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Scalar fields on a space or space-time manifold (X, g), which satisfy a linear
or nonlinear field equation, attract enduring attention; cf, e.g., [1, 2, 3]. The
Dirichlet Lagrangian or energy density

e =
1
2
|dφ|2 =

1
2
gab(∂aφ)(∂bφ), (1.1)

of a one-component scalar field φ = φ(x) leads to a linear field equation of
Laplace or D’Alembert type. Here we denote

g = gabdx
adxb, (gab) := (gab)−1, ∂a :=

∂

∂xa
.

The Dirichlet Lagrangian e admits a natural generalization to a multi-
component scalar field φ = φ(x) if the range of φ is suitably geometrized,
namely if imφ lies in a Riemannian manifold (Y, h). That means, φ be-
comes a map X → Y , x 7→ y between a source manifold (X, g) and a target
manifold (Y, h). The choice of the Lagrangian

e = e[φ] = e[φ, g] =
1
2
|dφ|2, (1.2)

where now

|dφ|2 := tr(φ∗h) ≡ gab(∂aφ
i)(∂bφ

j)hij(φk),
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Harmonic and Wave Maps Coupled with Einstein's Gravitation

Here we denote h = hijdy
idyj and the special covariant derivative ∇ is built

from g, h, φ as will be explained in section 2.
A map φ : X −→ Y between properly Riemannian manifolds (X, g),

(Y, h) which satisfies (1.3) is called a harmonic map [4, 5]. A map φ : X −→
Y from a Lorentzian manifold (X, g) to a properly Riemannian manifold
(Y, h) which satisfies (1.3) is called a wave map [6, 7, 8, 9, 3].

In this paper, we take (Y, h) as a fixed background and consider g and
φ as dynamical objects. The dynamics shall follow from the Lagrangian

L = κR− e, (1.4)

where R denotes the scalar curvature of g and κ 6= 0 is a coupling constant.
Variation with respect to g yields, for dimX ≥ 3, the Einstein equation in
the form

κRic = φ∗h, (1.5)

in components

κRab = (∂aφ
i)(∂bφ

j)hij . (1.6)

Variation with respect to φ yields (1.3).
A Lorentzian metric g can be interpreted as gravitation. According to the

Kaluza-Klein principle, the space-time manifold (X, g) may have a higher
dimension.

A positive definite metric g on X can be given a physical interpretation
through a Lorentzian metric constructed from it as follows. Consider the
product manifold X̃ := < × X with points (t, x) and equip it with the
Lorentzian metric g̃ := dt2 − g. Extend φ : X −→ Y to φ̃ : X̃ −→ Y by
setting φ̃(t, x) := φ(x), that means φ̃ := φ ◦ pr2, where pr2 is the projection
X̃ −→ X to the second factor. The field equations (1.5), (1.3) for (X̃, g̃), φ̃
reduce to (1.5), (1.3) for (X, g), φ.

Let us sketch our main results.
• The energy-momentum tensor T of a wave map obeys several energy con-
ditions. In particular, if v is a causal (i.e. non-spacelike) vector field then
the momentum one-form I := T (·, v) is causal again.

• The Einstein equation (1.5) implies that the conditions Ric(v, v) = 0,
Ric(·, v) = 0, φ∗v = 0 for a vector field v are equivalent to each other.
Moreover, then v is a Ricci collineation, i.e. £vRic = 0 . Some conclusions
are drawn from this latter fact.

• A submersive map φ : X → Y between a pure manifold X and a Rieman-
nian manifold (Y, h) can locally be made to a harmonic or wave map by a
suitable choice of a metric g on X.

• We study the case of warped product X = ′X × ′′X, g = ′g ⊕ w2 ′′g.
Several propositions are proved by means of the argument that the integral
of a Laplace expression over a closed manifold ′X vanishes.

• We study radiation conditions for a Lorentzian manifold (X, g). The Ein-
stein equation (1.5) leads from one condition to a stronger condition.
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Harmonic and Wave Maps Coupled with Einstein's Gravitation

  
  

 

We consider dimensions

m := dimX ≥ 3, n := dimY ≥ 1

and adopt the following index convention: indices a, b, c, ... label the com-
ponents of geometric objects on X; indices i, j, k, ... label the components of
geometric objects on Y .
Tensor fields on Y become multi-component scalar fields on X by inser-
tion of y = φ(x), where x ∈ X, y ∈ Y . For covariant tensor fields on Y
there is also the conventional pull-back map φ∗. For instance, the metric
h = hijdy

idyj yields h ◦ φ with components hij(φk) = hij(φk(xa) on X and
also the pull-back φ∗h on X with components (∂aφ

i)(∂bφ
j)(hij(φk). The

object φ∗h is called first fundamental form of φ : X → Y .

