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a) Generalized Hypergeometric Functions
A generalized hypergeometric function pFq(a1, ..., ap; b1, ..., bq; z) is a function which can
be defined in the form of a hypergeometric series, i.e., a series for which the ratio of
successive terms can be written

ck+1

ck

=
P (k)

Q(k)
=

(k + a1)(k + a2)...(k + ap)

(k + b1)(K + b2)...(k + bq)(k + 1)
z. (1)

Where k + 1 in the denominator is present for historical reasons of notation[Koepf
p.12(2.9)], and the resulting generalized hypergeometric function is written

pFq





a1, a2, · · · , ap ;

z

b1, b2, · · · , bq ;



 =

∞
∑

k=0

(a1)k(a2)k · · · (ap)kzk

(b1)k(b2)k · · · (bq)kk!
(2)

or

pFq





(ap) ;

z

(bq) ;



 =

∞
∑

k=0

((ap))kzk

((bq))kk!
(3)

where the parameters b1, b2, · · · , bq are positive integers.

The pFq series converges for all finite z if p ≤ q, converges for | z |< 1 if p = q + 1,
diverges for all z , z 6= 0 if p > q + 1[Luke p.156(3)].

The function 2F1(a, b; c; z) corresponding to p = 2, q = 1, is the first hypergeometric
function to be studied (and, in general, arises the most frequently in physical problems),
and so is frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s
hypergeometric function [Gauss p.123-162]. To confuse matters even more, the term ”hy-
pergeometric function” is less commonly used to mean closed form, and ”hypergeometric
series” is sometimes used to mean hypergeometric function.
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The hypergeometric functions are solutions of Gaussian hypergeometric linear differential
equation of second order

z(1 − z)y′′ + [c − (a + b + 1)z]y′ − aby = 0 (4)

The solution of this equation is

y = A0

[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

(5)

This is the so-called regular solution, denoted

2F1(a, b; c; z) =
[

1 +
ab

1! c
z +

a(a + 1)b(b + 1)

2! c(c + 1)
z2 + · · · · · ·

]

=

∞
∑

k=0

(a)k (b)kzk

(c)kk!
(6)

which converges if c is not a negative integer for all | z |< 1 and on the unit circle | z |= 1
if R(c − a − b) > 0.

It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a)k or
generalized factorial function.

Many of the common mathematical functions can be expressed in terms of the hyperge-
ometric function. Some typical examples are

(1 − z)−a = z 2F1(1, 1; 2;−z) (7)

sin−1 z = z 2F1(
1

2
,
1

2
;
3

2
; z2) (8)

b) Gauss’ Relations For Contiguous Functions

The six functions F (a±1, b; c; z), F (a, b±1; c; z), F (a, b; c±1; z) are called contiguous to
F (a, b; c; z). Relation between F (a, b; c; z) and any two contiguous functions have been
given by Gauss.

[ Abramowitz p.558(15.2.19)]

(a−b) (1−z) 2F1

[

a, b ;
c ;

z

]

= (c−b) 2F1

[

a, b − 1 ;
c ;

z

]

+(a−c) 2F1

[

a − 1, b ;
c ;

z

]

(9)

c) Recurrence Relation
In mathematics, a recurrence relation is an equation that recursively defines a sequence,
once one or more initial terms are given: each further term of the sequence is defined as
a function of the preceding terms.The recurrence relation of Gamma function is defined
by [Temme p.42(3.1.1)]

Γ(z + 1) = z Γ(z) (10)

d) Legendre's Duplication Formula

Following Bells and Wong [ p.26(2.3.1)], we have

√
π Γ(2z) = 2(2z−1) Γ(z) Γ

(

z +
1

2

)

(11)

Γ

(

1

2

)

=
√

π =
2(b−1) Γ( b

2
) Γ( b+1

2
)

Γ(b)
(12)
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II. Main Summation Formula

=
2(a−1) Γ(a

2 ) Γ(a+1
2 )

Γ(a)
(13)

Following Prudnikov, Brychkov & Marichev [ p.491.(7.3.7.3)], we have

2F1

[

a, b ;
a+b−1

2 ;

1

2

]

=
√

π

[

Γ(a+b+1
2 )

Γ(a+1
2 )Γ( b+1

2 )
+

2 Γ(a+b−1
2 )

Γ(a)Γ(b)

]

(14)

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above formula can be written in the form

2F1

[

a, b ;
a+b−1

2
;

1

2

]

=
2(b−1) Γ(a+b−1

2 )

Γ(b)

[

Γ( b
2 )

Γ(a−1
2 )

+
2(a−b+1) Γ(a

2 ) Γ(a+1
2 )

{Γ(a)}2
+

Γ( b+2
2 )

Γ(a+1
2 )

]

(15)

It is noted that the above formula [Prudnikov,491.(7.3.7.3)], i.e. equation(14) or (15) is
not correct.The correct form of equation(14) or (15) is obtained by [Asish et. al(2008),
p.337(10)]

2F1

[

a, b ;
a+b−1

2 ;

1

2

]

=
2(b−1) Γ(a+b−1

2 )

Γ(b)

[

Γ( b
2)

Γ(a−1
2 )

{

(b + a − 1)

(a − 1)

}

+
2 Γ( b+1

2 )

Γ(a
2 )

]

(16)

Involving the derived formula obtained by [Salahuddin,p .45(9)], we establish the main
formula.

For the main formula a 6= b

For a < 1 and a > 30

2F1

[

a, b ;
a+b−30

2
;

1

2

]

=
2(b−1) Γ(a+b−30

2 )

(a − b)Γ(b)

[

Γ( b+1
2 )

Γ(a−29
2 )

{

(−42849873690624000a)
15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(102174938785382400a2 − 90168185255362560a3 + 48238440075952128a4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−14222757092524032a5 + 3434748504629248a6− 476013869035520a7 + 63240546512640a8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−4603989262336a9 + 362770106624a10 − 14085527040a11 + 665833376a12 − 12792832a13)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(343728a14 − 2480a15 + 31a16 + 42849873690624000b− 31082092167168000ab)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−73098173806018560a2b + 108868047825272832a3b − 57797146289504256a4b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Creation of a Summation Formula Attached with Recurrence Relation and Hypergeometric Function

Notes

© 2013   Global Journals Inc   (US)

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
I

Ye
ar

  
20

13
  

  
 

F
)

)

4

+
(22066910445879296a5b − 4278218966429696a6b + 807376117319680a7b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−74955432767488a8b + 8169315368448a9b − 385635936768a10b + 25593453184a11b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−582589696a12b + 23404256a13b − 198896a14b + 4464a15b − 71092846618214400b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(112755981161594880ab2 − 36482063700197376a2b2 − 29343138531508224a3b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(30395328111255552a4b2 − 10197276680204288a5b2 + 2946095411127296a6b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−374548696047616a7b2 + 56962219478272a8b2 − 3393695599104a9b2 + 308716484928a10b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−8514867712a11b2 + 480008464a12b2 − 4847408a13b2 + 165416a14b2 + 50510377899786240b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−99910969798164480ab3 + 54967053635026944a2b3 − 10666441061793792a3b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−4166767625613312a4b3 + 3206675295074304a5b3 − 686051126108160a6b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(156167659677696a7b3 − 12540657489408a8b3 + 1572782347392a9b3 − 54323189760a10b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(4180393152a11b3 − 51048816a12b3 + 2459664a13b3 − 20713454402863104b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(40852434546720768ab4 − 32041240778039296a2b4 + 8698430393331712a3b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−1154676393076224a4b4 − 247159742668800a5b4 + 147864940085760a6b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−19581576698880a7b4 + 3617566362720a8b4 − 166428633600a9b4 + 17522948400a10b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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+
(−266463600a11b4 + 17530500a12b4 + 5543553731788800b5 − 12155400984281088ab5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(8180404586819584a2b5 − 3671679306500096a3b5 + 552177907875840a4b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−54103342402560a5b5 − 6502833792000a6b5 + 3126362400000a7b5 − 233673258240a8b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(35839030560a9b5 − 719559600a10b5 + 64512240a11b5 − 1033904237649920b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(2099766917263360ab6 − 1867829847333888a2b6 + 595797693046784a3b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−178743343074816a4b6 + 15207496657920a5b6 − 1156337239680a6b6 − 73365304320a7b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(29075170320a8b6 − 937908720a9b6 + 121580760a10b6 + 139675243868160b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−315216253958144ab7 + 210439757914112a2b7 − 108338835331072a3b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(17944242066432a4b7 − 3924412035840a5b7 + 177220085760a6b7 − 10838056320a7b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−282861360a8b7 + 94287120a9b7 − 13985569165568b8 + 27853051633664ab8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−25906772757248a2b8 + 7697887351296a3b8 − 2669359676832a4b8 + 222457190400a5b8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−37501461360a6b8 + 699709680a7b8 − 35357670a8b8 + 1050576384000b9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−2375213023744ab9 + 1454416768512a2b9 − 790386876288a3b9 + 108636023040a4b9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−27632383200a5b9 + 918058800a6b9 − 124062000a7b9 − 59398127360b10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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+
(111928327680ab10 − 105528303296a2b10 + 25592473088a3b10 − 9433933392a4b10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(490854000a5b10 − 96768360a6b10 + 2513871360b11 − 5584355712ab11 + 2860642304a2b11)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−1587936064a3b11 + 134073264a4b11 − 36463440a5b11 − 78393952b12 + 132474368ab12)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−123782256a2b12 + 18886192a3b12 − 7152444a4b12 + 1747200b13 − 3719968ab13)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
−704816a3b13 − 26320b14 + 34480ab14 − 31000a2b14 + 240b15 − 464ab15 − b16)

15
∏

ζ=1

{

a − (2ζ − 1)
}

}

+

+
Γ( b

2
)

Γ(a−30
2

)

{

(−42849873690624000a+ 71092846618214400a2 − 50510377899786240a3)
15
∏

η=1

{

a − 2η
}

+

+
(20713454402863104a4 − 5543553731788800a5 + 1033904237649920a6− 139675243868160a7)

15
∏

η=1

{

a − 2η
}

+

+
(13985569165568a8− 1050576384000a9 + 59398127360a10 − 2513871360a11 + 78393952a12)

15
∏

η=1

{

a − 2η
}

+

+
(−1747200a13 + 26320a14 − 240a15 + a16 + 42849873690624000b+ 31082092167168000ab)

15
∏

η=1

{

a − 2η
}

+

+
(−112755981161594880a2b + 99910969798164480a3b − 40852434546720768a4b)

15
∏

η=1

{

a − 2η
}

+

+
(12155400984281088a5b − 2099766917263360a6b + 315216253958144a7b)

15
∏

η=1

{

a − 2η
}

+

+
(−27853051633664a8b + 2375213023744a9b − 111928327680a10b + 5584355712a11b)

15
∏

η=1

{

a − 2η
}

+

+
(−132474368a12b + 3719968a13b − 34480a14b + 464a15b − 102174938785382400b2)

15
∏

η=1

{

a − 2η
}

+

+
(73098173806018560ab2 + 36482063700197376a2b2 − 54967053635026944a3b2)

15
∏

η=1

{

a − 2η
}

+
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+
(32041240778039296a4b2 − 8180404586819584a5b2 + 1867829847333888a6b2)

15
∏

η=1

{

a − 2η
}

+

+
(−210439757914112a7b2 + 25906772757248a8b2 − 1454416768512a9b2 + 105528303296a10b2)

15
∏

η=1

{

a − 2η
}

+

+
(−2860642304a11b2 + 123782256a12b2 − 1274224a13b2 + 31000a14b2 + 90168185255362560b3)

15
∏

η=1

{

a − 2η
}

+

+
(−108868047825272832ab3 + 29343138531508224a2b3 + 10666441061793792a3b3)

15
∏

η=1

{

a − 2η
}

+

+
(−8698430393331712a4b3 + 3671679306500096a5b3 − 595797693046784a6b3)

15
∏

η=1

{

a − 2η
}

+

+
(108338835331072a7b3 − 7697887351296a8b3 + 790386876288a9b3 − 25592473088a10b3)

15
∏

η=1

{

a − 2η
}

+

+
(1587936064a11b3 − 18886192a12b3 + 704816a13b3 − 48238440075952128b4)

15
∏

η=1

{

a − 2η
}

+

+
(57797146289504256ab4 − 30395328111255552a2b4 + 4166767625613312a3b4)

15
∏

η=1

{

a − 2η
}

+

+
(1154676393076224a4b4 − 552177907875840a5b4 + 178743343074816a6b4)

15
∏

η=1

{

a − 2η
}

+

+
(−17944242066432a7b4 + 2669359676832a8b4 − 108636023040a9b4 + 9433933392a10b4)

15
∏

η=1

{

a − 2η
}

+

+
(−134073264a11b4 + 7152444a12b4 + 14222757092524032b5 − 22066910445879296ab5)

15
∏

η=1

{

a − 2η
}

+

+
(10197276680204288a2b5 − 3206675295074304a3b5 + 247159742668800a4b5)

15
∏

η=1

{

a − 2η
}

+

+
(54103342402560a5b5 − 15207496657920a6b5 + 3924412035840a7b5 − 222457190400a8b5)

15
∏

η=1

{

a − 2η
}

+

+
(27632383200a9b5 − 490854000a10b5 + 36463440a11b5 − 3434748504629248b6)

15
∏

η=1

{

a − 2η
}

+
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8

+
(4278218966429696ab6 − 2946095411127296a2b6 + 686051126108160a3b6)

15
∏

η=1

{

a − 2η
}

+

+
(−147864940085760a4b6 + 6502833792000a5b6 + 1156337239680a6b6 − 177220085760a7b6)

15
∏

η=1

{

a − 2η
}

+

+
(37501461360a8b6 − 918058800a9b6 + 96768360a10b6 + 476013869035520b7)

15
∏

η=1

{

a − 2η
}

+

+
(−807376117319680ab7 + 374548696047616a2b7 − 156167659677696a3b7)

15
∏

η=1

{

a − 2η
}

+

+
(19581576698880a4b7 − 3126362400000a5b7 + 73365304320a6b7 + 10838056320a7b7)

15
∏

η=1

{

a − 2η
}

+

+
(−699709680a8b7 + 124062000a9b7 − 63240546512640b8 + 74955432767488ab8)

15
∏

η=1

{

a − 2η
}

+

+
(−56962219478272a2b8 + 12540657489408a3b8 − 3617566362720a4b8 + 233673258240a5b8)

15
∏

η=1

{

a − 2η
}

+

+
(−29075170320a6b8 + 282861360a7b8 + 35357670a8b8 + 4603989262336b9)

15
∏

η=1

{

a − 2η
}

+

+
(−8169315368448ab9 + 3393695599104a2b9 − 1572782347392a3b9 + 166428633600a4b9)

15
∏

η=1

{

a − 2η
}

+

+
(−35839030560a5b9 + 937908720a6b9 − 94287120a7b9 − 362770106624b10)

15
∏

η=1

{

a − 2η
}

+

+
(385635936768ab10 − 308716484928a2b10 + 54323189760a3b10 − 17522948400a4b10)

15
∏

η=1

{

a − 2η
}

+

+
(719559600a5b10 − 121580760a6b10 + 14085527040b11 − 25593453184ab11 + 8514867712a2b11)

15
∏

η=1

{

a − 2η
}

+

+
(−4180393152a3b11 + 266463600a4b11 − 64512240a5b11 − 665833376b12 + 582589696ab12)

15
∏

η=1

{

a − 2η
}

+

+
(−480008464a2b12 + 51048816a3b12 − 17530500a4b12 + 12792832b13 − 23404256ab13)

15
∏

η=1

{

a − 2η
}

+
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III. Evaluation Of Main Summation Formula

+
(4847408a2b13 − 2459664a3b13 − 343728b14 + 198896ab14 − 165416a2b14 + 2480b15)

15
∏

η=1

{

a − 2η
}

+

+
(−4464ab15 − 31b16)

15
∏

η=1

{

a − 2η
}

}

]

(17)

Substituting c = a+b−30
2

and z = 1
2

in equation (24), we get

(a−b) 2F1

[

a, b ;
a+b−30

2 ;

1

2

]

= (a−b−30) 2F1

[

a, b − 1 ;
a+b−30

2 ;

1

2

]

+(a−b+30) 2F1

[

a − 1, b ;
a+b−30

2 ;

1

2

]

Now involving the the formula obtained by salahuddin[Salahuddin,p .45(9)], we get

L.H.S =
2(b−1) Γ(a+b−30

2 )

Γ(b)

[

(a − b − 30)

(a − b + 1)

Γ( b+1
2 )

Γ(a−29
2 )

{

(−42849873690624000)
15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(56468406848716800a+ 10090943081349120a2 − 45646821227298816a3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(30119994532429824a4 − 10659242374635520a5 + 2384177957457920a6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−372420039991552a7 + 41100528816128a8 − 3372406380160a9 + 199271883200a10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−8841030848a11 + 271930672a12 − 6056120a13 + 80260a14 − 659a15 + a16)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(113942720308838400b− 192432640779878400ab+ 71179471376547840a2b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(31565349178638336a3b − 35990351353896960a4b + 14307315699220480a5b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−3391367994865920a6b + 532460361363712a7b − 59560797031680a8b + 4745684818240a9b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−279195240480a10b + 11619237968a11b − 349449360a12b + 6800780a13b − 84165a14b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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+
(434a15b − 121603224518000640b2 + 229663329314734080ab2 − 132562310349127680a2b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(17716361173647360a3b2 + 12817606114037760a4b2 − 7268501921936640a5b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1903248210151680a6b2 − 309340014067200a7b2 + 34669345543680a8b2 − 2718132397440a9b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(154142180400a10b2 − 6044516400a11b2 + 166890360a12b2 − 2737455a13b2 + 26970a14b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(71223832302649344b3 − 142411269625675776ab3 + 96502735620096000a2b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−27158505721528320a3b3 + 1046052696318720a4b3 + 1645411005646080a5b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−540144838041600a6b3 + 97422347546880a7b3 − 10689025278240a8b3 + 855046307760a9b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−43587835200a10b3 + 1695549960a11b3 − 35236305a12b3 + 566370a13b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−26257008134651904b4 + 54170505981911040ab4 − 39455725614796800a2b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(13679204053597440a3b4 − 2120890334688000a4b4 − 19025526931200a5b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(84920244816000a6b4 − 16677013852800a7b4 + 2116502035200a8b4 − 145414149000a9b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(8158694700a10b4 − 212995575a11b4 + 5259150a12b4 + 6577457969438720b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−13820286467276800ab5 + 10393670565008640a2b5 − 3918081302580480a3b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(791845793625600a4b5 − 69492783427200a5b5 − 2483999138880a6b5 + 1910624274720a7b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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+
(−212369331600a8b5 + 19049720100a9b5 − 641090385a10b5 + 24192090a11b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−1173579481518080b6 + 2469322022918400ab6 − 1911816899339520a2b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(732192289313280a3b6 − 163543093881600a4b6 + 20082084664320a5b6 − 941035082400a6b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−48979677600a7b6 + 18237114000a8b6 − 901000275a9b6 + 56448210a10b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(153660813033728b7 − 326583853541632ab7 + 245643692083200a2b7 − 99106124778240a3b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(21459053764800a4b7 − 3012890332320a5b7 + 216761126400a6b7 − 4242920400a7b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−265182525a8b7 + 58929450a9b7 − 15036145549568b8 + 31156475560320ab8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−24451722638400a2b8 + 8940052710720a3b8 − 2152280437200a4b8 + 260046358200a5b8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−23317452900a6b8 + 795547575a7b8 + 1109974511360b9 − 2340242526400ab9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1645789231200a2b9 − 673510158960a3b9 + 125836626000a4b9 − 19235813100a5b9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1052976225a6b9 − 58929450a7b9 − 61911998720b10 + 122169740160ab10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−95144334480a2b10 + 29274532560a3b10 − 7159456200a4b10 + 568514115a5b10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−56448210a6b10 + 2592265312b11− 5337467408ab11 + 3197563200a2b11 − 1300061880a3b11)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(155144925a4b11 − 24192090a5b11 − 80141152b12 + 142613640ab12)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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)

)

12

+
(−108689100a2b12 + 21562515a3b12 − 5259150a4b12 + 1773520b13 − 3493700ab13)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1415925a2b13 − 566370a3b13 − 26560b14 + 36735ab14 − 26970a2b14 + 241b15)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−434ab15 − b16)
15
∏

ζ=1

{

a − (2ζ − 1)
}

}

+
(a − b − 30)(b − 1)

(a − b + 1)

Γ( b
2
)

Γ(a−30
2

)

{

(42849873690624000)
15
∏

η=1

{

a − 2η
}

+

+
(−26814643804569600a− 21476290178580480a2 + 29081047157637120a3)

15
∏

η=1

{

a − 2η
}

+

+
(−14200532432486400a4 + 4036298413056000a5− 759685713346560a6 + 100366817591040a7)

15
∏

η=1

{

a − 2η
}

+

+
(−9589432195200a8 + 671530516800a9 − 34499905440a10 + 1285480560a11 − 33797400a12)

15
∏

η=1

{

a − 2η
}

+

+
(594300a13 − 6270a14 + 30a15 − 100746609662361600b+ 105369623089643520ab)

15
∏

η=1

{

a − 2η
}

+

+
(−18497359471509504a2b − 19697219949428736a3b + 13886382286397440a4b)

15
∏

η=1

{

a − 2η
}

+

+
(−4339068030189568a5b + 857574469125888a6b − 113217893178368a7b + 10859483768000a8b)

15
∏

η=1

{

a − 2η
}

+

+
(−731396205504a9b + 36817157936a10b − 1257372896a11b + 31361460a12b − 443548a13b)

15
∏

η=1

{

a − 2η
}

+

+
(4030a14b + 92490335838535680b2 − 113987664871096320ab2 + 46383618741829632a2b2)

15
∏

η=1

{

a − 2η
}

+

+
(−1926305147437056a3b2 − 4380147255427072a4b2 + 1878105598159616a5b2)

15
∏

η=1

{

a − 2η
}

+

+
(−386934853266944a6b2 + 54537090886912a7b2 − 4938029127456a8b2 + 342285504528a9b2)

15
∏

η=1

{

a − 2η
}

+

+
(−15032099888a10b2 + 523484104a11b2 − 9419722a12b2 + 138446a13b2)

15
∏

η=1

{

a − 2η
}

+



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Creation of a Summation Formula Attached with Recurrence Relation and Hypergeometric Function

Notes

© 2013   Global Journals Inc.  (US)

  

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
I

Ye
a r

  
2 0

13
  

 F
)

)

13

+
(−46632165832065024b3 + 62163571923615744ab3 − 30822099684507648a2b3)

15
∏

η=1

{

a − 2η
}

+

+
(6525530932051968a3b3 + 131032468218624a4b3 − 348720370467840a5b3)

15
∏

η=1

{

a − 2η
}

+

+
(98495967926016a6b3 − 13207757720832a7b3 + 1340626529232a8b3 − 76951667040a9b3)

15
∏

η=1

{

a − 2η
}

+

+
(3775087992a10b3 − 84987864a11b3 + 1893294a12b3 + 14859663097823232b4)

15
∏

η=1

{

a − 2η
}

+

+
(−20711447922302976ab4 + 11169873454153728a2b4 − 2983163756323584a3b4)

