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Multipliers of Distributions Spaces
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[.  PRELIMINARIES

Let G be a locally compact group and let L;(G) denote the Lebesgue space
with respect to the Haar measure on G. An L;(G)—multiplier is any con-
tinuous linear transformation from L;(G) into itself which commutes with
translations. Many investigations have been carried out to characterize the
Li(G)—multipliers. The theory has been extended to other group algebras,
general Banach algebras, some locally convex linear spaces and C*—algebras.
See [8], [1] and references therein. For further informations on the theory of
multipliers we refer to [8]. In this paper we study multipliers of distributions.
Some results in this area involving temperate distributions can be found in [5]
and [7]

a) Definition and notations of distributions spaces

In this section we recall some facts about distributions. For more details we
refer to [2], [3] and [4]. As usual D denotes the set of infinitely differentiable
complex valued functions on R™ having compact support. The set D is topol-
ogized in the following way. The subset Dg of D whose elements have their
supports in the compact subset K of R” is a locally convex vector space with
the semi-norms P, i defined by

Pox(9) = sup [D(¢)| (1)

€K, |g|<m

n
where m € N, ¢ = (q1,---,q,) € N", |q| = > ¢, x = (x1,...,2,) and DI =
=1
5ld '

oz ... ozl
over an increasing sequence of compact sets whose union is R™. Thus a net

. Then D is the strict inductive limit of the Dg’s, when K runs
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{¢a} converges to 0 in D means that all the ¢,’s have their supports in a fixed
K and for any ¢ € N the net {D%¢,} converges to 0 uniformly in K.

A distribution on R™ is a continuous linear functional on D. The vector space
of distributions is naturally denoted by D’. Let U be a distribution. We say
that U vanishes on a subset 2 of R" if U(¢) = 0 whenever suppp C Q. The
support of U is by definition the smallest closed subset of 2 of R™ such that
U vanishes off 2.

Let &€ denotes the set of infinitely differentiable complex functions on R™. It is
endowed with the locally convex topology with semi-norms Pk ,, defined as in
(1) where K now is no longer fixed. It was shown that the topological dual &’
is identical with the space of distributions with compact support [2, page 38].
Let S be the subset of £ which contains the functions ¢ such that

lim |2*D%(z)| = 0,Vk € N (2)

[l]| =00

with 2% = zhah ... 2F. S is called the space of rapidly decreasing infinitely

differentiable functions whereas its topological dual S’ is called the space of
slowly increasing distributions or temperate distributions.
Finally denote by Oy, the subset of £ such that

¢ € Oy if and only if lim |p(z)Di¢(z)] =0,Vp €S (3)

[[]| =00

and by O the subset of D’ such that
U € O if and only if (1 + ||z||2)2U is bounded in R*,k € N, (4)

which means (1 + ||z]|2)U2 (¢a) converges to 0 whenever ¢, and all its deriva-
tives belong to L..(R") and (¢,) such as its derivatives converges to 0 in
Lo (R™). For the various topologies see [4].

In the sequel D' and S’ will be endowed with their strong dual topologies
and O (which is not the dual of Oy) will carry its usual topology except
otherwise stated.

b) Operations on Distributions

The translation 7,U is defined by

7U(0) = Ulr4e), U D, 6 €D, (5)

The partial derivative S—U is defined by

Tk
ou 0¢
—(¢)=-U(s—), UeD, ¢eD. 6
)= U2, UeD,p ©)
It is shown in [4, pages 77 and 88] that
ou _ lim U —=U (7)

8xk hi—0 hk
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where h = (0,...,0,h,0,...,0) € R" and also that

aThU . _aThU

The multiplication aU is defined by
aU(¢) =U(ag), Ue D', ae& ¢eD. (9)
The Fourier transform FU is defined by
FU(p) =U(Fop), Ue S ¢p€S. (10)
The convolution U * V' is defined by
UxV(g) =U(V(7—y0)) (11)

where V' acts on ¢ as a function of z and U on the result as a function of y.

Convolution is not always meaningful, but it makes sense for instance if one
the distributions at least has compact support. When it is defined, convolution
is bilinear, commutative and the mapping (U, V') — U % V is hypocontinuous
in the sense that if one of U or V varies in a bounded set of D" or £ and the
other converges to 0, then U % V' converges to 0. Moreover

(U xV)=7U«V =Ux*1,V (12)
U V) aU oV
d = = —. 1
an o e *V =U % o (13)

We recall the following well-known lemma from [4, page 268].