We will occasionally write

φ∗h = h(dφ, dφ)

and also use the bilinear symmetric form h(·, ·) with tensorial entries.
Some natural covariant derivative ∇ with components ∇a is built from g, h,
φ according to the following rules.

1- ∇ applied to tensor fields on X equals the Levi-Civita derivative g∇ to
g. For instance,

∇av
c := ∂av

c + gΓc
abv

b,

where v = va∂a is a vector field on X and gΓc
ab are the Christoffel symbols

to (gab).

2- ∇ applied to tensor fields on Y equals some pull-back of the Levi-Civita
derivative h∇ to h. For instance,

∇aw
k := (∂aφ

i)(∂iw
k + hΓk

ijw
j),

where w = wi∂i is a vector field on Y and hΓk
ij are the Christoffel symbols

to (hij). Here ∇aw
k is understood to depend on yl = φl(xc).

3- There are natural product rules for mixed quantities, the components of
which carry both indices a, b, ... and i, j, .... For instance, the differential dφ
of φ : X −→ Y with components ∂aφ

i is a mixed tensor field. The covariant
derivative ∇dφ of dφ is called second fundamental form of φ. It has the
components

∇a∂bφ
k = ∂a∂bφ

k − gΓc
ab∂cφ

k + hΓh
ij(∂aφ

i)(∂bφ
j)

II. Preliminaries

and the symmetry property

∇a∂bφ
k = ∇b∂aφ

k.

More on calculus for maps between (pseudo-) Riemannian manifolds can be
found in the literature, e.g. [4, 5].
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Harmonic and Wave Maps Coupled with Einstein's Gravitation
  

  
 

The field theory for g and φ considered here is based on the Lagrangian

L = κR− e, (3.1)

which is the sum of the gravitational Lagrangian κR and the matter La-
grangian e. Here R = R[g] denotes the scalar curvature of g, κ 6= 0 is a
coupling constant and e = e[φ] = e[g, φ] is given by (1.2).
The idea to couple a harmonic map, formerly also called sigma model, with
Einstein’s gravitation appeared in [10, 11, 12] and other early papers.
The following is well-known [10, 11, 12, 13, 14, 15, 16, 17, 18, 7, 8, 9]. We
abbreviate detg := det(gab).

Proposition 3.1 Variation of L|detg|
1
2 with respect to g yields the Einstein

equation in the form

κ(Ric− 1
2
Rg) = φ∗h− eg. (3.2)

If m = dimX ≥ 3 then this is equivalent to

κRic = φ∗h. (3.3)

Variation of L|detg|
1
2 with respect to φ yields

tr(∇dφ) = 0, (3.4)

where ∇dφ is the second fundamental form of φ and the trace tr refers to
the metric g.

The right-hand side of (3.2)

T := φ∗h− eg (3.5)

is called energy-momentum tensor of φ. There holds e = 1
2 tr(φ

∗h) and (3.5)
is equivalent to

T − (m− 2)−1(trT ) = φ∗h.

Proposition 3.2 From the field equation (3.4) for φ there follows that T is
divergence-free:

∇bTab = 0.

The proof follows from the identity

∇bTab = hij(∂aφ
i)(tr∇dφ)j .

III. The Field Equations

Let now the metric g have Lorentzian signature (+− ...−).

Definition 4.1 Let a symmetric two-form T = Tabdx
adxb on X be inter-

preted as an energy-momentum tensor field and let v = va∂a be a unit
timelike vector field on X, i.e., vav

a ≡ gabv
avb = 1. Then T (v, v) ≡

IV. Energy Conditions for a Wave Map
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 Tabv
avb is called energy density, I := T (·, v) with components Ia := Tabv

b

is called momentum one-form, and J := I − T (v, v)v with components
Ja := Ia − T (v, v)va is called proper momentum one-form.

Physically, v is interpreted as the unit tangent vector to the world line of an
observer. This observer measures the quantities T (v, v), I, J .

Every unit timelike vector field v = va∂a on X gives rise to a positive
definite metric g+ = g+

abdx
adxb on X with components g+

ab = 2vavb − gab.
The inverse (gab

+ ) := (g+
ab)
−1 has the representation gab

+ = 2vavb − gab.