15
∏

η=1

{

a − 2η
}

+

+
(363675061996800a4b4 + 20359470898560a5b4 − 11353733939520a6b4 + 2209706471520a7b4)

15
∏

η=1

{

a − 2η
}

+

+
(−178725335400a8b4 + 13011676500a9b4 − 369893550a10b4 + 12271350a11b4)

15
∏

η=1

{

a − 2η
}

+

+
(−3271193580412928b5 + 4569102979137536ab5 − 2610314589022976a2b5)

15
∏

η=1

{

a − 2η
}

+

+
(753958524042240a3b5 − 120686089584000a4b5 + 8674613539200a5b5 + 705515781600a6b5)

15
∏

η=1

{

a − 2η
}

+

+
(−150958641600a7b5 + 20749369500a8b5 − 787793700a9b5 + 40320150a10b5)

15
∏

η=1

{

a − 2η
}

+

+
(505025512816640b6 − 733037562791680ab6 + 405911801172480a2b6 − 127441219311360a3b6)

15
∏

η=1

{

a − 2η
}

+

+
(21411848928960a4b6 − 2132804429280a5b6 + 86079178080a6b6 + 8858026800a7b6)

15
∏

η=1

{

a − 2η
}

+

+
(−664352010a8b6 + 65132550a9b6 − 59551759843072b7 + 81170061386752ab7)

15
∏

η=1

{

a − 2η
}

+

+
(−48474589768960a2b7 + 13733274514176a3b7 − 2650892519520a4b7 + 253026930240a5b7)

15
∏

η=1

{

a − 2η
}

+
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F
)

)

14

+
(−15527599920a6b7 + 282861360a7b7 + 35357670a8b7 + 4947215345536b8)

15
∏

η=1

{

a − 2η
}

+

+
(−7286981375168ab8 + 3740645877984a2b8 − 1232794859472a3b8 + 183751464600a4b8)

15
∏

η=1

{

a − 2η
}

+

+
(−22893160860a5b8 + 1003041270a6b8 − 35357670a7b8 − 339191763264b9 + 424211354688ab9)

15
∏

η=1

{

a − 2η
}

+

+
(−257569498128a2b9 + 60858560160a3b9 − 12407548500a4b9 + 800199900a5b9)

15
∏

η=1

{

a − 2η
}

+

+
(−65132550a6b9 + 15279519840b10 − 22632383280ab10 + 9573055440a2b10)

15
∏

η=1

{

a − 2η
}

+

+
(−3218599800a3b10 + 303277650a4b10 − 40320150a5b10 − 621837424b11 + 649171744ab11)

15
∏

η=1

{

a − 2η
}

+

+
(−397825480a2b11 + 58621992a3b11 − 12271350a4b11 + 13939432b12 − 20735156ab12)

15
∏

η=1

{

a − 2η
}

+

+
(5539638a2b12 − 1893294a3b12 − 323708b13 + 223076ab13 − 138446a2b13 + 2690b14)

15
∏

η=1

{

a − 2η
}

+

+
(−4030ab14 − 30b15)

15
∏

η=1

{

a − 2η
}

}

]

+
2(b−1) Γ(a+b−30

2
)

Γ(b)

[

(a − b + 30)

(a − b − 1)

Γ( b
2
)

Γ(a−30
2

)
×

+
(42849873690624000− 113942720308838400a+ 121603224518000640a2)

15
∏

η=1

{

a − 2η
}

+

+
(−71223832302649344a3 + 26257008134651904a4− 6577457969438720a5)

15
∏

η=1

{

a − 2η
}

+

+
(1173579481518080a6 − 153660813033728a7 + 15036145549568a8− 1109974511360a9)

15
∏

η=1

{

a − 2η
}

+

+
(61911998720a10 − 2592265312a11 + 80141152a12 − 1773520a13 + 26560a14 − 241a15 + a16)

15
∏

η=1

{

a − 2η
}

+

+
(−56468406848716800b+ 192432640779878400ab− 229663329314734080a2b)

15
∏

η=1

{

a − 2η
}

+
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15

+
(142411269625675776a3b − 54170505981911040a4b + 13820286467276800a5b)

15
∏

η=1

{

a − 2η
}

+

+
(−2469322022918400a6b + 326583853541632a7b − 31156475560320a8b + 2340242526400a9b)

15
∏

η=1

{

a − 2η
}

+

+
(−122169740160a10b + 5337467408a11b − 142613640a12b + 3493700a13b − 36735a14b)

15
∏

η=1

{

a − 2η
}

+

+
(434a15b − 10090943081349120b2 − 71179471376547840ab2 + 132562310349127680a2b2)

15
∏

η=1

{

a − 2η
}

+

+
(−96502735620096000a3b2 + 39455725614796800a4b2 − 10393670565008640a5b2)

15
∏

η=1

{

a − 2η
}

+

+
(1911816899339520a6b2 − 245643692083200a7b2 + 24451722638400a8b2 − 1645789231200a9b2)

15
∏

η=1

{

a − 2η
}

+

+
(95144334480a10b2 − 3197563200a11b2 + 108689100a12b2 − 1415925a13b2 + 26970a14b2)

15
∏

η=1

{

a − 2η
}

+

+
(45646821227298816b3 − 31565349178638336ab3− 17716361173647360a2b3)

15
∏

η=1

{

a − 2η
}

+

+
(27158505721528320a3b3 − 13679204053597440a4b3 + 3918081302580480a5b3)

15
∏

η=1

{

a − 2η
}

+

+
(−732192289313280a6b3 + 99106124778240a7b3 − 8940052710720a8b3 + 673510158960a9b3)

15
∏

η=1

{

a − 2η
}

+

+
(−29274532560a10b3 + 1300061880a11b3 − 21562515a12b3 + 566370a13b3)

15
∏

η=1

{

a − 2η
}

+

+
(−30119994532429824b4 + 35990351353896960ab4 − 12817606114037760a2b4)

15
∏

η=1

{

a − 2η
}

+

+
(−1046052696318720a3b4 + 2120890334688000a4b4 − 791845793625600a5b4)

15
∏

η=1

{

a − 2η
}

+

+
(163543093881600a6b4 − 21459053764800a7b4 + 2152280437200a8b4 − 125836626000a9b4)

15
∏

η=1

{

a − 2η
}

+
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)

)

16

+
(7159456200a10b4 − 155144925a11b4 + 5259150a12b4 + 10659242374635520b5)

15
∏

η=1

{

a − 2η
}

+

+
(−14307315699220480ab5 + 7268501921936640a2b5 − 1645411005646080a3b5)

15
∏

η=1

{

a − 2η
}

+

+
(19025526931200a4b5 + 69492783427200a5b5 − 20082084664320a6b5 + 3012890332320a7b5)

15
∏

η=1

{

a − 2η
}

+

+
(−260046358200a8b5 + 19235813100a9b5 − 568514115a10b5 + 24192090a11b5)

15
∏

η=1

{

a − 2η
}

+

+
(−2384177957457920b6 + 3391367994865920ab6 − 1903248210151680a2b6)

15
∏

η=1

{

a − 2η
}

+

+
(540144838041600a3b6 − 84920244816000a4b6 + 2483999138880a5b6 + 941035082400a6b6)

15
∏

η=1

{

a − 2η
}

+

+
(−216761126400a7b6 + 23317452900a8b6 − 1052976225a9b6 + 56448210a10b6)

15
∏

η=1

{

a − 2η
}

+

+
(372420039991552b7 − 532460361363712ab7 + 309340014067200a2b7 − 97422347546880a3b7)

15
∏

η=1

{

a − 2η
}

+

+
(16677013852800a4b7 − 1910624274720a5b7 + 48979677600a6b7 + 4242920400a7b7)

15
∏

η=1

{

a − 2η
}

+

+
(−795547575a8b7 + 58929450a9b7 − 41100528816128b8 + 59560797031680ab8)

15
∏

η=1

{

a − 2η
}

+

+
(−34669345543680a2b8 + 10689025278240a3b8 − 2116502035200a4b8 + 212369331600a5b8)

15
∏

η=1

{

a − 2η
}

+

+
(−18237114000a6b8 + 265182525a7b8 + 3372406380160b9 − 4745684818240ab9)

15
∏

η=1

{

a − 2η
}

+

+
(2718132397440a2b9 − 855046307760a3b9 + 145414149000a4b9 − 19049720100a5b9)

15
∏

η=1

{

a − 2η
}

+

+
(901000275a6b9 − 58929450a7b9 − 199271883200b10 + 279195240480ab10)

15
∏

η=1

{

a − 2η
}

+
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+
(−154142180400a2b10 + 43587835200a3b10 − 8158694700a4b10 + 641090385a5b10)

15
∏

η=1

{

a − 2η
}

+

+
(−56448210a6b10 + 8841030848b11− 11619237968ab11 + 6044516400a2b11 − 1695549960a3b11)

15
∏

η=1

{

a − 2η
}

+

+
(212995575a4b11 − 24192090a5b11 − 271930672b12 + 349449360ab12 − 166890360a2b12)

15
∏

η=1

{

a − 2η
}

+

+
(35236305a3b12 − 5259150a4b12 + 6056120b13 − 6800780ab13 + 2737455a2b13 − 566370a3b13)

15
∏

η=1

{

a − 2η
}

+

+
(−80260b14 + 84165ab14 − 26970a2b14 + 659b15 − 434ab15 − b16)

15
∏

η=1

{

a − 2η
}

+
(a − b + 30)

(a − b − 1)

Γ( b+1
2 )

Γ(a−29
2 )

×

×
{

(−42849873690624000+ 100746609662361600a− 92490335838535680a2)
15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(46632165832065024a3 − 14859663097823232a4 + 3271193580412928a5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−505025512816640a6 + 59551759843072a7− 4947215345536a8 + 339191763264a9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−15279519840a10 + 621837424a11 − 13939432a12 + 323708a13 − 2690a14 + 30a15)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(26814643804569600b− 105369623089643520ab+ 113987664871096320a2b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−62163571923615744a3b + 20711447922302976a4b − 4569102979137536a5b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(733037562791680a6b − 81170061386752a7b + 7286981375168a8b − 424211354688a9b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(22632383280a10b − 649171744a11b + 20735156a12b − 223076a13b + 4030a14b)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(21476290178580480b2 + 18497359471509504ab2− 46383618741829632a2b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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)

18

+
(30822099684507648a3b2 − 11169873454153728a4b2 + 2610314589022976a5b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−405911801172480a6b2 + 48474589768960a7b2 − 3740645877984a8b2 + 257569498128a9b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−9573055440a10b2 + 397825480a11b2 − 5539638a12b2 + 138446a13b2)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−29081047157637120b3 + 19697219949428736ab3 + 1926305147437056a2b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−6525530932051968a3b3 + 2983163756323584a4b3 − 753958524042240a5b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(127441219311360a6b3 − 13733274514176a7b3 + 1232794859472a8b3 − 60858560160a9b3)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(3218599800a10b3 − 58621992a11b3 + 1893294a12b3 + 14200532432486400b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−13886382286397440ab4 + 4380147255427072a2b4 − 131032468218624a3b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−363675061996800a4b4 + 120686089584000a5b4 − 21411848928960a6b4 + 2650892519520a7b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−183751464600a8b4 + 12407548500a9b4 − 303277650a10b4 + 12271350a11b4)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−4036298413056000b5 + 4339068030189568ab5 − 1878105598159616a2b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(348720370467840a3b5 − 20359470898560a4b5 − 8674613539200a5b5 + 2132804429280a6b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−253026930240a7b5 + 22893160860a8b5 − 800199900a9b5 + 40320150a10b5)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(759685713346560b6 − 857574469125888ab6 + 386934853266944a2b6 − 98495967926016a3b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+
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+
(+11353733939520a4b6 − 705515781600a5b6 − 86079178080a6b6 + 15527599920a7b6)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−1003041270a8b6 + 65132550a9b6 − 100366817591040b7 + 113217893178368ab7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−54537090886912a2b7 + 13207757720832a3b7 − 2209706471520a4b7 + 150958641600a5b7)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−8858026800a6b7 − 282861360a7b7 + 35357670a8b7 + 9589432195200b8− 10859483768000ab8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(4938029127456a2b8 − 1340626529232a3b8 + 178725335400a4b8 − 20749369500a5b8)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(664352010a6b8 − 35357670a7b8 − 671530516800b9 + 731396205504ab9 − 342285504528a2b9)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(76951667040a3b9 − 13011676500a4b9 + 787793700a5b9 − 65132550a6b9 + 34499905440b10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−36817157936ab10 + 15032099888a2b10 − 3775087992a3b10 + 369893550a4b10)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−40320150a5b10 − 1285480560b11 + 1257372896ab11 − 523484104a2b11 + 84987864a3b11)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−12271350a4b11 + 33797400b12 − 31361460ab12 + 9419722a2b12 − 1893294a3b12 − 594300b13)

15
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(443548ab13 − 138446a2b13 + 6270b14 − 4030ab14 − 30b15)

15
∏

ζ=1

{

a − (2ζ − 1)
}

}

]

In this way, we get the main formula.

IV. Conclusion

In this paper we have derived a summation formula with the help of contiguous rela-
tion . However, the formula presented herein may be further developed to extend this
result .Thus we can only hope that the development presented in this work will stim-
ulate further interest and research in this important area of classical special functions.
Just as the mathematical properties of the Gauss hypergeometric function are already

of immense and significant utility in mathematical sciences and numerous other areas of
pure and applied mathematics, the elucidation and discovery of the formula of hyperge-
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ometric functions considered herein should certainly eventually prove useful to further
developments in the broad areas alluded to above.
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This article is a review on Markovian queuing model. The general expression for an 

explicit markovian queueing model by definition is given as        the first  is a 

Poisson rate of arrival with an exponential time distribution and the second  

represent the exponential service time. The other dots represent other attributes

similar to general queueing model.

The need for queueing models cannot be overemphasize because in any service 

station, the owner may be interested to know when to increase service points or 

number of queues, putting cost into consideration, In a bank, or a selling out feet, how 

long will one have to wait, and how can we decompose the waiting time during rush 

period. A production manager will want to know the lead time production for an order

or for the production in mounting vertical components on printed circuit boards, how 

can this lead time be reduced and what will be the effect in the production system also 

when order are prioritized. The information or computer technologist will want to 

estimate the number of cell delay at the switches, the fraction of cell lost, and the size of 

the buffer that will be good enough to accommodate more cells. In air and sea port or 

any other out feet, it is important to maximize the available parking space. Managers of 

Call centers will want to minimize the waiting time of customers, by increasing call 

centers, operators, pooling teams for better efficiency and also traffic light regulators 
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and tollbooth managers will need to give acceptable waiting time and acceptable 

amount to pay to motorist respectively. There may be need for Server managers to 

increase efficiency and capacity of their servers in order to handle more transactions.  

All these and more can be modeled using Markov queueing processing. Ivo Adan and 

Jacques in 2002 give some application of queue model.

Birth and death process has been regarded as an important subclass of Markov 

Chains and is frequently used to model growth of biological population, Zhong Li 2013.

He also compute the expected extinction time of birth-death chain. In 2010 on the 

application queueing theory to epidemic model Carlos M. H. and others give an 

expression that relates basic reproductive number,   and the server utilization,  . also 

they derive new approximations to quasistationary distribution (QSD) of SIS 

(Susceptible- Infected- Susceptible) and SEIS (Susceptible- Latent- Infected-

Susceptible) stochastic epidemic models. In their work they considered all individual in 

a close population to be server of which this individual may either be busy (infected) or 

idle (susceptible). Research work on epidemiology continuous markov chain in 

queueing model is just too few. In 1971   phase generalization of the typical      

queueing model, were considered, where the queueing-type birth-and-death process is 

defined on a continuous-time n-state Markov chain. It was conclude that the   phase 

generalization of the steady-state      queue will not yield, in general closed-form 

solution. Hence there will be need to employ numerical method to solve any specific 

case. Some applications to classical birth-death Markov process are given by Carlos M. 

and Carlos C. 1999. John Willey in 2006 and son give a thorough treatment of queue 

system and queueing network; among other method used, continuous Markov chain 

was employed. Forrest and Marc, 2011 used the continuous-time Markov chain that 

counts particles in a system over a time as a birth and death proceces to obtain 

expressions for Laplace transforms of transition probabilities in a general birth-death 

process with arbitrary birth and death rates and make explicit important derivation 

connecting transition probabilities and continued fraction. Markovian model from 

Markov chain where used in application and examples to illustrate key points. Solution 

techniques of Markova regeneration processes where investigated.

It surprising to note that, no so much research has been done using        

queue theory and model in Epidemiology analysis which has to do with study of disease 

origin and spread pattern of disease development. In this article our focus is on 

Markovian queueing model as a birth-death process with emphasis on epidemiological 

analysis. 

II. definitions from queue model

a) Memoryless property of the exponential distribution

Memoryless means that the probability of time of occurrence of the event no matter 

how long since the last event occur is the same. That is,                      

        in real world situation this not always true. In most cases it is applicable to 
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b) The Little’s Formula

phenomena that follow random variable and random processes. For example, the longer 

a real traffic light has been red, the greater the probability that it will turn green in the 

next, say, 10 seconds, this situation is not a random process. If the probability of a traffic 

light turning green in the next 10 seconds does not change independent of how long it 

has been red, then the distribution of the red light is memoryless. Only two distributions 

are memoryless - the exponential (continuous) and geometric (discrete). Here is the 

memoryless proof for the exponential distribution…

 r            
  [             ]

 r     
 

  [             ]

 r     

 
(          )  (      )

          
 

    (      )

    
       

                                            (      )  

    . This memoryless  property state that 

Assume that entering customers are required to pay an entrance fee (according to some 

rule) to the system. Then we have Average rate at which the system earns      

average amount an entering customer pays where   is the average arrival rate of 

entering customers

   lim   
    

 
and     denotes the number of customer arrivals by time  .( see [1] 

and [2])

c) Birth-Death Process of Markov Chain

The birth-Death process is a case of Markov time continuous process. The current size 

of the population represent the state. For a birth-death Markov time continuous process 

the movement from one state to another; known as transition is limited to birth and 

death. Let  represent  each state such that the state can move from  to    by birth 

and    by death, we assume that the movement from one state to another is 

independent from each other. Let   and   for       … represent birth and death 

process respectively. We define pure death process as   such that     and pure birth 

process as   such that      for all  . the probability transition from state  to    and 

to     , is
  

     
  [         ] and 

  

     
  [         ], respectively where 

 [         ] and  [         ] are the probability of the time until a birth     is 

less than the time until a death     and probability of the time until a birth     is less 

than the time until a death    respectively. The process remain in state  with

exponential distribution      . For a death to occur there must be a birth, for there to 

be any first noticeable change in the system, the process must move from state  to state 

   which implies one birth and no death, of which its probability is given by 
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               ∑
           

 

  
  

 

   

      (           
 

  
         

     )      

         

The probability for moving from state  to    is given by                     

                        . The probability of having any other moves other 

than this two is non-zero instead is given by                              ,  

for                                  …. This also implies that

                                        . Generally we can represent 

the birth and death process by 

        

{
 

 
                                                     

                                                      
                             

                                                              

This can be                           

     {
           
           

the Kronecker’s delta

        {

                            
                              
                            
                                

Then the matrix  is the infinitesimal generator of the process     define by [    ], 

where     are called transition rate.

  

‖

‖

          
                
                
               
       
       
       

‖

‖

Note that              since the process remain in the same state in zero step with 

probability one and move to another state in zero step with probability one. We have
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d) Probability Transition of Birth-Death Process and Differential Equation from 
Kolmogorov

     
             

 
 

                 

 
      

    hence differentiating term by term and setting 

   ∑            this implies that               
                           

              
      otherwise

Also ∑            

Kolmogorov backward differential equation describe the transition probabilities in their 

dependence on the initial point  

Basically

         ∑   (       )

 

   

       (          )        (          )      (        )  ∑   (       )

 

 

The last summation is for            .

        

 (        )          (        )                                   

∑    (       )
 
 

But ∑    (       )
 
  ∑       

 
    (                           )

   (                                   )

     

hence we have

                                                      

     (                             )

and so;
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also we have

                

 
  

                                              

 

                                            

   
                                           , 

we then derive the differential equation knowing there is no birth without death that 

    

   
                                           

   
                        

and again

   
                                           

we know that

         ∑   (       )

 

by Chapman-Kolmogorov

Differentiating with respect to  we have

   
       ∑   

 (       )

 

Setting    gives

   
       ∑   

 (       )

 

 ∑   (       )

 

Therefore

           

While the forward Kolmogorov differential equation describes the probability 

distribution of a state in time  keeping the initial point fixed, decomposing the interval 

       into      and        
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         ∑   (       )

 

   

       (          )        (          )      (        )  ∑   (       )

 

 

The last summation is for            .

                                              (          )      

Similar apply here as in Kolmogorov back differential equation

   
                                         (     )

   
                        

With the same initial condition            

We know that

         ∑   (       )

 

by Chapman-Kolmogorov

Differentiating with respect to  we have

   
       ∑   (     

   )

 

Setting    gives

   
     ∑   (     

   )

 

 ∑         

 

therefore

           

For       

     e  

Where e   ∑
    

  
 
      ∑
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Also changes or number of event    over a period of time of let  for a Poisson  pure 

birth process with the infinitesimal transition rate

{

                                                    

                                                   

                                                           

follows a Bernoulli trial performed  times 

with the probability of success  hence we have

   
   

 {
(

 

   
)                                       

                                                                       

(
 

   
)                 (

 

   
)              

From the formula

     e   ∑
    

  

 

   

   ∑
    

  

 

   

           
  

  
    

  

  
   

   

       ∑
  

  
   

 

 

   

 ∑
  

  
(

 

   
)                

 

   

 ∑
  

  

  

(       )       
               

 

   

 ∑
  

(       )       
               

 

   

 ∑
      

      
    

          

(       ) 
           

 

   

 
         

      
∑

              

          

 

   

But      hence  cannot start from zero, but from    and letting          

we have

       
         

      
∑
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e) The law of Rare Events

 
         

      
∑

      

  

 

   

 
         

      
    

Which is Poisson process

This law holds when the probability of success  occurrence from large number  of

independent Bernoulli trails is small and constant from one occurrence to another. Let 

    follows the binomial distribution, such that     is the total number of success in 

trails for         …   .