Lemma 1.1 The Fourier transform is an isomorphism between O and
O, and changes convolution into multiplication in 8" i.e. if U € ', W € O
then FU € &', FW € Oy and

F(W *U) = FWFU. (14)

I[I.  MAaIN RESULTS

Definition 2.1 Let V or W be any one of D', &', Op or £'. We call
(V, W)—multiplier any continuous linear transformation T : V — W that
commutes with translations.

We denote by L£(V, W) the space of continuous linear transformation from V

to W and by M(V, W) the subset of L(V, W) consisting of the (V, W)—multipliers.

We write £(V) and M(V) for L(V, W) and M(V, W) when V = W respec-
tively.
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Theorem 2.2 Let T be a linear continuous operator in D’. Then the fol-
lowing statements are equivalent:

i) T € M(D').
it) T commutes with partial derivatives.

iii) There exists a unique W in E' such that

TU =W U for allU inD'. (15)
Proof.
1. i)= ii)
Suppose T' € M(D’). Then T'(1,U) = m,(TU), VU € D', Vh € R"™.
We have
oU Ty U —-U
T(—) = T(lim ——
( axk) (Jim ™ )
. . T,hU -U
= dm T,
. T, TU -TU 0TU
= lim = .
hy,—0 hy, oxy,

Hence T' commutes with partial derivatives.

2. ii) = 1i). This implication can be found in [4, page 163]. For the conve-
nience of the reader, we reproduce it here.
Assume that ii) holds and consider the function ¢ define by

P(h) = [T(mU)](mh6). (16)

We are going to prove that for U € D’ and ¢ € D fixed, the function ¢
is independent of h = (hy, ha, ..., h,) in R". For k =1,2,...,n, we have

W = AT
= I TOON0) + M0 (06)
= Tl ) + M0 (706)
= Thp ()(m) — M0 (00)
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= — L rmU)me) - [T(ThU)](a%g

o (1))

- [T(mU)](a%(w» - [T(mU)](a%(w» —o,

using successively the fact that T commutes with partial derivatives and

is linear, and formulas (8) and (6). We conclude from a—Qlj(h) =0

Ohy,
for k = 1,2,...,n that ¥ is a constant equal to 9(0). That means

that [T(m,U)|(mh¢) = TU(¢). Now, T(7U)(mh¢) = 74T (1,U)(¢) by
definition. Thus 7_,T(m,U) = TU and T(1,U) = 7,(TU). Hence i)
holds.

i) = ).

For any W € &', the mapping U +— Ty (U) = W x U defines a continuous
operator in D’ which commutes with translations according to (12) and
because (U, W) +— W x U is hypocontinuous.

1) = i),

Let T be an element of M(D’). We shall show first that if T(U * V') and
TU %V are defined then they are equal. In fact, for ¢ € D, we have (TU
V)(9) = (VATU)() = V(TU () = V(5,TU(9)) = V(Tr,U(9)) =
Vs« U(T*¢) = T(U x V(¢)) where T* is the adjoint of T'. Consequently
TU «V =T(U % V). Applying this equality to U = § x U where ¢ is the
Dirac distribution at the origin, we obtain TU = Td x U. Put T6 = W
to have TU = W x U. Indeed W belongs to £’. (See the remark in [4,
page 163]).

Examples.

. The identity operator T is a multiplier; the element W of £ associated

with it is § since U = § = U.

. Translations 73, are multipliers; the W of £’ corresponding is ¢y, the point

mass at h € R", since 7,U = 6, x U.

. Distributional derivatives are continuous. They are multipliers because

oU o)
they commute with one another. Then we have — =

—xU.
&ck 8l’k *

Theorem 2.3 Let the set L(D') be endowed with its strong topology i.e. the
topology of convergence on bounded sets of D. Then

1. The mapping T — W =T4§ from M(D') into £ equipped with its strong
topology is a bicontinuous isomorphism in the topology induced by L(D')

on M(D') i.e. M(D') is isomorphic to £'.
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2. M(E', D) is isomorphic to D'.
3. M(O,8’) is isomorphic to S'.
4. M(S') is isomorphic to Op.