Theorem 4.1 Consider the energy-momentum tensor

T = φ∗h− eg (4.1)

of a map φ : X −→ Y between (X, g) and (Y, h). The energy density equals

T (v, v) = e+ := e[φ, g+] ≡ 1
2
gab
+ (∂aφ

i)(∂bφ
j)hij . (4.2)

It is a positive definite quadratic form in dφ. The momentum one-form I
obeys the estimate

e2 ≤ |I|2 ≤ e2+, (4.3)

where
|I|2 := IaI

a ≡ gabIaIb. (4.4)

Proof:
Let us abbreviate f := φ∗h with components fab := (φ∗h)ab = (∂aφ

i)(∂bφ
j)hij .

We calculate

T (v, v) = Tavv
avb = (fab − egab)vavb

= fabv
avb − e = 1

2(2vavb − gab)fab = 1
2g

ab
+ fab = e+.

The proper momentum one-form J is orthogonal to v, that means Jav
a = 0.

Considering that, we find that

0 ≤ gab
+ JaJb = −gabJaJb

= −gabJa(Ib − e+vb) = −gabJaIb
= −gab(Ia − e+va)Ib = −IaIa + e2+.

Thus, the right-hand side inequality of (4.3) is proved. In order to prove
the left-hand side of (4.3), we start with the remark that the matrix (fab)
is positive semi-definite. Let us consider a fixed point x0 ∈ X and use
coordinates xa such that

va = δa
0 , gab

+ = δab (4.5)

in that very point x0. Actually, such coordinates exist. The following 2× 2
subdeterminants of (fab) are non-negative:

f00f11 − f10f10 ≥ 0,

f00f22 − f20f20 ≥ 0,
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Harmonic and Wave Maps Coupled with Einstein's Gravitation
  

  
 

Let us sum up:

f00faa − fa0fa0 ≥ 0. (4.6)

Here a summation convention applies to the index a and the coordinate
conditions (4.5) are assumed. The inequality (4.6) can be brought into a
coordinate-invariant form

gab
+ (fabv

cvdfcd − vcfacv
dfbd) ≥ 0.

Here we insert

gab
+ fab = 2e+, vcvdfcd = e+ e+,

vcfac = vc(Tac + egac) = Ia + eva,

gab
+ (Ia + eva)(Ib + evb) = 2e+(e+ e+) + e2 − |I|2.

Taking all this together, the left-hand side inequality of (4.3) follows.
The conditions

T (v, v) ≥ 0, |I|2 ≥ 0

together form the dominant energy condition, which expresses that the en-
ergy density is non-negative and that the momentum I is causal. The latter
condition physically means that the momentum I propagates with a velocity
which is not greater than the velocity of light.
The so-called strongy energy condition also holds in the present situation,
namely in the form

(m− 2)T (v, v) ≥ trT.

Theorem 4.2 Consider the energy-momentum tensor T = Tabdx
adxb to φ

as above and lightlike vector fields l = la∂a, n = na∂a such that lana ≡
gabl

anb = 1. Then

T (l, l) ≡ Tabl
alb = h(φ∗l, φ∗l) ≥ 0, (4.7)

and the one-form I := T (·, l) with components Ia := Tabl
b obeys

0 ≤ |I|2 ≤ 2T (l, l)T (l, n). (4.8)

Proof:
Assertion (4.7) follows from

T (l, l) = (fab − egab)lalb = fabl
alb = hij(la∂aφ

i)(lb∂bφ
j).

...

f00fmm − fm0fm0 ≥ 0.

The projection tensor p with components

pab := lanb + nalb − gab

is a useful tool. It is orthogonal to l and n, i.e.

pabl
b = pabn

b = 0,
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Harmonic and Wave Maps Coupled with Einstein's Gravitation

  
  

 

and it is positive semi-definite. Hence

0 ≤ pabIaIb = (2lanb − gab)IaIb = 2T (l, l)T (l, n)− |I|2,

which proves the right-hand side inequality of (4.8)
Below we will also use

pabTab = (2lanb − gab)Tab = 2T (l, n)− trT = 2T (l, n) + (m− 2)e.

Let us, in order to complete the proof, consider a fixed point x0 ∈ X and
use coordinates xa such that

la = la0 , na = δa
1 , (pab) = diag(0, 0, 1, ..., 1)

in that very point x0, where diag indicates a diagonal matrix. Formally
the same 2× 2 subdeterminants of (fab) as in the preceding proof are non-
negative. Their sum is now in another way transformed into a coordinate-
invariant form

pab[fab(lcldfcd)− (lcfac)(ldfbd)] ≥ 0.

Here we insert

pabfab = pab(Tab + egab) = pabTab − (m− 2)e = 2T (l, n),

lcldfcd = T (l, l), pab(lcfac)(ldfbd) = pabIaIb = 2T (l, l)T (l, n)− |I|2.