  (
 
 
)          

 (      )  (
 
 
)            

           …       

  
                …   

Multiplying  and dividing the right-hand side by   , we have

      (
 
 
)           

(  
 
 
)(  

 
 )…(  

   
 )

  
       (  

  

 
)
   

If we let    in such a way that     remains constant, then 

(  
 

 
) (  

 

 
)…(  

   

 
)

   
→    

(  
  

 
)
   

 (  
 

 
)
 

(  
 

 
)
  

   
→             

Where we need the fact that

lim
   

(  
 

 
)
 

    

Hence, in the limit as    with     (and as   
 

 
    

(
 
 
)          

   
→        

  
                    

Thus, in the case of large  and small  

(
 
 
)                
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Which, indicate that the binomial distribution can be approximated by the Poisson

under some circumstance in Stochastic modeling. The Poisson distribution has 

independent increment, that is for                 and     such that 

{        } which is the Stochastic process of event happening we have        

                                 …                 this is the independent 

increment property Poisson process such that for each increment for  to    , the 

probability associated to the stochastic process {        } for    as the intensity of 

the process is given by  (       –      )  
        

  
. for exactly one event 

happening over a period  we have  (       –      )  
        

  

     ∑
      

  

 

   

     (
      

  
 

      

  
 

      

  
  )

     (     
 

  
      )         

Note: Poisson process count the number of events entering into the system while the 

time in between these events, also known as sojourn time, follows an exponential 

probability distribution. Suppose at this time interval no arrival            this 

can interpreted that the time T of the first occurrence greater than  , hence we have 

                     hence this implies that                    

      , differentiating we have           which is an exponential distribution. This 

give the Connection between Poisson And Exponential Distribution. The distribution of 

the Sojourn time of the random variable     in state  can adequately be describe by 

the random variable     Hence the distribution of the time   the process     first leaves 

state  can be determine; that is              , by the independency of Markovian 

property    we have                          [            ]

      [          ]      

                         

Subtracting      from both sides and dividing by  gives

             

 
 

                              

 

 
             

 
                   

  
                  hence we have                 
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f) Steady-State Probability of Birth-Death Process

For the fact that                                     , it follows that   

follows exponential distribution with parameter 
 

     
as mean.

Steady state is reach under the condition
  

  
   , where   and   are birth and death 

rate 

   
                        

   
                                         (     ), 

With the same initial condition            {
           
           

we assume steady such that

                     

                                      (     ),

               
  

  

               
  

  
        

    

    
                     

        
      …    

    …  
                            

We know that ∑        
 
     for the    system

        
 

{  
  

  
 

    

    
 

      

      
  }

The necessary condition for the existence of a steady-state solution is that 

∑
      …    

    …  

 
   must converge to ensure that          

III. The Epidemiology / /. /. Queue Model

In a system, entry into the system, can be regarded as arrival, the Epidemiologist might 

interested to know the rate of entry into the system, the number in the system at time  

how long will someone be in the system to be infected, when will infection begin, when 

will the signs or symptom start manifesting, at what time will infection elapse, at what 

stage or rate will the process of removal change from real death to recovering. Other 

case may arise where entry in the system may not mean infection, may be because of 

M M

respectively. So from 
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vaccination or high resistance of that individual, the researcher will want to know how 

effective is the vaccine, and how significant is the resistance. Sometime removal may not 

necessarily mean recovery or removal, but rendering the patient incapacitated, the 

epidemiologist will want to know the time, duration for such to happen. The        

queue model can be used to give exact or approximated answers to the above questions.

On this light we will discuss well known        queue model in Epidemiologist point 

of view.

a) M / M / 1 Queueing Model

This can be divided into two. There might be a situation when entry into the system, 

sometime may elapse before one is infected, the other case is the situation one get 

infected immediately he/she enter the system, the former will be discuss later.

       the rate of infection

       the rate of removal (recovering or death)

          {       }    
 

 
    The probability of infection, such that non is 

infected.

          {       }  (  
 

 
) (

 

 
)
 

          

The probability of infection, such that  , has been infected.

where    
 

 
   , and    number of server which implies that the rate of infection 

which implies rate of removal, on the average, must process faster than their average 

entry rate into the system.

The average number in the system that are infected is given by 

  
 

   
 

 

   

in this case there is no waiting time for infection to take place once you find yourself in 

the system you became infected. 

The average waiting time for a removal to occur in the system is given by  

  
 

   

On the other hand there might be a situation where, entering the system does not q your 

infection, this case there is a waiting time. We give the following expression for the 

above as follow;

Average waiting time in the system before infection is given by
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b) The M / M / S Queueing Model

here it is assume they do not get infected once they enter the system, but have to wait 

for some time.

The expected number of person in system before infection

    
  

      
 

  

   

if there exist a great deviation from this, the epidemiologist will be interested to why it 

is so. This is for just one type of infection, however this is just the foundation for other 

model on Epidemiology and it can also be decompose.

Situation may arise, where there are more than one system infected with diseases, such 

that diseases are not the same from system to system. Ideally system real or abstract, 

depend on the purpose of research, in some cases this model have to be modify. 

However fundamentally, this may be model after the well-known       queue model, 

where  is the number of systems, here  take the value from  to  or any value that 

may suit the analysis.

   {
       
     

here we assume that the rates infection are the same for each 

system of infection

   {
        
                 

here we assume that the rate of removal depend on the number of 

infected system.

Note that the removal parameter   is state dependent. 

Balance equations

      {
                       
             

          {       }  *∑
    

  

   
    

     

       
+
  

for each  in the number of  system,

here we make use of some past record for the computation of         

          {       }  {

     

  
      s

    

  
      s

where   
 

    
   . Note that the ratio   

 

    
is the infection intensity of the      

queueing model.
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the expected number in the system before infection is given by;

 (  )           
 

 
 

      

        
    

The expected number in the system before and during infection,

          
 

 
     

 

 
 

      

        
   

because after removal it is expected they will no longer be in the system, however some 

model will not allow this.

While the expected time spent before infection in the system

    
  

 
   

 

 
 

      

         
   

The expected time lapse spent in the system before and during infection 

   
 

 
 

 

 
    

 

 
 

      

         
   

When analytical computation of  is very difficult or almost impossible, a Monte Carlo 

simulation is applied in order to get estimations. A standard Monte Carlo simulation 

algorithm fix a regenerative state and generate a sample of regenerative cycles, and 

then use this sample to construct a likelihood estimator of state (Nasroallah, 2004). 

Monte Carlo simulation uses the mathematical models to generate random variables for 

the artificial events and collect observations. (Banks, 2001).

c) The M / M / 1/ K Queueing Model

This model may be built for the purpose of research. Here the population or the capacity 

of the system to be considered is known which is assume to be  . The        

queueing system can be modeled as a birth-death process with the following assumed

parameters:

   {
       
     

       

    
  (

 

 
)

  (
 

 
)
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    {
      (

 

 
)
 

   
       

                

                                                          
    …   

where   
 

 

It is important to note that it is no longer necessary for infection intensity    
 

 
to be 

less than  . Patient will not be infected when the system is in state  

the expected number in the system before infection is given by;

            

The expected number in the system before and during infection is given by,

   
               

             
,   

 

 

While the expected time spent before infection in the system is given by;

   
 

 
 

The expected time lapse spent in the system before and during infection is given by;

  
 

 
     

Since the fraction of infection that actually enter into the is   —    , the infective arrival 

rate is given by 

           

the expected number in the system before infection is equivalent to;

                  

The expected time lapse spent in the system before and during infection is equivalent 

to;

  
 

  
 

 

       

While the expected time spent before infection in the system is equivalent to;
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d) The M / M / s / K Queueing Model

This general model contains only limited number   in the system. However, if there are 

unlimited number then      , then our model will be labeled as      (Hillier & 

Lieberman, 2001.). The        queueing system can be modeled as a birth-death 

process with the following parameter:

   {
             
            

   {
        
                 

    *∑
     

  

   
    

     

  
(
        

   
)+

  

    {

     

  
      s

    

  
    s    K

where   
 

    
 . 

The expected number in the system before infection is given by;

     

      

        
{  [            ]    }

The expected number in the system before and during infection is given by,

     
  

 
    

 

 
       

The quantities  and   which is the expected time spent before infection in the 

system and The expected time lapse spent in the system before and during infection 

respectively are given by;

  
 

  
    

 

 

   
  

  
 

  

       

e) Tabulated Result

However, for easy understanding these results has been tabulated as follow;
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, 

          

   
 

 
   

(  
 

 
) (

 

 
)
 

,   
 

   
 

   

  

      
  

   

 

   
 

      

 

      
 

      

       
 

    

*∑
    

  

   
   

     

       
+
  

  
 

    
   

{

     

  
     s

    

  
     s

  
 

 
    

 

 
 

      

        
  

   

  
 

 
      

        
  

 

 
 

 
   

 

 
 

      

         
  

  

 

  
 

 
      

         
    

       

  (
 

 
)

  (
 

 
)
   

   

      
      

              …   

(
 

 
)
 

  

       

        
 

 

 
               

             

         

        
Or
    

          

 

 
     

Or
 

  
 

       

 

 
 

  
 

 
  

         
*∑

     

  

   
    

     

  
(
        

   
)+

  
{

     

  
     s

    

  
   s    K

  
 

    

  
      

        
{  

[          
  ]    }

   
  

 
    

 

 
   

    

 

  

   
 

 

  

  
  

       

IV. The Epidemiology M /M /. /. / Queue Model

Applications abound in        these rages from theoretical and analytical applications

and numerical, (Ivo Adan and Jacques Resing, (2002))with the advent of computer 

programming it is much easier to simulate using these model. In Epidemiology, no much 

work can be seen,

   Let   denote the amount of time lapse before infection in the      queueing 

system. the distribution of    is given by   

   
  {     }  ∑ *∫       

 
 
     

  
(  

 

 
) (

 

 
)
 

  + 
   

 ∫         

 

 

∑
     

  

 

   

  

 ∫               

 

 

           

Note;      
 

   
, since         (Hwei Hsu, (2011))

    The rate  of entry into infected system follow a Poisson process and the service 

time is an exponential r.v. with mean  . the expected number in the system is  , the 

 , and the waiting time before infection   . When the rate  , of entry into infected 
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system increases by any percent. It increases the expected number of infection in 

the system. The average time spent in the system waiting to be infected also 

increased.

    For an      queueing model system rate of infection most be at least √
     

   

 

with entry rate  , when there are  number yet to be infected in the system up  

percent of the capacity of the system accommodating number yet to be infected but 

in the system.

    The probability that an arrival may enter the infected system  is given by

                                                   ∑  

 

   

   

  

  
∑  

 

   

   

     

       
 

     

       

∑
     

  
   
    

     

       

This is the modify Erlang's delay       formula and denoted by     
 

 
 . (Hwei Hsu, 

(2011).

3.5 In an      queue model one can compute the expected number of a arrival during 

an infected period and the probability that no arrival during that period, the expected 

number of arrival  [ {                                   }]   [  ]  
 

 
. while 0

arrival probability  {            }   [ {                              }]  

 [ {      }]   [    ]  ∫            
 

 
 

 

   

IV. Conclusion

We have considered result on         Queue model. In some of the section model 

was form without showing its derivation, since these derivation can be found in any 

queue model text book [e.g., Hwei Hsu, 2011] and in order for the article not be too 

lighten. Markovian queueing model as a birth-death process is very vital in 

epidemiology study. For a more detail work, one may need to discuss on the 

following the rate of entry, infection and recovery, waiting time of entry, infection, 

and recovery. Also one may also discuss on number in the system, infected, and 

recovered. Heuristics data may be needed to validate this claim, simulation can also 

be employ in complex cases. All these result are observable at steady-state. It 

should be noted that result obtain here can actually be different from simulated 

result, why?. Queueing model has been so important in performance analysis in 

manufacturing system, which is another open area of research. We are next 
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concerned about how to obtain solution for a queuing model with a network of 

queues? Such questions require running Queuing Simulation. Simulation can be 

used for more refined analysis to represent complex systems. The queuing system 

is when classified as M/M/c with multiple queues where number in the system and 

in a queue is infinite, the solution for such models are difficult to compute. When 

analytical computation of T is very difficult or almost impossible, a Monte Carlo 

simulation may be applied in order to get estimations. 
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Vivek Kumar Sharma α & Divya Saxena σ 

Abstract-  Analytical solution of flow of viscous incompressible fluid past a hot vertical porous wall in the presence of 
transverse magnetic field with periodic temperature is discussed by using regular perturbation and Homotopy 
Perturbation Method. The effect of various physical parameters on velocity and temperature of fluid are calculated 
numerically and are shown through the graphs. The numerical values of the skin friction and Nusselt number are 
calculated for various physical parameters.   
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non linear partial differential equations.  

I. Introduction 

The phenomenon of free convection arises in the fluid when temperature varies, 
this cause density variations leading to buoyancy forces acting on the fluid elements. This 
process of heat transfer is encountered in aeronautics, chemical engineering and fluid fuel 
nuclear reactor. But in case of fluid fuel nuclear reactors, the problems of heat transfer 
become complicated due to variation in wall temperature. Kafoussias. et.al. (1992) 
investigate the problem of MHD thermal-diffusion effects on free convective and mass 
transfer flow over an infinite moving plate. Three-dimensional free convective flow and 
heat transfer through a porous medium was discussed by Ahmed and Sharma (1997). 
Unsteady free convective MHD flow of a viscous incompressible fluid in porous medium 
between two long vertical walls discussed by Sarangi and Jose (1998). 

Singh and Chand were consider the unsteady free convective MHD flow past a 
vertical porous plate with variable temperature (2000). Flow of an electrically conducting 
viscous incompressible fluid past a hot vertical porous wall in the presence of transverse 
magnetic field with periodic temperature was studied by Sharma (2002). Jain, 
Khendelwal and Goyal (2002) discussed MHD Three dimensional flow past a Vertical 
Porous Plate with Periodic Temperature in slip flow Regime. Unsteady free convective 
MHD flow past an infinite porous vertical plate with variable suction and heat absorbing 
sink discussed by Sharma (2007). 
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Homotopy Perturbation Method was discussed as ‘Applications of Homotopy 

Perturbation Method to Nonlinear wave equations’ by J. H. He(2005). A. A. Hemeda 
(2012) considered the Homotopy Perturbation Method for solving System of Nonlinear 
Coupled Equations. 

II. Homotopy Perturbation Method 

The Homotopy Perturbation Method is a combination of classical Perturbation 
Technique and Homotopy Theory, which has eliminated the limitations of the traditional 
perturbation methods. A brief introduction of Homotopy Perturbation Method is given 
below: 

 

𝐿𝐿(𝑢𝑢) + 𝑁𝑁(𝑢𝑢) − 𝑓𝑓(𝑟𝑟) = 0, 𝑟𝑟 ∈ Ω                                                  (1) 

with boundary conditions 
 

𝐵𝐵 �𝑢𝑢, 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = 0, 𝑟𝑟 ∈ Γ                                                (2) 

 

here 𝐿𝐿 is the linear operator, 𝑁𝑁 is Nonlinear operator, 𝐵𝐵 is boundary operator and 𝑓𝑓(𝑟𝑟) is 
known analytic function and Γ is the boundary of the domain Ω . 
 

A Homotopy 𝑣𝑣(𝑟𝑟,𝑝𝑝):Ω x [0,1] → R for the problem mentioned in equation (1) is 
 

𝐻𝐻(𝑣𝑣,𝑝𝑝) = (1 − 𝑝𝑝)[𝐿𝐿(𝑣𝑣) − 𝐿𝐿(𝑣𝑣0)] + 𝑝𝑝[𝐿𝐿(𝑣𝑣) + 𝑁𝑁(𝑣𝑣) − 𝑓𝑓(𝑟𝑟)] = 0 ,                    (3) 
 

Or 
 

𝐻𝐻(𝑣𝑣,𝑝𝑝) = 𝐿𝐿(𝑣𝑣) − 𝐿𝐿(𝑣𝑣0) + 𝑝𝑝[𝐿𝐿(𝑣𝑣0) + 𝑁𝑁(𝑣𝑣) − 𝑓𝑓(𝑟𝑟)] = 0                              (4) 
 

where 𝑝𝑝 ∈ [0,1] is an embedding parameter and 𝑣𝑣0
 is an initial approximation of equation 

(1) which satisfies boundary conditions. It follows from equation (3) and equation (4) that 
 

 𝐻𝐻(𝑣𝑣, 0) = 𝐿𝐿(𝑣𝑣) − 𝐿𝐿(𝑣𝑣0) 𝑎𝑎𝑎𝑎𝑎𝑎 𝐻𝐻(𝑣𝑣, 1) = 𝐿𝐿(𝑣𝑣) + 𝑁𝑁(𝑣𝑣) − 𝑓𝑓(𝑟𝑟)                           (5) 
 

The changing process of p from zero to unity is just that of 𝑣𝑣(𝑟𝑟,𝑝𝑝) from 𝑣𝑣0(𝑟𝑟) to 

𝑣𝑣(𝑟𝑟). In topology, this is called deformation and 𝐿𝐿(𝑣𝑣) − 𝐿𝐿(𝑣𝑣0) and 𝐿𝐿(𝑣𝑣) + 𝑁𝑁(𝑣𝑣) − 𝑓𝑓(𝑟𝑟) are 
called homotopic in topology. 

Let
 

 

𝑣𝑣 = 𝑣𝑣0 + 𝑝𝑝𝑣𝑣1 + 𝑝𝑝2𝑣𝑣2 + ⋯                                           (6)
 

 

And setting
  
𝑝𝑝 = 1  result in an approximate solution of equation (1)

 
 

𝑢𝑢 = lim𝑝𝑝→1 𝑣𝑣 = 𝑣𝑣0 + 𝑣𝑣1 + 𝑣𝑣2 + ⋯  
 
                                                (7)
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The series of equation (7) is convergent for most of the cases. However, the 

convergent rate is depends upon the nonlinear operator 𝑁𝑁(𝑣𝑣) , the following options are 
already suggested by He (1999): 

1. The second derivative of 𝑁𝑁(𝑣𝑣) with respect to 𝑣𝑣 must be small because the parameter 

may be relatively large i.e. 𝑝𝑝 → 1. 

2. The norm of 𝐿𝐿−1 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� must be smaller than one so that the series is convergent. 

III. Formulation of problem 

Let the wall be along the x*z* -plane and y* axis to be taken normal to it. The 
magnetic field B0

 

is applied normal to the wall in the presence of constant suction velocity 

v0. Let the span-wise co-sinusoidal temperature be 𝜃𝜃𝑤𝑤∗ = 𝜃𝜃0 �1 + 𝜖𝜖𝜖𝜖𝜖𝜖𝜖𝜖 𝜋𝜋𝜋𝜋
𝐿𝐿
�, is taken at the 

wall. 

  

and using the Bousinesque approximation, the governing equations of the fluid flow are: 

a)
 Equation of Momentum 

 

𝑣𝑣0
𝜕𝜕𝑢𝑢∗

𝜕𝜕𝑦𝑦∗ = 𝜐𝜐 �𝜕𝜕
2𝑢𝑢∗

𝜕𝜕𝑦𝑦∗2 + 𝜕𝜕2𝑢𝑢∗

𝜕𝜕𝑧𝑧∗2� + 𝑔𝑔𝑔𝑔𝜃𝜃∗ − 𝜎𝜎𝐵𝐵0
2(𝑢𝑢∗−𝑈𝑈)
𝜌𝜌

                                 (8) 

 

b) Equation of Energy 

 

𝜌𝜌𝐶𝐶𝑝𝑝𝑣𝑣0
𝜕𝜕𝜃𝜃∗

𝜕𝜕𝑦𝑦∗
= 𝜅𝜅 �𝜕𝜕

2𝜃𝜃∗

𝜕𝜕𝑦𝑦∗2 + 𝜕𝜕2𝜃𝜃∗

𝜕𝜕𝑧𝑧∗2�+ 𝜇𝜇 �(𝜕𝜕𝑢𝑢
∗

𝜕𝜕𝑦𝑦∗
)2 + (𝜕𝜕𝑢𝑢

∗

𝜕𝜕𝑦𝑦∗
)2 + 𝜎𝜎𝐵𝐵0

2(𝑢𝑢∗ − 𝑈𝑈)2�                   (9) 

 
Where 𝜌𝜌 is the density, 𝜇𝜇 is the coefficient of viscosity, 𝜐𝜐 is the kinematic 

viscosity, 𝑔𝑔 is the acceleration due to gravity,  𝛽𝛽 is the coefficient of volumetric 

expansion, 𝜎𝜎 is the coefficient of electrical conductivity, 𝐵𝐵0 is the coefficient of 

electromagnetic induction, 𝐶𝐶𝑃𝑃 the coefficient of specific heat, 𝜅𝜅 is the thermal 

conductivity, U is the free stream velocity in 𝑥𝑥∗- direction, 𝜃𝜃∗ the temperature at any 

point and 𝑣𝑣0 is the suction velocity. 

The corresponding boundary conditions are 
 

𝑦𝑦∗ = 0:𝑢𝑢∗ = 0,𝜃𝜃∗ = 𝜃𝜃0�1 + 𝜖𝜖 cos�𝜋𝜋𝜋𝜋 𝐿𝐿� ��; 
 

 𝑦𝑦
∗ → ∞:𝑢𝑢∗ → 𝑈𝑈,𝜃𝜃∗ → 0                                          (10)                                                                                           

IV. Method of Solution 

Introducing the following dimensionless quantities: 

𝑢𝑢 =
𝑢𝑢∗

𝑈𝑈
,𝑦𝑦 =

𝑦𝑦∗

𝐿𝐿
, 𝑧𝑧 =

𝑧𝑧∗

𝐿𝐿
,𝜃𝜃 =

𝜃𝜃∗

𝜃𝜃0
,𝑅𝑅𝑅𝑅 = −

𝑣𝑣0𝐿𝐿
𝜐𝜐

,𝑃𝑃𝑃𝑃 =
𝑈𝑈𝐶𝐶𝑝𝑝
𝜅𝜅

,𝐺𝐺𝐺𝐺 =
𝑔𝑔𝑔𝑔𝜃𝜃0𝜐𝜐
𝑈𝑈𝑣𝑣0

2 ,𝐸𝐸𝐸𝐸 =
𝑈𝑈2

𝐶𝐶𝑝𝑝𝜃𝜃0
,𝑀𝑀2

=
𝜎𝜎𝐵𝐵0

2𝐿𝐿2

𝜇𝜇
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Where є (<<1) is a small positive value, L is the wave length and 𝜃𝜃0 is a constant 



Substituting the dimensionless quantities into equations (8) and (9) and 
corresponding boundary conditions, we get   

    
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 1
𝑅𝑅𝑅𝑅
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝑦𝑦2 + 𝜕𝜕2𝑢𝑢

𝜕𝜕𝑧𝑧2� − 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 + 𝑀𝑀2(𝑢𝑢−1)
𝑅𝑅𝑅𝑅  ,                             (11) 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 1
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

�𝜕𝜕
2𝜃𝜃

𝜕𝜕𝑦𝑦2 + 𝜕𝜕2𝜃𝜃
𝜕𝜕𝑧𝑧2� −

𝐸𝐸𝐸𝐸
𝑅𝑅𝑅𝑅
��𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�

2
+ �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�

2
� − 𝐸𝐸𝐸𝐸𝑀𝑀2

𝑅𝑅𝑅𝑅
(𝑢𝑢 − 1)2                  (12) 

 
where Pr is the Prandtl number, M the Hartmann number, Ec the Eckert number and Re 
the Reynolds number. 

