorem 1 easily follows that

Pt =[Xeallo = VX AT (P)PA(P)X, <ap, = p <a“p,, (26)

% €Cp,

where

= max 2 QPP = fmax 2., Q(PIP ), Q(P) = A(PIPA(P) @7)

in which V is the set of the 2" vertices of the hyper-rectangle [p~, p*].

It is interesting to note that the last of (26) provides an upper bound of the free evolution of the system (25)
Vpe[p~, p°]. Clearly the goodness of this bound depends on P ; a not appropriate matrix P could provide a

value of a greater than 1 also when p~ = p* and the system is asymptotic stable.

If for a given pe[p7, p*] the matrix A(p) has distinct eigenvalues, condition almost always verified, the
relative matrix P given by (22) is always p.d and for (23) it is always that

a= «Mmax QPP =4, (A(P), also when A(pP) has not all the eigenvalues with magnitude less than 1.

From this reasoning, from the theorems stated in Section III and from the fact that
I% + %[, <[% ] +[%]s » ¥%.%, €R", the following theorems easily derive.

Theorem 7. Give a matrix A(p)= >, A, ;P'p;..py €R™, pepcR’, with p a compact set. An

i,y .00, €{0,1}

estimate of the maxﬂ (A(p)) can be obtained by covering the set p with N hyper-rectangles [p;, p;'] and

max

by computing the maximum of {aizaiz \jmax A (QUP)R! )Q(pi)=AT(pi)PiA(pi),i=1,2,..,N},Where
peV

p = % or it is a near value, P, :(ZiZi* )_I , where Z; is the eigenvectors matrix of A(p,) and V, is the

set of vertices of [p;, p].

© 2013 Global Journals Inc. (US)



Theorem 8. Suppose there exist a pe[p’, p'] such that the dynamic matrix A(p) of the multivariable

uncertain system (25) has distinct eigenvalues; said P :(ZZ*)_], where Z is the eigenvectors matrix of

A(p), a majorant system of the system (25) is

P =8p, +bS, u, =cp,, (28)

in  which:  p=[x[,.  s=ful.  u=[vl a=\/ggxzmax(Q<p>P*), Q(p)=A"(P)PA(P),

bz\lm%x/lmax(BT(p)PB( p)) , c=\/ma\1/x/1max (C( p)P"CT(p)), where V, is the set of the 2" vertices of the
pevy Pevy
hyper-rectangle [p~, p*].

Remark 4. By using the theorems stated in Section III, Theorem 8 can be easily extended also to the case in
which the system (25) is pseudo-linear, i.e. to the case in which the matrices A, B,C depend also on x, and

k and they are bounded.
Now consider the quadratic uncertain MIMO system

X = A (D)X, +[iA(p)xik]xk +B(pY,

Yo = C( p)xk >

(29)

where A(p),i=0,1,...,n, B(p), C(p) are multilinear functions of pe[p~, p*]. The following theorem holds.

Theorem 9. Suppose that there exists a pe[p’, p°] such that the matrix A(p)in (29) has distinct

. . -1 . . . R .
eigenvalues; by choosing P = (ZZ ) , where Z is the eigenvectors matrix of A (p), a majorant system of
the system (29) turns out to be

P =ap +a,pl +bS, v =cp,, (30)
where: A=l §=Ju,], v =[] a = \/Iggxﬂm (Q(PPT), QP =A (PMPA(D),
o= 2 Q0P ], Qe[ SA % [ SAc, | b= [mx Ao (B (RIPB(R))

. 1s the set of the 2" vertices of the hyper-rectangle [p~, p*] and V, is the

c= [max A, (C(PP'CT(p)), V
pev,

set of the 2" vertices of the hyper-rectangle [x", x"] circumscribed to the hyper-circle C, .

Proof. The proof easily follows from Theorems 1, 2, 3.

Remark 5. By using the results stated in Section III, Theorems 9 can be easily extended also to the case in
which the system (29) is pseudo-quadratic, i.e. to the case in which the matrices A, B,C depends also on x,
and k and they are bounded.

