
Results Involving Certain Regular Recursion Trees

Generalized Fermat Points Fuzzy Multiset Approach

VOLUME 13          ISSUE 10          VERSION 1.0 

Online ISSN: 2249-4626
Print ISSN: 0975-5896



 

 

 

Global Journal of Science Frontier Research: F 
Mathematics & Decision Sciences 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

Global Journal of Science Frontier Research: F 

Mathematics & Decision Sciences 
Volume 13 Issue 10 (Ver. 1.0) 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Open Association of Research Society 
 



 

Global Journals Inc.  
(A Delaware USA Incorporation with “Good Standing”; Reg. Number: 0423089) 
Sponsors:  
                 Open Scientific Standards  

Publisher’s Headquarters office 

 

 
USA Toll Free: +001-888-839-7392 
USA Toll Free Fax: +001-888-839-7392 

Offset Typesetting  
 

 
  

 
 Packaging & Continental Dispatching  

 
 

 
Find a correspondence nodal officer near you 
 
To find nodal officer of your country, please 
email us at local@globaljournals.org 
 

eContacts 
 
Press Inquiries: press@globaljournals.org 
Investor Inquiries: investers@globaljournals.org 
Technical Support: technology@globaljournals.org 
Media & Releases: media@globaljournals.org 
 
Pricing (Including by Air Parcel Charges): 
 
For Authors:   
                   22 USD (B/W) & 50 USD (Color)                                   
Yearly Subscription (Personal & Institutional):  
                   200 USD (B/W) & 250 USD (Color) 

© Global Journal of Science 

All rights reserved. 

This is a special issue published in version 1.0 
of “Global Journal of Science Frontier 

Research.” By Global Journals Inc. 

All articles are open access articles distributed 
under “Global Journal of Science Frontier 

Research” 

Reading License, which permits restricted use. 
Entire contents are copyright by of “Global 

Journal of Science Frontier Research” unless 
otherwise noted on specific articles. 

No part of this publication may be reproduced 
or transmitted in any form or by any means, 

electronic or mechanical, including 
photocopy, recording, or any information 

storage and retrieval system, without written 
permission. 

The opinions and statements made in this 
book are those of the authors concerned. 
Ultraculture has not verified and neither 

confirms nor denies any of the foregoing and 
no warranty or fitness is implied. 

Engage with the contents herein at your own 
risk. 

The use of this journal, and the terms and 
conditions for our providing information, is 

governed by our Disclaimer, Terms and 
Conditions and Privacy Policy given on our 

 

By referring / using / reading / any type of 
association / referencing this journal, this 

signifies and you acknowledge that you have 
read them and that you accept and will be 

bound by the terms thereof. 

All information, journals, this journal, 
activities undertaken, materials, services and 
our website, terms and conditions, privacy 
policy, and this journal is subject to change 

anytime without any prior notice. 

Incorporation No.: 0423089 
License No.: 42125/022010/1186 

Registration No.: 430374 
Import-Export Code: 1109007027 

Employer Identification Number (EIN): 
USA Tax ID: 98-0673427 

Open Association of Research Society

website http://globaljournals.us/terms-and-condition/
menu-id-1463/

Frontier Research .2013 .

Global Journals Headquarters
301st Edgewater Place Suite, 100 Edgewater Dr.-Pl, 

United States of America

Global Journals Incorporated
2nd, Lansdowne, Lansdowne Rd., Croydon-Surrey, 
Pin: CR9 2ER, United Kingdom

Global Journals
E-3130 Sudama Nagar, Near Gopur Square, 
Indore, M.P., Pin:452009, India

Wakefield MASSACHUSETTS, Pin: 01880, 

http://www.globaljournals.org/global-journals-research-portal/guideline/terms-and-conditions/menu-id-260/
http://www.globaljournals.org/global-journals-research-portal/guideline/terms-and-conditions/menu-id-260/
http://www.globaljournals.org/global-journals-research-portal/guideline/terms-and-conditions/menu-id-260/


John A. Hamilton,"Drew" Jr.,  
Ph.D., Professor, Management 
Computer Science and Software 
Engineering 
Director, Information Assurance 
Laboratory 
Auburn University 

Dr. Wenying Feng 
Professor, Department of Computing & 
Information Systems 
Department of Mathematics 
Trent University, Peterborough, 
ON Canada K9J 7B8 

Dr. Henry Hexmoor 
IEEE senior member since 2004 
Ph.D. Computer Science, University at 
Buffalo 
Department of Computer Science 
Southern Illinois University at Carbondale 

Dr. Thomas Wischgoll 
Computer Science and Engineering,  
Wright State University, Dayton, Ohio  
B.S., M.S., Ph.D. 
(University of Kaiserslautern) 

Dr. Osman Balci, Professor

 

Department of Computer Science 
Virginia Tech, Virginia University 
Ph.D.and M.S.Syracuse University, 
Syracuse, New York 
M.S. and B.S. Bogazici University, 
Istanbul, Turkey 

Dr. Abdurrahman Arslanyilmaz 
Computer Science & Information Systems 
Department 
Youngstown State University 
Ph.D., Texas A&M University 
University of Missouri, Columbia 
Gazi University, Turkey 

Yogita Bajpai 
M.Sc. (Computer Science), FICCT 
U.S.A.Email: 
yogita@computerresearch.org

 

Dr. Xiaohong He 
Professor of International Business  
University of Quinnipiac  
BS, Jilin Institute of Technology; MA, MS, 
PhD,. (University of Texas-Dallas)  

Dr. T. David A. Forbes 
Associate Professor and Range 
Nutritionist 
Ph.D. Edinburgh University - Animal 
Nutrition  
M.S. Aberdeen University - Animal 
Nutrition

 

B.A. University of Dublin- Zoology 

Burcin Becerik-Gerber 
University of Southern California 
Ph.D. in Civil Engineering  
DDes from Harvard University 
M.S. from University of California, Berkeley 
& Istanbul  University 

  

Integrated Editorial Board
(Computer Science, Engineering, Medical, Management, Natural 

Science, Social Science)



Dr. Bart Lambrecht 
Director of Research in Accounting and 
FinanceProfessor of Finance 
Lancaster University Management School 
BA (Antwerp); MPhil, MA, PhD 
(Cambridge) 

Dr. Söhnke M. Bartram 
Department of Accounting and 
FinanceLancaster University Management 
SchoolPh.D. (WHU Koblenz) 
MBA/BBA (University of Saarbrücken) 

 
Dr. Carlos García Pont 
Associate Professor of Marketing 
IESE Business School, University of 
Navarra 
Doctor of Philosophy (Management),  
Massachusetts Institute of Technology 
(MIT) 
Master in Business Administration, IESE, 
University of Navarra 
Degree in Industrial Engineering, 
Universitat Politècnica de Catalunya 

Dr. Miguel Angel Ariño 
Professor of Decision Sciences 
IESE Business School 
Barcelona, Spain (Universidad de Navarra) 
CEIBS (China Europe International Business 
School). 
Beijing, Shanghai and Shenzhen 
Ph.D. in Mathematics 
University of Barcelona 
BA in Mathematics (Licenciatura) 
University of Barcelona 

 
Dr. Fotini Labropulu 
Mathematics - Luther College 
University of ReginaPh.D., M.Sc. in 
Mathematics 
B.A. (Honors) in Mathematics 
University of Windso 

Philip G. Moscoso  
Technology and Operations Management 
IESE Business School, University of Navarra 
Ph.D in Industrial Engineering and 
Management, ETH Zurich 
M.Sc. in Chemical Engineering, ETH Zurich 

 
Dr. Lynn Lim 
Reader in Business and Marketing 
Roehampton University, London 
BCom, PGDip, MBA (Distinction), PhD, 
FHEA 

Dr. Sanjay Dixit, M.D. 
Director, EP Laboratories, Philadelphia VA 
Medical Center 
Cardiovascular Medicine - Cardiac 
Arrhythmia 
Univ of Penn School of Medicine 

 
Dr. Mihaly Mezei 
ASSOCIATE PROFESSOR 
Department of Structural and Chemical 
Biology, Mount Sinai School of Medical 
Center 
Ph.D., Etvs Lornd University 
Postdoctoral Training,  
New York University 

 
Dr. Han-Xiang Deng 
MD., Ph.D 
Associate Professor and Research 
Department Division of Neuromuscular 
Medicine 
Davee Department of Neurology and Clinical 
NeuroscienceNorthwestern University 
Feinberg School of Medicine 



Dr. Pina C. Sanelli 
Associate Professor of Public Health 
Weill Cornell Medical College 
Associate Attending Radiologist 
NewYork-Presbyterian Hospital 
MRI, MRA, CT, and CTA 
Neuroradiology and Diagnostic 
Radiology 
M.D., State University of New York at 
Buffalo,School of Medicine and 
Biomedical Sciences 

 
 
 
Dr. Roberto Sanchez

 
Associate Professor 
Department of Structural and Chemical 
Biology 
Mount Sinai School of Medicine 
Ph.D., The Rockefeller University 

 
 
 

Dr. Wen-Yih Sun

 

Professor of Earth and Atmospheric 
SciencesPurdue University Director  
National Center for Typhoon and 
Flooding Research, Taiwan 
University Chair Professor 
Department of Atmospheric Sciences, 
National Central University, Chung-Li, 
TaiwanUniversity Chair Professor 
Institute of Environmental Engineering, 
National Chiao Tung University, Hsin-
chu, Taiwan.Ph.D., MS The University of 
Chicago, Geophysical Sciences 
BS National Taiwan University, 
Atmospheric Sciences 
Associate Professor of Radiology 

 

Dr. Michael R. Rudnick 

M.D., FACP 
Associate Professor of Medicine 
Chief, Renal Electrolyte and 
Hypertension Division (PMC)  
Penn Medicine, University of 
Pennsylvania  
Presbyterian Medical Center, 
Philadelphia 
Nephrology and Internal Medicine 
Certified by the American Board of 
Internal Medicine 

Dr. Bassey Benjamin Esu 

B.Sc. Marketing; MBA Marketing; Ph.D 
Marketing 
Lecturer, Department of Marketing, 
University of Calabar 
Tourism Consultant, Cross River State 
Tourism Development Department 
Co-ordinator , Sustainable Tourism 
Initiative, Calabar, Nigeria
 

Dr. Aziz M. Barbar, Ph.D. 
IEEE Senior Member 
Chairperson, Department of Computer 
Science 
AUST - American University of Science & 
Technology 
Alfred Naccash Avenue – Ashrafieh



 

  

 

 

 

 

Dr. George Perry, (Neuroscientist) 
Dean and Professor, College of Sciences 

Denham Harman Research Award (American Aging Association) 

ISI Highly Cited Researcher, Iberoamerican Molecular Biology Organization 

AAAS Fellow, Correspondent Member of Spanish Royal Academy of Sciences 

University of Texas at San Antonio 

Postdoctoral Fellow (Department of Cell Biology) 

Baylor College of Medicine 

Houston, Texas, United States 

Dr. R.K. Dixit  
M.Sc., Ph.D., FICCT 
Chief Author, India 
Email: authorind@computerresearch.org 

President Editor (HON.)

Chief Author (HON.)

Vivek Dubey(HON.)

MS (Industrial Engineering), 

MS (Mechanical Engineering) 

University of Wisconsin, FICCT 

Editor-in-Chief, USA 

editorusa@computerresearch.org 

Er. Suyog Dixit
(M. Tech), BE (HONS. in CSE), FICCT 
SAP Certified Consultant 
CEO at IOSRD, GAOR & OSS 
Technical Dean, Global Journals Inc. (US) 
Website: www.suyogdixit.com 
Email:suyog@suyogdixit.com 

Pritesh Rajvaidya 
(MS) Computer Science Department 
California State University 
BE (Computer Science), FICCT 
Technical Dean, USA 
Email: pritesh@computerresearch.org

Sangita Dixit
M.Sc., FICCT 
Dean & Chancellor (Asia Pacific)  
deanind@computerresearch.org  

Luis Galárraga 
J!Research Project Leader 
Saarbrücken, Germany

Dean & Editor-in-Chief (HON.)

Suyash Dixit

(B.E., Computer Science Engineering), FICCTT 
President, Web Administration and 

Development CEO at IOSRD 
COO at GAOR & OSS

,



 

 

Contents of the Volume 

 

i. Copyright Notice 
ii. Editorial Board Members 
iii. Chief Author and Dean 
iv. Table of Contents 
v. From the Chief Editor’s Desk 
vi. Research and Review Papers 

 
 
1. Regular Recursion Trees: Description and Theoretical Analysis.1-11 
2. Certain New Formulae Involving Modified Bessel Function of First Kind.  

13-19 
3. Accuracy in Collaborative Robotics: An Intuitionistic Fuzzy Multiset Approach. 

21-28 
4. Computation of Some Wonderful Results Involving Certain Polynomials.  

29-38 
5. The Metric Characterization of the Generalized Fermat Points. 39-  

 
 
vii. Auxiliary Memberships 
viii. Process of Submission of Research Paper 
ix. Preferred Author Guidelines 
x. Index 

 

38
50



© 2013. Ulyanov M. V. & Goloveshkin V. A. This is a research/review paper, distributed under the terms of the Creative Commons 
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial 
use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 

Global Journal of Science Frontier Research 
Mathematics and Decision Sciences 
Volume 13  Issue 10 Version 1.0  Year  2013 
Type : Double Blind Peer Reviewed International Research Journal 
Publisher: Global Journals Inc. (USA) 
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
 
Regular Recursion Trees: Description and Theoretical Analysis           

By Ulyanov M. V. & Goloveshkin V. A. 
The National Research University     

Abstract- Recursive algorithms analysis by generated trees node counting refers to detailed 
study of their structures. In this connection the paper presents the specific description of peculiar 
to a number of recursive algorithms regular trees. We have developed the method which is 
based on introduced regular description and provides an analytical solution for a number of 
generated nodes at such regular tree each level. The results obtained make possible a 
theoretical time complexity analysis of recursive algorithms generating regular recursion trees.        

 
GJSFR-F Classification : MSC 2010: 03D65, 03D60 
 
 

Regular Recursion Trees Description and Theoretical Analysis 
 
 

 
 

 
 
 

Strictly as per the compliance and regulations of
 

:
 

 
 



 
 
 

Regular Recursion Trees: Description and 
Theoretical Analysis 

Ulyanov M. V.  

Author  : Professor, D.Sc.

 

in Engineering

 

(Russian Scientific Degree is

 

a

 

Doctor of Technical Sciences (д.т.н.))

 

Moscow State University 
of Instrument Engineering and Informatics.