Proof.
Let us prove the assertion 1.

The mapping M(D') — &', T + T is obviously linear. It is surjective
because each W € &’ defines a multiplier Ty, such that Tyd = W x 0 = W.
It is injective, for if 70 = S6, T, S € M(D’), then for any U in D', we have
TU=Té+xU=8«xU=SU,s0T =U.

Let us show now that it is continuous. Suppose (7, ) tends to 0 in M(D’). Then
(T, % U) tends to 0 in D’ uniformly on U € B’ where B’ is a bounded set in

D'. Put T,,0 = W,. Then for every bounded set B in D, sup |W, *xU(¢)|
¢€B,UEB

tends to 0 in R. Now W, x U(¢) = Wo(U(1_y¢)) and U(7_,¢) belongs to
€. Moreover (U(T—y0))yepyep is bounded in € ie. is bounded on every

compact subset K of R"™. Hence for every bounded set By in £ of the form
By = (U(1—y9)), sup |[W, (1) tends to 0, with respect to a. Now let By be

an arbitrary bounded set in £. We are going to prove that sup W ()] tends
(s

to 0. For any compact K C R", put Bx = ¢x By = {¢k ¥: ¢ € B;} where
¢ € D with supppx O K and ¢ =1 on K. The set Bk is bounded in D.
Then sup |Wo(¥k)| = sup |[W,*0(VYk)| = sup |[W,o(0(7—y¢x))| which

K EBK YK EBK YK E€EBK
tends to 0 according to what is pointed out above.

If sup |W, ()| does not converge to 0, then there would exist € > 0 such that
YeB
for every a there would exist 5 > « such that |Wz(¢)| > ¢ for every ¥ € Bj.

But for every € > 0 there exists ag such that a > «p implies |W,(¢k)| < €
for every compact K C R" and every i € Br. Now Ws(y) = Ws(vx,)
where Kz = suppWp is compact. Let 8 be such that 8 > a > ag, so that
|Ws(Yx,)| > e. This is a contradictory. We conclude that (W,) tends to 0 in
E'. Then T +— T4 is continuous.

The inverse mapping is also continuous. In fact, let (W,) be a net in £ which
converges to 0. Then for U in a bounded set of D', ((W, *U) converges to 0 in
D' (hypocontinuity of the convolution). That is the mapping W — Ty from
&' into M(D') is continuous.

The assertion 1 is completely proved.

The assertions 2., 3. and 4. are proved similarly.

Corollary 2.4 T € M(S’) if and only if there ezists a unique ¢ € Oy
such that F(TU) = ¢F(U). Moreover the mapping T +— ¢ is a topological
isomorphism between M(S') and Oyy.

Proof. The corollary follows from Theorem 2.3, assertion 4. and Lemma 1.1
with FW = ¢.

© 2013 Global Journals Inc. (US)
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Remark.

Some writers define a (V, W)—multiplier as a function ¢ such that ¢V € W for
every V € V. Let us denote in this case the multipliers spaces by M (V, W). It
was pointed out in [4, page 246] that M (S") = M(S’,S’) is precisely Oyps. Then
according to Corollary 2.4, we can say that M(S’) is topologically isomorphic
to M(S’). See [6] for some extension results.

Theorem 2.5 1. T € M(D') and U € & imply TU € E'. Moreover,
every T € M(E') has a unique extension to an element of M(D').

2. T € L(E) belongs to M(E') if and only if TUxV =T(UxV), U,V € &'
Proof.

1. £ T € M(D') then by Theorem 2.2, TU = W % U for some W € &'
Hence TU € &' whenever U € &' because supp(W x U) is closed and
included in suppW + suppU which is compact.

Since £ is a dense subspace of D’ then T € M(E’) has a unique contin-
uous extension T’ to D’ and T' € M(D).

2. Tt = 7, T implies T(U x V) = TU xV, U,V € &'; this is contained in
the proof of Theorem 2.2 above.
Conversely, suppose T(U x V) = TU « V, U,V € &. Then T(1,U) =
TO*xmU)=T5x U = (To % U) = 7,(TU) ie. T € M(E").

One has the following immediate consequence.

Corollary 2.6 A continuous linear operator belongs to M(D') if and only
if its restriction to £ commutes with convolution, i.e.

T c M(D/) == ﬂg/(U * V) = ﬂglU * V
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