Remark 6. Give the system x,,, = f(x., p), with f(0, p)=0, being

X = OF JOX, ], %, +1/2[x: {& fl/axikaxjk}| X, . % {07 F, Jox, 0%, |

X =¢

T
Xk =
X =W

n 31
= A (P)X +(ZA(W|<» p)xiijw 0<w <X,
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if the second order partial derivatives of f are bounded then, by using the stated theorems, it is easy and

systematic to estimate a region of asymptotic stability (RAS) of the origin and, moreover, to estimate the
degree of linearity of the system by comparing a, to a, of a related majorant system.

V. ROBUST STABILIZATION AND TRACKING OF A PSEUDO-QUADRATIC
UNCERTAIN MIMO SYSTEM

The problem of stabilization and tracking of an uncertain discrete-time system is very complex and, in some
cases, it is impossible to solve, above all when the interval of uncertainties is very wide, unless an
identification method of the parameters is used. It is sufficient to consider, e.g., the system x,,, =ax, +U,,

with a uncertain parameter belonging to an interval of amplitude greater than 2.
By considering bounded enough uncertainties, in many cases, the following results are very useful.

Theorem 10. Give the system (29), suppose that the state is measurable and that there existsa pe[p™, p*]
such that the couple (A/(p), B(p)) is reachable. Said 7\:{/71, Ay evor En} a symmetric set of n distinct

complex numbers with 4__ (4)<1, a possible control law to stabilize or to increase the RAS of the system

(29) is the following

ax

U, = —Kox, _(zKiXiijw (32)
i=1

where K, is such that eig (A (p)—B(P)K,)=rA, re[0,1) and K, with i=12,..,n, is such that to minimize
[A(B)-B(PK,|, , where P = (ZZ* )_1 , in which Z is the eigenvectors matrix of A (p)—B(P)K,.

Remark 7. If rank(B(p))>1, by posing KO=K,, Ac=A (p), Bc=B(p), L=rA, the matrix K, can be
computed by using the Matlab command KO=place(Ac,Bc,L), based on the algorithm in [3], that uses the
extra degrees of freedom to find a solution that minimizes the sensitivity of the closed-loop poles to
perturbation in A,(p) or B(p).

Instead, by posing Ai=A(p), Ki=K;, the matrices K;,i=12,..,n, can be computed with the Matlab
commands: S=P".5; Ki=pinv(S*Bc,S*Ali) .

Finally the value of r can be used to reduce both a, and a,, or to maximize (1-3a,)/a, .

Consider now the LTI uncertain MIMO plant described by
X = A(P)X% +B(pu +E(p)d,, Y, =C(p)x +D(p)d,, (33)

where: x, eR" is the state, u, e R" is the control signal, d, eR' is the disturbance, y, e R™ is the output,
A(p), B(p), E(p), C(p), D(p) are matrices of suitable dimensions, which are multilinear functions of the

parameter vector p € . Suppose that o= { p:pe [ p,p* }} c RY is an hyper-rectangle and that the following

reachable condition
rank[B(P) A(P)B(P) .. A"'(P)B(P)]=n (34)

is satisfied for at leasta pegp.
In the following, for simplicity of notations, the dependency of A(p), B(p), E(p), C(p), D(p) on p will be
omitted.
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A main goal is :

1) to state new results to estimate, Vpe g and for an assigned controller with integral (I) action of the
system (33), the maximum time constant and the maximum tracking error of a generic reference signal r, ,
with bounded variation &r, =r —r,_,, in presence of a generic disturbance d, with bounded variation
o6d, =d, —d,_, too;

2) to design, if possible, a LTI controller such that to force the uncertain MIMO system (33) to track, with
prefixed maximum time constant and maximum error, a generic reference signal r, , with bounded variation,
in presence of a generic disturbance d, with bounded variation, Vpe g .

Regarding this, it is important to note that a relevant class of reference signals r, with generic behavior but

with bounded variation is very recurring in the practice and easily feasible by using digital technologies
(see Fig. 3).
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Figure 3 : A possible reference signal r, with its bounded variation oF, .