 

Author  :

 

Professor,

 

D.Sc. in

 

Engineering

 

(Russian Scientific Degree is a

 

Doctor of Technical Sciences (д.т.н.))

 

The National Research 
University

 

“Higher School of Economics”,

 

Moscow State University of Printing Arts.

 

 

Abstract

 

-

 

Recursive algorithms

 

analysis

 

by generated

 

trees node counting

 

refers to

 

detailed

 

study of their structures.

 

In 
this connection the

 

paper

 

presents the

 

specific

 

description of

 

peculiar to

 

a number of

 

recursive algorithms

 

regular trees.

 

We have

 

developed

 

the

 

method

 

which is

 

based

 

on

 

introduced

 

regular description and

 

provides an analytical solution

 

for 
a number of generated

 

nodes at

 

such regular tree each level.

 

The results obtained

 

make possible

 

a theoretical

 

time 
complexity

 

analysis of recursive algorithms generating regular recursion trees.

 

I.

 

Introduction

 

The rational algorithm

 

selection problem

 

solution

 

in software development as a rule 
is based on

 

one of the

 

main procedure

 

quality characteristics

 

called

 

the

 

time complexity.

 

The time complexity

 

is

 

understood to be

 

a number

 

of assumed computing model

 

elementary

 

operations

 

specified

 

at the

 

concrete

 

input

 

by the algorithm

 

[1].

 

The

 

estimate

 

of 
higher value is a

 

time complexity

 

function with

 

the size

 

of

 

algorithm

 

input

 

as

 

the

 

function

 

argument.

 

Meaningfully the

 

time complexity

 

function

 

is

 

considered

 

in the best, worst and 
average cases

 

[2].

 

Existing methods of

 

algorithms analysis

 

produce

 

algorithm

 

computational complexity

 

–

 

the

 

time complexity

 

function

 

asymptotical estimate in the 

worst

 

case

 

and in some cases

 

–

 

the

 

time complexity

 

true function

 

to solve the rational 
choice problem in

 

real input sizes

 

ranges.

 

The time complexity

 

true function

 

derivation

 

is 
a highly topical problem both for iterative and

 

recursive algorithm solutions

 

in which 
terms of

 

theoretical study

 

several methods are suggested at the present time. The 
methods

 

produce analytical expressions of time complexity

 

functions

 

[1, 2, 3].

 

The 
generated

 

recursion tree

 

analysis technique

 

is one of

 

advanced

 

methods in this direction. 
The

 

most

 

complicated

 

step

 

of

 

it

 

is

 

obtaining

 

of analytic expressions for number of

 

generated recursion tree nodes

 

at

 

each tree level [1].

 

The main problem of recursion tree theoretical study

 

is that in common case

 

a

 

number of generated nodes is the function of both

 

the tree level number

 

and a number of 
the generating

 

node at this level.

 

Moreover, in some cases

 

such a function

 

is

 

not

 

given 
analytically

 

and

 

the

 

tree structure

 

is markedly caused by specifics of concrete

 

algorithm

 

input, so the problem

 

becomes significantly

 

complicated.

 

As an example, we consider a

 

recursive algorithm

 

of

 

the

 

solution of

 

the

 

classical

 

problem

 

of optimal

 

packing

 

by the 
dynamic programming method

 

for which a generated tree

 

is defined by both

 

packing

 

size 

© 2013   Global Journals Inc.  (US)
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and cargo types  sizes  [1].  Only solutions  for complete m - ary trees  are  trivial  to this 
problem.  

Thus
 
in
 
the 

 
recursive algorithms

 
study

 
aspect

 
the problem of

 
generated recursion 

trees
 
theoretical study

 
in
 
nontrivial cases

 
is to be of

 
evident interest.

 

II.
 

Problem Setting Up
 

According to

 

generated recursion tree nodes counting

 

based time complexity

 

analysis method

 

[1, р. 181-185.]

 

we will use the following notation:

 


 

n
 

is

 

the

 

depth

 

of the

 

recursion tree, i.e. the number of its levels, in addition

 

the

 

base

 

of the

 

tree

 

is not

 

numbered

 

and has the specific index

 

Root and

 

the further numbering

 

starts with zero;

 

—
 

S
 

is

 

the

 

formal description

 

of

 

generated

 

recursion tree

 

structure;

 

—
 

( )SnRA ,
 

is the

 

total

 

node number for all n -deep

 

levels

 

of S structured

 

recursion tree;

 

—
 

( )SnRV ,
 

is the tree

 

internal nodes

 

total number;

 

—
 

( )SnRL ,
 

is

 

the

 

terminal node

 

number, i.e. the node

 

number

 

at the level n .

 

The article

 

has two objects in view:

 

1.

 

To offer the formal

 

description

 

S

 

of the recursion tree

 

having the

 

regular

 

structure

 

that

 

is

 

typical

 

of generating recursive algorithms,

 

including

 

the algorithms

 

that 
implement dynamic programming method.

 

2.

 

To develop

 

a

 

solution procedure

 

that produces

 

the analytical solution

 

of the

 

tree

 

nodes

 

number

 

at the level ( )SjR ,

 

from the present

 

tree structure formal

 

description

 

S

 

and 

the given

 

level number

 

j . Thus

 

if the current

 

algorithm

 

input

 

produces the tree with 

the depth

 

n

 

and the

 

structure

 

S

 

then the main

 

tree characteristics

 

which are 
necessary

 

for

 

the recursive algorithm

 

time complexity

 

analysis

 

are calculated as

 

 
( ) ( )

( ) ( )

( ) ( ).,,

;1,,

;1,,

1

0

0

SnRSnR

SjRSnR

SjRSnR

L

n

j
V

n

j
A

=

+=

+=

∑

∑

−

=

=  

(1)

 

Note that

 

the

 

vertex

 

of the recursion tree

 

root is accounted

 

for the complementary unity.

 

III.

 

Formal Description of the Regular Recursion Tree Structure

 

Let us start generating of the description of the structure from consideration

 

of 
complete m -ary tree.

 

It is plain, that

 

in this case

 

each node

 

at each level (besides leaf

 

level)

 

produces evenly

 

m

 

new tops and the

 

tree is completely self-similar

 

starting from

 

any node.

 

Because

 

features of some

 

recursive algorithms are that the tops

 

of the same 
level produce different amount

 

of

 

the next level nodes

 

that is however less then

 

some 

   

      

Notes
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( )
.

;,1,;;;;;

21

21

mj

mj

kkkk

mjkkkkS

≥≥≥≥≥

==





 

(2)

 

The

 

S

 

line

 

structured

 

tree

 

is generated by the following algorithm using

 

the 
specific

 

node numeration

 

within the level and the concept of node type.

 

At the tree root

 

level

 

the Root

 

node generates m

 

tops of the

 

level

 

0=n

 

using m,,2,1 

 

numeration.

 

Let 

us assign the

 

characteristic

 

to each node

 

–

 

a number from the interval

 

[ ]m,,1 

 

–

 

and 

call it the

 

node type.

 

We

 

will

 

say

 

further

 

that

 

if a node has the type "" j

 

then it 

generates jk

 

tops at

 

the tree

 

next level.

 

At the level 0=n

 

the nodes generated by the 

root get the same

 

of their number type, so the j -numbered node has the type "" j

 

and 

thus generates jk

 

tops at the level 1.

 

Next, at the next levels the generated nodes are 

numbered

 

relative to the parent node starting from

 

the number

 

m

 

from right to left

 

in 
the order of numbers decreasing, and get the types that correspond to

 

assigned

 

numbers.

 

Thus the nodes generated directly

 

from the "" j -typed top (there are

 

jk

 

of such nodes) 

are described

 

by the following line

 

 

( ) 1,;;;;;0;0 1 +−=+ jmll kmlkkk  .

 

(3)

 

The

 

proposed

 

formal

 

description

 

as

 

the

 

line S

 

(2)

 

specifies

 

the

 

regular

 

tree, i.e.

 

the 
tree conforming to single at all levels

 

regularity

 

of

 

nodes generating

 

defined by the node 
type according to node numeration

 

and generating

 

way given in the formula

 

(3).

 

We note 

that in case of

 

mk =1

 

the root has the type "1"

 

and the line S

 

is given by

 

( )mj kkkmS ;,;;; 2 =

 

and describes a regular

 

incomplete (truncated) m -ary tree.

 

For example, the formal description ( )3;3;3=S

 

specifies

 

a complete ternary tree

 

and the description ( )2;3;3=S

 

specifies

 

the

 

regular incomplete

 

ternary tree

 

illustrated in 

fig.

 

1.

 

The tree nodes are marked by their numbers

 

coinciding to their types

 

in 

accordance to described

 

numeration

 

principle.

 

Thus all "3" -typed nodes generate two tops 

at the next level

 

because the formal description line ( )2;3;3=S

 

includes 23 =k .

 

Also let 

us remark here that the tree root level has the

 

Root

 

index and

 

is not numbered and the 
next tree levels have numbers 0, 1

 

etc.

 

We

 

note

 

that

 

the node type

 

introduced

 

above 

corresponds

 

to the top number in the formal description line ( )mj kkkkS ;;;;; 21 =

 

and the "" j -typed node generates jk

 

tops which description line

 

is specified

 

in the 

formula (3).
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Fig. 1

 

:

 

The

 

fragment

 

of

 

the

 

tree

 

specified

 

by the description ( )2;3;3=S

 

with node types

 

marked.

 

IV.

 

Method of the Number of Regular Tree Nodes Problem Analytical 

Solving

 

Without losing generality we define the nodes number counting

 

problem

 

as the 
problem of the n -deep tree leaf number

 

counting where the tree is generated by the 

description ( )mj kkkkS ;;;;; 21 = , i.e. the counting of the regular tree nodes

 

at the 

level n

 

–

 

the tree leaf

 

level.

 

With the preceding notation

 

we solve the problem of 

determining ( )SjR ,

 

at nj = , i.e. the problem of

 

obtaining the analytical solution

 

for 

( ) ( )SnRSnR L ,, = .

 

Let us introduce the

 

"" j -typed node characteristic

 

( )jF .

 

Meaningfully

 

( )jF

 

is the 

type number

 

of

 

nodes generating the

 

type "" j

 

by the

 

description

 

S . ( )jF

 

value

 

is 

calculated from the

 

formula

 

 

( ) { }jkmijF i
mi

≤+−=
≤≤

1:max
1

.

 

(4)

 

Let jnw ,

 

is the number of "" j -typed nodes at the tree level

 

n .

 

Let

 

us

 

introduce

 

the

 

vector

 

{ }mnnnn wwwW ,2,1, ;;; =

 

with dimension

 

m . Thus

 

the vector

 

components

 

nW

 

contain the

 

number

 

of each type nodes at the level n

 

of recursion tree.

 

Then with 

consideration of

 

the characteristic ( )jF

 

introduced

 

above we obtain the following system 

of linear recurrence relations

 

to calculate the jnw ,

 

values

 

 

( )















≥=

===

====

∑
=

+ .1,

;0,,1,1

;Root,,2,0,1

1
,,1

,0

,Root1,Root

nww

nmjw

nmjww

jF

i
injn

j

j

 

(5)

 

We note that in accordance with the

 

(5) { }1;;1;10 =W

 

and if mk =1

 

then 

{ }0;;0;1Root =W

 

   
    

 

{ } { }mnnnnm
n

n hhhHhhhHHH ,2,1,,02,01,000 ;;;,;;;,  === λ ,

 

(6)

 

where 0, HHn

 

are some vectors of dimension

 

m

 

and the values of λ

 

are defined by

 

the 

condition of equality

 

of zero and the determinant of the following system of equations

 

in 

unknowns jh ,0 .

 

Notes
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( )







=∀=⋅ ∑
=

mjhh
jF

i
ij ,1,

1
,0,0λ .

 

                                 (7)

 

Our problem

 

required

 

solution

 

–

 

the vector nW

 

–

 

is given by

 

the linear

 

combination

 

of the computed solutions (6)

 

with consideration of

 

initial conditions 

               

from (5).

 

Let us formulate

 

the suggested method

 

stages for the recurrence relation

 

(5)

 

solving in the case when the number of eigenvectors 0H

 

is equal to m .

 

1.

 

Evaluation of

 

the node type characteristics ( )jF

 

by the formula (4) from the offered 

formal description of the regular recursion tree in the form of the line S

 

(2).

 

2.

 

Formation of

 

the linear recurrence relations system

 

(5).

 

3.

 

The derivation of the solutions in the form

 

0HH n
n λ= .

 

3.1.

 

Construction of the equations set

 

(7).

 

3.2.

 

Defining λ

 

values

 

by the condition of equality

 

of zero and the system determinant

 

(7).

 

3.3.

 

Finding

 

of eigenvectors 0H

 

values for every value

 

of λ .

 

4.

 

Construction

 

of the initial system

 

(5)

 

solutions

 

nW

 

as a linear combination

 

of the 

obtained solutions for 0H

 

from defining

 

unknown coefficients of the linear 

combination

 

by the values of initial conditions

 

defined

 

by the vector 0W .

 

5.

 

Counting the number of nodes at the level n

 

of the recursion tree under study

 

 

( ) ∑
=

=
m

j
jnwSnR

1
,, .

 

(8)

 

6.

 

Since

 

obtained

 

analytical solution for nW

 

holds for

 

every value of n

 

the formula (8)

 

gives the solution also for ( ) njSjR ,0, =∀

 

what enables us to

 

define the total number

 

of generated nodes at all n -deep tree levels and the number of the internal nodes

 

according to

 

the formula (1).

 

We particularly note

 

that in case of the number of eigenvectors 0H

 

is less than

 

m

 

the known

 

special solving methods [1, 3, 4]

 

is necessarily

 

to be used.

 

V.

 

Examples of Regular Recursion Tree Analysis

 

Later we will give the examples

 

of regular trees analysis for both cases:

 

when the 

number of eigenvectors 0H

 

is equal to or less than m .

 

а) At first we consider

 

the example of the tree specified

 

by the description 

( )2;3;3=S

 

which form fig.

 

1 shows.

 

We point out in advance that

 

the number of 

eigenvectors 0H

 

is equal to m

 

in this case.

 

We

 

illustrate

 

the method in details pointing 
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From the known method of linear recurrence relations solving [1, chapter 1], we 
will try solutions of the relation (5) in the following form

Regular Recursion Trees: Description and Theoretical Analysis
3.

R
. 
G

ra
h
am

, 
D

. 
K

n
u
th

, 
P

at
as

h
n
ik

 O
. 
C

on
cr

et
e 

M
at

h
em

at
ic

s.
 F

ou
n
d
at

io
n
 o

f 
co

m
p
u
te

r 

sc
ie

n
ce

. 
T

ra
n
sl

at
ed

 f
ro

m
 E

n
gl

is
h
. 