The corresponding boundary conditions are 
 

𝑦𝑦 = 0:𝑢𝑢 = 0,𝜃𝜃 = 1 + 𝜖𝜖 cos(𝜋𝜋𝜋𝜋) , 
   

 𝑦𝑦 → ∞:𝑢𝑢 → 1,𝜃𝜃 → 0                                            (13) 
 
Assuming that, 

𝑢𝑢(𝑦𝑦, 𝑧𝑧) = 𝑢𝑢0(𝑦𝑦)+∈ 𝑢𝑢1(𝑦𝑦, 𝑧𝑧) + 𝑂𝑂(∈2) 
 

𝜃𝜃(𝑦𝑦, 𝑧𝑧) = 𝜑𝜑(𝑦𝑦)+∈ 𝜃𝜃1(𝑦𝑦, 𝑧𝑧) + 𝑂𝑂(∈2)                                (14) 
 

Using these assumptions into equations (11) and (12) and equating the coefficients 

of like powers of ∈, we get 

a)
 
Zeroth-Order Equations

 

𝑑𝑑2𝑢𝑢0
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑢𝑢0

𝑑𝑑𝑑𝑑
−𝑀𝑀2𝑢𝑢0 = −𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜑𝜑 −𝑀𝑀2,                                

 
(15)

 

 

𝑑𝑑2𝜑𝜑
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 ��𝑑𝑑𝑢𝑢0

𝑑𝑑𝑑𝑑
�

2
+ 𝑀𝑀2(𝑢𝑢0 − 1)2�                              (16)

 

 

The corresponding boundary conditions are:

 
 

𝑦𝑦 = 0:𝑢𝑢0 = 0,𝜑𝜑 = 1;
 

 

𝑦𝑦 → ∞:𝑢𝑢0 → 1,𝜑𝜑 → 0                                        

 

(17)

 
 
and

 

b) First-Order Equations 

 

𝜕𝜕2𝑢𝑢1
𝜕𝜕𝑦𝑦2 + 𝜕𝜕2𝑢𝑢1

𝜕𝜕𝑧𝑧2 + 𝑅𝑅𝑅𝑅 𝜕𝜕𝑢𝑢1
𝜕𝜕𝜕𝜕

− 𝑀𝑀2𝑢𝑢1 = −𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜃𝜃1                              (18) 

 

𝜕𝜕2𝜃𝜃1
𝜕𝜕𝑦𝑦2 + 𝜕𝜕2𝜃𝜃1

𝜕𝜕𝑧𝑧2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜕𝜕𝜃𝜃1
𝜕𝜕𝜕𝜕

= −2𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝜕𝜕𝑢𝑢0
𝜕𝜕𝜕𝜕

𝜕𝜕𝑢𝑢1
𝜕𝜕𝜕𝜕

− 2𝐸𝐸𝐸𝐸𝑀𝑀2𝑃𝑃𝑃𝑃𝑢𝑢1(𝑢𝑢0 − 1) 
                 

 
(19)
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The corresponding boundary conditions are: 
 

𝑦𝑦 = 0:𝑢𝑢1 = 0,𝜃𝜃1 = cos𝜋𝜋𝜋𝜋 ; 
 

𝑦𝑦 → ∞:𝑢𝑢1 = 0,𝜃𝜃1 = 0                                             (20) 
 
The Homotopy for zeroth order equations are following: 
 

𝐻𝐻(𝑢𝑢0,𝑝𝑝) = (1 − 𝑝𝑝) �𝑑𝑑
2𝑢𝑢0
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑢𝑢0

𝑑𝑑𝑑𝑑
− 𝑀𝑀2𝑢𝑢0 + (1 − 𝑅𝑅𝑅𝑅 −𝑀𝑀2)𝑒𝑒−𝑦𝑦 + 𝑀𝑀2� + 𝑝𝑝 �𝑑𝑑

2𝑢𝑢0
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑢𝑢0

𝑑𝑑𝑑𝑑
−

𝑀𝑀2𝑢𝑢0 + 𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜑𝜑 + 𝑀𝑀2� = 0 ,                                                                          (21) 

 
and   
 

𝐻𝐻(𝜑𝜑,𝑝𝑝) = (1 − 𝑝𝑝) �𝑑𝑑
2𝜑𝜑
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− (1 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)𝑒𝑒−𝑦𝑦� + 𝑝𝑝 �𝑑𝑑

2𝜑𝜑
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 ��𝑑𝑑𝑢𝑢0

𝑑𝑑𝑑𝑑
�

2
+

𝑀𝑀2(𝑢𝑢0 − 1)2�� = 0                                                                                      (22) 

Let 
 

𝑢𝑢0 = 𝑢𝑢00 + 𝑝𝑝𝑢𝑢01 + 𝑝𝑝2𝑢𝑢02 + ⋯    , 
                                                                           

𝜑𝜑 = 𝜑𝜑0 + 𝑝𝑝𝜑𝜑1 + 𝑝𝑝2𝜑𝜑2 + ⋯                                      (23)                             
 

Substituting the assumptions from equations (23) into the equations (21) and (22) 
and comparing the coefficients of like powers of p, we get 

 

𝑝𝑝0 : 𝑑𝑑2𝑢𝑢00
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑢𝑢00

𝑑𝑑𝑑𝑑
− 𝑀𝑀2𝑢𝑢00 + (1 − 𝑅𝑅𝑅𝑅 −𝑀𝑀2)𝑒𝑒−𝑦𝑦 + 𝑀𝑀2 = 0 ,                      (24) 

 

𝑝𝑝1 : 𝑑𝑑2𝑢𝑢01
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑢𝑢01

𝑑𝑑𝑑𝑑
− 𝑀𝑀2𝑢𝑢01 − (1 − 𝑅𝑅𝑅𝑅 −𝑀𝑀2)𝑒𝑒−𝑦𝑦 + 𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜑𝜑0 = 0 ,                  (25) 

 

𝑝𝑝0 : 𝑑𝑑2𝜑𝜑0
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝜑𝜑0

𝑑𝑑𝑑𝑑
− (1 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)𝑒𝑒−𝑦𝑦 = 0 ,                                   (26) 

 

𝑝𝑝1: 𝑑𝑑
2𝜑𝜑1
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝜑𝜑1

𝑑𝑑𝑑𝑑
+ (1 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃)𝑒𝑒−𝑦𝑦 + 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 �𝑑𝑑𝑢𝑢00

𝑑𝑑𝑑𝑑
�

2
+ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀2(𝑢𝑢00 − 1)2 = 0       (27)                                                

 
Now, the corresponding boundary conditions are: 
 

𝑎𝑎𝑎𝑎 𝑦𝑦 = 0:𝑢𝑢00 = 0,𝑢𝑢01 = 0, …   𝑎𝑎𝑎𝑎𝑎𝑎   𝜑𝜑0 = 1,𝜑𝜑1 = 0, … 
 

𝑎𝑎𝑎𝑎 𝑦𝑦 → ∞:𝑢𝑢00 = 1,𝑢𝑢01 = 0, … 𝑎𝑎𝑎𝑎𝑎𝑎   𝜑𝜑0 = 0,𝜑𝜑1 = 0, …                    (28) 
 

 The solutions of equation (24) to equation (27) under the corresponding boundary 
conditions are
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𝑢𝑢00 = 1 − 𝑒𝑒−𝑦𝑦                                           (29) 
 

𝑢𝑢01 = 𝑏𝑏1(𝑒𝑒−𝑦𝑦 − 𝑒𝑒−𝑎𝑎1𝑦𝑦)                                      (30) 
 

 𝜑𝜑0 = 𝑒𝑒−𝑦𝑦                                                  (31) 
 

 𝜑𝜑1 = −𝑒𝑒−𝑦𝑦 + 𝛼𝛼1𝑒𝑒−2𝑦𝑦 + (1 − 𝛼𝛼1)𝑒𝑒−𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃                              (32) 
 

When embedding parameter  𝑝𝑝 → 0 , we get 
 

𝑢𝑢0 = 1 + (𝑏𝑏1 − 1)𝑒𝑒−𝑦𝑦 − 𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦                                 (33) 
  

𝜑𝜑 = (1 − 𝛼𝛼1)𝑒𝑒−𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 𝛼𝛼1𝑒𝑒−2𝑦𝑦 + (1 − 𝛼𝛼1)𝑒𝑒−𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃                       (34) 
 

Here 𝑎𝑎1, 𝑏𝑏1 and 𝛼𝛼1 are constants and are not mentioned here due to shake of 
brevity. 
To find the solution of first order equations, introducing 
 

𝑢𝑢1(𝑦𝑦, 𝑧𝑧) = 𝑉𝑉(𝑦𝑦) cos𝜋𝜋𝜋𝜋 , 
 𝜃𝜃1(𝑦𝑦, 𝑧𝑧) = 𝜓𝜓(𝑦𝑦) cos𝜋𝜋𝜋𝜋                                        (35)

 
 
Substitute these values in equations (18) & (19), we get

 
 𝑑𝑑2𝑉𝑉

𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− (𝑀𝑀2 + 𝜋𝜋2)𝑉𝑉 = −𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜓𝜓

 
,                              (36)

 

 𝑑𝑑2𝜓𝜓
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− 𝜋𝜋2𝜓𝜓 = −2𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸[(1 − 𝑏𝑏1)𝑒𝑒−𝑦𝑦 + 𝑎𝑎1𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦 ] 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑   
− 2𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀2[(𝑏𝑏1 − 1)𝑒𝑒−𝑦𝑦 −

𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦 ]𝑉𝑉                                                                                                   (37)
 

 Now, the corresponding boundary conditions are:
 

 𝑦𝑦 = 0:𝑉𝑉 = 0,𝜓𝜓 = 1;
 

 𝑦𝑦 → ∞:𝑉𝑉 = 0,𝜓𝜓 = 0                                          (38)

 
 Following are the Homotopy for first order equation

 
 𝐻𝐻(𝑉𝑉,𝑝𝑝) = (1 − 𝑝𝑝) �𝑑𝑑

2𝑣𝑣
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− (𝑀𝑀2 + 𝜋𝜋2)𝑣𝑣 − (1 + 𝑅𝑅𝑅𝑅 + 𝑀𝑀2 + 𝜋𝜋2)𝑒𝑒−𝑦𝑦 + (4 + 2𝑅𝑅𝑅𝑅 + 𝑀𝑀2 +

𝜋𝜋2)𝑒𝑒−2𝑦𝑦�+ 𝑝𝑝 �𝑑𝑑
2𝑣𝑣

𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− (𝑀𝑀2 + 𝜋𝜋2)𝑣𝑣 + 𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜓𝜓� = 0                                       (39)   
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(40)                                                           

𝐻𝐻(𝜓𝜓,𝑝𝑝) = (1 − 𝑝𝑝) �𝑎𝑎
2𝜓𝜓
𝑎𝑎𝑦𝑦2 + 𝑃𝑃𝑟𝑟𝑅𝑅𝑅𝑅 𝑎𝑎𝜓𝜓

𝑎𝑎𝑦𝑦
− 𝜋𝜋2𝜓𝜓 − (1 − 𝑃𝑃𝑟𝑟𝑅𝑅𝑅𝑅 − 𝜋𝜋2)𝑅𝑅−𝑦𝑦� + 𝑝𝑝 �𝑎𝑎

2𝜓𝜓
𝑎𝑎𝑦𝑦2 + 𝑃𝑃𝑟𝑟𝑅𝑅𝑅𝑅 𝑎𝑎𝜓𝜓

𝑎𝑎𝑦𝑦
−

𝜋𝜋2𝜓𝜓 + 2𝐸𝐸𝜖𝜖𝑃𝑃𝑟𝑟[(1 − 𝑏𝑏1)𝑅𝑅−𝑦𝑦 + 𝑎𝑎1𝑏𝑏1𝑅𝑅−𝑎𝑎1𝑦𝑦] 𝑎𝑎𝑉𝑉
𝑎𝑎𝑦𝑦

+ 2𝐸𝐸𝜖𝜖𝑃𝑃𝑟𝑟𝑀𝑀2[(𝑏𝑏1 − 1)𝑅𝑅−𝑦𝑦 − 𝑏𝑏1𝑅𝑅−𝑎𝑎1𝑦𝑦]𝑉𝑉� = 0



  

 
 

Let 

  

𝑣𝑣 = 𝑣𝑣0 + 𝑝𝑝𝑣𝑣1 + 𝑝𝑝2𝑣𝑣2 + ⋯  ,

 
 

                                 𝜓𝜓 = 𝜓𝜓0 + 𝑝𝑝𝜓𝜓1 + 𝑝𝑝2𝜓𝜓2 + ⋯

   

                              

 

(41) 

 
 

Substituting the assumptions made in

 

equation (41) into the equations (39) & (40) 
and comparing the coefficients of like powers of p, we get

 
 

𝑝𝑝0 :

     

𝑑𝑑2𝑣𝑣0
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑣𝑣0

𝑑𝑑𝑑𝑑
− (𝑀𝑀2 + 𝜋𝜋2)𝑣𝑣0 − (1 − 𝑅𝑅𝑅𝑅 −𝑀𝑀2 − 𝜋𝜋2)𝑒𝑒−𝑦𝑦 + (4 − 2𝑅𝑅𝑅𝑅 −𝑀𝑀2 −

𝜋𝜋2)𝑒𝑒−2𝑦𝑦 = 0                                                                                                  (42)

 
 

𝑝𝑝1 :

     

𝑑𝑑2𝑣𝑣1
𝑑𝑑𝑦𝑦2 + 𝑅𝑅𝑅𝑅 𝑑𝑑𝑣𝑣1

𝑑𝑑𝑑𝑑
− (𝑀𝑀2 + 𝜋𝜋2)𝑣𝑣1 + (1 − 𝑅𝑅𝑅𝑅 −𝑀𝑀2 − 𝜋𝜋2)𝑒𝑒−𝑦𝑦 − (4 − 2𝑅𝑅𝑅𝑅 −𝑀𝑀2 −

𝜋𝜋2)𝑒𝑒−2𝑦𝑦 + 𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅2𝜓𝜓0 = 0                                                                               

  

(43)

 
 

𝑝𝑝0 :

     

𝑑𝑑2𝜓𝜓0
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝜓𝜓0

𝑑𝑑𝑑𝑑
− 𝜋𝜋2𝜓𝜓0 − (1 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝜋𝜋2)𝑒𝑒−𝑦𝑦 = 0                                     (44)

 

 

𝑝𝑝1 :

     

𝑑𝑑2𝜓𝜓1
𝑑𝑑𝑦𝑦2 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑𝜓𝜓1

𝑑𝑑𝑑𝑑
− 𝜋𝜋2𝜓𝜓1 + (1 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝜋𝜋2)𝑒𝑒−𝑦𝑦 +

2𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸[(1 − 𝑏𝑏1)𝑒𝑒−𝑦𝑦 + 𝑎𝑎1𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦] 𝑑𝑑𝑣𝑣0
𝑑𝑑𝑑𝑑

+ 2𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀2[(𝑏𝑏1 − 1)𝑒𝑒−𝑦𝑦 − 𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦 ]𝑣𝑣0 = 0         (45)    

 

                       

 

Now, the corresponding boundary conditions are:

 
 

𝑎𝑎𝑎𝑎

 

𝑦𝑦 = 0: 𝑣𝑣0 = 0, 𝑣𝑣1 = 0, …

 

𝑎𝑎𝑎𝑎𝑎𝑎

   

𝜓𝜓0 = 1,𝜓𝜓1 = 0, …

 

,

 
 

𝑎𝑎𝑎𝑎

 

𝑦𝑦 → ∞: 𝑣𝑣0 = 0, 𝑣𝑣1 = 0, …

 

𝑎𝑎𝑎𝑎𝑎𝑎

   

𝜓𝜓0 = 0,𝜓𝜓1 = 0, …

 

                    (46)

 
 

Solutions of equation (42) to equation (45) under the corresponding boundary 
conditions

 
 

𝑣𝑣0 = 𝑒𝑒−𝑦𝑦 − 𝑒𝑒−2𝑦𝑦                                               (47)

 
 

𝑣𝑣1 = 𝛽𝛽1𝑒𝑒−𝑐𝑐1𝑦𝑦 − (1 + 𝛽𝛽1)𝑒𝑒−𝑦𝑦 + 𝑒𝑒−2𝑦𝑦                                    (48)

 
 

𝜓𝜓0 = 𝑒𝑒−𝑦𝑦                                                   (49)

 
 

𝜓𝜓1 = (1 − 𝛾𝛾1 − 𝛾𝛾2 − 𝛾𝛾3 − 𝛾𝛾4)𝑒𝑒−𝑐𝑐2𝑦𝑦 − 𝑒𝑒−𝑦𝑦 + 𝛾𝛾1𝑒𝑒−2𝑦𝑦 + 𝛾𝛾2𝑒𝑒−3𝑦𝑦 + 𝛾𝛾3𝑒𝑒−(𝑎𝑎1+1)𝑦𝑦 + 𝛾𝛾4𝑒𝑒−(𝑎𝑎1+2)𝑦𝑦

        

.                                                                                                            (50) 
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(52)                                                                                                           

Taking limit on embedding parameter as 𝑝𝑝 → 0, we get

𝑣𝑣 = 𝑔𝑔1𝑅𝑅−𝜖𝜖1𝑦𝑦 − 𝑔𝑔1𝑅𝑅−𝑦𝑦 ,                                              (51)

𝜓𝜓 = (1 − 𝛾𝛾1 − 𝛾𝛾2 − 𝛾𝛾3 − 𝛾𝛾4)𝑅𝑅−𝜖𝜖2𝑦𝑦 + 𝛾𝛾1𝑅𝑅−2𝑦𝑦 + 𝛾𝛾2𝑅𝑅−3𝑦𝑦 + 𝛾𝛾3𝑅𝑅−(𝑎𝑎1+1)𝑦𝑦 + 𝛾𝛾4𝑅𝑅−(𝑎𝑎1+2)𝑦𝑦    



  
 

 
 

   
 

Here 𝑎𝑎1, 𝑐𝑐1, 𝑐𝑐2,𝛽𝛽1, 𝛾𝛾1,𝛾𝛾2,𝛾𝛾3

 

and

 

𝛾𝛾4

 

are constants but are not mentioned due to shake of 
brevity.

 

Now, using equation (51) and equation (52) into equation (35), we have

 
 

𝑢𝑢1(𝑦𝑦, 𝑧𝑧) = (𝛽𝛽1𝑒𝑒−𝑐𝑐1𝑦𝑦 − 𝛽𝛽1𝑒𝑒−𝑦𝑦) cos𝜋𝜋𝜋𝜋

 

,                               (53)

 
 

𝜃𝜃1(𝑦𝑦, 𝑧𝑧) =

�(1 − 𝛾𝛾1 − 𝛾𝛾2 − 𝛾𝛾3 − 𝛾𝛾4)𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝛾𝛾1𝑒𝑒
−2𝑦𝑦 + 𝛾𝛾2𝑒𝑒

−3𝑦𝑦 + 𝛾𝛾3𝑒𝑒
−(𝑎𝑎1+1)𝑦𝑦 + 𝛾𝛾4𝑒𝑒

−(𝑎𝑎1+2)𝑦𝑦 � cos𝜋𝜋𝜋𝜋   

 

(54)     

 

                                                                                                                             

                                                                                                                   

Finally, we have

 
 

𝑢𝑢(𝑦𝑦, 𝑧𝑧) = 1 + (𝑏𝑏1 − 1)𝑒𝑒−𝑦𝑦 − 𝑏𝑏1𝑒𝑒−𝑎𝑎1𝑦𝑦 + 𝜖𝜖(𝛽𝛽1𝑒𝑒−𝑐𝑐1𝑦𝑦 − 𝛽𝛽1𝑒𝑒−𝑦𝑦) cos𝜋𝜋𝜋𝜋            

 

(55)

 
 

𝜃𝜃(𝑦𝑦, 𝑧𝑧) = (1 − 𝛼𝛼1)𝑒𝑒−𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 + 𝛼𝛼1𝑒𝑒−2𝑦𝑦 + 𝜖𝜖�(1 − 𝛾𝛾1 − 𝛾𝛾2 − 𝛾𝛾3 − 𝛾𝛾4)𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝛾𝛾1𝑒𝑒−2𝑦𝑦 + 𝛾𝛾2𝑒𝑒−3𝑦𝑦 +

𝛾𝛾3𝑒𝑒−(𝑎𝑎1+1)𝑦𝑦 + 𝛾𝛾4𝑒𝑒−(𝑎𝑎1+2)𝑦𝑦 ] cos𝜋𝜋𝜋𝜋                                                                     

  

(56)

 
 

c)

 

Skin Friction Coefficient

 

The coefficient of skin friction at the wall is given by

 
 

𝜏𝜏𝑤𝑤 = �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑦𝑦=0

= −𝑏𝑏1 + 1 + 𝑎𝑎1𝑏𝑏1 + 𝜖𝜖𝛽𝛽1(1 − 𝑐𝑐1) cos𝜋𝜋𝜋𝜋                           (57)

 

 

d)

 

Heat Transfer Coefficient (Nusselt Number)

 

The rate of heat transfer in terms of Nusselt Number at the wall is given by

 

𝑁𝑁𝑢𝑢 = −�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑦𝑦=0

= 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(1 − 𝛼𝛼1) + 2𝛼𝛼1 − 𝜖𝜖[−𝑐𝑐2(1− 𝛾𝛾1 − 𝛾𝛾2 − 𝛾𝛾3 − 𝛾𝛾4) − 2𝛾𝛾1 − 3𝛾𝛾2 −

(𝑎𝑎1 + 1)𝛾𝛾3 − (𝑎𝑎1 + 2)𝛾𝛾4] cos𝜋𝜋𝜋𝜋                                                                    (58)

 
 

Table 1 :  The coefficient of skin-friction and Nusselt number
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Re M Gr Ec Pr
τw τw Nu Nu

z=1/4 z=1/3 z=1/4 z=1/3

1 0.1 5 0.001 0.7 6.05688 6.02876 0.88645 0.83201

2 0.1 5 0.001 0.7 22.3344 22.2089 1.67060 1.59138

1 0.2 5 0.001 0.7 5.94895 5.92087 0.93244 0.86454

1 0.1 6 0.001 0.7 7.06627 7.03253 0.87398 0.82320

1 0.1 5 0.002 0.7 6.05688 6.02876 0.82463 0.78848

1 0.1 5 0.001 0.75 6.05688 6.02876 0.93423 0.88044



 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.1 : Zeroth Order Velocity distribution versus y 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.2 :

 

First Order Velocity distribution versus y
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Zeroth Order Temperature distribution versus y
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1.4 :

 

First Order Temperature distribution versus y
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Figure 1.7 : Velocity Distribution for various values of Grasoff Number

Figure 1.6 : Velocity Distribution for various values of Hartman number

Figure 1.5 : Velocity Distribution for various values of Reynold’s Number



 
 
 
 
 
 
 

Figure 1.9

 

:

 

Temperature Distribution for various values of Prandtl

 

number

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.10

 

:

 

Temperature Distribution for various values of Grasoff Number
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Figure 1.8 : Temperature Distribution for various values of Reynold number



 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Figure 1.12

 

:

 

Temperature Distribution for various values of Eckert Number

 

 

V.

 

Results and Discussions

 

It has been observed from the Table 1

 

that the coefficient of skin-friction increases 
due to increase in Reynold Number and Grasoff Number and decreases due to increase in 
Hartman number.

 

Again, it is observed that Nusselt number increases due to increase in Reynold 
Number, Hartman number and Prandtl Number and decreases due to increase in Eckert 
Number and Grasoff Number.