Remark 8. Note that, nowadays, the reference signal of a control system (e.g. manufacturing systems, ...) is
in general a non standard (not polynomial and/or cisoidal) signal whose variation is the desired “working
velocity” (clearly finite, even if the planners and the builders make a great effort to make it as higher as it is
possible).

The problems 1) and 2), not suitably solved in literature ([1]-[16],[19], [23]-[25]), are very important from a
theoretical and practical point of view.

Among the several controllers available in literature, for brevity, in the following it will be considered only
the well-known state feedback control scheme with an [ action of Fig. 4.

Figure 4 : State feedback control scheme with an I control action.
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As regards suppose that there exists at least a peg such that, in addition to (34), also the following
condition is satisfied

I-A B
rank[ }: n+m. (35)
cC o0

From the control scheme of Fig. 4 it easily derives that:

X = Ax, +Bu, +Ed,, u =Kz, +K/,x., e =r —Cx, —Dd,

(36)
2, =%+t -y, =2,+r—-Cx —Dd, ,
from which:
Sea =AS+B I +Ed, e =C¢ +r —Dd,, (37)
where:
{A+BKR BKJ {o} { E}
& = s Bc = s Ec = s
-C | | -D
(38)
X
C.=[-C o], g::[z}.
In order to solve the problems 1) and 2) the following preliminary important result is necessary.
Theorem 11. The control system (37) can be described also by:
§k+l = Aé’k + Bc5rk+1 + Ec5dk+l’ & = Hc§k9 Hc =[0 I]’ (39)
or equivalently by
C.(z21-A)'[B, E]+[1 -D]=H,(z1 -A) '[B. E.](z-1), (40)

where or,, =r., -1, 8d.,, =d.,, —d., e =r —y, is the tracking error and | is the identity matrix of
appropriate order.

Proof. Posed
4 [R R T J6 6
(Z1-A) {c (z—l)l} {Gs Gj’ 1)

by using a known formula of the inverse of a partitioned matrix (see e.g. [17]), it is easy to prove that

FRCY' FRCY' F
e B G et

-1 -1
G3:_£(F1_Ej , G4:L I_C[F]—FZC) L .
z-1 z-1 z-1 z-1 z-1

From (38), from the last of (39) and by using (42), after tedious steps, (40) follows and hence the proof.

(42)
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Remark 9. Note that

A+BK, BK [A 0] [B] . 1 ,
N CRATE A TSI )

Therefore, if there exists a peg such that (34) and (35) are satisfied, the eigenvalues of A can be
arbitrarily assigned.

Remark 10. Theorem 11 is very significant because it allows to evaluate or estimate, via majorant system,
the tracking error e, .

Now the following main result, concerning the robust tracking, can be stated.

Theorem 12. Let K,, K, be two matrices such that the matrix A,, for p=p, has distinct eigenvalues with
magnitudes less than one. Then a majorant system of the system (39) with respect to the norm ||, with

P= (ZZ*)_1 , where Z is the eigenvectors matrix of A, for p=p,is

Pea =ap th, maX||5rk+1 " +E€ maX||5dk+1 > ”ek " =h.p,, (44)

in which: a, = \/rglgx A (QUDIP™), Q(p) = AL (P)PAT (p) , b, = \/nprgx Jes (BL(P)PB(P)) ,

e, = \/m%xzmax (El(MPE.(P), h = \/m%x/lmax (H.(p)P'H!(p)), being V, the set of the 2" vertices of the
pev, pev,

hyper-rectangle [p_, p.].
Proof. The proof is standard.

Remark 11. Note that, if o= p, then the time constant of the majorant system z=-1/Ina, is positive and

coincides, for Theorem 6, with the maximum time constant of the control system. Moreover, “at steady-
state”, the tracking error satisfies relation

Je | < -2 max s
l1-a K+

C

+ ﬁmax ||6d . 45)
l1-a, !

Remark 12. Clearly, if the initial state of the control system is not null and/or r, and/or d, are “discontinuous”
in zero, the tracking error e, has an additional term, whose practical duration depends on the time constant ¢
of the majorant system.

VI.  EXAMPLES

The following examples show the great utility and efficiency of the results stated in the previous sections.