—
М

.:
 M

ir
. 
19

98
. 
70

3.

Ref



 

( ) ( ) ( ) 33,32,21 === FFF .

 

2. Formation of the linear recurrence relations system

 

(5):

 

 













++=

++=

+=

==

+

+

+

.
;

;

;3,1,1

3,2,1,3,1

3,2,1,2,1

2,1,1,1

,0

nnnn

nnnn

nnn

j

wwww
wwww

www

jw
 

3.1. Construction of the equations set

 

(7):

 

 









++=

++=

+=

.
;

;

3,02,01,03,0

3,02,01,02,0

2,01,01,0

hhhh
hhhh

hhh

λ

λ

λ

 

                                (9)

 

3.2. Defining λ

 

values

 

by the condition of equality

 

of zero and the system determinant:

 

 

0
111

111
011

=
−

−
−

λ
λ

λ
.

 

Computing the determinant

 

we obtain

 

the equation ( ) 0132 =+−⋅ λλλ

 

which roots are:

 

 

2
53;

2
53;0 321

+
=

−
== λλλ .

 

3.3.

 

Finding

 

of eigenvectors 0H

 

values for every value

 

of

 

λ .

 

Plugging in (9)

 

the roots

 

obtained and solving

 

obtained

 

systems we get

 

eigenvectors 0H

 

which corresponds to the

 

secular equation

 

roots by the numeration:

 

 

( ) ( ) ( )























+

+
=























−

−
=
















−=

2
51

2
51

1

;

2
51

2
51

1

;
0
1

1
3

0
2

0
1

0 HHH .

 

4. Construction

 

of the initial system

 

(5)

 

solutions

 

nW

 

as a linear combination

 

of 

the obtained solutions for 0H

 

with initial conditions

 

0W :

 

 

( ) ( ) ( )3
0

2
0

1
0 2

53
2

530 HCHBHAW
nn

n
n ⋅







 +
⋅+⋅







 −
⋅+⋅⋅= ,

 

   

 

(1)
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© 2013   Global Journals Inc   (US)

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
Ye

ar
  

20
1 3

  
  

 
F

)

)

6

directly numbers and content of the stages of suggested solving method.

1. Evaluation of ( )jF by the description ( )2;3;3=S :

Regular Recursion Trees: Description and Theoretical Analysis

















=
+

+
−

=
+

+
−

+−

=++

.1
2

51
2

51

;1
2

51
2

51

;1

CB

CBA

CBA
 

The solution of obtained

 

system

 

is of the form:

 

52
15;

52
15;0 +

=
−

== CBA ,

 

that

 

gives

 

the terminal solution

 

for the number of nodes of the regular tree under review

 

( ) ( )3
0

2
0 2

53
52
15

2
53

52
15 HHW

nn

n ⋅






 +
⋅

+
+⋅







 −
⋅

−
= .

 

5. Counting the number of nodes at the level n

 

of the recursion tree under study

  

According to (8)

 

the total nodes number at the level n

 

is the sum

 

of each type nodes:

 

( ) ∑
=

=
3

1
,,

j
jnwSnR .

 

Making the necessary

 

transformations we obtain the desired solution

 

for ( )2;3;3=S :

 

( )
nn

SnR 






 −
⋅

−
+







 +
⋅

+
=

2
53

52
753

2
53

52
537, .

 

It may be verified by direct substitution that

 

( ) ( ) 21,2,8,1 == SRSR .

 

б) The second example where the regular tree is given by

 

the description 

( )1;3;3=S

 

also gives three different eigenvectors. In this case we will give the main 

results only.

 

The values of λ

 

obtained by

 

the condition of equality

 

of zero and the system 
determinant

 

are

 

2;1;0 321 === λλλ .

 

that gives the following solution for corresponding typed nodes number

 

122;2;2 3,2,1, −⋅=== n
n

n
n

n
n www .

 

Summing over

 

all types we obtain the solution for the tree level

 

( ) 12, 2 −= +nSnR .
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Notes

where by definition 100 = and CBA ,, are linear combination unknown coefficients 

defined by the initial conditions 0W :
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Fig. 2

 

:

 

The

 

fragment

 

of

 

the

 

tree

 

specified

 

by the description ( )1;2;3=S

 

with node types 

marked.

 

The initial stages of this case analytical solution

 

are the same as

 

for

 

the method 
described above:

 

1. Evaluation of ( )jF

 

by the description

 

( )1;;2;1; −−= mmmS :

 

( ) ( ) ( ) ( ) mmFFFF ==== ,,33,22,11  .

 

2. Formation of the linear recurrence relations system

 

(5):

 

 



















++++=

+++=

+=

=

==

+

+

+

+

;

;

;
;

;3,1,1

,3,2,1,,1

,2,1,,1

2,1,2,1

1,1,1

,0

mnnnnmn

jnnnjn

nnn

nn

j

wwwww

wwww

www
ww

jw









 

(10)

 

3.1. Construction of the equations set

 

(7):

 

 















++++=

++=

+=

=

.

;
;

;

,03,02,01,0,0

3,02,01,03,0

2,01,02,0

1,01,0

mm hhhhh

hhhh
hhh

hh





λ

λ

λ

λ

 

(11)

 

   
 

    

   

R(Root,S)=1

 

R(0,S)=3

 

R(1,S)=6

 

R(3,S)=15

 

R(2,S)=10

 

1

 

1

 

1

 

1

 

2

 

3

 

1

 2

 

3

 

3

 

3

 

3

 
3

 

2

 

3

 

3

 

3

 

2

 

3

 

3

 2

 

2

 

2

 

3

 

3

 

3

 

2

 

2

 3

 

3

 

3

 

3

 

3

 

3

 

2

 

Notes
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в) The next example produces the case that needs the specific solving method. Let

us consider the description ( )1;;2;1; −−= mmmS . Fig. 2 shows the tree that 

corresponds to this description at 3=m – ( )1;2;3=S .
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eigenvectors is less then m

 

and we use the specific method that provides for the direct 
solving

 

of the system (10).

 

4. The direct solving

 

of the system

 

(10).

 

4.1. Let us solve

 

the recurrence relation

 

for

 

1=j :

 

1
.

;1
1,

1,1,1

1,0
=∀⇒







=

=

+
n

nn
wn

ww
w

.

 

4.2. From the solution obtained

 

we get the recurrence relation

 

for 2=j :

 

1
.1

;1
2,

2,2,1

2,0
+=∀⇒







+=

=

+
nwn

ww
w

n
nn

.

 

4.3. With consideration of

 

this solution the recurrence relation

 

for 3=j

 

is of the form

 

( )





+++=

=

+ .11
;1

3,3,1

3,0

nww
w

nn

 

                                    (12)

 

We seek the specific solution

 

in the form

 

CBnAnwn ++= 2*
3,

 

and plugging

 

it in 

(12)

 

we get

 

2
3,

2
1,22 ==⇒+=++ BAnBAAn ,

 

the initial condition gives

 

the

 

solution

 

1=C

 

and finally

 

( )( )
2

211
2
3

2
1 2

3,
++

=++=
nnnnwn .

 

4.4. We note that 2
23,

1
12,

0
1, ,1,1 ++ ==+=== nnnnnn CwCnwCw . Let us

 

prove by 

induction that

 

for an arbitrary value m

 

1
1,

−
−+= m

mnmn Cw .

 

                        (13)

 

The

 

relation

 

(13)

 

is true for 3,2,1 === mmm . By the induction hypothesis, the 

relation

 

1
1,

−
−+= k

knkn Cw

 

is true for all mk ≤ .

 

Then by proceeding

 

the linear recurrence 

relations

 

system (10)

 

for 1+m

 

we obtain the recurrence relation

 

 

.1,
1

1
2

2
1

1
0

1,,3,2,1,1,1

+
−
−+++

+++

+++++=

=+++++=

mn
m

mnnnn

mnmnnnnmn

wCCCC

wwwwww





 

(14)
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Notes

3.2. Defining λ values by the condition of equality of zero and the system 
determinant:

Calculating the determinant of the system (11) we get the equation ( ) 01 =− mλ
and thus the multiplicity of the root 1=λ is m . In this problem the number of 

Regular Recursion Trees: Description and Theoretical Analysis



 

m
mnmn Cw ++ =1,

 

is the solution of the

 

recurrence

 

to n

 

relation

 

(14).

 

Plugging

 

this putative solution

 

in

 

(14)

 

we get

 

m
mn

m
mn

m
mnmn CCCw 1
1

1,1 +++
−
+++ =+= ,

 

that corresponds

 

to (13)

 

with substituting for

 

corresponding indexes. Thus the solution of 

the system (10) 1,1 ≥∀≥∀ nm

 

is of the form

 

 

1
1,

−
−+= m

mnmn Cw ,

 

that proves the inductive hypothesis

 

(13).

 

From the solutions obtained we define the total nodes number at the tree level 
numbered n

 

by summing the number of all type nodes at this level.

 

We introduce

 

the third 
argument m

 

into the function of nodes number since

 

we are concerned with generic 

description

 

( )1;;2;1; −−= mmmS

 

and using the known

 

relations for the binomial 

coefficients [3]

 

we get:

 

( ) 1

1

1
1

1
,,, −

+
=

−
−+

=
=== ∑∑ m

mn

m

j

j
jn

m

j
jn CCwSmnR .                              (15)

 

From (15)

 

let us define the total nodes number of the tree having description 

( )1;;2;1; −−= mmmS

 

by summing the number of nodes at all levels including the tree 

root

 

( ) ( ) m
mn

n

i

m
mi

n

i
A CCSmiRSmnR 1

0

1

0

,,1,, ++
=

−
+

=
==+= ∑∑ .                

 

(16)

 

Referring to

 

the tree fragment shown in fig. 2 and having the description 

( )1;2;3=S ,

 

i.e. 3=m

 

we obtain the total nodes number at the level 3=n

 

by using the 

formula (15)

 

–

 

( ) 15,3,3 2
6

13
33 === −

+ CCSR

 

–

 

and define the nodes sum at all levels

 

including the level 3=n

 

from the formula (16) –

 

( ) 35,3,3 3
7

3
133 === ++ CCSRA .

 

We note 

that the solution obtained

 

by us

 

is

 

the same as

 

the results of the generated recursion tree 
study

 

of the algorithm of the solution of the optimal one-dimensional packing problem by 
dynamic programming method

 

at the problem regular parametrization

 

[1].

 

Notwithstanding

 

the result

 

contained in

 

[1]

 

is particular

 

to this paper results because

 

it 

gives the solution only for the trees having the description

 

( )1;;2;1; −−= mmmS .

 

VI.

 

Conclusion

 

For the sake of recursive algorithm analysis

 

and study this paper suggests the 
specific

 

description of regular recursion trees typical of

 

some recursive algorithms.

 

Such 

 
   

 
  

   

(1)

Notes
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We note that k
n

k
n

k
nnn CCCCC 1

10
1

0 , +
−

+ =+= [3], then

11
1

2
2

1
2

1
1

2
2

1
1

0 −
+

−
−+++

−
−+++ =+++=++++ m

mn
m

mnnn
m

mnnnn CCCCCCCC  .

We show that
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nodes over every

 

level of the recursion tree

 

and thus

 

the total number of nodes as the 
function of the tree depth.

 

The results obtained

 

can be used for

 

detailed theoretical analysis

 

of recursive 
algorithms generating regular recursion trees and for getting true functions of time 
complexity

 

and capacitory

 

efficiency.
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Notes

trees are generated for example by the algorithms that realize recursively the dynamic 
programming method with the special parametrization which regularizes the trees 
generated by recursive algorithms. Under this description the solution procedure is 
suggested that gives the number of generated nodes at each level of a such regular tree.

The method devised by us produces the analytical solution for the number of generated 
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Notes

Bessel functions, first defined by the mathematician Daniel Bernoulli and generalized by Friedrich
Bessel, are the canonical solutions y(x) of Bessel’s differential equation

x2 d2y

dx2
+ x

dy

dx
+ (x2 − α2)y = 0 (1.1)

for an arbitrary complex number α (the order of the Bessel function). The most important cases

are for α an integer or half-integer.

Bessel functions of the first kind, denoted as Jα(x), are solutions of Bessel’s differential equation

that are finite at the origin (x = 0) for integer or positive α, and diverge as x approaches zero
for negative non-integer α. It is possible to define the function by its Taylor series expansion

around x = 0.

Jα(x) =

∞
∑

m=0

(−1)m

m! Γ(m + α + 1)

(x

2

)2m+α

(1.2)

where Γz is the gamma function, a shifted generalization of the factorial function to non-integer
values. The Bessel function of the first kind is an entire function if α is an integer. The graphs of

Bessel functions look roughly like oscillating sine or cosine functions that decay proportionally
to 1√

x
.

b) Bessel Function of First Kind

c) Modified Bessel Function of First Kind

The Bessel functions are valid even for complex arguments x, and an important special case is
that of a purely imaginary argument. In this case, the solutions to the Bessel equation are called
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the modified Bessel functions (or occasionally the hyperbolic Bessel functions) of the first and
second kind. The first kind of Bessel function is defined as

Iα(x) = ι−αJα(ιx) =

∞
∑

m=0

1

m! Γ(m + α + 1)

(x

2

)2m+α

(1.3)

Modified Bessel Function of First Kind

In mathematics, the exponential function is the function ex, where e is the number (approxi-
mately 2.718281828) such that the function ex is its own derivative. The exponential function

is used to model a relationship in which a constant change in the independent variable gives the
same proportional change (i.e. percentage increase or decrease) in the dependent variable. The

function is often written as exp(x), especially when it is impractical to write the independent
variable as a superscript. The exponential function is widely used in physics, chemistry, engi-
neering, mathematical biology, economics and mathematics.

In particular the exponential function may be defined as

ex =

∞
∑

n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+

x4

4!
+ ... (1.4)

A generalized hypergeometric function pFq(a1, ...ap; b1, ...bq; z) is a function which can be defined
in the form of a hypergeometric series, i.e., a series for which the ratio of successive terms can

be written

ck+1

ck

=
P (k)

Q(k)
=

(k + a1)(k + a2)...(k + ap)

(k + b1)(K + b2)...(k + bq)(k + 1)
z. (1.5)

Where k + 1 in the denominator is present for historical reasons of notation, and the resulting

generalized hypergeometric function is written

pFq





a1, a2, · · · , ap ;

z

b1, b2, · · · , bq ;



 =

∞
∑

k=0

(a1)k(a2)k · · · (ap)kz
k

(b1)k(b2)k · · · (bq)kk!
(1.6)

Figure 1 :

d) Exponential Function

e) Generalized Hypergeometric Functions
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Notes

or

pFq





(ap) ;

z
(bq) ;



 =

∞
∑

k=0

((ap))kz
k

((bq))kk!
(1.7)

where the parameters b1, b2, · · · , bq are neither zero nor negative integers and p, q are non-

negative integers.