 

It has been observed from figure (1.1) and figure (1.2) that Zeroth Order Velocity 
and First Order Velocity both increases due to increase in Reynold Number and Grasoff 
Number and decreases due to increase in Hartman number. It has been observed from 
figure (1.3) that Zeroth Order Temperature decreases due to increase in Reynold Number, 
Eckert Number, Hartman number and Prandtl Number. Again, it is observed from figure 
(1.4) that First Order Temperature increase due to increase in Grasoff Number and 
Eckert Number and it decreases due to increase in Reynold Number, Hartman number 
and Prandtl Number.
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Figure 1.11 : Temperature Distribution for various values of Hartman Number
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It has been observed from figure (1.5), (1.6) and (1.7) that the velocity increases 
due to increase in Reynold Number and Grasoff Number and decreases due to increase in 
Hartman number. It has been observed from figure (1.8), (1.9), (1.10), (1.11) and (1.12) 
that the temperature increases due to increase in Reynold Number and Grasoff Number 
and it decreases due to increase in Hartman number, Prandtl Number and Eckert 
Number.
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⊆ 〈V−S〉

In this paper we follow the notations of [3]. As usual n = |V | and m = |E|
denote the number of vertices and edges of a graph G respectively.

The graphs considered here have at least one component which is not com-
plete or at least two non trivial components.

For any graph G(V,E), the line graph L(G) whose vertices correspond
to the edges of G and two vertices in L(G) are adjacent if and only if the
corresponding edges in G are adjacent. The distance d(u, v) between two
vertices u and v in a connected graph G is the length of a shortest u− v path
in G. It is well known that this distance is a metric on the vertex set V (G).
For a vertex v of G, the eccentricity e(v) is the distance between v and a vertex
farthest from v. The minimum eccentricity among the vertices of G is radius,
rad G, and the maximum eccentricity is the diameter, diam G. A u−v path of

length d(u, v) is called a u− v geodesic. We define I[u, v] to the set (interval)
of all vertices lying on some u− v geodesic of G and for a nonempty subset S
of V (G), I[S] =

⋃
u,v∈S I[u, v]. A set S of vertices of G is called a geodetic set

in G if I[S] = V (G), and a geodetic set of minimum cardinality is a minimum
geodetic set. The cardinality of a minimum geodetic set in G is called the
geodetic number of G, and we denote it by g(G).

Non split geodetic number of a graph was studied by in [5]. A geodetic set
S of a graph G = (V,E) is a non split geodetic set if the induced subgraph
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< V − S > is connected. The non split geodetic number gns(G) of G is the
minimum cardinality of a non split geodetic set. Geodetic number of a line
graph was studied by in [4]. Geodetic number of a line graph L(G) of G is a set
S

′
of vertices of L(G) = H is called the geodetic set in H if I(S

′
) = V (H) and

a geodetic set of minimum cardinality is the geodetic number of L(G) and is
denoted by g[L(G)]. Now we define non split geodetic number of a line graph.
A set S

′
of vertices of L(G) = H is called the non split geodetic set in H if

the induced subgraph V (H)− S ′
is connected and a non split geodetic set of

minimum cardinality is the non split geodetic number of L(G) and is denoted
by gns[L(G)].

A vertex v is an extreme vertex in a graph G, if the subgraph induced by
its neighbors is complete. A vertex cover in a graph G is a set of vertices that
covers all edges of G. The minimum number of vertices in a vertex cover of G
is the vertex covering number α0(G) of G. An edge cover of a graph G without
isolated vertices is a set of edges of G that covers all the vertices of G. The
edge covering number α1(G) of a graph G is the minimum cardinality of an
edge cover of G.

For any undefined term in this paper, see [2] and [3].

II. Preliminary Notes

We need the following results to prove further results.

Theorem 2.1 (1) Every geodetic set of a graph contains its extreme ver-
tices.

Proposition 2.2 For any graph G, g(G) ≤ gns(G).

Proposition 2.3 For any tree T of order n and number of cut vertices ci

then the number of end edges is n− ci.

III. Main Results

Theorem 3.1 For any tree T with k end edges and ci be the number of cut

vertices, then gns[L(T )] = n− ci.
Proof. Let S be the set of all extreme vertices of a line graph L(T ) of a

tree T . By Theorem 2.1 gns[L(T )] ≥ |S|. On the other hand, for an internal
vertex v of L(T ), there exists x, y of L(T ) such that v lies on the unique x− y
geodesic in L(T ). The end edges of T are the extreme vertices of L(T ) and
the induced subgraph V − S is connected. Thus gns[L(T )] ≤ |S|. Also every
split geodetic set S1 of L(T ) must contain S which is the unique minimum
split geodetic set. Thus |S| = |S1| = k, by proposition 2.3 |S1| = n− ci. Hence
gns[L(T )] = n− ci.

Corollary 3.2 For any path Pn, n ≥ 6, gns[L(Pn)] = 2.

Proof. Clearly the set of two end vertices of a path Pn is its unique geodetic
set. From Theorem 3.1 the results follows.
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Theorem 3.3 For the wheel Wn = K1 + Cn−1 (n ≥ 6),

gns[L(Wn)] =

 n
2

if n is even

n+1
2

if n is odd.

Proof. Let Wn = K1 + Cn−1(n ≥ 6) and let V (Wn) = {x, v1, v2, ..., vn−1},
where deg(x) = n − 1 > 3 and deg(vi) = 3 for each i ∈ {1, 2, ..., n − 1}. Now

U = {u1, u2, ..., uj} are the vertices of L(Wn) formed from edges of Cn−1, i.e

U ⊆ V [L(Wn)] and Y = {y1, y2, ..., yj} are the vertices of L(Wn) formed from

internal edges of Wn, i.e Y ⊆ V [L(Wn)].

We have the following cases

Case 1. For n is even.

Let H ⊆ U , now S = H ∪ {yj} forms a minimum geodetic set of L(Wn) and

V − S is connected. Thus S itself is the minimum non split geodetic set of

L(Wn). Clearly |H ∪ {yj}| = n
2
. Therefore gns[L(Wn)] = n

2
.

Case 2. For n is odd.

Let H ⊆ U , now S = H ∪ {yj, yj−1} forms a minimum geodetic set of L(Wn)

and V − S is connected. Thus S itself is the minimum non split geodetic set

of L(Wn). Clearly |H ∪ {yj, yj−1}| = n+1
2

. Therefore gns[L(Wn)] = n+1
2

.

As an immediate consequence of the above theorem we have the following.

Corollary 3.4 For the wheel Wn = K1 + Cn−1 (n ≥ 6),

gns[L(Wn)] =

 ∆
2

if n is even

∆+1
2

if n is odd.

Proof. Maximum degree(∆) of L(Wn) is equal to n. i,e number of vertices
in Wn.

Case 1. For n is even.

We have from case 1. of Theorem 3.3 gns[L(Wn)] = n
2
.

gns[L(Wn)] = ∆
2

.

Case 2. For n is odd.

We have from case 2. of Theorem 3.3 gns[L(Wn)] = n+1
2

.

gns[L(Wn)] = ∆+1
2

.

Theorem 3.5 For any tree T , with m edges, gns[L(T )] ≤ m− dα1(T )
2
e+ 2.

Where α1 is the edge covering number.

Proof. Suppose S = {e1, e2, ..., ek} be the set of all end edges in T . Then

S ∪ J where J ⊆ E(T ) − S, be the minimal set of edges which covers all
the vertices of T and is not covered by S, such that |S ∪ J | = α1(T ). Now
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without loss of generality in L(T ), let S
′

= {u1, u2, ..., un} ⊆ V [L(T )] be the

set of vertices in L(T ) formed by the end edges in T and V − S ′
is connected

which is the minimal non split geodetic set of L(T ). Clearly it follows that

gns[L(T )] ≤ |E(T )| − |dS∪J
2
e|+ 2 ⇒ gns[L(T )] ≤ m− dα1(T )

2
e+ 2.

Theorem 3.6 For any connected graph G of order n, gns(G)+gns[L(G)] ≤

2n.

Proof. Let S = {v1, v2, ..., vn} ⊆ V (G) be the minimum non split geodetic

set of G. Now without loss of generality in L(G), if F = {u1, u2, ..., uk} be

the set of all end vertices in L(G). Then F ∪ H where H ⊆ V [L(G)] − F

forms a minimum non split geodetic set of L(G). Since each vertex in L(G)

corresponds to two adjacent vertices of G, it follows that |S| ∪ |F ∪H| ≤ 2n.

Therefore gns(G) + gns[L(G)] ≤ 2n.

Theorem 3.7 Let G be a connected graph of order n and diameter d. Then

gns[L(G)] ≤ n− d+ 1.

Proof. Let u and v be vertices of L(G) for which d(u, v) = d and let

u = v0, v1, ..., vd = v be the u − v path of length d. Now let S = V [L(G)] −
{v1, v2, ..., vd−1}. Then I(S) = V [L(G)], V [L(G)]−S is connected and gns[L(G)] ≤
|S| = n− d+ 1.

Observation 3.8 For cycle Cn of order n gns[L(Cn)] = n− d+ 1.

Theorem 3.9 For cycle Cn of order n > 3

gns[L(Cn)] =

 n+2
2

if n is even

n+3
2

if n is odd.

Proof. Line graph of a cycle is again a cycle of same order and d be the
diameter. We have the following cases.
Case 1. If n is even. Let n be the number of vertices of L(Cn) and diameter of
L(C2n) is n

2
. Hence by Theorem 3.7 and Observation 3.8, gns[L(Cn)] = n−d+1.

Now we have

gns[L(Cn)] = n− n
2

+ 1.

⇒ gns[L(Cn)] = n
2

+ 1.

⇒ gns[L(Cn)] = n+2
2

.

Case 2. If n is odd. Let n be the number of vertices of L(Cn) and diameter
of L(C2n+1) is n−1

2
. Hence by Theorem 3.7 and Observation 3.8, gns[L(Cn)] =

n− d+ 1. We have

gns[L(Cn)] = n− n−1
2

+ 1.
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IV. Adding an End Edge

⇒ gns[L(Cn)] = n
2

+
2

+ 1.

⇒ gns[L(Cn)] = n+3
2

.

Theorem 3.10 For any integers r, s > 2, gns[L(Kr,s)] ≤ rs− 1.

Proof. Let r + s and rs be the number of vertices and edges of the given

graph Kr,s and d be the diameter. Since diameter of L(Kr,s) = 2, the number

of vertices in L(Kr,s) is rs. Hence by Theorem 3.7 gns[L(G)] ≤ n−d+ 1. Now

we have gns[L(Kr,s)] ≤ rs− 2 + 1. ⇒ gns[L(Kr,s)] ≤ rs− 1.

Theorem 3.11 For any integer n ≥ 4, gns[L(Kn)] ≤ (n+1)(n−2)
2

.

Proof. Let n ≥ 4 be the vertices of the given graph Kn and d be the

diameter. Since diameter of L(Kn) is 2 and the number of vertices in L(Kn)

is n(n−1)
2

, hence by Theorem 3.7 gns[L(G)] ≤ n− d+ 1. We have

gns[L(Kn)] ≤ n(n−1)
2
− 2 + 1.

⇒ gns[L(Kn)] ≤ n(n−1)
2
− 1.

⇒ gns[L(Kn)] ≤ n2−n−2
2

.

⇒ gns[L(Kn)] ≤ (n+1)(n−2)
2

.

For an edge e = (u, v) of a graph G with deg(u) = 1 and deg(v) > 1, we call e

an end-edge and u an end-vertex.

Theorem 4.1 G
′
be the graph obtained by adding k end edges {(u, v1), (u, v2), ...,

(u, vk)} to a cycle Cn = G of order n > 3, with u ∈ G and {v1, v2, ..., vk} /∈ G
Then

gns[L(G
′
)] =

 k + n
2

+ 1 if n is even

k + 1 if n is odd.

Proof. Let {e1, e2, ..., en, e1} be a cycle with n vertices and let G
′

be the

graph obtained from G = Cn by adding end edges (u, vi), i = 1, 2, ..., k. Such

that u ∈ G and vi /∈ G.

Case 1. If n is even.

.

By the definition of line graph, L(G
′
) has 〈Kk+2〉 as an induced subgraph.

Also the edges (u, vi), i = 1, 2, ..., k becomes vertices of L(G
′
) and it belongs

to some geodetic set of L(G
′
). Hence {e1, e2, ..., ek, el, em} are the vertices of

L(G
′
) where el, em are the edges incident on the antipodal vertex of u in G

′

and these vertices belongs to some geodetic set of L(G
′
). L(G

′
) = Cn ∪Kk+2.

 1
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LetS = {e1, e2, ..., ek, el, em} be the minimum geodetic set. Consider H ⊆
V − S, now S

′
= S ∪ H1 where H1 ⊆ H forms minimum non split geodetic

number of L(G
′
). Therefore gns[L(G

′
)] = k + n

2
+ 1.

Case 2. If n is odd.

By the definition of line graph, L(G
′
) has 〈Kk+2〉 as an induced subgraph, also

the edges (u, vi) = {e1, e2, ..., ek} becomes vertices of L(G
′
). Let el = (a, b) ∈ G

such that d(u, a) = d(u, b) in the graph L(G
′
). Let S = {e1, e2, ..., ek, el} be

the minimum geodetic set. Since V − S is connected S is the minimum non

split geodetic set. Therefore gns[L(G
′
)] = k + 1.

Theorem 4.2 Let G
′
be the graph obtained by adding end edge (ui, vj),

i = 1, 2, ..., n, j = 1, 2, ..., n to each vertex of G = Cn of order n > 3 such that

ui ∈ G, vj /∈ G. Then gns[L(G
′
)] = n.

Proof. Let {e1, e2, ..., en, e1} be a cycle with n vertices and G = Cn. Let G
′

be the graph obtained by adding end edge (ui, vj), i = 1, 2, ..., n, j = 1, 2, ..., n

to each vertex of G, such that ui ∈ G, vj /∈ G. Clearly n be the number of end

vertices of G
′
. By the definition of line graph L(G

′
) have n copies of K3 as an

induced subgraph. The edges (ui, vj) = ej for all j, becomes n vertices of L(G
′
)

and those lies on geodetic set of L(G
′
). Since they forms the extreme vertices

of L(G
′
). By Theorem 2.1 S = {e1, e2, ..., en} forms minimum geodetic set.

Since V − S is connected S is the minimum non split geodetic set. Therefore

gns[L(G
′
)] = n.

V. Cartesian Product

The cartesian product of the graphs H1 and H2, written as H1 × H2, is the

graph with vertex set V (H1) × V (H2), two vertices u1, u2 and v1, v2 being

adjacent in H1 × H2 if and only if either u1 = v1 and (u2, v2) ∈ E(H2), or

u2 = v2 and (u1, v1) ∈ E(H1).

Theorem 5.1 For any path Pn of order n,

gns[L(K2 × Pn)] =


3 for n = 2

4 for n = 3

5 for n > 3.

Proof. Let K2 × Pn be formed from two copies of G1 and G2 of Pn.

Now L(K2 × Pn) formed from two copies of G
′
1, G

′
2 of L(Pn). And let U =

{u1, u2, ..., un} ∈ V (G
′
1), W = {w1, w2, ..., wn} ∈ V (G

′
2). We have the follow-

ing cases.

Case 1. If n = 2.
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H = {u2, w1} ⊆ V − S. Now S
′
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Abstract-

 

In this article, we implement the ))(exp( ηΦ− -expansion method

 

for seeking the exact solutions of NLEEs via 

the Benjamin-Ono equation and achieve exact solutions involving parameters.

 

Abundant traveling wave solutions with 
arbitrary parameters are successfully obtained by this method and the wave solutions are expressed in terms of the 
hyperbolic, trigonometric, and rational functions. It is established that the ))(exp( ηΦ− -expansion method offers a 

further influential mathematical tool for constructing the exact solutions of NLEEs in mathematical physics. The obtained 

results show that ))(exp( ηΦ− -expansion method is very powerful and concise mathematical tool for nonlinear 

evolution equations in science and engineering. 

 

Keywords: the ))(exp( ηΦ− -expansion method; complixiton soliton solutions; the benjamin-ono equation; 

traveling wave solutions; nonlinear evolution equation.

 

I.

 

Introduction

 

Nonlinear wave phenomena appears in various scientific and engineering fields 
such as fluid mechanics, plasma physics, optical fibers,

 

biophysics, geochemistry, 
electricity, propagation of shallow water waves, high-energy physics, condensed matter 
physics, quantum mechanics, elastic media,

 

biology, solid state physics, chemical 
kinematics, chemical physics and so on. This is also noticed to arise in engineering, 
chemical and biological applications. The application of nonlinear traveling waves has 
been brought prosperity in the field of applied science. In order to understand better the 
nonlinear phenomena as well as further application in the practical life, it is important to 
seek their more exact travelling wave solutions.

 

Essentially all the fundamental equations 
in physical sciences are nonlinear and, in general, such NLEEs are often very complicated 
to solve explicitly. The exact solutions of NLEEs play an important role in the study of 
nonlinear physical phenomena. Therefore, the powerful and efficient methods to find 
exact solutions of nonlinear equations still have drawn a lot of interest by diverse group 
of scientists. In the past three decades, there has been significant progress in the 
development of finding effective methods for obtaining exact solutions of NLEEs. These 
methods are the homogeneous balance method [1], the tanh-function method [2], the 
extended tanh-function method [3, 4], the

 

Exp-function method [5, 6], the sine-cosine 
method [7], the modified Exp-function method [8], the generalized Riccati equation [9], 

© 2013   Global Journals Inc.  (US)

  

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
I

Ye
a r

  
2 0

13
  

 F
)

)

63

Authors α σ Ѡ: Department of Mathematics, Pabna University of Science and Technology, Bangladesh. 
e-mail: nuralam.pstu23@gmail.com
Author ¥ : Department of Applied Mathematics, University of Rajshahi, Bangladesh.
Author ρ: Department of Mathematics, Begum Rokeya University, Bangladesh.

2.
A

.M
. 

W
az

w
az

, 
T

h
e 

ta
n
h
 m

e t
h
od

 f
or

 g
en

er
al

iz
ed

 f
or

m
s 

of
 n

on
li
n
ea

r 
h
ea

t 
co

n
d
u
ct

io
n
 

an
d
 B

u
rg

er
s–

F
is

h
er

 e
q
u
at

io
n
s,

 A
p
p
l.
 M

at
h
.C

om
p
u
t.
 1

69
 (

20
05

) 
32

1–
33

8.

Ref
η



 

the Jacobi elliptic function expansion method [10, 11], the Hirota’s bilinear method [12], 

the Miura transformation [13], the )/( GG′ -expansion method [14-18], the novel )/( GG′ -

expansion method [19, 20], the modified simple equation method [21, 22], the improved 

)/( GG′ -expansion method [23], the inverse scattering transform [24], the Jacobi elliptic 

function expansion method [25, 26], the new generalized )/( GG′ -expansion method [27-

31], the ))(exp( ηΦ− -expansion method [32, 33]  and so on.  

The objective of this article is to apply the ))(exp( ηΦ− -expansion method to 

construct the exact solutions for nonlinear evolution equations in mathematical physics 
via the Benjamin-Ono equation. 

The outline of this paper is organized as follows: In Section 2, we give the 

description of the ))(exp( ηΦ− -expansion method. In Section 3, we apply this method to 

the Benjamin-Ono equation, graphical representation of solutions. Conclusions are given 
in the last section. 

II. Description of the ))(exp( ηΦ− -Expansion Method 

Let us consider a general nonlinear PDE in the form 

),,,,,,( xtttxxxt vvvvvvF ,      (1) 

where ),( txvv = is an unknown function, F  is a polynomial in ),( txv and its derivatives in 

which highest order derivatives and nonlinear terms are involved and the subscripts stand 
for the partial  derivatives. In the following, we give the main steps of this method: 

Step 1: We combine the real variables x  and t  by a complex variable η  

 
)(),( ηvtxv = , tVx ±=η ,     (2) 

where V  is the speed of the traveling wave. The traveling wave transformation (2) 

converts Eq. (1) into an ordinary differential equation (ODE) for )(ηvv = : 

  ),,,,( vvvv ′′′′′′ℜ ,      (3) 

where ℜ  is a polynomial of v  and its derivatives and  the superscripts indicate the 
ordinary derivatives with respect to η . 

Step 2. Suppose the traveling wave solution of Eq. (3) can be expressed as follows: 

,)))((exp()(
0

i
N

i
iAv ∑

=

Φ−= ηη               (4) 

   

 
 

  ,))(exp())(exp()( ληµηη +Φ+Φ−=Φ′                      (5) 

Eq. (5) gives the following solutions: 
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where )0( NiAi ≤≤ are constants to be determined, such that 0≠NA and )(ηΦ=Φ
satisfies the following ordinary differential equation:
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Family 1: When ,0≠µ  ,042 >− µλ  

 

 
)

2

))(
2

)4(
tan()4(

()(

2
2

µ

λ
µλ

µλ
η

−+
−

−−
=Φ

E

  
             (6)

 

 
Family 2:

 
When

 
,0≠µ
 

,042 <− µλ
 

 
)

2

))(
2

)4(
tan ()4(

()(

2
2

µ

λ
λµ

λµ
η

−+
−

−
=Φ

E
  
 

                      (7)
 

 
Family 3: When ,0=µ

 
,0≠λ
 
and ,042 >− µλ

 

 
)

1))(exp(
()(

−+
−=Φ

Eλ
λη

   
             (8)

 

 
Family 4: When ,0≠µ

 
,0≠λ
 
and ,042 =− µλ

 

 
)

)(
)2)((2()( 2 E

E
+

++
−=Φ λ 

λ
η

    
          (9)

 

 Family 5: When ,0=µ

 

,0=λ

 

and ,042 =− µλ

 

 

)()( E+=Φ η      

  

        

  

          (10)

 

 
µλ,,,, VAN 

 

are constants to be determined latter, ,0≠NA

 

the positive integer 

N

 

can be determined by considering the homogeneous balance between the highest order 
derivatives and the nonlinear terms appearing in Eq. (3).

 

Step 3: We substitute Eq. (4) into Eq. (3) and then we account the function 

))(exp( ηΦ− . As a result of this substitution, we get a polynomial of ))(exp( ηΦ− . We 

equate all the coefficients of same power of ))(exp( ηΦ−

 

to zero. This procedure yields a 

system of algebraic equations whichever can be solved to find µλ,,,, VAN  . 

Substituting the values of µλ,,,, VAN 

 

into Eq. (4) along with general solutions of Eq. 

(5) completes the determination of the solution of Eq. (1).
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III. Application of the Method

In this section, we will present the ))(exp( ηΦ− -expansion method to construct the 

exact solutions and then the solitary wave solutions of the Benjamin-Ono equation [34]. 
Let us consider the Benjamin-Ono equation,

0=++ xxxt vvhvv . (11)

34
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We utilize the traveling wave variable ),()( txvv =η ,  tx ωη −= , Eq. (11) is carried 

to an ODE

 
 

  

0)(
2
1 2 =′+′′+′− vvhvV . 

    

(12)

 

Eq. (12) is integrable, therefore, integrating with respect to η

 

once yields:

 

 

 

         

 

,0
2
1 2 =+′+− vvhvP ω

    

(13)

 

where P

 

is an integration constant which is to be determined.