The result |I|2 = gabIaIb ≥ 0 follows.
Physically, theorem (4.2) can be interpreted in terms of a fictional observer
which moves faster and faster. In the limit, he reaches the velocity of light
and v turns to l. The energy density T (l, l) then remains non-negative and
the momentum I remains causal.

Corollary 4.3 There holds T (l, n) ≥ 0. Especially, T (l, n) = 0 iff Ia =
T (l, l)na.

Proof:
The formulas (4.7), (4.8) imply T (l, n) ≥ 0. If T (l, n) = 0 then |I|2 = 0 and

0 = pab(lcfbc) = pabIb = (lanb + nalb − gab)Ib = T (l, l)na − Ia

Let us study

κRic = φ∗h, (5.1)

V. Implications of the Einstein Equation

for given background (Y, h) as a relation between g and φ. Contraction with
g−1 yields

κR = 2e. (5.2)

Double Contraction with a vector field v = va∂a on X yields

κRic(v, v) = h(φ∗v, φ∗v), (5.3)
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with the interpretation that y = φ(x) is to be inserted into the right-hand
side of (5.3); φ∗v denotes the push-forward of v with respect to φ. As a
conclusion, κRic(v, v) is positive definite in φ∗v and is positive semi-definite
in v.

Proposition 5.1 From (5.1) there follows that Ric and dφ, interpreted as
linear map, have the same rank:

r := rank(Ric) = rank(dφ). (5.4)

In particular:
r = 0 iff φ is constant.
r = m ≡ dimX iff φ is an immersion.
r = n ≡ dimY iff φ is a submersion.
r = m = n iff φ is a local diffeomorphism.

The proof of (5.4) is an exercise in linear algebra.
Note that r = 0 means that (X, g) is Ricci flat, i.e., Ric = 0.

Proposition 5.2 If (5.1) holds then the conditions

Ric(v, v) = 0, (5.5)

Ric(·, v) = 0, (5.6)

φ∗v = 0 (5.7)

for a vector field v = va∂a on X are equivalent to each other. Moreover,
they imply

£vRic = 0 , (5.8)

where £v denotes the Lie derivative with respect to v.

Proof:
Equation (5.3) in components reads

κRabv
avb = hij(φ∗v)i(φ∗v)j ,

where (φ∗v)i = va∂aφ
i. Moreover, (5.1) implies

κRabv
b = hij(∂aφ

i)(φ∗v)j .

These formulas and the definiteness of h give the first assertion. Next, we
use comoving coordinates xa, which are adapted to v, that means va = δa

0 ,
and we get

(φ∗v)i = va∂aφ
i = ∂0φ

i,

κ£vRab = κ∂0 Rab = ∂0 (∂aφ
i∂bφ

j hij (φk )).

If ∂0φ
i = 0 then also ∂0Rab = 0. This fact can be translated into the second

assertion.

Proposition 5.3 If the Ricci tensor vanishes on the vectors of some in-
tegrable distribution in the tangent bundle TX and (5.1) holds then φ is
constant on each leaf of the foliation to the distribution.
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Proof:
A distribution of rank s in TX is integrable iff it admits adapted coordinates
xa, which means that the distribution is locally spanned by the coordinate
vector fields ∂1, ∂2, ..., ∂s. The assumption becomes

Ric(∂a, ∂b) = 0 for a, b = 1, 2, ..., s.

Proposition (5.2) then implies

∂1φ
i = 0, ∂2φ

i = 0, ..., ∂sφ
i = 0.

Hence φi does not depend on x1, x2, ..., xs and is constant if the point x
varies in a leaf of the foliation, i.e., if xs+1 = const., ..., xm = const.

Proposition 5.4 The Einstein equation (5.1) implies

κ(∇aRbc +∇bRca −∇cRab) = 2hij(∇a∂bφ
i)(∂cφ

j). (5.9)

Proof:
Covariant differentiation of (5.1) gives

κ∇cRab = hij [(∇c∂aφ
i)(∂bφ

j) + (∂aφ
i)(∇c∂bφ

j)].

Some rearrangement yields (5.9).

Proposition 5.5 The Einstein equation (5.1) implies

h(tr(∇dφ), dφ) = 0. (5.10)

This equation for a submersion φ implies the harmonic or wave map equation
(3.4).

Proof:
The Einstein tensor Ric− 1

2Rg is divergence-free. This fact and (5.9) imply

2h(tr(∇dφ), dφ)c ≡ 2hijtr(∇dφ)i(∂cφ
j) = κgab(∇aRbc+∇bRca−∇cRab) = 0.