The pFq series converges for all finite z if p ≤ q, converges for | z |< 1 if p 6= q + 1, diverges for
all z , z 6= 0 if p > q + 1.

The pFq series absolutely converges for | z |= 1 if R(ζ) < 0 , conditionally converges for

| z |= 1, z 6= 0 if 0 ≤ R(ζ) < 1 , diverges for | z |= 1 , if 1 ≤ R(ζ) , ζ =
p
∑

i=1
ai −

q
∑

i=0
bi.

The function 2F1(a, b; c; z) corresponding to p = 2, q = 1, is the first hypergeometric function to
be studied (and, in general, arises the most frequently in physical problems), and so is frequently

known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric function
(Gauss 1812, Barnes 1908). To confuse matters even more, the term ”hypergeometric function”

is less commonly used to mean closed form, and ”hypergeometric series” is sometimes used to
mean hypergeometric function.

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential equa-

tion of second order

z(1 − z)y′′ + [c− (a + b + 1)z]y′ − aby = 0 (1.8)

The solution of this equation is

y = A0

[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

(1.9)

This is the so-called regular solution,denoted

2F1(a, b; c; z) =
[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

=

∞
∑

k=0

(a)k (b)kz
k

(c)kk!
(1.10)

which converges if c is not a negative integer for all of | z |< 1 and on the unit circle | z |= 1 if

R(c− a − b) > 0.

It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a)k or general-
ized factorial function.

f) Whittaker Function

In mathematics, a Whittaker function is a special solution of Whittaker’s equation, a modified
form of the confluent hypergeometric equation introduced by Whittaker (1904) to make the

formulas involving the solutions more symmetric. More generally, Jacquet (1966, 1967) intro-
duced Whittaker functions of reductive groups over local fields, where the functions studied by

Whittaker are essentially the case where the local field is the real numbers and the group is
SL2(R). Whittaker’s equation is

d2w

dz2
+

(

− 1

4
+

k

z
+

1
4 − µ2

z2

)

w = 0 (1.11)
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It has a regular singular point at 0 and an irregular singular point at ∞. Two solutions are
given by the Whittaker functions Mk,µ(z), Wk,µ(z), defined in terms of Kummer’s confluent
hypergeometric functions M and U by

Mk,µ(z) = exp
(

− z

2

)

zµ+ 1

2 M
(

µ − k +
1

2
, 1 + 2µ; z

)

(1.12)

Wk,µ(z) = exp
(

− z

2

)

zµ+ 1

2 U
(

µ − k +
1

2
, 1 + 2µ; z

)

(1.13)

Whittaker functions appear as coefficients of certain representations of the group SL2(R), called

Whittaker models.

The Rodrigues representation for the associated Laguerre polynomials is

Lk
n(x) =

exx−k

n!

dn

dxn
(e−xxn+k) (1.14)

=

n
∑

m=0

(−1)m (n + k)!

(n − m)!(k + m)!m!
xm (1.15)

The first few associated Laguerre polynomials are











Lk
0(x) = 1

Lk
1(x) = −x + k + 1

Lk
2(x) = 1

2 [x2 − 2(k + 2)x + (k + 1)(k + 2)]

(1.16)

e−
x

2 1F1(a; 2a + 1; x) = 22a−1x
1

2
−a Γ

(

a +
1

2

)

I 1

2
(2a−1)

(x

2

)

−

−22a−1x
1

2
−a Γ

(

a +
1

2

)

I 1

2
(2a+1)

(x

2

)

(2.1)

e−
x

2 1F1(a; 2a− 1; x) = 22a−3(4a + x − 2)x
1

2
−a Γ

(

a − 1

2

)

I 1

2
(2a−1)

(x

2

)

+

+22a−3x
3

2
−a Γ

(

a − 1

2

)

I 1

2
(2a+1)

(x

2

)

(2.2)

g) Associated Laguerre Polynomials

II. Main Results

e−
x

2 1F1(a; 2a + 2; x) =
22ax

1

2
−aΓ(a + 3

2 )I 1

2
(2a−1)

(

x
2

)

a + 1
−

−
22ax− 1

2
−a(2a + x)Γ(a + 3

2 )I 1

2
(2a+1)

(

x
2

)

a + 1
(2.3)
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e−
x

2 1F1(a; 2a− 2; x) =
22a−4(8a2 + 4ax − 12a + x2 − 2x + 4)x

1

2
−aΓ(a − 1

2 )I 1

2
(2a−1)

(

x
2

)

a − 1
+

+
22a−4(2a + x − 2)x− 3

2
−aΓ(a − 1

2)I 1

2
(2a+1)

(

x
2

)

a − 1
(2.4)

e−
x

2 1F1(a; 2a + 3; x) = 22a+1x− 1

2
−a(a + x) Γ

(

a +
3

2

)

I 1

2
(2a−1)

(x

2

)

−

−
22a+1x− 3

2
−a(4a2 + 3ax + 2a + x2) Γ

(

a + 3
2

)

I 1

2
(2a+1)

(

x
2

)

a + 2
(2.5)

e−
x

2 1F1(a; 2a− 3; x)+

=
22a−5(4a2 + 3ax− 10a + x2 − 3x + 6)x

3

2
−a Γ

(

a − 3
2

)

I 1

2
(2a+1)

(

x
2

)

a − 1
+

+
22a−5(16a3 + 12a2x − 48a2 + 5ax2 − 18ax + 44a + x3 − 3x2 + 6x− 12)

a − 1
×

× x
1

2
−a Γ

(

a − 3

2

)

I 1

2
(2a−1)

(x

2

)

(2.6)

e−
x

2 1F1(a; 2a + 4; x) =
22a+2x− 3

2
−a(2a2 + 2ax + 2a + x2) Γ

(

a + 5
2

)

I 1

2
(2a−1)

(

x
2

)

(a + 2)(a + 3)
−

−
22a+2x− 5

2
−a(8a3 + 8a2x + 12a2 + 4ax2 + 4ax + 4a + x3) Γ

(

a + 5
2

)

I 1

2
(2a+1)

(

x
2

)

(a + 2)(a + 3)
(2.7)

e−
x

2 1F1(a; 2a− 4; x) =

=
22a−6x

3

2
−a(8a3 + 8a2x − 36a2 + 4ax2 − 20ax + 52a + x3 − 4x2 + 12x− 24)

(a − 2)(a − 1)
×

× Γ
(

a − 3

2

)

I 1

2
(2a+1)

(x

2

)

+ 22a−6x
1

2
−aΓ

(

a − 3

2

)

I 1

2
(2a−1)

(x

2

)

×

×
[

(32a4 + 32a3x − 160a3 + 18a2x2 − 96a2x + 280a2)

(a − 2)(a− 1)
+

+
(6ax3 − 30ax2 + 88ax − 200a + x4 − 4x3 + 12x2 − 24x + 48)

(a − 2)(a− 1)

]

(2.8)

e−
x

2 1F1(a; 2a + 5; x) =

=
22a+3x− 5

2
−a(4a3 + 5a2x + 10a2 + 3ax2 + 5ax + 6a + x3) Γ

(

a + 5
2

)

I 1

2
(2a−1)

(

x
2

)

(a + 3)(a + 4)
−

−22a+3x− 7

2
−a Γ

(

a +
5

2

)

I 1

2
(2a+1)

(x

2

)

[

(16a4 + 20a3x + 48a3
13a2x2 + 30a2x + 44a2)

(a + 3)(a + 4)
+

+
(5ax3 + 7ax2 + 10ax + 12a + x4)

(a + 3)(a + 4)

]

(2.9)
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e−
x

2 1F1(a; 2a− 5; x) =

= 22a−7x
3

2
−a Γ

(

a − 5

2

)

I 1

2
(2a+1)

(x

2

)

[

(16a4 + 20a3x − 112a3 + 13a2x2 − 90a2x + 284a2)

(a− 2)(a− 1)
+

+
(5ax3 − 33ax2 + 130ax− 308a + x4 − 5x3 + 20x2 − 60x + 120)

(a − 2)(a− 1)

]

+

+22a−7x
1

2
−a Γ

(

a − 5

2

)

I 1

2
(2a−1)

(x

2

)

[

(64a5 + 80a4x − 480a4 + 56a3x2 − 400a3x + 1360a3)

(a − 2)(a− 1)
+

+
(25a2x3 − 180a2x2 + 700a2x − 1800a2 + 7ax4 − 45ax3 + 184ax2 − 500ax)

(a − 2)(a− 1)
+

+
(1096a + x5 − 5x4 + 20x3 − 60x2 + 120x− 240)

(a− 2)(a− 1)

]

(2.10)

e−
x

2 1F1(a; 2a + 1; 0) = e−
x

2

Γ(1 − a)
(

Γ(1 + 2a)L2a
−a(0)

)

Γ(1 + a)
(3.1)

e−
x

2 1F1(a; 2a + 1; 1) =) = e−
x

2

Γ(1 − a)
(

Γ(1 + 2a)L2a
−a(1)

)

Γ(1 + a)
(3.2)

e−
x

2 1F1(a; 2a + 1; 2) =) = e−
x

2

e1M 1

2
,a(2)

2
1

2
(1+2a)

(3.3)

e−
x

2 1F1(a; 2a− 1; 1) =) = e−
x

2

√
e M− 1

2
, 1
2
(−2+2a)(1)

1
1

2
(−1+2a)

(3.4)

e−
x

2 1F1(a; 2a− 1; 2) =) = e−
x

2

e1 M− 1

2
, 1
2
(−2+2a)(2)

2
1

2
(−1+2a)

(3.5)

e−
x

2 1F1(a; 2a− 1; 3) =) = e−
x

2

e
3

2 M− 1

2
, 1
2
(−2+2a)(3)

3
1

2
(−1+2a)

(3.6)

e−
x

2 1F1(1; 1;−1) =

∞
∑

k1=0

∞
∑

k2=0

(−1)k1(−x)k2

2k2 k1!k2!
(3.7)

III. Special Cases

e−
x

2 1F1(1; 3;−1) =

∞
∑

k1=0

∞
∑

k2=0

(−1)k2(−x)k1(1)k2

2k1 k1!k2!(3)k2

(3.8)

The results are applied in all branches of applied sciences.These are used for solving scien-
tific problems such as diffusion problems on a lattice, solving for patterns of acoustical radia-

tion,Modes of vibration of a thin circular (or annular) artificial membrane (such as a drum or
other membranophone),Heat conduction in a cylindrical object.

IV. Applications
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I.

 

Introduction

 
Modern set theory formulated by George Cantor is

 

fundamental for the whole 
Mathematics. One issue associated with the notion of a set is the concept of vagueness. 
Mathematics requires that all mathematical notions including set must be exact. This 
vagueness or the representation of imperfect knowledge has been a problem for a long 
time for philosophers, logicians and mathematicians. However, recently it became a 
crucial issue for computer scientists, particularly in the area of artificial intelligence. To 
handle situations like this, many tools were suggested. They include Fuzzy sets, Multi 
sets, Rough sets, Soft sets and many more.

 

Considering the uncertainty factor, Lofti Zadeh [1] introduced Fuzzy sets

 

in 1965, 
in which a membership function assigns to each element of the universe of discourse, a 
number from the unit interval  [0,1] to indicate the degree of belongingness to the set 
under consideration. In 1983, Krassimir. T. Atanassov [2,3] introduced the concept of 
Intuitionistic Fuzzy sets (IFS) by introducing a non-membership fuction together with 
the membership function of the fuzzy set. Among the various notions of higher-order 
Fuzzy sets, Intuitionistic Fuzzy sets proposed by Atanassov provide a flexible framework 
to explain uncertainity and vagueness. IFS reflect better the aspects of human behavior. 

 

A human being who expresses the degree of belongingness of a given element to a 
set, does not often expresses the corresponding degree of non-belongingness as the 
complement. This psychological fact states that linguistic negation does not always 
coincides with logical negation. This idea of Intuitionistic fuzzy sets, which is a natural 
generalization of a standard Fuzzy set, seems to be useful in modelling many real life 
situations, like negotiation processes, psychological investigations, reasoning etc. The 
relation between Intuitionistic Fuzzy sets and other theories modeling imprecision can be 
seen in [4,5].

 

Many fields of modern mathematics have been emerged by violating a basic 
principle of a given theory only because useful structures could be defined this way. Set is 
a well-defined collection of distinct objects, that is, the elements of a set are pair wise 
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different.  If we relax this restriction and allow repeated occurrences of any element, then 
we can get a mathematical structure that is known as Multisets or Bags. For example, 

the prime factorization of an integer n>0 is a Multiset whose elements are primes. The 

number 120 has the prime factorization 120 = 233151  which gives the Multiset {2, 2, 2, 3, 

5}. A complete account of the development of multiset theory can be seen in [6,7]. As a 
generalization of multiset, Yager [8] introduced the concept of Fuzzy Multiset (FMS). An 
element of a Fuzzy  Multiset can occur more than once  with possibly the same  or different 
membership values.  

This paper explains how the concept of Intuitionist Fuzzy Multisets can be applied 
in the field of Robotics. Robots are machines which reduces human effort. Robots can be 
given intelligence to perform tasks that humans can and cannot do. They can be 
programmed for doing a task monotonously or they can work intelligently or dynamically 
according to the situations around them. Some of the applications of a mobile Robot 
include mine detection, surveillance, bomb detection, remote surgery, welding, cleaning 
small pipes, window panes and glass doors of buildings using snake-like Robots etc. 

A Robot mainly contains: sensors, actuators and a controller. An accelerometer 
sensor is used for detecting shock/vibration, a temperature sensor can detect the 
temperature variations, an ultrasonic sensor/Infra-Red sensor/PIR sensor is used to detect 
obstacles, bump sensor senses a bump (collision), cliff sensor senses the presence of a cliff 
and so on. With the help of these sensors a Robot moves easily through its programmed 
path. iRobot Create is one such mobile robot as shown in Figure 1. 

 

Figure 1 : iRobot Create. 

When multiple Robots are used for completing a task, the system is called a multi-
Robot system. Task accomplished by multiple Robots saves time and cost. To explain the 
concept of IFMS, a multi Robot scenario is considered consisting of a central server and a 
group of mobile Robots patrolling a given area for surveillance application. 