Example 1. Consider the system

Xis1 Z(A)+A1p1 +A D, +A,D pz+Anp12)Xk +(Bo+ P, SinxlkBl)uk! Yy =CX,, where

A {0.6677 0.3864} {0.1259 —0.1492} {0.0529 —0.0886} [0.0915 —0.0685
= b = b = b 2:

, (46
—-0.2338 0.6265 0.1623  0.1654 -0.1610 0.0188 0.0930 0.0941} (46)
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[ 0.0433  0.1000 _[o.0187] _ [-0.0112
“1-0.0406 —0.1035|" ° | 0.1801|" " | 0.1080

},C=[1 0], p, e[0.9 1.1], p, [0.9 1.1].

By posing p, =1, p, =1 and by using Theorem 6 with A=A(P)=A +A+A +A,+A,,itis

1.3373  0.7606
= . (47)
0.7606 1.4895
By using this P, Theorem 8 and Remark 4, a majorant system of the system (46) turns out to be:
P =ap+bo, y =cp,, (48)
where, for Theorem 3, Corollary 1 and Theorem 4, it is:
a= | max Ao (AT (7)PA(r)P™ ), Am)=A+Arm +Ax, + A,mm, + A7y,
200
b= | max B'()B(), B=B,+77B (49)

7=-1,1

c=+lcPc;

hence p,,, =0.9574p, +0.36885, vy, =1.0266p,.

From (48) it follows that |y,| < %5+Ca" (po —%6), VX, :||% . < p, and Vu, :|u,| <& hence the system

(46) is externally asymptotically stable and for u, =0 also internally asymptotically stable.
Note that if u =0 the system (46) is linear and time invariant. The characteristic polynomial of

A(p)=A +Ap, +Ap,+A,pp,+A,p; is of the type

d(4, p) =det (Al = A(p)) = 2 +(a, +a, P+, p, +a; PP, +, P ) A+
+(By+ B0+ Boy + BiPi Py + B0+ BiDi + B Dy + By 005+ Bib + By b P; + B PP+ 5,0y );

therefore, it is very onerous both to establish the asymptotic stability of x.,, = A(p)x, and to determine
a= max A (A(p)). Numerically it is a=0.9315, while by using the proposed method, very efficient (see

pelp™. p*]
Theorem 3 and Corollary 1), an upper bound of a turns out to be a=0.9574. By using Corollary 1 and
Theorem 7 with four rectangles, an upper bound of a turns out to be a=0.9458.

Example 2. Consider the system

Yier = (P + 0,3, Vi +(Piay + Poay ) Ve + 90 Vs Vi P Pos KOV + 90 (Vs Vi P P20 KDY Vi +

) (50)
+05, (V> Yier» P> P2, K) Yy +(by + piby Uy,

where: a, =—0.730, &, =-0.490, a,, =1.310, a,, = 0.870, b, =0.200, b, =0.050;
p e[0.9, 11, p, e[0.8, 12], g, €[0.08, 0.12], g, €[0.07, 0.13], g,, e[-0.12, —0.08].

By posing Xk =Yoo X =Yias 1= 005 72 = 0125 73 = U system (50) can be put in the form

© 2013 Global Journals Inc. (US)
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! pa, +pPa, Pa;+Pa, ‘ no 7/2 « 712 7 s b, +b,p, ‘ (51

Y =[1 0]x,.

By applying Theorem 9 with p, =1, f, =1, a majorant system of the system (50) turns out to be

P =1.749p,+1.413p7+1.5045, 1,=1.0484p,. (52)
This system is clearly unstable V& >0, since a =1.749>1 (see Theorem 5).
By considering the closed-loop system of (51) with the control law

u, =—[-3.9075 5.7213]x —([0.400 0.200]x, +[0.200 —0.400]%,, )% +V,., (53)

obtained by applying Theorem 10 with b =1p, =1,
7,=0.1,7,=0.1,7,=-0.1, rA = {0.3749 + j0.3203, 0.3749-j0.3203}, a majorant system of the closed-loop
system is

s =0.8046,+0.1488,92+0.62765, 0,~0.6254p, (54)
where
14728 -2.2708
=|x||,, P= . 55
=1 {—2.2708 6.0579} (53)

From the first of (54) and from Theorem 5 it can be deducted that, whatever the values of uncertainties are,
if v =0=6=0, Vx,:||x[, <1.3135, it is |x [, <[[%],. vk >0, and lim x, =0 (see Fig 5a). Moreover the time

constant of the linearized of the majorant system (54) turns out to be 7 =4.5995.