If φ is a submersion, then the matrix with elements h(·, dφ)ic = hij∂cφ
j

has maximal rank and therefore (5.10) implies (3.4).

Proposition 5.6 If the Ricci tensor is covariantly constant, i.e., ∇Ric = 0,
and the Einstein equation (5.1) holds for a submersion φ, then φ is totally
geodesic, that means

∇dφ = 0. (5.11)

Proof:
If ∇Ric = 0 then (5.9) reduces to hij(∇a∂bφ

i)(∂cφ
j) = 0. If, additionally, φ

is a submersion, then (5.11) follows by means of the rank argument already
used in the preceding proof.

The next proposition needs some preparation. A diffeomorphism f :
X −→ X is called a Ricci symmetry iff
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A vector field v = va∂a on X is called an infinitesimal Ricci symmetry or a
Ricci collineation iff

£vRic = 0 . (5.13)

It is well known that the flow ft for t ∈ I of a Ricci collineation v is a one-
parameter family of Ricci symmetries, i.e. f∗t Ric = Ric. Here x = ft(x0)
by definition represents the solution of the initial-value problem

dx

dt
= v(x), x|t=0 = x0

and I denotes an open interval which contains 0.

Proposition 5.7 Let v = va∂a be a Ricci collineation of (X, g). Then the
Einstein equation (5.1) implies that φ : X −→ Y is invariant under the flow
ft for t ∈ I of v, that means

φ ◦ ft = φ. (5.14)

Proof:
Let us again use comoving coordinates such that va = δa

0 . In these co-
ordinates, ft is expressed by a translation x0 7→ x0 + t, x1 7→ x1, ...,
xm−1 7→ xm−1. We know already from the proof of proposition (5.2)
∂0φ

i = 0, i.e. each φi is independent of x0. Hence φi = φi(xa) does not
change under x0 7→ x0 + t, which is just expressed by (5.14).

The following definition is useful.
Definition 5.1 A property of subsets of a manifold X holds globally if it
is valid for X. It holds locally if every point x0 ∈ X has a neighborhood U
such that the property is valid for U .

Theorem 5.8 Let φ : X −→ Y be a submersion between smooth manifolds
X, Y and let Y be equipped with a positive definite metric h.
1- Locally there is a positive definite metric g on X such that φ becomes a
harmonic map (X, g) and (Y, h).
2- Locally there is a Lorentzian metric g on X such that φ becomes a wave
map.

Proof:
We consider (5.1) and use the fact that the problem of prescribed Ricci
curvature is locally solvable in the two cases [19, 20]. More precisely: cf.,
eg.

f∗Ric = Ric. (5.12)

1- Einstein’s equation (5.1) locally has a positive definite solution g. It
can be constructed, e.g., through some boundary value problem [19]. By
assumption, φ is a submersion; proposition 5.5 implies tr(∇dφ) = 0.
2- Einstein’s equation (5.1) locally has a Lorentzian solution g. It can be
constructed, e.g., through some Cauchy initial value problem cf., e.g. [20].
An argument like in item 1 completes the proof.
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Definition 6.1: The product (X, g) of two (pseudo-) Riemannian manifolds
(′X, ′g), (′′X, ′′g) is given by X = ′X × ′′X as a product of manifolds and
by

g(u, v) = ′g(′u, ′v) + ′′g(′′u, ′′v)

where u, v are vector fields on X, ′u, ′v are the push-forwards of u, v with
respect to the projection X −→ ′X, and ′′u, ′′v are the push-forwards of u, v
with respect to the projection X −→ ′′X.
We write then

g = ′g ⊕ ′′g,

dim′X = ′m, dim′′X = ′′m, m = ′m+ ′′m.

We apply the index convention

′a, ′b, ′c, ... = 1, 2, ..., ′m; ′′a, ′′b, ′′c, ... = ′m+ 1, ′m+ 2 , ...,m.

Definition 6.2: The warped product (X, g) is given by X = ′X × ′′X like
above and by

g(u, v) = ′g(′u, ′v) + w2 ′′g(′′u, ′′v),

where the warping function w is a map ′X −→ < with positive values w > 0.
We write then

g = ′g ⊕ w2 ′′g,

The following is known.