Using the distance function, the sensor readings were properly interpreted for 
proper identification of the problem faced by the Robot. 

II. Preliminaries 

2.1 Definition [1] Let X be a nonempty set. A Fuzzy set A drawn from X is defined 

as A = {< x : µA(x) > : x ϵ X}.Where : X →[0,1] is the membership function of the Fuzzy 
Set A. 

2.2. Definition [8] Let X be a nonempty set. A Fuzzy Multiset (FMS) A drawn 

from X is characterized by a function, ‘count membership’ of A denoted by CMA such 

that CMA : X → Q where Q is the set of all crisp multisets drawn from the unit interval 

Notes
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[0,1].  Then for any x ∈ X, the value CMA (x) is a crisp multiset drawn from [0,1].  For 

each x ∈X, the membership sequence is defined as the decreasingly ordered sequence of 

elements in CMA(x). It is denoted by (µ 1
A(x), µ 2

A(x),..., µ P
A(x)) where µ 1

A(x) >

A complete account of the applications of Fuzzy Multisets in various fields can be 
seen in [9].  

 µ 2
A(x) 

>,..., > µ P
A(x). 

2.3 Definition [3] Let X be a nonempty set. An Intuitionistic Fuzzy Set (IFS) A is 

an object having the form A = {< x : µA(x), vA(x) > : x ϵ X}, where the functions µA: X→ 

[0,1] and vA: X→[0,1] define respectively the degree of membership and the degree of non 

membership of the element x∈X to the set A with 0 < 
2.4 Remark Every Fuzzy set A on a nonempty set X is obviously an IFS having the form 

µA(x) + vA(x) < 1 for each x ϵ X. 

A = { < x : µA(x), 1 -  µA(x) > :  x ϵ X } 

Using the definition of FMS and IFS, a new generalized concept called 
Intuitionistic Fuzzy Multiset (IFMS) is defined in [10]. 

III. Intuitionistic Fuzzy Multiset 

3.1 Definition
 
Let X

 
be a nonempty set. An Intuitionistic Fuzzy Multiset

 
A 

denoted by IFMS drawn from X
 
is characterized by two functions: ‘count membership’

 
of 

A
 
(CMA) and ‘count non

 
membership’

 
of A (CNA)

 
given respectively by CMA

 
: X→

 
Q 

and CNA
 : X→

 
Q

 
where Q

 
is the set of all crisp multisets drawn from the unit interval 

  

[0, 1] such that for each x ϵ X, the membership sequence is defined as a decreasingly 

ordered sequence of elements in CMA(x) which is denoted by (µ
 
1
A(x), µ

 
2
A(x),...,

 
µ

 
P

A(x)) 

where (µ
 
1
A(x) >

 
µ

 
2
A(x) >,... >,

 
µ

 
P

A(x) and the corresponding non membership sequence 

will be denoted by (v1
A(x), v2

A(x),...,vP
A(x)) such that 0 <

  
µ

 
i
A(x) + v i

A(x)  <
  
1 for every x 

ϵ X 
and i

 
= 1,2,...,p.

 
 

An IFMS A is denoted by
 

A = { <
 
x: (µ

 
1
A(x), µ

 
2
A(x),...,

 
µ

 
P

A(x)), (v 1
A(x), v 2

A(x), ... ,v P
A(x))  >

 
: x ϵ X 

}
 

3.2. Remark
 
We arrange the membership sequence in decreasing order but the 

corresponding non membership sequence may not be in decreasing or increasing order.
 

3.3. Definition
 
Length of an element x in an IFMS A is defined as the Cardinality 

of CMA

 
(x) or CNA(x) for which 0 <

 
µ j

A(x) + v j
A(x) <

 
1
 
and it is denoted by L(x: A). That 

is
 

L(x:A) = |CMA(x)| = |CNA(x)|
 

3.4 Definition
 
If A

 
and B

 
are IFMSs drawn from X

 
then

 
L(x:A,B) = Max

 
{L(x

 
: A), 

L(x
 
: B)}. Alternatively we use L(x) for L(x :A, B).

 

33.5.Example
 
Consider the set X

 
= {x, y, x, w} with

 
A= {< x

 
: (0.3, 0.2), (0.4, 0.5) >, < 

y
 
: (1,0.5,0.5), (0.0.5,0.2) >,   < z

 
: (0.5, 0.4, 0.3, 0.2), (0.4, 0.6, 0.6, 0.7)>},

 
B= {< x

 
: (0.4), (0.2) 

>, < y
 
: (1,0.3, 0.2), (0,0.4, 0.5) >,  < w

 
: (0.2, 0.1), (0.7, 0.8) >}.
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Now we define basic operations on IFMS. Note that we can make L(x : A) = L(x : 

B) by appending sufficient number of 0’s and 1’s with the membership and non 
membership values respectively. 

3.6 Definition Let A and B be two IFMS. The distance function is defined as              

𝑑𝑑(𝐴𝐴,𝐵𝐵) = (1
2
 ∑ ((𝑖𝑖 µ𝐴𝐴

𝑖𝑖 (𝑥𝑥) −µ 𝐵𝐵
𝑖𝑖 (𝑥𝑥))2 + (ν 𝐴𝐴

𝑖𝑖 (𝑥𝑥)−ν 𝐵𝐵
𝑖𝑖 (𝑥𝑥))2 + (Π 𝐴𝐴

𝑖𝑖 (𝑥𝑥) −Π 𝐵𝐵
𝑖𝑖 (𝑥𝑥))2))

1
2 

where Πi
A = 1 -  µi

A(x) - vi
A(x) called the IFMS index or hesitation margin. 

   
      

   

1. Inclusion 

A ⊂ B  ⇔ µ j
A(x) < µ j

A(x) and v j
A(x) > 

j = 1,2,..., L(x), x ϵ X 

v j
B(x);   

A = B  ⇔ A ⊂ B and B ⊂ A 
 

2. Complement 

¬A = {< x : (v 1
A(x),...,v P

A(x)), (µ1
A(x),……. ..., µP

A(x)) > : x ϵ X} 

3. Union (A ∪ B) 

In A ∪ B the membership and non membership values are obtained as follows. 

µ j
A∪B(x) = µ j

A(x) ∨ µ j
B(x) 

v j
A∪B(x) = v j

A(x)∧v j
B(x) 

j = 1, 2,...,L(x), x ∈ X. 

4. Intersection (A ∩ B) 

In A∩B the membership and non membership values are obtained as follows. 
 

µ j
A∩B(x) = µ j

A(x)∧ µ j
B(x) 

v j
A∩B(x) = v j

A(x) ∨ v j
B(x) 

j = 1, 2,...,L(x), x ∈ X. 

5. Addition (A ⊕ B) 

In A⊕B the membership and non membership values are obtained as follows. 

µ j
A⊕B(x) = µ j

A(x) + µ j
B(x) - µ j

A(x). µ j
B(x) 

 
v j

A⊕B(x) = v j
A(x). v j

B(x) 
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3.7 Definition For any two IFMSs A and B drawn from a set X, the following operations 
and relations will hold. Let A = {< x : (µ1

A(x), µ2
A(x),...,µP

A(x)), (v 1
A(x), v 2

A(x),...,v P
A(x)) > : x ϵ

X} and B = {< x : (µ1
B(x), µ2

B(x),..., µP
B(x)), (v1

B(x), v 2
B(x),...,v P

B(x)) > : x ϵ X} then
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j = 1, 2,...,L(x), x ϵ X. 
 

6. Multiplication (A ⊗ B) 

In A⊗B the membership and nonmembership values are obtained as follows. 

µ j
A⊗B(x) = µ j

A(x). µ j
B(x) 

v j
A⊗B(x) = v j

A(x) + v j
B(x) - v j

A(x). v j
B(x) 

j = 1, 2,...,L(x), x ϵ X. 

here ∨, ∧ , . , +, - denotes maximum, minimum, multiplication, addition, subtraction of 
real numbers respectively. 

IV. Ifms Theory for Multi Robot System 

Most of human reasoning involves the use of variables whose values are fuzzy sets. 
This is the basis for the concept of a linguistic variable, that is, a variable whose values 
are words rather than numbers. But in some situations like decision making problems 
(such as Medical diagnosis, Sales analysis, Marketing etc.) the description by a linguistic 
variable in terms of membership function only is not adequate. There is chance of existing 
a non-null complement. IFS can be used in this context as a proper tool for representing 
both membership and non-membership of an element to a set. Such situations are 
explained in [11]. But there are situations that each element has different membership 
values. In such situations IFMS is more adequate. Here we present IFMS as a tool for 
reasoning such a situation.  

An example of a multi Robot system is presented. The multi Robot system [12] 
considered consists of a central controller and four patrolling Robots in a large area. The 
total area is divided into four equal parts and assigned to each Robot. The Robot patrols 
in its assigned area. Each Robot is equipped with ultrasonic sensor, accelerometer sensor, 
cliff sensor, bump sensor and temperature sensor and is wirelessly controlled by the 
controller. The controller makes decisions depending upon the sensor readings. For 
example, if the cliff sensor value in Robot1 indicates the presence of a cliff, the controller 
can change the commands that are sent to the Robot1; that is, the controller can direct 
the Robot1 towards the right, left or backward directions. Similar is the case with every 
other sensor reading. 

Let R = {R1, R2, R3, R4} be a set of four Robots, C = {Fire, Obstacle, Bump, 

Cliff, Vibration} be a set of situations or conditions and S = {Temperature sensor, 

Ultrasonic sensor, Bump sensor, Cliff sensor, Accelerometer sensor} be a set of sensors 
deployed on each Robot. A single Robot can be assigned different membership and non 
membership values for the five different sensor readings. This is where IFMS comes into 
picture. 
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Figure 2 : A multi robot system with three patrolling robots 

Whether from a single reading can we conclude what are the situations faced by 
the Robots? The sensor readings from the Robots have to be monitored for a particular 
time, say for three minutes. If for example, the ultrasonic sensor in Robot1 indicates an 
obstacle, it sends a message to the controller so that the corrective measure could be 
taken. The controller has to make sure whether the Robot1 is really faced with an 
obstacle or not. For that purpose, the controller monitors the ultrasonic sensor reading for 
three minutes. Depending upon the consistency of the readings, the controller identifies 
the situation. 

To understand IFMS theory, let us consider the situation where the Robot1 faces 
an obstacle, Robot2 experiences a shock/vibration, Robot3 faces a bump and Robot4 
detects a cliff. Thus whenever

 
the ultrasonic sensor detects an obstacle and the 

accelerometer sensor detects a vibration, alert is sent to the controller and the controller 
monitors the situation for 3 minutes.

 

In Table-I each sensor reading is described by three numbers: Membership µ,
 
non-

membership v
 
and hesitation margin Π.

 

Table II shows the Robots and the corresponding membership functions to the 
sensor values.

 

Table 1
 

 

 
 
 
 
 
 
 
 
 
 

 
 The objective is to make a proper decision for each Robot. Hence the readings are 

monitored for a particular interval time (3 minutes).
 

 Fire Obstacle Bump Cliff Shock/Vibration 

Temperature 
sensor 

(0.8,0.,1,0.1) (0.2,0.7,0.1) (0.1,0.7,0.2) (0.2,0.5,0.3) (0.5,0.2,0.3) 

Ultrasonic sensor (0.2,0.,7,0.1) (0.8,0.1,0.1) (0.6,0.3,0.1) (0.2,0.,7,0.1) (0.1,0.7,0.2) 

Bump sensor (0.1,0.7,0.2) (0.1,0.7,0.2) (0.9,0.1,0.0) (0.1,0.7,0.2) (0.2,0.5,0.3) 

Cliff sensor (0.2,0.5,0.3) (0.1,0.7,0.2) (0.1,0.7,0.2) (0.7,0.1,0.2) (0.1,0.7,0.2) 

Accelerometer 
sensor 

(0.1,0.7,0.2) (0.2,0.5,0.3) (0.1,0.7,0.2) (0.1,0.7,0.2) (0.8,0.2,0.0) 
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Table II  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Table III shows the sensor readings monitored for 3 minutes, one reading per minute.  
Table IV shows the distances of each Robot to the situation considered. Thus, using this 
distance function, IFMS theory is able to make out the correct situation of each Robot. 
 

Table III  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table IV

 
 
 
 

 
 
 
 
 
 

 

Temperature
 

sensor
 

Ultrasonic 
sensor

 
Bump sensor

 
Cliff sensor

 
Accelerometer 

sensor
 

R1 
 

(0.8,0.1, 0.1)
 

 

(0.8, 0.1, 0.1)
 

(0.1, 0.9, 0.0)
 

(0.2, 0.8,0.0)
 

(0.3, 0.6, 0.1)
 

R2 
 

(0.4, 0.5, 0.1)
 

 

 
(0.3, 0.7,0.0)

 
 

 
(0.1, 0.7, 0.2)

 
 

 
(0.2, 0.6, 0.2)

 
 

 
(0.8, 0.1, 0.1)

 
 

R3 
 

(0.1, 0.8, 0.1)
 

 

(0.6, 0.4,0.0)
 

 
(0.8, 0.1, 0.1)

 
 

 
(0.1, 0.9, 0.0)

 
 

(0.2, 0.7, 0.1)
 

R4 
(0.1, 0.7, 0.2)

 
 

(0.3, 0.6, 0.1)
 

 

 
(0.2, 0.7, 0.1)

 
 

 
(0.7, 0.2, 0.1)

 
 

 
(0.1, 0.7, 0.2)

 
 

 

Temperature

 
sensor

 

Ultrasonic 
sensor

 

Bump sensor

 

Cliff sensor

 

Acceleromet
er sensor

 
R1

 

(0.8,0.7, 0.9)

 
(0.1, 0.2, 0.0)

 
(0.1, 0.1, 0.1)

 

(0.8, 0.8, 0.9)

 
(0.1, 0.1, 0.1)

 
(0.1, 0.1, 0.0)

 

(0.1, 0.2, 0.0)

 
(0.9, 0.7, 0.8)

 
(0.0, 0.1, 0.2)

 

(0.2, 0.1, 0.0)

 
(0.8, 0.6, 0.7)

 
(0.0, 0.3, 0.3)

 

(0.3, 0.3, 0.4)

 
(0.6, 0.4, 0.4)

 
(0.1, 0.3, 0.2)

 
R2

 

(0.4, 0.3, 0.3)

 
(0.5, 0.4, 0.6)

 
(0.1, 0.3, 0.1)

 

(0.3, 0.2, 0.3)

 
(0.7, 0.6, 0.1)

 
(0, 0.2, 0.7)

 

(0.1, 0.2, 0.4)

