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 Abstract-

 

In [4], the definition of product summability method (𝑫𝑫,𝒌𝒌)(𝑪𝑪, 𝒍𝒍)

 

for functions was given and some of its 
properties were investigated. In [2], (𝑫𝑫,𝒌𝒌)(𝑪𝑪,𝜶𝜶,𝜷𝜷)

 

(k > 0,

 

α

 

> 0, β

 

> −1) summability for functions are defined and 
some of its properties were investigated. In [1], the Ces𝒂̇𝒂ro means and Ces𝒂̇𝒂ro summability were discussed for 
sequences. In this paper, we study some results of Ces𝒂̇𝒂ro mean of product summability (𝑫𝑫,𝒌𝒌)(𝑪𝑪,𝜶𝜶,𝜷𝜷)

 

(k > 0,

 

α

 

> 0, β

 
> −1) of  partial  differential equations of sequences.

 I.

 

Introduction

 Kuttner [1], introduced the summability method for functions and investigated 
some of its properties. Pathak [4], defined the product summability method for functions 
and investigated some of its properties. Mishra and Srivastava [3],

 

introduced the 
summability method for functions by generalizing summability method. Mishra and 
Mishra [2], introduced the summability method for functions and investigated some of its 

properties.

 

In this

 

paper,

 

we study some results of Ces𝑎̇𝑎ro mean of product summability 

(𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽)
 

(k > 0,α > 0, β > −1)
  

of partial differential equations of sequences.

 II.

 

Some relations and Definitions

 Let )(xf be any function which is Lebesgue-measurable, and that f : [0, + )∞ ,R→
 and integrable in (0, x ), for any finite x

 

and which is bounded in some right hand 

neighbourhood of origin. Integrals of the form ∫
∞

0
 

are throughout to be taken as ∫
∞→

x

x 0
lim , 

∫
x

0

being a Lebesgue integral. For any n>o, we write 𝑎𝑎𝑛𝑛(𝑥𝑥)

  

for the 𝑛𝑛𝑡𝑡ℎ

 

integral,

 
𝑎𝑎𝑛𝑛(𝑥𝑥)

 

= 1
Γ(𝑛𝑛)

 

∫ (𝑥𝑥 − 𝑦𝑦)𝑛𝑛−1

 

𝑎𝑎(𝑦𝑦)𝑑𝑑𝑑𝑑

 

𝑥𝑥
0 ,

 
𝒂𝒂_(𝟎𝟎

 

)

 

(𝒙𝒙) =

 

𝒂𝒂(𝒙𝒙)

 
The ),,( βαC transform of 𝑎𝑎

 

(𝑡𝑡), which we denote by )(, tβα∂

 

is given by

 𝑎𝑎(𝑡𝑡)
  

)0( =α
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2.

Ref



 

 dyyauut
t

x

)()(1
)1()(
)1(

0

1 βα
βαβα

βα
∫ −

+ −
+ΓΓ
++Γ

,  )1,0( −>> βα ,             (2.1) 

If, for t > 0, the integral defining )(, tβα∂  exists and if )(, tβα∂ → 𝑠𝑠 as 𝑡𝑡 → ∞ , we 

say that a (x) is summable ),,( βαC  to s, and we write 𝒂𝒂(𝒙𝒙) → s (C, α, β) . We write  

 

dxxa
tx

xkttgtg k

k
k )(

)(
)()(

0
1

1
)( ∫

∞

+

−

+
==

 , (k > 0)   (2.2)
 

if this exists,
 

We also write

dxx
tx

xkttU k

k

k )(
)(

)(
0

,1

1

,, ∫
∞

+

−

∂
+

= βαβα , (2.3) if this exists. 

With the usual terminology, we say that the sequence 𝑎𝑎𝑛𝑛
 
is summable,

 
(I)

 
( D, k) to the sum s, if g (t) tends to a limit s as t→ ∞

 
,
 

(II)
 
(D, k) (C,𝛼𝛼,𝛽𝛽)

 
to s, if 𝑈𝑈𝑘𝑘 ,𝛼𝛼 ,𝛽𝛽(𝑡𝑡)  tends to s as t→ ∞. When𝛽𝛽 = 0

 
,(𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽)

 and (𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼)
 
denote the same method. The case 𝛽𝛽 = 0

 
is due to Pathak[5]

 
. 

We know that for any fixed t >
 
0, k >

 
0, it is necessary and sufficient for the 

convergence of (2.3) that  ∫
𝜕𝜕𝛼𝛼 ,𝛽𝛽 (𝑥𝑥)
𝑥𝑥2

∞
1   

𝑑𝑑𝑑𝑑  should converge.
 
(2.4)

 
If (2.4) converges, write for x >

 
0, 𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = ∫

𝜕𝜕𝛼𝛼 ,𝛽𝛽 (𝑡𝑡)
𝑡𝑡2
  

𝑑𝑑𝑑𝑑∞
𝑥𝑥

 
.

 

We note that 𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = 𝑜𝑜(1)  as x→ ∞ . Further, (since f(x) is bounded in some 

right hand neighbourhood of the origin) we have, 

𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = 𝑜𝑜 �1
𝑥𝑥
� as x→ 0 + . 

iii.  Main Results 

In this section, we have following theorems for sequences analogous to [2]. 
Theorem 3.1 : If 𝛼𝛼 >  𝛾𝛾 ≥ 1, 𝑘𝑘 > 0  then 𝑎𝑎 (𝑥𝑥) → 𝑠𝑠 (𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼 − 1,𝛽𝛽) ,whenever 𝑎𝑎(𝑥𝑥) →
𝑠𝑠(𝐷𝐷,𝑘𝑘)(𝐶𝐶, 𝛾𝛾 − 1,𝛽𝛽) . 
Theorem 3.2 : Let 𝛼𝛼 >  𝛾𝛾 ≥ 0, 𝛽𝛽 > −1  , and suppose that a(x) is summable (𝐶𝐶, 𝛾𝛾,𝛽𝛽) to s 

and that ∫
𝜕𝜕𝛾𝛾 ,𝛽𝛽 (𝑥𝑥)
𝑥𝑥2

∞
1   𝑑𝑑𝑑𝑑  converges . Then a(x) is summable (𝐷𝐷, 𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽) to s. 
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