Proposition 6.1 If (X, g) is the product of (′X, ′g), (′′X, ′′g) then the Ein-
stein equation κRic = φ∗h ≡ h(dφ, dφ) decomposes into the two Einstein
equations

κ′Ric = h( ′dφ, ′dφ), κ′′Ric = h( ′′dφ, ′′dφ) (6.1)

and the orthogonality condition with respect to h:

h(′dφ, ′′dφ) = 0, (6.2)

in components

κ ′R′a ′b = hij(∂′aφ
i)(∂′bφ

j), κ ′′R′′a ′′b = hij(∂′′aφ
i)(∂′′bφ

j), (6.3)

hij(∂′aφ
i)(∂′′bφ

j) = 0 (6.4)

VI. Product and Warped Product Source Manifolds

κ( ′Ric− ′′mw−1 ′∇′dw) = h( ′dφ, ′dφ), (6.5)

κ( ′′Ric− 1
′′m

w2− ′′m ′′∆w
′′m ′′g) = h( ′dφ, ′′dφ), (6.6)

h(′dφ, ′′dφ) = 0. (6.7)

Proposition 6.2 If (X, g) is the warped product of (′X, ′g), (′′X, ′′g) with
warping function w then the Einstein equation κRic = φ∗h ≡ h(dφ, dφ)
decomposes into
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κ( ′′R− w2− ′′m ′∆w
′′m) = 2 ′′e. (6.9)

The proof is an exercise in higher differential geometry
We say that φ : ′X × ′′X −→ Y does not depend on ′x iff the restriction

φ(·, ′′x) : ′X −→ Y is a constant map for every ′′x ∈ ′′X. We say that φ
does not depend on ′′x ∈ ′′X in the analogous situation.

Theorem 6.3 Let in the situation of proposition 6.2 the restriction φ( ′x, ·) :
′′X −→ X be a submersion for every ′x ∈ ′X. Then φ does not depend on
′x.

Proof:
If every φ( ′x, ·) is a submersion then the quantities hij∂′′bφ

j in (6.4) form
a matrix of maximal rank, and (6.4) implies ∂′aφ

i = 0, which gives the
assertion.

Theorem 6.4 Let in the situation of proposition 6.2 the first factor (′X, ′g)
be properly Riemannian and closed. Then the following holds.
(i) The symmetric two-form κ′′Ric is positive semi-definite.
(ii) If κ′′Ric is not everywhere positive then w = const.
(iii) κ

∫
′X w ′Rd ′vol ≥ 0.

(iv) If
∫

′X w ′Rd ′vol = 0 then w = const. and φ does not depend on ′x.

Proof:
(i) Multiply (6.6) by w

′′m−2 and evaluate the two-forms at a vector field
′′v 6= 0 on ′′X:

κ[w
′′m−2 ′′Ric(′′v, ′′v)− 1

′′m
(′∆w

′′m)|′′v|2] = w
′′m−2h(′′dφ(′′v), ′′dφ(′′v)).

(6.10)

Integrate this equation over ′X; the Laplacian term does not contribute,
hence

κ′′Ric(′′v, ′′v)
∫

′X
w

′′m−2d′vol =
∫

′X
w

′′m−2h(′′dφ(′′v), ′′dφ(′′v))d′vol.

Both the integrals are non-negative, hence κ′′Ric(′′v, ′′v) ≥ 0 for every ′′v.
(ii) If ′′Ric(′′v, ′′v)(′′x0) = 0 for some point ′′x0 ∈ ′′X then∫

′X
w

′′m−2h(′′dφ(′′v(′′x0)), ′′dφ(′′v(′x0))d′vol = 0,

which implies ′′dφ(′′v(′′x0)) = 0. Evaluation of (6.10) at the point ′′x0

reduces (6.10) to

(′∆w
′′m)|′′v(′′x0)|2 = 0.

We can assume |′′v(′′x0)|2 6= 0; hence w
′′m is a harmonic function. A har-

monic function on a closed manifold is constant.
(iii) Multiply (6.8) by w and integrate then over ′X. The Laplacian term
does not contribute; hence

κ

∫
′X
w ′Rd ′vol =

∫
′X
v ′ed ′vol ≥ 0.

The trace parts of (6.5), (6.6) read

κ( ′R− ′′mw−1 ′∆w) = 2 ′e, (6.8)
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(iv) The last integral vanishes only if ′e = 0, which implies ′dφ = 0, hence
φ(·, ′′x) = const for fixed ′′x ∈ ′′X. But then ′′e(·, ′′x) = const and the
standard separation argument can be applied to

κw2− ′m ′∆w
′′m = κ ′′R− 2 ′′e. (6.11)

Thus both sides of (6.11) equal a constant c. Integration of

κ ′∆w
′′m = cw

′′m−2

yields c = 0. Hence w
′′m is a harmonic function on the closed manifold ′X.

We find w
′′m = const, w = const.