 
(0.7, 0.6, 0.4)

 
(0.2, 0.2, 0.2)

 

(0.2, 0.5, 0.2)

 
(0.6, 0.4, 0.7)

 
(0.2, 0.1, 0.1)

 

(0.8, 0.7, 0.6)

 
(0.1, 0.2, 0.3)

 
(0.1, 0.1, 0.1)

 
R3

 

(0.1, 0.2, 0.1)

 
(0.8, 0.6, 0.9)

 
(0.1, 0.2, 0.0)

 

(0.6, 0.2, 0.1)

 
(0.4, 0.0, 0.7)

 
(0, 0.8, 0.2)

 

(0.8, 0.7, 0.8)

 
(0.1, 0.1, 0.1)

 
(0.1, 0.2, 0.1)

 

(0.1, 0.2, 0.2)

 
(0.9, 0.7, 0.6)

 
(0.0, 0.1, 0.2)

 

(0.2, 0.3, 0.2)

 
(0.7, 0.7, 0.7)

 
(0.1, 0.0, 0.1)

 
R4

 

(0.1, 0.4, 0.5)

 
(0.7, 0.4, 0.3)

 
(0.2, 0.2, 0.2)

 

(0.3, 0.3, 0.4)

 
(0.6, 0.3, 0.5)

 
(0.1, 0.4, 0.1)

 

(0.2, 0.1, 0.0)

 
(0.7, 0.6, 0.7)

 
(0.1, 0.3, 0.3)

 

(0.8, 0.6, 0.9)

 
(0.2, 0.3, 0.0)

 
(0, 0.1, 0.1)

 

(0.1, 0.5, 0.4)

 
(0.7, 0.4, 0.3)

 
(0.2, 0.1, 0.3)

 

 
 

Fire

 

Obstacle

 

Bump

 

Cliff

 

Shock/Vib
ration

 
R1

 

0.72

 

0.65

 

1.07

 

1.06

 

0.90

 
R2

 

0.84

 

0.79

 

0.97

 

0.83

 

0.52

 
R3

 

1.07

 

0.89

 

0.50

 

1.03

 

1.02

 
R4

 

0.79

 

0.84

 

1.07

 

0.46

 

0.87
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In the above table the lowest distance point gives the accuracy of the Robot. 
Robot R1  is near an obstacle, R2 experiences a vibration, R3 is bumped and R4 is near a 
cliff.  

V.  CONCLUSIONS  

In this paper, we have discussed the various basic operations of Intuitionistic 
Fuzzy Multiset and its application in Robotics. In the proposed method, we measured the 
distances of each Robot from each situation by considering the sensor readings. The 
concept of multiness is incorporated by taking the samples from the same Robot for a 
particular time.  
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 AAbstract-

 

In this paper we have developed some indefinite integrals involving certain polynomials in the form of 
Hypergeometric function.

 

The results represent here are assume to be new.

 Keywords:

 

hypergeometric function, lucas polynomials, gegenbaur polynomials, harmonic number, 
bernoulli polynomial, hermite polynomials.

 
 I. Introduction

 
 

a) We have the generalized Gaussian hypergeometric function of one variable

 
 

 
 

 
  

 
 

 
 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

Notes

AFB(a1,a2,…,aA;b1,b2,…bB;z ) =                                         (1)        

where the parameters  b1 , b2 , ….,bB

 

are neither zero nor negative integers and A , B are non 
negative integers. 

The series converges for all finite z if A  B, converges for z <1 if A=B+1, diverges for 
all z,  z  0 if A > B+1. 

The Lucas polynomials are the w-polynomials obtained by setting p(x) = x and q(x) = 1 in the 
Lucas polynomials sequence. It is given explicitly by  

2( ) 2 [( 4n
nL x x x−= − +   )n + 2( 4x x+ +  )n ]                   (2) 

b) Lucas Polynomials
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Notes

The first few are                       

1( )L x x=
2

2 ( ) 2L x x= +
                                                                                                                          (3)

3
3 ( ) 3L x x x= +

4 2
4 ( ) 4 2L x x x= + +

The generalized harmonic number of order n of m is given by 

( )

1

1n
m

n m
k

H
k=

=

                                                   

           (4)              

In the limit of  n → ∞ the generalized harmonic number converges to the Riemann zeta 
function

( )lim ( )m
n

n
H mς

→∞
=

                                                                      (5) 

In  mathematics, the Bernoulli polynomials occur in the study of many special functions and 
in particular the Riemann zeta function and Hurwitz zeta function. This is in large part 
because they are an Appell sequence, i.e. a Sheffer sequence for the ordinary derivative 
operator. Unlike orthogonal polynomials, the Bernoulli polynomials are remarkable in that 
the number of crossing of the x-axis in the unit interval does not go up as the degree of the 
polynomials goes up. In the limit of large degree, the Bernoulli polynomials, appropriately 
scaled, approach the sine and cosine functions. 
Explicit formula of Bernoulli polynomials is 

( )0

!
( )

! !

n
k

n n k
k

n
B x b x

k n k −
=

=
−

 , for n 0, where bk are the Bernoulli numbers. 

The generating function for the Bernoulli polynomials is 

c) Generalized Harmonic Number

d) Bernoulli Polynomial
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Notes

e) Gegenbauer polynomials

                        

In Mathematics, Gegenbauer polynomials or ultraspherical polynomials Cn
( )(x) are 

orthogonal polynomials on the interval [-1,1] with respect to the weight function  
1

2 2(1 )x
α −

− . They generalize Legendre polynomials and Chebyshev polynomials, and are 
special cases of Jacobi polynomials. They are named after Leopold Gegenbauer.  
Explicitly , 

2
( ) ( 2 )

0

( )
( ) ( 1) (2 )

( ) !( 2 )!

n

k n k
n

k

n k
C x z

k n k
α α

α
−

=

Γ − +
= −

Γ −
           (7)

The Laguerre polynomials are solutions  to the Laguerre differential equation       
'' (1 ) ' 0xy x y yλ+ − + =  , which is a special case of the more general associated Laguerre 

differential equation, defined by 
'' ( 1 ) ' 0xy x y yν λ+ + − + = , where λ and ν  are real numbers with ν =0.  

The Laguerre polynomials are given by the sum 

( )0

( 1) !
( )

! ! !

kn
k

n
k

n
L x x

k k n k=

−
=

−
               (8)

f) Laguerre polynomials

g) Hermite polynomials

( )nL x
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Notes

The Hermite polynomials ( )nH x  are set of orthogonal polynomials over the domain (- , ) 

with weighting function 
2xe− . 

The Hermite polynomials ( )nH x  can be defined by the contour integral 

2 2 1!
( )

2
r rz n

n

n
H z e t dt

iπ
− + − −= , 

Where the contour incloses the origin and is traversed in a counterclockwise direction 
 (Arfken 1985, p. 416). 
The first few Hermite polynomials are  

0 ( ) 1H x =

1( ) 2H x x=
2

2 ( ) 4 2H x x= −                                                                                                    (9)
3

3 ( ) 8 12H x x x= −
4 2

4 ( ) 16 48 12H x x x= − +

The Legendre polynomials, sometimes called Legendre functions of the first kind, Legendre 
coefficients, or zonal harmonics (Whittaker and Watson 1990, p. 302), are solutions to 
the Legendre differential equation. If l is an integer, they are polynomials. The Legendre 
polynomials ( )nP x  are illustrated above for  and n=1, 2, ..., 5. 

The Legendre polynomials ( )nP x  can be defined by the contour integral 

1
2 12

1
( ) (1 2 )

2
n

nP z tz t t dt
iπ

−
− −= − + (10) 

where the contour encloses the origin and is traversed in a counterclockwise direction 
(Arfken 1985, p. 416). 

h) Legendre function of the first kind

,
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Notes

i) Legendre function of the second kind

The second solution    to the Legendre differential equation. The Legendre functions of 

the second kind satisfy the same recurrence relation as the Legendre polynomials. 
The first few are 

0

1
( )

2
Q x = ln( 1

1

x

x

+

−
) 

1( )
2

x
Q x =  ln( 1

1

x

x

+

−
)- (11) 

2

2

3 1
( )

4

x
Q x

−
= ln( 1

1

x

x

+

−
)- 3

2

x

The Chebyshev polynomials of the first kind are a set of orthogonal polynomials defined as 

the solutions to the Chebyshev differential equation and denoted . They are used as an 

approximation to a least squares fit, and are a special case of the Gegenbauer 

polynomial with . They are also intimately connected with trigonometric multiple-angle 

formulas. 

The Chebyshev polynomial of the first kind  can be defined by the contour integral

2 1

2

1 (1 )
( )

4 1 2

n

n

t t
T z dt

i tz tπ

− −−
=

− +∫� (12) 

j) Chebyshev polynomial of the first kind

 ,

1( )Q x

1

( )nT x

( )nT z
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α  0=



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notes

k) Chebyshev polynomial of the second kind

where the contour encloses the origin and is traversed in a counterclockwise direction 

(Arfken 1985, p. 416). 

The first few Chebyshev polynomials of the first kind are 

0 ( ) 1T x =

1( )T x x=
2

2 ( ) 2 1T x x= −
3

3( ) 4 3T x x x= −

A beautiful plot can be obtained by plotting  radially, increasing the radius for each 

value of  n , and filling in the areas between the curves (Trott 1999, pp. 10 and 84). 

The Chebyshev polynomials of the first kind are defined through the identity 

Tn(cos θ)=cos nθ. 

A modified set of Chebyshev polynomials defined by a slightly different generating function. 

They arise in the development of four-dimensionalspherical harmonics in angular momentum 

( )nT x
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Notes

theory. They are a special case of the Gegenbauer polynomial with . They are also 

intimately connected with trigonometric multiple-angle formulas. 

The first few Chebyshev polynomials of the second kind are 

0 ( ) 1U x =

1( ) 2U x x=
                                                                                                                             (13)

2

2 ( ) 4 1U x x= −
3

3 ( ) 8 4U x x x= −

The Euler polynomial  is given by the Appell sequence with 

1
( ) ( 1)

2

tg t e= +  ,  

giving the generating function 

0

2
( )

1 !

xt n

nt
n

e t
E x

e n

∞

=

≡
+

∑ (14) 

The first few Euler polynomials are 

0 ( ) 1E x =

1

1
( )

2
E x x= −

2

2 ( )E x x x= −

 

                                                                                                                       (15)

3 2

3

3 1
( )

2 4
E x x x= − +

l) Euler polynomial

.

( )nE x
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α  1=



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notes

m) Generalized Riemann zeta function

The Riemann zeta function is an extremely important special function of mathematics and 

physics that arises in definite integration and is intimately related with very deep results 

surrounding the prime number theorem. While many of the properties of this function have 

been investigated, there remain important fundamental conjectures (most notably 

the Riemann hypothesis) that remain unproved to this day. The Riemann zeta function  is 

defined over the complex plane for one complex variable, which is conventionally denoted s

 (instead of the usual ) in deference to the notation used by Riemann in his 1859 paper that 

founded the study of this function (Riemann 1859). 
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Notes
n) Complex infinity

The plot above shows the "ridges" of  for  and . The fact that the 

ridges appear to decrease monotonically for  is not a coincidence since it turns out 

that monotonic decrease implies the Riemann hypothesis (Zvengrowski and Saidak 2003; 

Borwein and Bailey 2003, pp. 95-96). 

On the real line with , the Riemann zeta function can be defined by the integral 

1

0

1
( )

( ) 1

x

u

u
x du

x e
ς

−
∞

≡
Γ −∫ ,

 

where  ( )xΓ is the gamma function. 

Complex infinity is an infinite number in the complex plane whose complex argument is 

unknown or undefined. Complex infinity may be returned byMathematica, where it is 

represented symbolically by ComplexInfinity. The Wolfram Functions Site uses the 

notation  to represent complex infinity. 

( )
1

1 n

L x

x−
∫ dx = 

1

2
x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 

+ C

 

                                       (17) 

( )
1

1 n

x
H

x−
∫ dx = x 2F1(

1

2
,
1

n
;

1n

n

+
; x n )

 

+ C

 

                                           (18) 

( )
1

1 n

B x

x−
∫ dx = 

1

2
x [x 2F1(

1

2
,
2

n
;

2n

n

+
; x n ) - 2F1(

1

2
,
1

n
;

1n

n

+
; x n )] + C

 

               (19)  

( )
1

1 n

C x

x−
∫ dx = x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 

+ C

 

                                          (20)

( )
1

1 n

F x

x−
∫ dx = 

1

2
x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 

+ C

 

                                       (21) 

[ ]
1

1 n

L x

x−
∫ dx = x 2F1(

1

2
,
1

n
;

1n

n

+
; x n ) - 1

2
x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 

+ C

 

            (22) 

( )
1

1 n

H x

x−
∫ dx = x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 
+ C

 
                                          (23) 

( )
1

1 n

P x

x−
∫ dx = 

1

2
x 2

2F1(
1

2
,
2

n
;

2n

n

+
; x n )

 
+ C

 
                                       (24) 

II. Main Results
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The Metric Characterization of the 
Generalized Fermat Points 

Sándor N. Kiss 

Abstract-  We build on the sides of a triangle ABC, outwards and inwards, similar triangles with one another. We prove 
some relations referring to the generalized  Fermat  points. We deduce   these   results  based on trigonometrical  
identities. 

I. Introduction 
If we build outwards on the sides BC, CA, AB of an arbitrary triangle ABC three 

equilateral triangles 1 1 1,  ,   BCX CAY ABZ then  

                     
1 1 1 1 1 1AX BY CZ AF BF CF= = = ± ± ± ,                                           (1)

 

where 1 1 1 1F AX BY CZ= ∩ ∩
 
is the first (outward) Fermat point of triangle ABC

 
(Figure 

1).
 
A minus sign being taken if the angle of triangle ABC

 
at that vertex exceeds 120 .

 

If we build inwards on the sides BC, CA, AB
 
of an arbitrary triangle ABC

 
three 

equilateral triangles 2 2 2,  ,   BCX CAY ABZ then 
 

                              
2 2 2 2 2 2AX BY CZ AF BF CF= = = ± ± ± ,       

 

                             (2)

 

where 2 2 2 2F AX BY CZ= ∩ ∩

 

is the second (inward) Fermat point of triangle ABC

 

(Figure 

2).

 

A minus sign being taken at each vertex where the angle of triangle ABC

 

is larger 

than 60 . 

 

In this paper we generalize these results: on the sides of

 

triangle ABC

 

we build, 
outwards resp. inwards, three similar triangles.