Always from the first of (54) and from Theorem 5 it can be deducted that, for any values of uncertainties,
W, :[v | £0.09 and VX, :|[x[, < 04296, x, remains always in the ellipse C, ;. , While WV, :|v,|<0.09 and
VX, :[|% |, €(0.4296 , 0.8839), it is x|, <||%,
(see Fig 5b).

»»Vk >0 and for k big enough x, goes in the ellipse Cy, ;

Moreover the time constant of the linearized of the majorant system (54) turns out to be 7 =14.2978.

L L L L : 05
1+ . 0.4
0.3
0.5 B 0.2
0.1
S oF ] S0
-0.1
0.5F b -0.2
0.3
-1r 7 -0.4

2 1 0 1 2 03 05 0 05 1

X, X
Figure ba : RAS for v, =0. Figure 5 . Practical RAS for v, =0.
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Example 3. Consider the control system of the traffic of the road network in Fig. 6. By denoting with x, the
distance of the vehicle i (i=1,2) from the next one i+1 at the instant kT, where T is the sampling time,

‘ X, X
_/|:|D?u1 _/Elm;% _/ED;d
\J \/ \J

Figure 6 : Road network.

with u,, the stretch of road that the vehicle i (i=1,2) must cover in the interval [KT, (k+DT]and with d, the
stretch of road that the head vehicle (number 3 in Fig. 6) will run in the interval [KT, (k+1)T], it is:

Xiar = X =+ POUy A+ Py, Koy =X = (14 Py)IU + 0y, (56)
where p,, p, are the relative errors of actuation. From (56) it is:

X1 = A% +B(pu, + Edks Y =Cka9 (57)

10 -1 1] [-1 0] [o 1 0 10
S I L LT P L A P A

An easier model is the one in which for the vehicle number 1 the signal u,, is a disturbance, i.e. in the

where:

hypothesis of a decentralized control. In this case it is:
X =X, —(A+p)y, +d,, 1=L2, d,=u,, d, =d, (59)
By using the decentralized control law
Zyo =2, +(G, — Vi), U, =—0.5429z, +1.2929%y,, i=12, (60)

obtained such that the eigenvalues of A, for p =p, =0 are O.Seiji, in the hypothesis that
p, €[-0.05,0.05], p, €[-0.05,0.05], upper bounds of the tracking errors can be determined by using the
majorant systems

Picn = 0.57600, +2.6085 max|Sr, | +2.4843|5d,,,,|, [e.|=11385p,, i=12, (61)

computed with Theorem 12.

In Fig. 7 the simulation results of the controlled road network, in the hypothesis of
p, =0.05, p, =-0.05,r, =10-1,,r,, =20-1,,d, =(20+25in%—200s2£0]-1k,4’0 =0, are shown. After the
transient phase, due to the initial “discontinuous” of r,,r, and d,, it is |e,|<0.5827, while from the

majorant system it turns out to be that |e, | <1.9993.
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Figure 7 : Errors and control signals of the controlled road network.

VII.  CONCLUSIONS AND FUTURE DEVELOPMENTS

In this paper several basic theorems have been stated and proved. They allow to determine, by calculating the
eigenvalues of suitable matrices only in correspondence of the vertices of appropriate polytopes, a majorant
system of a pseudo-quadratic uncertain MIMO system.

By using the provided results, systematic methods have been derived, which allow to solve, via majorant
system, several analysis and synthesis problems about the robust stability, robust stabilization and tracking
of a generic reference signal with bounded variation, in presence of a generic disturbance with bounded too.
The presented examples have shown the utility and the efficiency of the main proposed results.

Future developments are going on in the direction of the fault tolerance and of the robust tracking in the
hypothesis of a non measurable state.
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