 

Taking the homogeneous balance between highest order nonlinear term 2w

 

and 

linear term of the highest order w′

 

in Eq. (13), we obtain 1=N . Therefore, the solution 
of Eq. (13) is of the form:

 
 

))),((exp()( 10 ηη Φ−+= AAv   

   

(14)

 

where 10 , AA

 

are constants to be determined such that ,0≠NA

 

while µλ,

 

are arbitrary 

constants. It is easy to see that 

 
 

))).(exp())(2(exp()( 1 ηλµηη Φ−++Φ−−=′ Av

    

(15)

 

 

))).(2exp())(exp(2)( 2
110

2
0

2 ηηη Φ−+Φ−+= AAAAv

   

(16)

 

Substituting 2,, vvv ′

 

into Eq. (13) and then equating the coefficients of ))(exp( ηΦ−

 

to 

zero, we get

 

,0
2
1

1
2

1 =− hAA

     

(17)

 

,01110 =−− AhAAA ωλ

    

(18)

 

,0
2
1

1
2

00 =−+− µω hAAAP

    

(19)

 

Solving the Eq. (17)-Eq. (19) yields
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,2
2
1 2

0
2

0 µλ hhAAP +−= ,0 λω hA −= ,00 AA = hA 21 = .

where µλ, are arbitrary constants.

Now substituting the values of 1,, AAoω into Eq. (14) yields

))),((exp(2)( 0 ηη Φ−+= hAv (20)

where thAx )( 0 λη −−= .



 

   

   

  

      

   

Now

 

substituting Eq. (6)-

 

Eq. (10) into Eq. (20) respectively, we get the following 
five traveling wave solutions of the Benjamin-Ono equation.

 

When

 

,0≠µ

 

,042 >− µλ

 

.

))(
2

4
tan(4

4)(
2

2

01

λη
µλ

µλ

µη

++
−

−

−=

E

hAv

 

where 

 

thAx )( 0 λη −−= . E

 

is an arbitrary constant.

 

When ,0≠µ

 

,042 <− µλ

 

.

))(
2

4
tan (4

4)(
2

2

02

λη
λµ

λµ

µη

−+
−

−

+=

E

hAv

 

where 

 

thAx )( 0 λη −−= . E

 

is an arbitrary constant.

 

When ,0=µ

 

,0≠λ

 

and ,042 >− µλ

 

.
1))(exp(

2)( 03 −+
+=

E
hAv

ηλ
λη

 

where 

 

thAx )( 0 λη −−= . E

 

is an arbitrary constant.

 

When ,0≠µ

 

,0≠λ

 

and ,042 =− µλ

 

.
)2))((

)()(
2

04 ++
+

−=
E

EhAv
ηλ

ηλη

 

where 

 

thAx )( 0 λη −−= . E

 

is an arbitrary constant.

 

When ,0=µ

 

,0=λ

 

and ,042 =− µλ

 

.
)(

2)( 05 E
hAv

+
−=

η
η

 

where thAx )( 0 λη −−= . E

 

is an arbitrary constant.
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a) Graphical representation of the solutions
The graphical illustrations of the solutions are given below in the figures with the 

aid of Maple.
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Fig. 1 : The modulus of Kink wave 

solution )(1 ηv .

Fig. 2 : The modulus of solitary wave 

solution )(2 ηv .

Fig. 5 : The modulus of solitary wave solution )(5 ηv .

Fig. 3 : The modulus of solitary wave 
solution )(3 ηv

Fig. 4 : The modulus of solitary wave 

solution )(4 ηv



 

 

   

IV.

 

Conclusion

 

In this study, we considered the Benjamin-Ono equation. We apply the 

))(exp( ηΦ− -expansion method for the exact solution of this equation and constructed 

some new solutions which are not found in the previous literature. The method offers 
solutions with free parameters that might be imperative to explain some intricate physical 

phenomena. This study shows that the ))(exp( ηΦ− -expansion method is quite efficient 

and practically well suited to be used in finding exact solutions of NLEEs.

 

Also, we 

observe that the ))(exp( ηΦ− -expansion method is straightforward and can be applied to 

many other nonlinear evolution equations.
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Fluid flow over a cylindrical shaped geometry has been an area of rigorous investment for the 
researchers in recent past. The notion is deliberated for Newtonian as well as non-Newtonian 
fluids with both steady and unsteady flows. The concept is debated with reference to boundary 
layer theory and stagnation points. Also, in several situations the researchers have accomplished
the effects of free or natural convection heat transfer. Ahmad et al [1] have determined the impact 
of free convection over the problem of boundary layer flow over a horizontal cylinder having 
constant heat flux at the exterior. The analysis was carried for both slender and blunt orientations. 
In another work, Buchlin [2] has examined the experimental effects of natural and free convection 
heat transfer over a cylinder with slender configuration. The natural convection boundary layer 
flow of steady viscous fluid curving from an isothermal horizontal circular cylinder in presence of 
heat generation was replicated by Molla et al [3]. Further, Chang [4] has provided a difference 
scheme concerning the natural convection heat transfer flow of a micropolar fluid along a circular 
cylinder taking care of wall conduction effects. Moreover, Anwar et al [5] have analyzed the 
problem of boundary layer flow of a viscoelastic fluid over a horizontal circular cylinder under the 
influence of natural convection heat transfer. The problem of axisymmetric stagnation flow of 
non-Newtonian micropolar fluids, containing nanoparticles, flowing through the annular region 1.
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between two concentric cylinders was studied by Nadeem et al [6]. The article comprised the 
impact of thermophoresis and Brownian motion parameters over the flow, heat and concentration 
profiles. Recently, Nadeem et al [7] have examined the topic of boundary layer flow of a second 
grade fluid in a cylinder with heat transfer analysis. Few other interesting works regarding fluid 
flow through cylindrical geometry are referred in [8-18].
Many authors have made successful attempts to solve the problem of flow and heat transfer over a 
cylinder that is stretched linearly along its axial direction. Ishak et al [19] have uncovered the 
effects of uniform suction for the problem of heat transfer and fluid flow due to a stretching 
cylinder. More recently, Wang [20] has contributed an interesting work about the natural 
convection heat transfer effects over a vertical stretching cylinder. To the best of author’s
knowledge, no successful attempt is marketed for the flow and heat transfer over a stretching 
cylinder that is stretched exponentially along its axial axis. Useful similarities for exponential 
stretching in cylindrical coordinates have been found and simplified the partial differential 
equations and its related boundary conditions. The solution of the problem is obtained through the 
powerful numeric technique the Keller-box method. The behavior of velocity and temperature 
profiles presented for a large range of Reynolds and Prandtl numbers. At the end the important 
physical quantities associated with the problem such as the skinfriction coefficient and the local 
Nusselt numbers are presented.

II. Formulation

Consider the problem of natural convection boundary layer flow of a viscous fluid flowing over a 
vertical circular cylinder of radius a . The cylinder is assumed to be stretched exponentially along 
the axial direction with velocity .wU The temperature at the surface of the cylinder is assumed to 
be wT and the uniform ambient temperature is taken as T such that the quantity 0 TTw in 
case of the assisting flow, while 0 TTw in case of the opposing flow, respectively. Under 
these assumptions the boundary layer equations of motion and heat transfer are

),1(

),()1(1

,0

rrrxr

rrrzr

zr

T
r

TwTuT

TTgw
r

w
z

p
wwuw

w
r

u
u


















where the velocity components along the  zr, axes are  wu, ,  is density,  is the 
kinematic viscosity, p is pressure, g is the gravitational acceleration along the z direction,
 is the coefficient of thermal expansion, T is the temperature,  is the thermal diffusivity. 
The corresponding boundary conditions for the problem are

(1)

(2)

(3)

  ,as),(    ,),(

,as0),(    ),(    ,0),(





 rTzrTzTzaT

rzrwUzawzau

w

w

where az

w akeU /2 is the fluid velocity at the surface of the cylinder.

(4)
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III. Solution of the Problem

Introduce the following similarity transformations:

 

,      ,

,      ,)(
2
1

2

2

a

r

TT

TT

fUw
f

Uu

w

ww











 






where the characteristic temperature difference is calculated from the relations ./ az

w ceTT  

With the help of transformations  6 and  7 , .Eqs  1 to  3 take the form

,0)(PrRe
2
1

,0Re)Re( 2



 





ff

fffff

in which 2/)( ww UTTag   is the natural convection parameter, /Pr v is the Prandtl
number and 4/Re waU is the Reynolds number. The boundary conditions in nondimensional 
form become

   

  .as,0     ,11

,as,0    ,11  ,01







fff

The important physical quantities such as the shear stress at the surface ,w the skinfriction 
coefficient ,fc the heat flux at the surface of the cylinder wq and the local Nusselt number Nu

are

   ,1/Re          ,1Re 2/12/1  Nufc f

The solution of the present problem is obtained by using the powerful numerical technique the 
Keller-box method. To develop the technique the system of differential equations )98(  along 
with the boundary conditions  1110 is converted into a first order differential system by taking

.   ,   ,  GRSfR

With the help of  ,13.Eq  8.Eqs and  9 take the form

.0)(PrRe
2
1

,0Re)Re( 2









RfGGG

RfSSS

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)
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The corresponding boundary conditions are

   

  .as,0     ,11

,as,0    ,11  ,01







uuf

Further details of the numerical solution can be found in references [21-24]. The detailed 
discussion about the obtained numerical solutions is presented in the next section.

(16)

(17)

IV. Results and Discussion

The problem of natural convection boundary layer flow of a viscous fluid over an exponentially 
stretched cylinder is studied in this article. The cylinder is assumed to be stretching exponentially 
along its radial direction. The exponential stretching velocity at the surface of the cylinder is 
assumed to be .2 / az

w akeU  The solution of the problem is obtained with the assistance of 
powerful second order finite difference scheme known as the Keller-box technique. The impact of 
the involved parameters such as the Reynolds number Re, the Prandtl number Pr and the 
natural convection parameter  over the nondimensional velocity and temperature profiles is 
presented graphically and in the form of tables. 1.Fig shows the influence of Reynolds number 
Re and the natural convection parameter  over the velocity function f  for waters Prandtl 
number (that is 7Pr  ). From 1.Fig it is observed that with increase in both Reynolds number 
and the natural convection parameter  the velocity profile increases. This observation is 
consistent with the fact that enhanced natural convection parameter  acquires greater density 
difference in fluid that asks increase in fluid velocity. The Reynolds numbers range selected in

1.Fig is up to .50Re  These values of Re are associated with the laminar type flow and the 
increasing effect of velocity profile due to increase in Re reveals the fact that high Reynolds 
number corresponds to enhance the rate of momentum transfer which in return demands increase 
in velocity profile .f  2.Fig compiles the influence of Prandtl number Pr and Reynolds 
number Re over the velocity profile f  when natural convection parameter ,5.0 the curves 
are provided for 72.0Pr  (air) and 7Pr  (water) for high Reynolds numbers. From 2.Fig it 
is conveyed that for both laminar ( 500,50,5Re  ) and turbulent ( 5000Re  ) velocities, inflation 
in velocity losses dependence over increase in Pr with increasing .Re Moreover, with the 
increase in Re, the boundary layer thickness increases. The natural convection parameter 
impact over the velocity profile is sketched in 3.Fig for different values of Prandtl number Pr
when .10Re  3.Fig inculcates that with increase in  the velocity profile increases. The rate 
of increase restricts with increase in .Pr 4.Figs and 5 telecast the influence of Prandtl numbers 
and Reynolds numbers over the temperature profile . From 4.Fig it is noted that with increase 
in Prandtl number Pr the temperature profile decreases while the thermal boundary layer is 
achieved much rapidly. The curves are plotted for Prandtl numbers up to 20000Pr  (such high 
Prandtl numbers are usually for hydrocarbon based engine oils). This decrease in temperature 
profile is consistent with the observation that with increase in Prandtl numbers, thermal diffusion 
rate decreases that also deduces the temperature function . 5.Fig indicates that with increase in 
Reynolds numbers, the temperature profile decreases. This signal to the fact that high Reynolds 
numbers corresponds to more dense fluids which corresponds to reduced temperature flow rate in 
the fluid and hence have low fluid temperature. 6.Figs and 7 gathers the behaviors of Prandtl 
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numbers and Reynolds numbers over the temperature profile  for different . From these two 
graphs it is obvious that with increase in  temperature profile decreases for the presented ranges 
of Prandtl and Reynolds numbers. 8.Figs and 9 signifies the influence of small Reynolds 
numbers over velocity and temperature profiles f  and  for different pairs of Prandtl numbers 
and the natural convection parameter. From 8.Fig it is observed that for small , increase in 
Reynolds numbers causes to decrease the velocity profile but for larger , increase in Reynolds 
numbers results to increases the velocity profile. From 9.Fig it is clear that with increase in 
Reynolds numbers, a decrease in the temperature profile is observed. The behavior of skinfriction 
coefficient for different combinations of Prandtl numbers and  is graphed in 10.Fig against 
Reynolds numbers. From this plot it is shown that with increase in Prandtl number and , the 
skinfriction coefficient decreases, while increase in Reynolds numbers enhances the skinfriction 
coefficient. 11.Fig contains the curves predicting the behavior of local Nusselt numbers Nu for 
different Reynolds numbers and  plotted against Prandtl numbers .Pr It is predicted from 

11.Fig that with increase in the RePr, and , increases the local Nusselt numbers. The stream 
lines pattern associated with the fluid flow are presented in 12.Figs and 13 for ,25.0 and 

2.1 respectively, graphed in the  zr, plane. From these plots the decaying pattern observed is 
much rapid for high . The behavior of shear stress at the surface of the cylinder w and the 
surface heat flux wq is tabulated in 1.Tables and 2 for different values of the involved 
parameters. From these tables it is observed that Prandtl numbers and  enhances the shear stress 
while Reynolds numbers reduces the shear stress at the surface of the cylinder, whereas local 
Nusselt number increases with increase in these parameters.

.1.Fig Influence of Reynolds numbers Re over velocity profile f  for different 
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.2.Fig Influence of Pr over velocity profile f  for different Re

.3.Fig Influence of  over velocity profile f  for different Pr
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.4.Fig Influence of Pr over temperature profile 

.5.Fig Influence of Re over temperature profile 
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.6.Fig Influence of  over temperature profile  for different Pr

.7.Fig Influence of  over temperature profile  for different Re



 

Heat transfer analysis of the boundary layer flow over a vertical exponentially stretching cylinder

Notes

© 2013   Global Journals Inc.  (US)

  

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
I

Ye
a r

  
2 0

13
  

 F
)

)

81

.8.Fig Behavior of small Re over the velocity profile f 

.9.Fig Behavior of small Re over the temperature profile 
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.10.Fig Influence of Pr and  over fC against Re

.11.Fig Influence of Re and  over Nu against Pr
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.12.Fig Stream lines pattern for 25.0

.13.Fig Stream lines pattern for 2.1
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f´´(1)
λ\Re 0.5 1 5 10 100 1000 10000

Pr
  

= 
 0

.7 0.25 1.0691 1.1943 1.9559 2.6148 7.8386 24.6839 81.5422
0.75 0.9384 0.9608 1.2858 1.6661 4.9948 15.8302 53.8606
1.50 0.7454 0.6202 0.3844 0.4155 1.2255 4.0216 16.2816
2.50 0.4905 0.1821 0.7015 1.0833 3.3322 10.3141 30.0166

Pr
  

= 
 7

0.25 1.0838 1.2348 2.1561 2.9292 8.8292 27.6638 90.0127
0.75 0.9836 1.0817 1.8294 2.4794 7.4529 23.3204 75.4808
1.50 0.8364 0.8600 1.3592 1.8300 5.4571 17.0109 54.2655
2.50 0.6451 0.5768 0.7610 1.0012 2.8987 8.9081 30.9185

.1.Table Behavior of shear stress at the surface of the cylinder for different values of the involved 
parameters

-ϴ´(1)
Re\Pr 0.2 0.7 7 10 70 150 1500 15000

λ 
 =

  
0

1 1.2281 1.3355 2.4696 2.8960 7.4317 10.8491 34.4118 113.4154
5 1.3633 1.7833 5.0510 6.0576 16.3167 24.0243 78.0879 297.9081
10 1.4905 2.1932 7.0066 8.4368 22.9968 33.9505 112.7487 491.7423
20 1.6789 2.7991 9.7683 11.8010 32.4741 48.0992 166.1533 861.8583
50 2.0891 4.0877 15.2755 18.5037 51.4576 76.7794 293.7000 1941.5102

λ 
 =

  
0.

5 1 1.2324 1.3530 2.5058 2.9234 7.4943 10.8660 34.4135 113.4162
5 1.4124 18865 5.1156 6.1103 16.3405 24.0832 78.0887 297.9041
10 1.6013 2.3794 7.0846 8.5018 23.0068 33.9665 112.7556 491.7535
20 1.9185 3.1213 9.8782 11.8927 32.5090 48.2209 166.1675 961.9010
50 2.6281 4.6405 15.4471 18.6462 51.5160 76.8235 293.7440 1941.5985

.2.Table Behavior of heat flux at the surface of the cylinder for different values of the involved 
parameters
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 The subject of differential equation not only is one of the most beautiful parts of 

mathematics, but it is also an essential tool for modeling many physical situations such as 

mechanical vibration, nonlinear circuits, chemical oscillation, space dynamics and so forth. 

These equations have also demonstrated their usefulness in ecology, business cycle and 

biology. Therefore the solution of such problems lies essentially in solving the corresponding 

differential equations. The differential equations are linear or nonlinear, autonomous or 

non-autonomous. Practically, numerous differential equations involving physical 

phenomena are nonlinear. Methods of solutions of linear differential equations are 

comparatively easy and highly developed. Whereas, very little of a general character is 

known about nonlinear equations.  

Generally, the nonlinear problems are solved by converting into linear equations imposing 

some conditions; but such linearization is always not possible. In this situation there are 

several analytical approaches to find approximate solutions to nonlinear problems, such as: 

Perturbation [11,19,20], Standard and modified Linstedt-Poincaré [20-22], Harmonic 

Balance [1-4,6-9,13,14,16,24-29], Homotopy [5,15], Iterative [10, 12,18] methods, etc.  

Among them the most widely used method is the perturbation method where the nonlinear 

term is small. Another recent technique is developed by Mickens [17] and farther work has 
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been done by Wu [29], Gottlieb [7,8], Alam [1] and so forth for handling the strong 

nonlinear problems named HB method. Recently, some authors used an iteration procedure 

which is valid for small as well as large amplitude of oscillation to obtain the approximate 

frequency and the corresponding periodic solution of such nonlinear problems. 

The term “jerk” i.e. the third-order derivative of the displacement (which might also be 

termed “triceleration”) was first introduced by Schot in 1978 [27]. We know most of the 

efforts on dynamical systems are related to second-order differential equations, but some 

dynamical systems can be described by nonlinear jerk (third-order) differential equations. As 

for example oscillations in a nonlinear vacuum tube circuit [24] and third order mechanical 

oscillators [6]. Originally jerk equations  

),,( xxxJx &&&&&& = .                                                          (1)              

being of some interest in mechanics [4,26], these equations are finding increasing 

importance in the study of chaos [4]. Many third-order nonlinear systems (three 

simultaneous first order differential equations), both mathematically and physically 

motivated, such as the now–classical Rössler system [25], may be recast into a single 

nonlinear third-order differential (jerk) equation involving only one of the dependent 

variables [7,14]. Some early investigations into nonlinear jerk equations (although not 

termed as such) include oscillations in a nonlinear vacuum tube circuit [24], and third order 

mechanical oscillators [6]. Other physical situations in which nonlinear jerk-type equations 

have been investigated with more emphasis in chaotic solutions (called a periodic in earlier 

works), include a thermo–mechanical oscillator model with thermal dissipation [16], fluid 

dynamical convection [2], and stellar ionization zone oscillations [3]. Jerk equations, even if 

not nearly as common as acceleration (or force) equations ),( xxfx &&&& = , are therefore of 

direct physical interest. Moreover, simple forms of the jerk function J which lead to maybe 

the simplest manifestation if chaoses have been found by Sprott [28]. 

In this article we have investigated not chaotic solutions to jerk equations (as many of the 

above references do), but the analytical approximate periodic solutions and corresponding 

frequencies of some nonlinear jerk equations using the iteration method. 
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Gottlieb [8] used the lowest order harmonic balance method to calculate approximations to 

the periodic solution and the angular frequencies obtained by Gottlieb were not accurate 

enough. But it is very difficult to construct the higher order approximation by harmonic 

balance method for the reason that the method requires analytical solutions of a set of 

complicated nonlinear algebraic equations. Wu et al. [29] and Leung et al. [13] applied, 

respectively, an improved harmonic balance approach and a residue harmonic balance 

approach to solve nonlinear jerk equations, and their higher order approximations give 

accurate results to a large range of initial velocity amplitudes. Ma et al. [15] and Hu [11] 

used, respectively, Homotopy perturbation method and parameter perturbation method to 

determine the high order approximate solutions of nonlinear jerk equations, and their 

results obtained are more accurate than those obtained by the low order harmonic balance 

method. Recently, Ramos [21-23] presented an order reduction method, two-level iterative 

procedure and a volterra integral formulation, respectively, to solve nonlinear jerk 

equations. He found that the second reduction method provides accurate solutions only for 

initial velocities close to unity, the third reduction method produces very accurate for the 

first and second differential equation in [21], the fourth reduction method provides as 

accurate results as or more accurate results obtained by parameter perturbation method. 

Hu et al. [12] presented the modified Mickens iteration procedure for a nonlinear jerk 

equation, and the second order approximate angular frequency was obtained by Newton’s 

method. Leung and Guo [13] has established a residue harmonic balance approach for 

determining limit cycles to parity- and time-reversal invariant general non-linear jerk 

equations with cubic nonlinearities.  

To obtain periodic solutions for jerk-oscillators certain restrictions must be placed on the 

mathematical structure of the oscillator. We only consider the following cubic nonlinear 

functions investigated by Gottlieb [8]: 

xxx &&& .                                                                      (2) 

The most general jerk function with invariance of time- and space-reversal and which has 

only cubic nonlinearities may be written in the form [8] 

322 xxxxxxxxxx &&&&&&&&&&&& εδγβα −−−−= .                                       (3)     
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where an over-dot denotes the time derivative and the parameters δγβα ,,,  and ε  are 

given real constants. The corresponding initial conditions are 

Axx == )0(,0)0( & and  0)0( =x&& .                                          (4)     

These three initial conditions in Eq. (4) are to satisfy the periodic requirement. Here, at least 

one of δβα ,,  and ε  should be non-zero.  

For 1=α  with cubic nonlinearity includes xxx &&&  only. The resulting standard jerk equation, 

after rescaling of both x  and t , is taken to be   

0)0(,)0(,0)0(,0 ====−+ xAxxxxxxx &&&&&&&&&& .                                  (5)     

In this article, we present a new approach of the Mickens’ iteration method [16] for the 

determination of approximate solutions of some nonlinear jerk equations. Here we have 

defined the function which contains dependent variable, its derivatives of first and second 

order also the integrals of the dependent variable. Previously the function contains only 

dependent variable and its derivatives of first and second order. It is mentioned that our 

method is valid for second and higher order period of oscillations and show a good 

agreement compared to other existing solutions. 

II. The Method

Let us consider a nonlinear oscillator modeled by 

0)0(,)0(,0),,,( ===′+ xAxxxxxfx &&&&&&  ,                           (6)          

where over dots denote differentiation with respect to time, t  over dash denotes 

integration with respect to time, t .  