 

We mention

 

but in this article we don’t

 

discuss the Fermat-Steiner problem:

 

Given a triangle ABC, how can we find a point P in its plane for which 
PA+PB+PC is minimal?

 

The solution and some generalization

 

of this problem was a deal for many 
mathematicians (see [2], [4], [5]). The historical survey of the Fermat-Steiner problem 
could be found in [3].

 

Let be given a triangle ABC

 

with the usual notations: A, B, C

 

the angles, a, b, c

 

the sides, R

 

the circumradius, ∆

 

the area

 

of the triangle

 

ABC, S

 

the twice of the area of 

the triangle

 

( )2S = ∆ .

 

       
    

    

R ef
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,  ,  BAF CAE CBD ABF ACE BCDα β γ∠ = = ∠ ∠ = = ∠ ∠ = = ∠

 

(Figure 3).

 

Since

 

γβαπ ++==++ CBA , therefore

 

,  ,  .BDC CEA AFBα β γ∠ = ∠ = ∠ =

 

We work with barycentric coordinates with reference to the triangle ABC.

 

According to the

 

Conway’s

 

formulas, the barycentric

 

coordinates of the

 

points

 

D, E, F

 

are: ( )2 : :C BD a S S S Sγ β= − + + , ( )2: :C AE S S b S Sγ α= + − + , ( )2: :B AF S S S S cβ α= + + − ,

 

where S S ctgθ θ= ⋅ .

 

Consequently cosAS bc A= , cosBS ca B= , cosCS ab C= .

 

The equations of the

 

lines

 

AD, BE, CF

 

are: ( ) ( ) 0B CS S y S S zβ γ− + + + = ,        

 

( ) ( ) 0A CS S x S S zα γ+ − + = ,

 

( ) ( ) 0A BS S x S S yα β− + + + = .

 
     

         
    
     

( )( ) ( )( ) ( )( )( ): :

1 1 1   : : .

B C C A A B

A B C

K S S S S S S S S S S S S

S S S S S S

β γ γ α α β

α β γ

= + + + + + +

 
=   + + + 

 

  

 

We introduce the following notations:

 
 

( )
( )2 2 2

, , , , ,

  sin sin sin sin sin sin 2sin sin sin

A B C

A B C ctgA ctgB ctgC

λ λ α β γ

α β γ α β γ

= =

= + + +

 

( )2 2 2
2

1 sin sin sin 2 sin sin sin
4 A B CS S S S

R
α β γ α β γ= + + + .

 

( )
( )

( )

0

2 2 2

2 2 2
2

, , , , ,

   sin sin sin sin sin sin 2sin sin sin

sin sin sin   2
4

A B C

ctg A ctg B ctg C A B C

a ctg b ctg c ctg S
R

λ λ α β γ

α β γ α β γ

α β γ α β γ

= =

= + + +

= + + +

 

( )2 2 2 2
2

sin sin sin 2
4

a S b S c S S
R S α β γ

α β γ
= + + + .

 

We will proove that

 

0λ λ= :

 

( )2 2 2sin sin sin sin sin sin 2sin sin sinctg A ctg B ctg C A B Cα β γ α β γ+ + + =

 

( )2 2 2sin sin sin sin sin sin 2sin sin sinA B C ctgA ctgB ctgCα β γ α β γ= + + + ⇔
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II. The First Generalized Fermat Point of the Triangle

We build on the sides of the triangle ABC outwards the similar triangles BCD, 
CAE and ABF in that way, that

The Metric Characterization of the Generalized Fermat Points

Swmming random by two of the above equations, we get the third equation, the 

lines AD, BE and CF meet each other in a point K AD BE CF= ∩ ∩ . This point K will be 
called the first generalized Fermat point of the triangle.
The barycentric coordinates of the point K are:



( ) ( )
( ) ( )
( ) ( )

2 2

2 2

2 2

cos cos cos cos sin cos cos cos cos sin

cos cos cos cos sin cos cos cos cos sin

cos cos cos cos sin cos cos cos cos sin

A B

C A A B C

B B A C C C A B

α α β γ β β α γ

γ γ α β α

β γ

⇔ + + + +

+ + = + +

+ + + + ⇔

 

( )2 2 2 2 2 2 2 2 2sin cos sin cos sin cos cos cos cos sin sin sinA B C A B Cα β γ α β γ⇔ + + + + + =

 

( )2 2 2 2 2 2 2 2 2sin cos sin cos sin cos cos cos cos sin sin sinA B C A B Cα β γ α β γ= + + + + + ⇔

 

( )2 2 2 2 2 2cos cos cos cos cos cosA B Cα β γ⇔ + + − + + +

 

( ) ( )2cos cos cos 1 cos cos cos 2cos cos cos 1 cos cos cos 0A B C A B Cα β γ α β γ+ + − + = ⇔

 

1 2cos cos cos 1 2cos cos cos 2cos cos cos 2cos cos cos 0A B C A B Cα β γ α β γ⇔ − − + + − = ,

 

and

 

this is true. 

 
 

a)

 

The length of the

 

segments AD, BE and

 

CF  

 

In

 

absolute

 

barycentric coordinates the distance between two points ( , , )P x y z=

 

and ( , , )P x y z′ ′ ′ ′=

 

is given by ( ) ( ) ( )2 2 2
A B CPP x x S y y S z z S′ ′ ′ ′= − + − + − .

 

In order to calculate the lenght of the

 

segments

 

AD, BE

 

and

 

CF

 

we introduce the 
following notations:

 

( )cos cos sinsin
sin sin sin sin sin sin

S St S S Sctg Sctg Sα β γ
β γ αβ γ β γ
β γ β γ β γ

 
= + = + = + = + = 

 
,

 

sin
sin sin

St S Sβ γ α
β

γ α
= + = ,  sin

sin sin
St S Sγ α β

γ
α β

= + = .

 

The sum of the coordinates of the

 

point

 

D, E

 

resp.

 

F

 

is

 

,   resp. t t tα β γ . The length

 

of the

 

segment

 

AD

 

is: 

 

( ) ( ) ( )2 2 221
A C B B CAD a t S S S S S S S

t α γ β
α

= + + + + +

 

( )( )2 2 2 2 21 2 A BC A B Ca t a S S S t S S S S
t α α γ β
α

= + + + + +

 

( )2 2 2 2 21 2 A B Ca t S S t S S S S
t α α γ β
α

= + + + +

 

( )
2 2 2

2 2 2 2 2
2 2 2 2

1 sin cos cos2
sin sin sin sinA B Ca t S S S S S S S

t α
α

α γ β
β γ γ β

= + + + +

 

2 2 2 2 2 2 2 21 sin sin 2 sin sin sin sin sin cos cos sin
sin A B Ca S S S Sβ γ α β γ α β γ β γ

α
= + + + +

 

2 2 21 sin sin sin 2 sin sin sin
sin A B CS S S Sα β γ α β γ

α
= + + +
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2 2 2cos sin sin sin sin cos sin sin sin sin cos sinA B Cα β γ α β γ α β γ⇔ + + =
2 2 2cos sin sin sin sin cos sin sin sin sin cos sinA B C A B C A B Cα β γ= + + ⇔

The Metric Characterization of the Generalized Fermat Points



For this reason:

 

( )2 2 2sin sin 2
sin

AD a ctg b ctg c ctg Sβ γ α β γ
α

= + + + ,                    (3)

 

( )2 2 2sin sin 2
sin

BE a ctg b ctg c ctg Sγ α α β γ
β

= + + + ,                     (4)

 

( )2 2 2sin sin 2
sin

CF a ctg b ctg c ctg Sα β α β γ
γ

= + + + .                    (5)

 

 

Based on the

 

formulas

 

(3), (4) and

 

(5):

 

( )2 2 2sin sin sin sin sin sin 2AD BE CF a ctg b ctg c ctg Sα β γ α β γ α β γ⋅ = ⋅ = ⋅ = + + + .  (6)

 

b)

 

The distance of the first generalized Fermat

 

point from the vertices of the reference 
triangle

 

In what follows we calculate the lengts of the

 

segments

 

AK, BK

 

and

 

CK. The sum 
of coordinates of the

 

point

 

K

 

is:

 

( )( ) ( )( ) ( )( )B C C A A BS S S S S S S S S S S Sβ γ γ α α βΦ = + + + + + + + +

 

( ) ( ) ( )BC CA AB B C C A A BS S S S S S S S S S S S S S Sβγ γα αβ α β γ= + + + + + + + + + + +

 

2 2 2 22a S b S c S Sα β γ= + + + .

 

Therefore

 

( )2 2 2 2
2 2

sin sin sin sin sin sin2
4 4

a S b S c S S
R S R Sα β γ

α β γ α β γλ = + + + = Φ .

 

The length

 

of the

 

segment

 

AK

 

is:

 

( )( ) ( ) ( ) ( ) ( )2 2 22 21
B C A C A B A B CAK S S S S S S S S S S S S S S Sβ γ γ α α β = Φ − + + + + + + + + Φ

 

( ) ( ) ( )2 2 2A
B C A C B B C

S S
S S S S S S S S S S Sα

β γ γ β

+
= + + + + + + +

Φ

 

( ) ( ) ( )2 2 22A
A C B B C

S S
a t S S S S S S Sα

α γ β

+
= + + + + +

Φ

 

( )

( ) ( )

2 sin sin
sin 2 2 sin

sin sin .
2

A A
A

S S S S R t SAD t S S A
R R A

S bcA A
a R

α α α
α α

λ α α
α λ λ

α α
λ λ

+ + ⋅
= ⋅ = = + = +

Φ Φ

= + = +

 

 

Therefore:

 

( )sin ,
2

bcAK A
R

α
λ

= +          (7 )        ( )sin ,
2

caBK B
R

β
λ

= +          (8)
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( )2 2 2
0

sin sin sin 222 .
sin sin sin

a ctg b ctg c ctg SRR α β γ α β γλλ
α α α

+ + +
= = =

The Metric Characterization of the Generalized Fermat Points



c)

 

Relations referring to the

 

segments AK, BK and

 

CK 

 

Now we will demonstrate

 

the following

 

conditional identity:

 

( ) ( ) ( ) λγγββαα 24sinsinsinsinsinsin RCabBcaAbc =+++++ .             (10)

 

Indeed

 

( ) ( ) ( )
( ) ( )
( )

2 2

2

2 2 2 2

sin sin sin sin sin sin

4 sin sin sin sin cos sin cos 4 sin sin sin sin cos sin cos

4 sin sin sin sin cos sin cos

4 sin sin sin sin sin sin sin 2 sin 2 si

bc A ca B ab C

R B C A A R C A B B

R A B C C

R A B C ctgA ctgB ctgC

α α β β γ γ

α α α β β β

γ γ γ

α β γ α β

+ + + + + =

= + + + +

+ + =

= + + + + +( )n 2 2γ  = 
( ) .4sinsinsin2sinsinsinsinsinsin4 22222 λγβαγβα RctgCctgBctgACBAR =+++=

 

Since

 

,2πγβα =+++++ CBA from inequalities

 

A α+ >π , β+B >π , γ+C >π

 

only one can be true. If

 

α+A <π , β+B <π , γ+C <π , then the

 

K

 

is an inside point of 

the

 

triangle

 

ABC

 

and

 

based on the

 

(10) we have

 

sin sin sin 2 sin sin sinAD BE CF R AK BK CKα β γ λ α β γ= = = = + + .      (11)

 

If for instance

 

α+A >π , then

 

 

sin sin sin 2 sin sin sinAD BE CF R AK BK CKα β γ λ α β γ= = = = − + + .      (12)

 

III.

 

The Second Generalized Fermat

 

Point of the Triangle

 

We build on the sides of the triangle ABC

 

inwards the similar triangles BCL, 
CAM

 

and ABN

 

in that way, that

 

,  ,  BAN CAM CBL ABN ACM BCLα β γ∠ = = ∠ ∠ = = ∠ ∠ = = ∠ (Figure 4). Since

 

γβαπ ++==++ CBA , therefore

 

,  ,  .BLC CMA ANBα β γ∠ = ∠ = ∠ =

 

According to the Conway’s formulas, the barycentric

 

coordinates of the

 

points

 

L, 
M, N 

 

are:

 

( )2 : :C BL a S S S Sγ β= − − , ( )2: :C AM S S b S Sγ α= − − , ( )2: :B AN S S S S cβ α= − − .

 

The equations of the

 

lines

 

AL, BM, CN

  

are:

 

( ) ( ) 0B CS S y S S zβ γ− − + − = ,

 

( ) ( ) 0A CS S x S S zα γ− − − = ,

 

( ) ( ) 0A BS S x S S yα β− − + − = .

 

Since adding whatever two equation, we get the third equation, the lines AL, BM

 

and CN

 

meets  each other in

 

a

 

point

 

T AL BM CN= ∩ ∩ . This

 

point T will be called the 
second generalized Fermat point of the triangle.

 

The barycentric

 

coordinates of the

 

point

 

T

 

are:

 

( )( ) ( )( ) ( )( )( ): :

1 1 1   : : .

B C C A A B

A B C

T S S S S S S S S S S S S

S S S S S S

β γ γ α α β

α β γ

= − − − − − −

 
=   − − − 
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( )sin .
2

abCK C
R

γ
λ

= +          (9)

The Metric Characterization of the Generalized Fermat Points



( )2 2 2
2

1 sin sin sin 2 sin sin sin
4 A B CS S S S

R
α β γ α β γ= + + − .

 

( )
( )

( )

0

2 2 2

2 2 2
2

, , , , ,

   sin sin sin sin sin sin 2sin sin sin

sin sin sin   2
4

A B C

ctg A ctg B ctg C A B C

a ctg b ctg c ctg S
R

µ µ α β γ

α β γ α β γ

α β γ α β γ

= =

= + + −

= + + −

 

( )2 2 2 2
2

sin sin sin 2
4

a S b S c S S
R S α β γ

α β γ
= + + − .

 

In this

 

case the

 

equality 0µ µ=

 

is valid

 

too.

 

a)

 

The length of the segments AL, BM and CN  

 

The sum of the coordinates of the

 

point

 

L,

  

M

 

resp.