Proposition 6.5 Let in the situation of the preceding theorem the second
factor (′′X, ′′g) be properly Riemannian with vanishing scalar curvature:
′′R = 0. Then w = const and φ does not depend on ′′x ∈ ′′X.

Proof:
Now equation (6.9) reduces to

−κ′∆w′′m = 2w
′′m−2 ′′e

and we have ′′e ≥ 0. Integration over the closed manifold ′X yields

0 =
∫

′X
w

′′m−2 ′′ed′vol,

which implies
′′e ≡ ′′tr h(′′dφ, ′′dφ) = 0.

Hence ′′dφ = 0, i.e. φ does not depend on ′′x, and w
′′m becomes a harmonic

function. We arrive at w
′′m = const, w = const.

Example 6.1. Let in the situation of proposition 6.2 the first factor
(′X, ′g) be the unit circle S1. It is a flat properly Riemannian closed mani-
fold. Theorem 6.4 implies that w = const and φ does not depend on ′x.

Example 6.2. A static metric g = w2dt2 − ′g can be interpreted as
a warped product metric on X = ′X × ′′X where there the second factor
′′X is one-dimensional. The proof of proposition 6.5 works, with a slight
modification, for this case. Hence Einstein’s equation κRic = φ∗h implies
that w = const and φ does not depend on t ∈ ′′X.

Lichnerowicz [21] proposed conditions of pure radiation for a Lorentzian
manifold (X, g):

Rabcdl
d = 0, Rab[cdle] = 0,

where Rabcd are the components of the Riemann curvature tensor and l =
la∂a is a lightlike vector field. Bel [22] proposed weaker conditions:

Rabcdl
bld = 0, lbRab[cdle] = 0, l[fRab][cdle] = 0.

VII. Source Manifolds with Radiation Conditions
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There are also radiation conditions for the Ricci tensor Ric or for the Ein-
stein tensor G := Ric− 1

2Rg with components

Gab := Rab −
1
2
Rgab,

namely
Rabl

b = 0, Ra[blc] = 0,

Gabl
b = 0, Ga[blc] = 0.

One of the present authors studied radiation conditions in [23, 24].

Theorem 7.1 If the Einstein equation κRic = φ∗h holds then the condi-
tions

Gabl
b = 0, (7.1)

Ra[blc] = 0 (7.2)

for a lightlike vector field l = la∂a are equivalent to each other.

Proof:
There is another lightlike vector field n = na∂a such that lana = 1. Then
the sum v := l + n is timelike with vava = 2 and g+

ab = vavb − gab are the
components of a positive definite metric g+.

Let us consider

i
a := 2vbl[a∂b]φ

i ≡ la(φ∗v)i − ∂aφ
i

and calculate

gab
+ hij

i
a

j
b = −gabhij

i
a

j
b = hij(φ∗v)i(φ∗l)j − e = κGabv

alb.

Here we made use of

gab
+ = vavb − gab, va i

a = 0

and of κRic = φ∗h. If Gabl
b = 0 then the above positive definite expression

vanishes and we get

i
a = 0, ∂aφ

i = la(φ∗v)i,

κRab = hij(∂aφ
i)(∂bφ

j) = lalbh(φ∗v, φ∗v).

Conversely, from Rab = rlalb with some scalar r there follow R = 0 and
(7.1).

We here dwell again on the fact that to every smooth vector field v =
va∂a on X there are comoving coordinates xa = x0, x1, ..., xm−1, which
means va = δa

0 . The adaptedness of coordinates is preserved by coordinate
transformations of the form

x̄0 = x0 + f(xi), x̄i = x̄i(xj). (7.3)

We apply in this section the index convention

 ψ

 ψ  ψ  ψ  ψ

 ψ

 ψ
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a, b, c, ... = 0, 1, 2, ...,m− 1;

i, j, k, ... = 1, 2, ...,m− 1;

I, J,K, ... = 2, 3, ...,m− 1.

Proposition 7.2 A Lorentzian manifold (X, g) admits a lightlike
... hypersurface-orthogonal Killing vector field l = la∂a, that means

l[c∇alb] = 0, ∇(alb) = 0,

iff in coordinates adapted to l the metric assumes the form

g = 2g01dx
0dx1 + gijdx

idxj , (7.4)

where g01, gij do not depend on x0. The component g01 = g01(xk) is in-
variant under gauge transformations (7.3) and the part gIJdx