We choose the frequency Ω  of this system. Then adding x2Ω  to both sides of Eq. (6), we 

obtain 

),,,(),,,(22 xxxxGxxxxfxxx &&&&&&&& ′≡′−Ω=Ω+ .                              (7)      

Following [18], we formulate the iteration scheme as 

L&&&&& ,2,1,0;),,,(1
2

1 =′=Ω+ ++ kxxxxGxx kkkkkkk ,                          (8)      
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together with 

)(cos)( 00 tAtx Ω= .                                                   (9)      

Herein 1+kx  satisfies the conditions 

0)0(,)0( 11 == ++ kk xAx & .                                            (10)      

At each stage of the iteration, kΩ  is determined by the requirement that secular terms (see 

[19] for details) should not occur in the solution. This procedure gives the sequence of 

solutions: L),(),( 10 txtx . The method can be proceed to any order of approximation; but 

due to growing algebraic complexity the solution is confined to a lower order usually the 

second [18]. 

III. Solution Procedure

 Here we have considered the particular Jerk function xxxx &&&& −   

i.e. Jerk function containing displacement times velocity time’s acceleration, and velocity: 

Let us consider the nonlinear jerk oscillator [8] 

xxxxx &&&&&&& =+ .                                                   (11)       

Introducing the phase space variable  ),( ty  by the relation  yx =&   then Eq. (11) becomes 

yyyyy ′=+ &&& .                                                     (12)      

Obviously, Eq. (12) can be written as 

yyyyy )1( 22 ′+−Ω=Ω+ &&& .                                         (13)     

Now the iteration scheme is (according to Eq. (8)) 

kkkkkkk yyyyy )1( 2
1

2
1 ′−−Ω=Ω+ ++ &&& .                                   (14)              

Equation (9) is rewritten as 

θcos)(00 Atyy == ,                                                 (15)      
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where tΩ=θ . For 0=k , the Eq. (14) becomes 

000
2

01
2

01 )1( yyyyy ′−−Ω=Ω+ &&& .                                           (16)   

Substituting the initial function Eq. (15) into the right hand side of Eq. (16) and expanding in 

a Cosine series, we obtain 

θθ 3coscos 311
2

01 aayy +=Ω+&& .                                         (17) 

where,   

3
3

2
0

2
1 4

1
),44(

4
AaA

A
a =Ω+−−= .                                  (18)        

To avoid secular terms in the solution, we have to remove θcos  from the right hand side of 

Eq. (17). Thus we have  

4
1

2
2

0

A+=Ω .                                                  (19)     

Then solving Eq. (17) and satisfying the initial condition Ay =)0(1 , we obtain 

θθ 3cos
8

cos
8

)(
2

0

3
2

0

3
1 Ω

−






Ω
+=

aa
Aty .                                (20) 

This is the first approximate solution of Eq. (12) and the related 1Ω  is to be determined. The 

value of 1Ω  will be obtained from the solution of  

111
2

12
2

12 )1( yyyyy ′−−Ω=Ω+ &&& .                                    (21)    

Substituting )(1 ty  from Eq. (20) into the right hand side of Eq. (21) and then expanding in a 

truncated Cosine series, we obtain  

∑
=

− −=Ω+
4

1
122

2
12 )12cos(

r
r rbyy θ&& .                                  (22)  

where,  

})4(38493113646086144{
)4(3072

)932( 2
1

22642
32

2

1 Ω+−+++
+

+−= AAAA
A

AA
b
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})4(64223229679369216{
)4(512

)932( 2
1

22642
32

23

3 Ω+−+++
+
+= AAAA

A

AA
b  

                

}27919283328{
)4(1536

42
32

5

5 AA
A

A
b ++

+
−=

 

                

)932(
)4(6144

13 2
32

7

7 A
A

A
b +

+
=                                                                              (23)                

Again avoiding secular terms in the solution of Eq. (22), we obtain 

22

642
2
1 )4(384

)93113646086144(

A

AAA

+
+++=Ω .                                  (24)  

Then solving Eq. (22) and satisfying initial condition, we obtain the second approximate 

solution, 

( ) 




 ++

Ω
−










 ++

Ω
+= θθθθ 7cos

48
5cos

24
3cos

8

1
cos

48248

1 753
2

1

753
2

1

2

bbbbbb
Aty .      (25) 

This is the second approximate solution of Eq. (12). 

The third approximation 3y  and the value of 2Ω  will be obtained from the solution of 

222
2

23
2

23 )1( yyyyy ′−−Ω=Ω+ &&& .                                   (26)    

After substituting the second approximate solution )(2 ty  of Eq. (12) from Eq. (25) into the 

right hand side of Eq. (26) and avoiding secular terms in the solution, we obtain  

)}84249

129481675182081946419218874368()931508

91522457624576/{()}2348810240209994898740660

73400320911438173363883206438407844395631142163

645120311569262146412350424912071637932

13504844027223700638931210072745227206409791774

15133442884018883505216213141799399046791427941

718473635603676640487049291349761484340697(768{

6

642286

4226

2422

2018

161412

1086

422
2

A

AAAAA

AAA

AA

AA

AAA

AAA

AA

+

+++++

+++

++

++

+++

+++

++=Ω

  (27) 
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In a similar way the method can be proceeded higher order approximations and 0Ω , 1Ω , 

2Ω , … respectively obtained by Eqs. (19), (24), (27), … represent the approximation of 

frequencies of oscillator (11). However due to growing algebraic complexity, most of the 

approximate techniques are applied to second or third approximations.  

 IV. Results and Discussions

An iteration method is developed based on Mickens [16] iteration method to solve a class of 

nonlinear jerk equations. In this section, we express the accuracy of the modified approach 

of iteration method by comparing with the existing results from different methods and with 

the exact results of the nonlinear jerk equations. To show the accuracy, we have calculated 

the percentage errors (denoted by Er(%)) by the definitions eie TTT /)(100 − , where 

L,2,1,0;/2 =Ω= iT ii π  represents the approximate periods obtained by the present 

method and eT  represents the corresponding exact period of the oscillator.      

Now we demonstrate the comparison of results for the oscillator.                         

i.e., For the Jerk function containing displacement time’s velocity time’s acceleration, and 

velocity  xxxx &&&& − . 

Recently, Gottlieb [8], Ma et al. [15], Ramos [21] and Leung & Guo [13] has found 

approximate solutions, frequencies and as well as approximate periods of nonlinear jerk 

oscillator (given by Eq. (11)) by different methods other than Iteration method.  

We have used a modified iteration procedure to obtaining approximate solutions of the 

oscillator. The procedure is very simple. It has been shown that, in most of the cases our 

solution gives significantly better result than other existing results and sometimes it is 

almost similar to other existing results.   

Herein we have calculated the first second and third approximate frequencies which are 

denoted by 1Ω , 2Ω  and 3Ω  respectively and corresponding periods are 1T , 2T  and 3T .  All 

the results are given in Table 5.a and Table 5.b, to compare the approximate frequencies we 

have also given the existing results determined separately by Gottlieb [8], Ma et al. [15], 

Ramos [21] and Leung & Guo [13] respectively. 
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Table 5.a  

Comparison of the approximate periods with exact periods eT  [8] of xxxxx &&&&&&& =+  : 

A  eT  
Modified 0T  

Er(%) 

Modified 1T  

Er(%) 

Modified 2T  

Er(%) 

0.1 6.275347 6.275346 

1.56 e
-5 

6.275347 

2.65 e
-6 

6.275347 

2.60 e
-6 

0.2 6.252016 6.252003 

2.07 e
-4

 
6.252016

 
3.35 e

-6
 

6.252016
 

1.42 e
-7 

0.5 6.096061 6.095585 

7.8 e
-3 

6.096018 

7.0 e
-4 

6.096060 

2.1 e
-5 

1 5.626007 5.619852
 

1.09 e
-1 

5.624306
 

3.0 e
-2 

5.625880
 

2.3 e
-3 

2 4.491214 4.442883 4.463270 4.484913 

1.08
 

6.2 e
-1 1.4 e

-
1

 

0T  , 1T and 2T  respectively denote initial, first and second modified approximate periods. Er(%) denotes 

percentage error.  

Table 5.b  

Comparison of the approximate periods obtained by our method and other existing result 

with exact periods eT  [8] of xxxxx &&&&&&& =+  : 

A  eT  

Modified 2T  

 
Er(%) 

Gottlieb 2GT   

(2004) [8] 

Er(%) 

Ma et al. 2MT  

(2008) [15]  

Er(%) 

Ramos 2RT  

(2010) [21]  

Er(%) 

Leung-Guo 2GLT   

(2011) [13] 

Er(%) 

0.1 6.275347 6.275347 

2.60 e
-6 

6.275346 

1.3 e
-5 

6.275347 

2.5 e
-6 

6.275347 

9.0 e
-8

 

6.275347 

2.6 e
-6

 

0.2 6.252016 6.252016
 

1.42 e
-7 

 

6.252003 

2.11 e
-4

 6.252016 

1.6 e
-7

 

6.252016 

6.4 e
-6 

6.252016 

1.6 e
-7 

0.5 6.096061 6.096060 

2.1 e
-5 

 

6.095585 

7.8 e
-3

 

6.096059 

3.21 e
-5

 

6.096025 

6.06 e
-4 

6.096061 

8.2 e
-6 

1 5.626007 5.625880
 

2.3 e
-3 

 

5.619852 

1.09 e
-1 

 

5.625795 

3.8 e
-3

 

5.624539 

2.6 e
-2 

5.625993 

2.5 e
-4 

2 4.491214 4.484913
 

1.4 e
-1 

4.442883 

1.08 
 

4.482081 

2.03
 

4.466144 

5.6 e
-1 

4.490125 

2.4 e
-2

 

 
2T  denotes second modified approximate periods; 2GT , 2MT , 2RT and 2GLT  respectively denote second 

approximate periods obtained by  Gottlieb, Ma et al., Ramos and Leung-Guo. Er(%) denotes percentage error.  
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 Abstract-

 

In [4], the definition of product summability method (𝑫𝑫,𝒌𝒌)(𝑪𝑪, 𝒍𝒍)

 

for functions was given and some of its 
properties were investigated. In [2], (𝑫𝑫,𝒌𝒌)(𝑪𝑪,𝜶𝜶,𝜷𝜷)

 

(k > 0,

 

α

 

> 0, β

 

> −1) summability for functions are defined and 
some of its properties were investigated. In [1], the Ces𝒂̇𝒂ro means and Ces𝒂̇𝒂ro summability were discussed for 
sequences. In this paper, we study some results of Ces𝒂̇𝒂ro mean of product summability (𝑫𝑫,𝒌𝒌)(𝑪𝑪,𝜶𝜶,𝜷𝜷)

 

(k > 0,

 

α

 

> 0, β

 
> −1) of  partial  differential equations of sequences.

 I.

 

Introduction

 Kuttner [1], introduced the summability method for functions and investigated 
some of its properties. Pathak [4], defined the product summability method for functions 
and investigated some of its properties. Mishra and Srivastava [3],

 

introduced the 
summability method for functions by generalizing summability method. Mishra and 
Mishra [2], introduced the summability method for functions and investigated some of its 

properties.

 

In this

 

paper,

 

we study some results of Ces𝑎̇𝑎ro mean of product summability 

(𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽)
 

(k > 0,α > 0, β > −1)
  

of partial differential equations of sequences.

 II.

 

Some relations and Definitions

 Let )(xf be any function which is Lebesgue-measurable, and that f : [0, + )∞ ,R→
 and integrable in (0, x ), for any finite x

 

and which is bounded in some right hand 

neighbourhood of origin. Integrals of the form ∫
∞

0
 

are throughout to be taken as ∫
∞→

x

x 0
lim , 

∫
x

0

being a Lebesgue integral. For any n>o, we write 𝑎𝑎𝑛𝑛(𝑥𝑥)

  

for the 𝑛𝑛𝑡𝑡ℎ

 

integral,

 
𝑎𝑎𝑛𝑛(𝑥𝑥)

 

= 1
Γ(𝑛𝑛)

 

∫ (𝑥𝑥 − 𝑦𝑦)𝑛𝑛−1

 

𝑎𝑎(𝑦𝑦)𝑑𝑑𝑑𝑑

 

𝑥𝑥
0 ,

 
𝒂𝒂_(𝟎𝟎

 

)

 

(𝒙𝒙) =

 

𝒂𝒂(𝒙𝒙)

 
The ),,( βαC transform of 𝑎𝑎

 

(𝑡𝑡), which we denote by )(, tβα∂

 

is given by

 𝑎𝑎(𝑡𝑡)
  

)0( =α
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 dyyauut
t

x

)()(1
)1()(
)1(

0

1 βα
βαβα

βα
∫ −

+ −
+ΓΓ
++Γ

,  )1,0( −>> βα ,             (2.1) 

If, for t > 0, the integral defining )(, tβα∂  exists and if )(, tβα∂ → 𝑠𝑠 as 𝑡𝑡 → ∞ , we 

say that a (x) is summable ),,( βαC  to s, and we write 𝒂𝒂(𝒙𝒙) → s (C, α, β) . We write  

 

dxxa
tx

xkttgtg k

k
k )(

)(
)()(

0
1

1
)( ∫

∞

+

−

+
==

 , (k > 0)   (2.2)
 

if this exists,
 

We also write

dxx
tx

xkttU k

k

k )(
)(

)(
0

,1

1

,, ∫
∞

+

−

∂
+

= βαβα , (2.3) if this exists. 

With the usual terminology, we say that the sequence 𝑎𝑎𝑛𝑛
 
is summable,

 
(I)

 
( D, k) to the sum s, if g (t) tends to a limit s as t→ ∞

 
,
 

(II)
 
(D, k) (C,𝛼𝛼,𝛽𝛽)

 
to s, if 𝑈𝑈𝑘𝑘 ,𝛼𝛼 ,𝛽𝛽(𝑡𝑡)  tends to s as t→ ∞. When𝛽𝛽 = 0

 
,(𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽)

 and (𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼)
 
denote the same method. The case 𝛽𝛽 = 0

 
is due to Pathak[5]

 
. 

We know that for any fixed t >
 
0, k >

 
0, it is necessary and sufficient for the 

convergence of (2.3) that  ∫
𝜕𝜕𝛼𝛼 ,𝛽𝛽 (𝑥𝑥)
𝑥𝑥2

∞
1   

𝑑𝑑𝑑𝑑  should converge.
 
(2.4)

 
If (2.4) converges, write for x >

 
0, 𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = ∫

𝜕𝜕𝛼𝛼 ,𝛽𝛽 (𝑡𝑡)
𝑡𝑡2
  

𝑑𝑑𝑑𝑑∞
𝑥𝑥

 
.

 

We note that 𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = 𝑜𝑜(1)  as x→ ∞ . Further, (since f(x) is bounded in some 

right hand neighbourhood of the origin) we have, 

𝐹𝐹𝛼𝛼 ,𝛽𝛽(𝑥𝑥) = 𝑜𝑜 �1
𝑥𝑥
� as x→ 0 + . 

iii.  Main Results 

In this section, we have following theorems for sequences analogous to [2]. 
Theorem 3.1 : If 𝛼𝛼 >  𝛾𝛾 ≥ 1, 𝑘𝑘 > 0  then 𝑎𝑎 (𝑥𝑥) → 𝑠𝑠 (𝐷𝐷,𝑘𝑘)(𝐶𝐶,𝛼𝛼 − 1,𝛽𝛽) ,whenever 𝑎𝑎(𝑥𝑥) →
𝑠𝑠(𝐷𝐷,𝑘𝑘)(𝐶𝐶, 𝛾𝛾 − 1,𝛽𝛽) . 
Theorem 3.2 : Let 𝛼𝛼 >  𝛾𝛾 ≥ 0, 𝛽𝛽 > −1  , and suppose that a(x) is summable (𝐶𝐶, 𝛾𝛾,𝛽𝛽) to s 

and that ∫
𝜕𝜕𝛾𝛾 ,𝛽𝛽 (𝑥𝑥)
𝑥𝑥2

∞
1   𝑑𝑑𝑑𝑑  converges . Then a(x) is summable (𝐷𝐷, 𝑘𝑘)(𝐶𝐶,𝛼𝛼,𝛽𝛽) to s. 
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The Errors in the Fields Medals, 1982 to S. T. 
Yau and 1990 to E. Witten 

C. Y. Lo  

  
 

Abstract-

 

Due to inadequate understanding in physics, mathematicians have made misleading erroneous claims in 
general relativity that result in awarding three times the Fields Medal in 1982 to S. T. Yau, and 1990 to E. Witten, and the 
2011 Shaw Prize to D. Christodoulou. It is pointed out that they failed to discover that there are no bounded dynamic 
solutions for the Einstein equation as Gullstrand suspected. Thus, the existence of bounded dynamic solutions was 
implicitly, but incorrectly assumed. This error currently prevents the necessary rectification of general relativity that leads 
to the unification of gravitation and electromagnetism. Also, similar errors have been made by D. Hilbert and M. Atiyah.

 Keywords:

 

stable solution; dynamic solution.  

 I.

 

Introduction

 

 

In mathematics, it is commonly known that an assertion can be either right 
or wrong.

 

However, in logic, there is actually a third case that the conditions

 

in a theorem 
are

 

valid

 

in mathematics but some implicit assumption is not generally valid. Thus, the 
theorem is not simply right or wrong, but misleading. In fact, such an error can be made 
by top mathematicians such as M. Atiyah

 

1) and consequently such misleading errors in 
mathematics were cited as a main reason to award the 1982 and the 1990 Fields Medal to 
Yau and Witten

 

2)

 

and to award the 2011 Shaw Prize in mathematics to Christodoulou.
 

3)

 To this end, the Positive Energy Theorem of Yau and Schoen [1, 2] for general relativity 
is an example. Briefly, the positive mass conjecture says that if a three-dimensional 
manifold has positive scalar curvature and is asymptotically flat, then the mass in the 
asymptotic expansion of the metric is positive (Wikipedia). As in the space-time 
singularity theorems, the unique coupling signs are also implicitly used in the positive 
energy theorem of Schoen and Yau [1, 2]. A crucial assumption in the theorem of Schoen 
and Yau is that the solution is asymptotically flat. To be more specific, they [1] requires 
the metric, 

 
 

gij

 

= δij

 

+ O(r

 

-1).

       

(1)

 
The motivation of (1) is clearly the linearized equation of Einstein (see eq. (C3) in 

Appendix C). Moreover, such an assumption can be considered as common in physics 
since this condition is satisfied in stable solutions such as the Schwarzschild solution,

 

the 
harmonic solution, the Kerr solution, etc. 4)

  
Thus, it could be “natural”

 

to assert (as in Wikipedia) that their

 

proof of the 

positive energy theorem in general relativity

 

demonstrated—sixty years after its 

© 2013   Global Journals Inc.  (US)
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discovery—that Einstein's theory is consistent and stable. However, if one understands the 
physics in general relativity as well as Gullstrand, the Chairman (1922-1929) of the Nobel 
Prize Committee for Physics does, the above statement is clearly incorrect [3-5]. Note that 
the condition of asymptotically flat does not necessarily imply the inclusion of a dynamic 
solution. Apparently, Schoen and Yau assumed it did because they failed to see that, for a 
dynamic case the linearized equation and the non-linear Einstein equation are not 
compatible [6].  

 However, it has been proven that the Einstein equation has no dynamic solution, 
which is bounded [3-5]. Thus, the assumption of asymptotically flat implies the exclusion 
of the most important class of solutions, the dynamic solutions. However, the notion of a 
dynamic solution was not critical to mathematicians Schoen and Yau. So, they have not 
considered such a problem in their theorem. Therefore, they actually prove a trivial result 
that the total mass of a static (or stable) solution is positive. In other words, the 
conclusions drawn from the positive theorem are grossly misleading. This illustrates that 
an inadequate understanding in physics can lead to beautiful, but actually completely 
invalid statements in physics. 

 The problem rises from the Einstein equation that does not have a bounded 
dynamic solution as Gullstrand suspected [7]. Thus, Yau and Schoen used an implicit 
assumption, the existence of bounded dynamic solutions, which is actually false but was 
not stated in their theorem. Similarly, Witten is also essentially a mathematician because 
his major concern is self-consistency instead of agreement with observation. Thus he also 
overlooked the problem of the dynamic solutions. Moreover, Atiyah, being a pure 
mathematician, was not aware of the problem of non-existence of bounded dynamic 
solutions. Thus, one should not be surprised that such an error was made twice over eight 
years (1982-1990) by the Fields medal. Note that the proof for the nonexistence of a 
bounded dynamic solution was published in 2000 [4].5) 

It should be noted that D. Hilbert also made a mistake on approving Einstein’s 
calculation of the perihelion of Mercury because he was not aware that this calculation 
requires a bounded solution of the many-body problem [7]. However, Hilbert was lucky 

because he understood that the related Einstein’s calculation is not valid, but Atiyah was 

not as lucky. Nevertheless, because of Atiyah’s reputation as an outstanding 
mathematician, some journals such as Nature would not dare to criticize him.  

In fact theorists such as Yau [1], Christodoulou [8], Wald, and Penrose & Hawking 
[9] make essentially the same error of defining a set of solutions that actually includes no 
dynamic solutions [10-13]. The fatal error is that they neglected to find explicit examples 
to support their claims. Had they tried, they should have discovered their errors. 
Moreover, the same error [5] was cited in awarding to Christodoulou the 2011 Shaw 
Prize.3), 6) Subsequently, Christodoulou was elected to the Member of U.S. National 
Academy of Sciences (2012). It would be interesting to see how this special case would 
end up. The problem of Christodoulou represents an accumulation of long standing errors 
committed by the top mathematicians and physicists. 

The non-existence of a bounded dynamic solution for the Einstein equation was not 
recognized because they did not try to obtain such a solution. Thus the need of modifying 
the Einstein equation with an additional gravitational energy-stress tensor with the anti-
gravitational coupling as the source was overlooked [3]. Then, the energy-mass formula E 
= mc2 was still incorrectly considered as unconditionally valid [12]. Consequently, the 
charge-mass interaction was not only overlooked, but also explicitly denied by Einstein 
and his colleagues. Hence, the need of unification between gravitation and 

The Errors in the Fields Medals, 1982 to S. T. Yau and 1990 to E. Witten
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electromagnetism is missed [14]. Thus, the positive mass theorem is actually an obstacle 
for the progress in physics. 

An urgent problem is that Misner, Thorne. & Wheeler [15] used the errors of Yau 
[1] and Witten [2] to strengthen their incorrect claim on the existence of bounded 

dynamic solutions. For instance, they incorrectly claim that for their eq. (35. 31), L’’ + 

(β’)2L = 0, there are dynamic solutions without a proof (see Appendix A). If such an 
error was overlooked, one could easily fall into agreeing with the other errors [16].  

     After P. Morrison passed away, general relativity at MIT is dominated by the 
Wheeler School whose errors are in the open courses Phys 8.033 and Phys 8.962. 
Although E. Bertschinger and Scott A. Hughes studied the linearized equation of the 
Einstein equation, they failed to understand that for the dynamic case, the non-linear 
Einstein equation and its linearized equation do not have any compatible solutions [3-6]. 
Apparently, they failed to see that this process of linearization is not valid in 
mathematics [6]. Moreover, Max Tegmark even failed to tell the different between 
mathematics and physics [16]. Thus, in the Physics Department of MIT, currently nobody 
understands the basic essence of general relativity, and has up-to-dated knowledge.  