 

N

 

are

 

,   resp. t t tα β γ . The 

length

 

of the segment

 

AL

 

is: 

 

( ) ( ) ( )2 2 221
A C B B CAL a t S S S S S S S

t α γ β
α

= − + + + +

 

( )( )2 2 2 2 21 2 A BC A B Ca t a S S S t S S S S
t α α γ β
α

= − + + + +

 

( )2 2 2 2 21 2 A B Ca t S S t S S S S
t α α γ β
α

= − + + +

 

( )
2 2 2

2 2 2 2 2
2 2 2 2

1 sin cos cos2
sin sin sin sinA B Ca t S S S S S S S

t α
α

α γ β
β γ γ β

= − + + +

 

2 2 2 2 2 2 2 21 sin sin 2 sin sin sin sin sin cos cos sin
sin A B Ca S S S Sβ γ α β γ α β γ β γ

α
= − + + +

 

( )

2 2 2

2 2 2
0

1 sin sin sin 2 sin sin sin
sin

sin sin sin 222 .
sin sin sin

A B CS S S S

a ctg b ctg c ctg SRR

α β γ α β γ
α

α β γ α β γµµ
α α α

= + + −

+ + −
= = =

 

For this reason:

 

( )2 2 2sin sin 2
sin

AL a ctg b ctg c ctg Sβ γ α β γ
α

= + + − ,                    (13)

 

( )2 2 2sin sin 2
sin

BM a ctg b ctg c ctg Sγ α α β γ
β

= + + − ,                   (14)

 

( )2 2 2sin sin 2
sin

CN a ctg b ctg c ctg Sα β α β γ
γ

= + + − .                    (15)
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We introduce the following notations:

( )
( )2 2 2

, , , , ,

  sin sin sin sin sin sin 2sin sin sin

A B C

A B C ctgA ctgB ctgC

µ µ α β γ

α β γ α β γ

= =

= + + −

The Metric Characterization of the Generalized Fermat Points



b)

 

The distance of the second generalized Fermat point from the vertices of the 
reference triangle 

 

The sum of coordinates of the point T

 

is:

 

( )( ) ( )( ) ( )( )B C C A A BS S S S S S S S S S S Sβ γ γ α α βΓ = − − + − − + − −

 

( ) ( ) ( )BC CA AB B C C A A BS S S S S S S S S S S S S S Sβγ γα αβ α β γ= + + + + + − + − + − +

 

( )2 2 2 2 2 2 2 22 2a S b S c S S a S b S c S Sα β γ α β γ= − − − + = − + + − .

 

Therefore:

 

( )2 2 2 2
2 2

sin sin sin sin sin sin2
4 4

a S b S c S S
R S R Sα β γ

α β γ α β γµ = + + − = − Γ .

 

 

The length

 

of the

 

segment

 

AT

 

is: 

 

 

( )( ) ( ) ( ) ( ) ( )2 2 22 21
B C A C A B A B CAT S S S S S S S S S S S S S S Sβ γ γ α α β = Γ − − − + − − + − − Γ

 

( ) ( ) ( )2 2 2A
B C A C B B C

S S
S S S S S S S S S S Sα
β γ γ β

−
= + − − + − + −

Γ

 

( ) ( ) ( )2 2 22A
A C B B C

S S
a t S S S S S S Sα

α γ β

−
= − + + − + −

Γ

 

( )

( ) ( )

2 sin sin
sin 2 2 sin

sin sin sin .
2 2

A A
A

S S S S R t SAL t S S A
R R A

S bc bcA A A
a R R

α α α
α α

µ α α
α µ µ

α α α
µ µ µ

− − ⋅
= ⋅ = = − = −

Γ Γ

= − = − = −

 

 

Therefore:

 

,sin
2

α
µ

−= A
R
bcAT

 

        (17)       ,sin
2

β
µ

−= B
R
caBT         (18)

 

.sin
2

γ
µ

−= C
R
abCT         (19)

 

 

c)

 

Relations referring to the

 

segments

 

AT, BT and CT 

 

Here is valid too the following conditional identity:

  

( ) ( ) ( ) µγγββαα 24sinsinsinsinsinsin RCabBcaAbc −=−+−+− .    (20)

 

 

Since ,0=−+−+− γβα CBA

 

only two of the  A >α , B > β , C > γ

 

inequalities 
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Based on the (13), (14) and (15) we obtain:

( )2 2 2sin sin sin sin sin sin 2AL BM CN a ctg b ctg c ctg Sα β γ α β γ α β γ⋅ = ⋅ = ⋅ = + + − .    (16)

The Metric Characterization of the Generalized Fermat Points



Or if

 

A <α , B < β , C > γ , then

 

sin sin sin 2 sin sin sinAL BM CN R AT BT CTα β γ µ α β γ= = = = + − .      (22)

 

IV.

 

Speciale

 

Case

 

In this section we use the following relations:

 
 

( ) ( )222 cbaRctgCctgBctgAabc ++=++ ,              (23)

 
 

( )sin sin sin 3

1 3 sin sin sin cos cos cos ,

A B C ctgA ctgB ctgC

A B C A B C

+ + + =

= + +
            (24)

 

 

( )sin sin sin 3

1 3 sin sin sin cos cos cos .

A B C ctgA ctgB ctgC

A B C A B C

+ + − =

= − +
              (25)

 

                                                         

 

The proof of

 

(23):

 

( )

( ) ( )
( ).

cos2cos2cos2

coscoscos2
sin
cos

sin
cos

sin
cos

222

222222222

cbaR
cbabacacbRCabBcaAbcR

c
C

b
B

a
ARabc

C
C

B
B

A
AabcctgCctgBctgAabc

++=

=−++−++−+=++=

=

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3πγβα === , then

 

1K F≡

 

and 2FT ≡ , where

 

1F

 

resp. 2F

 

is the first resp. the 

second

 

Fermat’s point of the

 

triangle

 

ABC

 

( 13X

 

resp. 14X

 

in [1]

 

). In this

 

case
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can be true at the same time. For instance if A <α , B > β , C >γ , then based on the 

formula (20) 

sin sin sin 2 sin sin sinAL BM CN R AT BT CTα β γ µ α β γ= = = = − − .      (21)
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According to

 

(7), (8) and

 

(9)  
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If

 

A < 32π , B < 32π , C < 32π , then

 

1 1 1 1 1 1
4

3
RAX BY CZ AF BF CFλ∗= = = = + + .                 (30)

 

If for instance

 

A > 32π , then

 

1 1 1 1 1 1
4

3
RAX BY CZ AF BF CFλ∗= = = = − + + .               

 

(31)

 

   

Based on (16) we have  

 

2 2 2
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2 2 2 2 3
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= .         (32)

 

  

According to 

 

(17),

 

(18) and

 

(19)  
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If for instance

 

A < 3π , B > 3π , C > 3π , then

 

2 2 2 2 2 2
4

3
RAX BY CZ AF BF CFµ∗= = = = − − .                 (36)

 

Or if

 

A < 3π , B < 3π , C > 3π , then

 

 

2 2 2 2 2 2
4

3
RAX BY CZ AF BF CFµ∗= = = = + − .                   (37)
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Based on (6) we have  

2 2 2

1 1 1
4 2 3

3 2
R a b c SAX BY CZ λ∗ + + +

= = = = .                      (26)
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Other arrangements of the triangles BCD, CAE and ABF are possible. To 
investigate the valabilities of the above metric relations in this cases is a possible subject 
for further researches.
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Based on potential and nature, the manuscript can be categorized under the following heads: 

Original research paper: Such papers are reports of high-level significant original research work. 

Review papers: These are concise, significant but helpful and decisive topics for young researchers. 

Research articles: These are handled with small investigation and applications 

Research letters: The letters are small and concise comments on previously published matters. 

5.STRUCTURE AND FORMAT OF MANUSCRIPT 

The recommended size of original research paper is less than seven thousand words, review papers fewer than seven thousands words 
also.Preparation of research paper or how to write research paper, are major hurdle, while writing manuscript. The research articles and 
research letters should be fewer than three thousand words, the structure original research paper; sometime review paper should be as 
follows: 

 Papers: These are reports of significant research (typically less than 7000 words equivalent, including tables, figures, references), and 
comprise: 

(a)Title should be relevant and commensurate with the theme of the paper. 

(b) A brief Summary, “Abstract” (less than 150 words) containing the major results and conclusions. 

(c) Up to ten keywords, that precisely identifies the paper's subject, purpose, and focus. 

(d) An Introduction, giving necessary background excluding subheadings; objectives must be clearly declared. 

(e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit repetition; 
sources of information must be given and numerical methods must be specified by reference, unless non-standard. 

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable 
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design 
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to 
have adequate numerical treatments of the data will be returned un-refereed; 

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing. 

(h) Brief Acknowledgements. 

(i) References in the proper form. 

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more 
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the 
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial 
correction. 
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness. 

It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines. 

 Format 

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript 
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable, 
that manuscripts should be professionally edited. 

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary. 
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When 
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater. 

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed 
by the conventional abbreviation in parentheses. 

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration, 
1.4 l rather than 1.4 × 10-3 m3, or 4 mm somewhat than 4 × 10-3 m. Chemical formula and solutions must identify the form used, e.g. 
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by 
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear. 

Structure 

All manuscripts submitted to Global Journals Inc. (US), ought to include: 

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces), 
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining 
and indexing. 

 Abstract, used in Original Papers and Reviews: 

Optimizing Abstract for Search Engines 

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for 
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a 
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most 
public part of your paper. 

Key Words 

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and 
Internet resources. 

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible 
keywords and phrases to try. 

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses 
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing 
research paper are very helpful guideline of research paper. 

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as 
possible about keyword search: 
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• One should start brainstorming lists of possible keywords before even begin searching. Think about the most 
important concepts related to research work. Ask, "What words would a source have to include to be truly 
valuable in research paper?" Then consider synonyms for the important words. 

• It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most 
databases, the keywords under which a research paper is abstracted are listed with the paper. 

• One should avoid outdated words. 

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are 
bound to improve with experience and time. 

 Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references. 

Acknowledgements: Please make these as concise as possible. 

 References 

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their 
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work 
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with 
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions 
will cause delays. 

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an 
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make 
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the 
Editorial Board. 

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done 
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not 
being noticeable. 

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management 
and formatting. 

 Tables, Figures and Figure Legends 

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic 
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used. 

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers, 
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them. 

 Preparation of Electronic Figures for Publication 

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final 
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word 
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350 
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or 
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible). 

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi; 
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi. 
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork. 
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to 
complete and return a color work agreement form before your paper can be published. 

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the 
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore, 
the first 100 characters of any legend should notify the reader, about the key aspects of the figure. 

6. AFTER ACCEPTANCE 

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the 
Global Journals Inc. (US). 

 6.1 Proof Corrections 

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must 
therefore be provided for the related author. 

Acrobat Reader will be required in order to read this file. This software can be downloaded 

(Free of charge) from the following website: 

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for 
any corrections to be added. Further instructions will be sent with the proof. 

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt. 

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please 
note that the authors are responsible for all statements made in their work, including changes made by the copy editor. 

 6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print) 

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in 
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for 
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after 
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles 
cannot be cited in the conventional way. 

 6.3 Author Services 

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article - 
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their 
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link 
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is 
provided when submitting the manuscript. 

 6.4 Author Material Archive Policy 

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two 
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as 
possible. 

 6.5 Offprint and Extra Copies 

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to 
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org . 
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2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper. 
They are here to evaluate your paper. So, present your Best. 

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 
automatically you will have your answer. 

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 
logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 
supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 
research paper. From the internet library you can download books. If you have all required books make important reading selecting and 
analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 

 

 

Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper? 
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science 
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about

 
this field 

from your supervisor or guide.
 

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:
 

1. Choosing the topic:
 
In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can 

have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can
 
be done by 

asking several questions to yourself, like Will I be able to carry our search in this area? Will I find all necessary recourses to accomplish 
the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 
confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 
possible that evaluator has already seen it or maybe it is outdated version.  

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 
suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 
target. 

 

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 
language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 
records. 

 

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 
will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 
trouble. 

 

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

 

12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 
always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 
either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 
diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 
if study is relevant to science then use of quotes is not preferable.  
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 
Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 
to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical

 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

 

Key points to remember:  

Submit all work in its final form. 
Write your paper in the form, which is presented in the guidelines using the template. 
Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 
submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 
of prior workings. 

 

27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 
improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 
several ideas, which will be helpful for your research. 

Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 
descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be                    

29.
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Separating a table/chart or figure - impound each figure/table to a single page 
Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 
lines. It should include the name(s) and address (es) of all authors. 

 
 

 

 

 

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 
and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

Insertion a title at the foot of a page with the subsequent text on the next page 
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 
more than one ruling each.  

Reason of the study - theory, overall issue, purpose 
Fundamental goal 
To the point depiction of the research 
Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 
Significant conclusions or questions that track from the research(es)

 
Approach: 

Single section, and succinct

 
As a outline of job done, it is always written in past tense

 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 
Center on shortening results - bound background information to a verdict or two, if completely necessary 
What you account in an conceptual must be regular with what you reported in the manuscript 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

Explain the value (significance) of the study  
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 
Very for a short time explain the tentative propose and how it skilled the declared objectives.

 Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a

 

least of four paragraphs. 

 

 

Abstract: 

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 
at this point. 

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to 
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 

 

Materials: 

Explain materials individually only if the study is so complex that it saves liberty this way. 
Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  
Do not take in frequently found. 
If use of a definite type of tools. 
Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 
Describe the method entirely

 To be succinct, present methods under headings dedicated to specific dealings or groups of measures 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

Resources and methods are not a set of information. 
Skip all descriptive information and surroundings - save it for the argument. 
Leave out information that is immaterial to a third party. 

Results: 

 
 

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 

 

Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 
Shape the theory/purpose specifically - do not take a broad view. 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic 
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Do not present the similar data more than once. 
Manuscript should complement any figures or tables, not duplicate the identical information. 
Never confuse figures with tables - there is a difference. 

Approach 
As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report  
If you desire, you may place your figures and tables properly within the text of your results part. 

Figures and tables 
If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 
Despite of position, each figure must be numbered one after the other and complete with subtitle  
In spite of position, each table must be titled, numbered one after the other and complete with heading 
All figure and table must be adequately complete that it could situate on its own, divide from text 

Discussion: 

 

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 
Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  
You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 
Give details all of your remarks as much as possible, focus on mechanisms. 
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 
Try to present substitute explanations if sensible alternatives be present. 
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 
Recommendations for detailed papers will offer supplementary suggestions.

Approach:  

When you refer to information, differentiate data generated by your own studies from available information 
Submit to work done by specific persons (including you) in past tense.  
Submit to generally acknowledged facts and main beliefs in present tense.  

Content 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 
Present a background, such as by describing the question that was addressed by creation an exacting study. 
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 
Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 

What to stay away from 
Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 
Not at all, take in raw data or intermediate calculations in a research manuscript.                    

                                  

© Copyright by Global Journals Inc.(US) | Guidelines Handbook

XXI



 

Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 
To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.  
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CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring
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Nontrivial · 4
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Prentice · 30

 

Putative
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