IdxJ of (7.4)
shows tensorial behavior under the part x̄i = x̄i(xj) of (7.3). Moreover, the
matrix (gIJ) = (gIJ(xk)) is negative definite.
... covariantly constant vector field l = la∂a, that means ∇alb = 0, iff in
coordinates adapted to l the metric assumes the form

g = 2dx0dx1 + gijdx
idxj , (7.5)

where the components gij do not depend on x0.
... covariantly constant vector field l = la∂a such that the Bel condition

l[eRab][cdlf ] = 0 (7.6)

holds iff there are coordinates adapted to l such that

g = 2g01dx
0dx1 + g11(dx1)2 + 2g1Idx

1dxI − dxIdxI , (7.7)

where g11, g1I do not depend on x0 and summation over I is applied.
... covariantly constant vector field l = la∂a such that the Lichnerowicz
condition

l[eRab]cd = 0 (7.8)

holds iff there are coordinates adapted to l such that

g = 2g01dx
0dx1 + g11(dx1)2 − dxIdxI , (7.9)

where g11 does not depend on x0 and summation over I is applied.

All these facts together with proof and additional information are given in
the papers [24, 23].

A Lorentzian manifold (X, g) which admits a covariantly constant light-
like vector l = la∂a is called a plane-fronted gravitational wave with parallel
rays, abbreviated pp-wave. Note that from ∇alb = 0 and the Ricci identity
there follows the Lichnerowicz condition

Rabcdl
d = 0.

Theorem 7.3 A metric (7.4) satisfies an Einstein equation κRic = φ∗h
iff g01 = g01(x1, xK) is a harmonic function of xK = x2, x3, ..., xm−1 with
respect to the positive definite metric (which depends on x1 as a parameter)
−gIJdx

IdxJ .
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Proof:
Some calculation gives the components

R00 = 0, R01 =
1
2

∆g01

of the Ricci tensor Ric = Rabdx
adxb, where ∆ denotes the Laplace operator

with respect to −gIJdx
IdxJ . By proposition 5.2, from R00 ≡ Rabl

alb = 0
and κRic = φ∗h there follows R01 ≡ R1bl

b = 0. The assertion follows.

Theorem 7.4 Let m = dimX = 4. A metric of the form (7.7) satisfies an
Einstein equation κRic = φ∗h iff it satisfies (7.8), that means iff it can be
brought into the form (7.9).

Proof:
Calculation of Ricci components gives RIJ = 0; in particular RII = 0 (with-
out summation). By Proposition 5.2, from this and κRic = φ∗h there follows
R1I = 0. For m = 4, there are only two independent curvature components
of type RiJKL, namely

R1223 = −R13, R1323 = R12.

Thus we get RiJK2 = 0 which is expressed by (7.9) in a coordinate invariant
way.

The literature on harmonic or wave maps is very extensive. There are good
surveys on harmonic maps [4, 5]. Work on such maps in the role of matter
fields coupled with gravitation began about 1980 [10, 11]. One of the authors
of this paper worked, with coauthors, already on this subject; we refer to
the paper [17] and the unpublished preprint [25].

The Einstein equation κRic = φ∗h or κG = T , where G = Ric − 1
2Rg

denotes the Einstein tensor and T = φ∗h− eg the energy-momentum tensor
of φ, exhibits some remarkable properties:

- The rank of Ric, taken as a linear map, equals the rank of the differential
dφ (Proposition 5.1).

VIII. Discussion

- The symmetries of the Ricci tensor Ric and of the map φ are closely related
to each other (Propositions 5.2, 5.3, 5.7).

- If φ is submersive then the Einstein equation implies the harmonic or wave
map equation (Proposition 5.5; cf. also Proposition 5.6).

- In the Lorentzian case there are identities and estimates for the energy-
momentum tensor T which indicate a physically good behavior of T (Propo-
sition 3.2, Theorems 4.1, 4.2).

- In the Lorentzian case there is a tendency to enhance radiation conditions.
That means, the Einstein equation leads from one condition to a stronger
condition (Section 7).

There is also a situation where the Einstein equation serves as an aux-
iliary construction: for a given submersion φ there locally exists a metric g
on X which makes φ to a harmonic or wave map (Theorem 5.8).
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One paper cannot touch all aspects of a subject. We did not discuss here:

- Bochner-Weitzenböck technique [5, 13, 14, 15],
- consequences of second variation formulas,
- factorizations of the map φ [18],
- exact solutions [10, 7, 8, 9, 12, 13, 14, 15, 16, 11],
- coupling of φ to a gravitational theory other than Einstein’s theory.

These topics are by far not exhausted and could be subjects of further
research.

Former discussions and cooperations with T. Hirschmann and T. Deck are
gratefully acknowledged. We thank the professors G. Huisken and A. D.
Rendall for inspiring discussions.
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