      Moreover, MIT is not the only victim among universities because of the 
influences of the Wheeler School [5, 14]. Thus, it is necessary to point out their errors 
with a paper,

 
7) such that it is clearly understood that Fields Medals, 1982 to S. T. Yau 

and 1990 to E. Witten
 
8) were misleading. Different from a mathematician, a physicist 

usually understands the problem of dynamics and the principle of causality [3, 4]. 
 Currently, mathematicians are often being considered in terms of a hierarchy 

system.9) However, such a practice would result in errors in mathematics not being 
corrected. This article attempts to break such a practice by showing that the current top 
mathematicians can also make an elementary mistake just as Hilbert did because of 
inadequate consideration in physics (see also Appendices A, B, C). 
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Appendix A: Invalidity of Linearization for the Dynamic case & the Principle of Causality
 

The earliest reference of the definite non-existence of dynamics solution for the 
Einstein equation is probably the 1953 thesis of J. E. Hogarth [13], who conjectured that, 
for an exact solution of the two-particle problem, the energy-momentum tensor did not 
vanish in the surrounding space and would represent the energy of gravitational 
radiation.

 
In 1995 and subsequently, it is proven that this is indeed the case [3].

 

Historically, Einstein and Rosen were the first that questioned the existence of a 
wave solution [17] because they found a singularity in such a solution. However, the 
Physical Review shows that such a singularity is removable, and thus claimed a wave 
solution does exist because they failed to see that a wave solution (or a dynamic solution) 
must be bounded in amplitude according to the principle of causality [9]. Thus, it is clear 
that this boundedness is needed for a dynamic solution.
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A1. Errors of Misner, Thorne, & Wheeler 

An example is that Misner et al. [15] claimed that there is a bounded wave solution 
of the form,  

 ( )222222222 dzedyeLdxdtcds ββ −+−−=    (A1) 

where L = L(u), β
 
=
 
β
 
(u), u = ct –

 
x,

 
and c

 
is the light speed. Then, the Einstein 

equation Gμν
 
= 0 becomes

 

 

22

2 0d L dL
dudu
β + = 

     
(A2)

 

They

 

claimed that Eq. (A2) has a bounded solution, compatible with a 
linearization of metric (A1). It has been

 

shown with mathematics at the undergraduate 
level

 

that Misner et al. are incorrect [12, 16] and Eq. (A2) does not have a physical 

solution that satisfies Einstein’s requirement on weak gravity.

  
Misner et al. [15] claimed that Eq. (A2) has a bounded solution, compatible with a 

linearization of metric (A1). Such a claim is in conflict with the non-existence of dynamic 
solutions [3, 4]. They further claimed,

 “The linearized version of L’’

 

= 0 since (β’)2

 

is a second–order quantity.

 Therefore the solution corresponding to linearized theory is 

                      L = 1,    β(u)   arbitrary but small.

  

(A3)

 The corresponding metric is 

 
 

                 ds2

 

= (1 + 2β)dx2 + (1 -

 

2β)dy2

 

+ dz2

 

-  dt2, 

 

β = β(t-z).”

  

(A4)

 
However, these claims are actually incorrect. In fact,

 

L(u) is unbounded even for a 

very small β

 

(u).

 

It should be noted that their book [15]

 

includes also factual errors, in 
addition to a misrepresentation of Einstein [16].

 
Linearization of (A2) yields L’’

 

= 0, and in turn this leads to β’

 

(u) = 0. Thus, this 
leads to a solution L = C1u + C2

 

where C1

 

& C2

 

are constants. Therefore, the requirement 

L ≈

 

1

 

implies C1 = 0. However, β’

 

(u) = 0  implies β

 

(u)=constant, i.e. no waves. Thus, 
metric (6) is not derived, but only claimed. 

 
To prove

 

Eq. (A2) having no wave solution, it is sufficient to consider the case of 
weak gravity. According to Einstein, for weak gravity of metric (A1), one would have

 

 

2 2 1L e β ≅         and        2 2 1L e β− ≅

   

(A5a)

 It follows that

 
 

4 1L ≅ ,        2 1e β± ≅         and       )()( uuL β>>

   

(A5b)
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Since L(u) is bounded, L’(u) cannot be a monotonic function of u, unless L’−> 0. 
Thus, there is an interval of u such that the average,

''L = 0 (A6)
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On the other hand, the average of the second term of equation (A2) is always 
larger than zero unless ( ) 0uβ′ =

 

in the whole interval of u. 

 

Also, from eq. (A2), one would obtain L (≅

 

1)

 

>

 

0, and one has 0 >

 

L’’(u) if β’(u) 

≠

 

0.

 

Thus, –

 

L’(u)

 

is a monotonic increasing function in any finite interval of u since 

β’(u) = 0

 

means L’’

 

= 0, i.e., no wave. In turn, since β’(u) is a “wave factor”,

 

this implies 
that L(u)

 

is an unbounded function of u.

 

Therefore, this would contradict the 
requirement that L is bounded. In other words, eq. (A2) does not have a bounded wave 

solution. Moreover, the second order term L’’

 

would give a very large term to L, after 
integration. 

 

Now, let us investigate the errors of Misner et al. [15; p. 958]. Their assumption is 

that the signal β(u)

 

has duration of 2T. For simplicity, it is assumed that definitely |β’(u)|

 

= δ

 

in the period 2T. Before the arrival of the signal at u = x, one has

  

 

( ) 1L u = ,        and        ( ) 0uβ =

   

(A7)

 

If the assumption of weak gravity is compatible with Eq. (A2), one would have 

L(u) ≅

 

1. It thus follows one has

 

( ) 20 '
u

x
L u dyβ′ = − ∫ ∫ −=−≈

u

x
xudy )(22 δδ

 

for  2x T u x+ > > ,

 

  

or    2 2Tδ≈ −                     for  2u x T> +

    

(A8)

 

Hence

   









−
−=−−≈

+=

∫
∫

u

x

u

x

xudyxy

dyLuL

2
)(1)(1

'1)(

22
2 δδ

 

for  2x T u x+ > >

 or    








−−−=

−−−≈ ∫ ∫
+

+

)(21

2)(1

2

2

2

22

xTuT

dyTdyxy
Tx

x

u

Tx

δ

δδ
  

 

for   2u x T> +

   

(A9)

 

Thus, independent of the smallness of 2δ

 

2T

 

(or details of |β’(u)|2), L

 

could be 
approximately zero and violates the condition for weak gravity. Thus, eq. (A2) has no 
weak wave solution. Moreover, |L(u)| is not bounded since it would become very large 

as u increases. Thus, restriction of 2δ

 

2T

 

being small [15] does not help.

  

Thus, one

 

can get a no wave solution through linearization of Eq. (A2), which has 
no bounded solution. The assumption of metric form (A1) is bounded [15], and has a weak 
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form (A4), is not valid. Thus, there is no bounded wave solution for the non-linear 
Einstein equation, which violates the principle of causality.

The root of their errors was that they incorrectly assumed that a linearization of 
the Einstein non-linear equation would produce a valid approximation. Thus, they 
implicitly and incorrectly assume the existence of a bounded wave solution without the 
necessary verification, and thus obtain incorrect conclusions. 



 

 

 

On the other hand, from the linearization of the Einstein equation (Maxwell-
Newton approximation) in vacuum, Einstein [18] obtained a solution independently as 
follows:

 

222222 )21()21( dzdydxdtcds φφ −−+−−=

  

(A10)

 

where φ

 

is a bounded function of u (= ct –

 

x). Note that metric (A10) is the 

linearization of metric (A1) if φ

 

= β

 

(u). Thus, the problem of waves illustrates that the 
linearization may not be valid for the dynamic case when gravitational waves are involved 
since eq. (A2) does not have a weak wave solution.

   

The error of Misner et al. is clearly due to the combination of a blind faith on the 
Einstein equation and inadequacy in mathematics at the undergraduate level. Such a 
blind faith is often shown in the literature. 

 

A2. Errors of Wald 

 

According to Einstein [19], in general relativity weak sources would produce a weak 
field, i.e., 

 

gμν

 

= ημν

 

+ γμν,  where   ǀγμνǀ

 

<< 1

     

(A11)

 

and ημν

 

is the flat metric when there is no source. However, this is true only if the 
equation is valid in physics. Many theorists failed to see this because they failed to see the 
difference between physics and mathematics clearly [14]. When the Einstein equation has 
a weak solution, an approximate weak solution can be derived through the approach of 
the field equation being linearized. However, the non-linear equation may not have a 
bounded solution. The linearized Einstein equation with the linearized harmonic gauge 

0=∂ µν
µ γ is

 

    µνµνα
α κγ T=∂∂

2
1

  

where  γηγγ µνµνµν 2
1

−=

 

and  αβ
αβ γηγ =

  

(A12)

 

 

Note that we have

 

Gμν

 

= Gμν
(1)

 

+ Gμν
(2)  and  αβ

βα
µνµαν

α
ναµ

α
µνα

α
µν γηγγγ ∂∂+∂∂−∂∂−∂∂=

2
1

2
1)1(G

  

(A13)

 

The linearized vacuum Einstein equation means

 

0][ )1()1( =αβµν γG

     

(A14)

 

Thus, as pointed out by Wald [9], in order to maintain a solution of the vacuum Einstein 

equation to second order we must correct γ(1)
μν

 

by adding to it the term γ(2)
μν

 

, where γ(2)
μν

 

satisfies

 

[ ] 0][ )2()2()1( =+ αβµναβµν γγ GG ,

   

where   γμν = γ(1)
μν

 

+ γ(2)
μν

   

(A15)
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which is the correct form of eq. (4.4.52) in Wald’s book. (In Wald’s book, he did 

not distinguish γμν from γ(1)
μν) This equation does have a solution for the static case. 

However, detailed calculation shows that this equation does not have a solution for the 
dynamic case [3, 14]. The fact that there is no bounded solution for eq. (A15) a dynamic 
case means also that the Einstein equation does not have a dynamic solution.
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For instance, a

 

well-known example is the metric

 

of

 

Bondi, Pirani, & Robinson

 

[20] 
as follows:

 

 

( )
( )

( )
2 2

2 2 2 2 2 2 2

cosh 2

sinh 2 cos 2

2 sinh 2 sin 2

d d

ds e d d u d d

d d

ϕ

β η ς

τ ξ β θ η ς

β θ η ς

 + 
 

= − − + − 
 
− 

 

   

(A16a)

 
where φ , β

 

and θ

 

are functions of u

 

( τ ξ= − ).  It satisfies the equation (i.e., their 

Eq. [2.8]),

 

 

( )2 2 22 sinh 2uφ β θ β′ ′ ′= + .

   

(A16b)

 

Eq.

 

(A16b) implies φ

 

cannot be a periodic function. The metric is irreducibly 

unbounded because of the factor u

 

2. Both eq. (A2) and eq. (A16b) are special cases of Gμν

 

= 0. However, linearization of (A16b) does not make sense since variable u

 

is not 

bounded. Thus, they incorrectly claim Einstein’s notion of weak gravity invalid because 
they do not understand the principle of causality adequately.

 
 

Moreover, when gravity is absent, it is necessary to reduce (A16a) to

 

 

( ) ( )2 2 2 2 2 2ds d d u d dτ ξ η ζ= − − −

   

(A16c)

 

because 02sin2sinh === θβφ . However, this metric is not equivalent to the flat metric, and 

thus violates the principle of causality. Also it is impossible to adjust metric (A16a) to 
become equivalent to the flat metric.

 

This challenges the view that both Einstein’s notion of weak gravity and his 
covariance principle are valid. These conflicting views are supported respectively by the 

editorials of the “Royal Society Proceedings A”

 

and the “Physical Review D”; thus there 

is no general consensus. As the Royal Society correctly pointed out

 

[21], Einstein’s notion 

of weak gravity is inconsistent with his covariance principle. In fact, Einstein’s covariance 
principle has been proven invalid by

 

counter examples [22, 23].

 

Due to confusion between mathematics and physics, Wald [9] made errors in 
mathematics at the undergraduate level. Wald did not see that the Einstein equation can 
fail the principle of causality.

 

The principle of causality requires the existence of a 
dynamic solution, but Wald did not see that the Einstein equation can fail this 
requirement.

 

Thus, his theory does not include the dynamic solutions [3-5].

 

A3. The Principle of Causality
There are other

 

theorists who also ignore the principle of causality. For example, 
another “plane wave”, which is intrinsically non-physical, is the metric accepted by 

Penrose [24] as follows:
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(A17)

However, there are arbitrary non-physical parameters (the choice of origin) that 
are unrelated to any physical causes. Being essentially only a mathematician, Penrose [24] 
naturally over-looked the principle of causality.
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2 2 – i ids du dv Hdu dx dx= + ,  where ( )ij i jH h u x x= and u ct z= − , v ct z= + .



 

      

 

Also, the plane wave solution of Liu & Zhou [25], which satisfies the harmonic 
gauge, is as follows:

 

ds2

 

= dt2

 

–

 

dx2

 

+ 2 F(dt -

 

dx)2 –

 

cosh 2ψ(e2φ

 

dy2

 

+ e–2φdz2 ) –

 

2sinh 2ψ

 

dy dz. 

  

(A18)

 

where φ

 

= φ(u) and ψ

 

= ψ(u). Moreover, F = FP

 

+ H, where

  

FP

 

= 
1

2
(

•
ψ 2 + 

•
φ 2

 

cosh22ψ) [cosh2ψ

 

(e2φ

 

y2

 

+ e-2φ

 

z2) +2sinh 2φ

 

yz], 

   

(A19)

 

and H satisfies the equation,

 

 

cosh 2ψ

 

(e-2φH,22

 

+ e2φ

 

H,

 

33) –

 

2sinh 2ψ

 

H,23

 

= 0.

   

(A20)

 

For

 

the weak fields one has 1 >> ׀φ׀ << 1 ,׀ψ׀,

 

but there is no weak approximation 
as claimed to be

 

ds2

 

= dt2

 

–

 

dx2

 

–

 

(1 + 2φ) dy2

 

–

 

(1 –

 

2φ)dz2 –

 

4ψdydz

  

                          

 

(A21)

 

because Fp

 

is not bounded unless 
•
φ

 

and 
•

ψ

 

are zero (i.e., no wave).

 

A4. Other Supporting Evidence and Conclusions 

 

  Moreover,

 

there is no bounded wave solution in the literature. The reason is later 
identified as the missing of a gravitational energy-momentum tensor with a coupling 
constant of different sign [3, 11]. An independent convincing evidence for the absence of a 
bounded

 

dynamic solution is, as shown by Hu, Zhang & Ting [26], that gravitational 
radiation calculated would depend on the approach used. This is also a manifestation that 
there is no bounded solution. A similar problem in approximation schemes such as post-
Newtonian approximation [8, 14, 27] is that their validity is also only assumed. 

 

The linearized equation for a dynamic case has

 

been illustrated as incompatible 
with the non-linear Einstein equation. Thus, Eq. (A2), Eq. (A16b), and Eq. (A19) serve as 
good simple examples that can be shown through explicit calculation that linearization of 
the Einstein equation is not valid. Also, metric (A17) suggests that the cause of having no 
physical solution would be due to inadequate source terms [3, 26, 28].

 

Appendix B:

 

The So-called Space-time Singularity Theorems and the Speculation of E = 
mc2

 

A surprising conclusion, from the investigation of the Einstein equation, is that the 
space-time singularity theorems of Penrose and Hawking are actually irrelevant to physics. 
This is so because their theorems have a common implicit assumption that all the 
couplings have the same sign. However, from the investigation of dynamic solutions, such 
an assumption is necessarily invalid in physics [3, 29] because it implies no dynamic 
solution. These theorems were accepted because Penrose won the arguments against a 
Russian scientist E. M. Lifshitz who claimed, with the same set of assumptions, that there 
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is no space-time singularity [30]. However, the problem is not the mathematics in the 
theorems, but the earlier historical errors in mathematics and physics. 
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As Pauli [31] pointed out, in principle general relativity can have different signs 
for their coupling constants. The fact that nobody questioned the assumption of unique 
sign for all coupling, is probably due to the unverified speculation of formula E = mc2

being generally true. This formula comes from special relativity, and the conversion of 
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µνµνµνµν κ )(
2
1 mTRgRG −=−≡ (B1a)

some mass to various combinations of energy is verified by the fission and fusion in 
nuclear physics. However, the conversion of a single type of energy to mass actually has 
never been verified [19], but this is currently proven as the invalid main speculation. 

Einstein and theorists have shown that the photons can be converted into mass 

thorough absorption [32]. This conversion is supported by the fact that the π0 meson can 
be decayed into two photons. Thus, it was claimed that the electromagnetic energy can 
be converted into mass because they failed to see that the photons must have non-
electromagnetic energy. When Einstein proposed the notion of photons, he had not 
conceived general relativity yet. Thus, understandably he neglected the gravitational 
component of light. However, after general relativity, a light ray consists of a 
gravitational component is natural because the electron has a mass. Besides, the 
electromagnetic energy-momentum tensor has a zero trace. In fact, Einstein failed to 
show the general validity of E = mc2 in spite of several years effort [33]. Experimentally, 

in contrast of Einstein’s claim, E = mc2 is not always valid because a piece of heated up 
metal has reduced weight [34]. 

  Physically the dynamic solution must exist for a rectified equation. A problem 
of the Einstein equation is that it does not include the gravitational energy-stress tensor 
of its gravitational waves in the source and thus the principle of causality is violated. 
Since a gravitational wave carried energy-momentum and the source of gravity is the 
energy-stress tensors, as Hogarth [13] pointed out, the presence of a non-zero energy-
momentum in the source is necessary for a gravitational wave. Thus, to fit the Hulse-
Taylor data of the binary pulsar, it is necessary [3] to modify the Einstein equation,

  

        

to 

[ ]µνµνµνµνµν κ )()(
2
1 gtmTRgRG −−=−≡

    

(B1b)

where t(g)μν is the energy-stress tensor for gravity. For radiation, the tensor t(g)μν
is equivalent to Einstein’s notion of the gravitational energy-stress. However, his notion is 
a pseudo-tensor and can become zero by choosing a suitable coordinate system, but the 
energy-momentum of a radiation cannot be zero [3].

Moreover, the geodesic equation is not the exact equation of motion for a particle 
because the radiation reaction force is not included. Moreover, the mass-charge 
interaction is only partially involved. Thus, general relativity is clearly not yet a complete 
theory [35].  

It is crucial to note that for the existence of a dynamic solution, the new tensor 
necessarily has a different sign for its coupling [3]. Thus, the implicit assumption of 
Penrose and Hawking is proven necessarily invalid. Note that the absence of a dynamic 
solution and the presence of space-time singularities are related to the same invalid 
assumption. It is the long standing bias and errors in mathematics that some theorists 
accepted one but rejected the other. Other victims are the positive mass theorem of Yau 
[1] and Witten [2] because they used the same invalid implicit assumption as Hawking 
and Penrose.
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Appendix C: The Necessity of the Maxwell-Newton Approximation
A problem in general relativity [3] is that, for a dynamic case, there is no bounded 

solution,         

gab (x, y, z, t) < constant, 

     

(C1)

for the Einstein equation, where gab is the space-time metric. In fact, eq. (C1) is also a 

necessary implicit assumption in Einstein's radiation formula [27] and the light bending 

[28]. One might argue that requirement (C1) violates the covariance principle. However, 
the covariant principle is proven invalid in physics [36]. Moreover, Einstein's notion of 

weak gravity [19] is also in agreement with the principle of causality. It will be shown 

that weak gravity is also compatible with Einstein’s equivalence principle. 
The question of dynamic solutions was raised by Gullstrand [37]. He challenged 

Einstein and also D. Hilbert who approved Einstein‘s calculations [7]. However, Hilbert 
did not participate in the subsequent defense and he would probably have seen the 
deficiency. Nevertheless, theorists such as Christodoulou & Klainerman [8], Misner et al. 
[15] and Wald [9] etc. failed to see this, and tried very hard to prove otherwise. 

The failure of producing a dynamic solution would cast a strong doubt to the 
validity of the linearized equation that produces many effects including the gravitational 
waves. In fact, for the case that the source is an electromagnetic plane wave, the 
linearized equation actually does not have a bounded solution [38]. 

Nevertheless, when the sources are massive, some of such results from the 
linearized equation have been verified by observation. Thus, there must be a way to 
justify the linearized equation, independently. To this end, Einstein's equivalence principle 

[29] is needed, although rejected by the 1993 Nobel Prize Committee for Physics implicitly 
[39]. As a result, it becomes even clearer that the non-existence of a bounded dynamic 
solution for massive sources is due to a violation of the principle of causality [12]. 

C1. Gravitational Waves and the Einstein Equation of 1915
Relativity requires the existence of gravitational waves because physical influence 

must be propagated with a finite speed [40]. To this end, let us consider the Einstein 

equation of 1915 [19], which is

µνµνµνµν κ )(
2
1 mTRgRG −=−≡ .                                          (C2)

Einstein believed that his equation satisfied this requirement since its linearized 
"approximation" gives a wave. 

The linearized equation with massive sources [19] is the Maxwell-Newton 

Approximation [3],

          
2
1

∂c∂ c γ ab = −κT(m)ab,                                (C3a)

where γ ab = γab – (1/2)η ab , γab = gab − ηab , γ = ηcd γcd , and ηab is the flat metric. Eq. 

(C3a) has a mathematical structure similar to that of Maxwell's equations. A solution of 
eq. (C3a) is

γ ab(xi,t) = −
π
κ
2

∫
1
R

Tab [yi, (t − R)] d3y,   where  R2 = ( )∑ −
=

3

1

2

i

ii yx (C3b)



 

 

 

  

 

 

   

   

 

     

   

    

          

 

       

 

  

  

            

    

   
 

The Errors in the Fields Medals, 1982 to S. T. Yau and 1990 to E. Witten

© 2013   Global Journals Inc.  (US)

  

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
  
 e

rs
io
n 

I
V

X
I

Ye
a r

  
2 0

13
  

 F
)

)

111

 

27
.
S
.  

W
ei

n
b
er

g,
 "

G
ra

v
it
at

io
n
 a

n
d
 C

os
m

ol
og

y
" 

(J
oh

n
 W

il
ey

, 
N

ew
 Y

or
k
, 

19
72

),
 p

p
. 

69
, 

25
1-

27
3.

Ref

    

   

Note that the Schwarzschild solution, after a gauge transformation, can also be 
approximated by (C3b). Solution (C3b) would represent a wave if Tab has a dynamical 

dependency on time t' (= t − R). Thus, the theoretical existence of gravitational waves 

seems to be assured as a certainty as believed [27, 31, 41]. 
However, for non-linear equations, the physical second order terms can be crucial 

for the mathematical existence of bounded solutions. For the Einstein equation, the 
Cauchy initial condition is restricted by four constraints since there is no second order 

time derivatives in Gat (a = x, y, z, t) [27]. This suggests that the Einstein equation (C2) 
and (C3) may not be compatible for a dynamic problem. Einstein discovered that his 

equation does not admit a propagating wave solution [42, 43]. Recently, it has been shown 

that the linearization procedure is not generally valid [3, 44]. Thus, it is necessary to 

justify wave solution (A18) independently since it is the basis of Einstein’s radiation 
formula.

C2. The Weak Gravity of Massive Matter and Einstein Equation of the 1995 Update 
For a massive source, the linear equation (C3), as a first order approximation, is 

supported by experiments [3, 27]. However, for the dynamic case, the Einstein equation is 
clearly invalid.

It will be shown that eq. (C3a) can be derived from Einstein’s equivalence 
principle. Based on this, the equation of motion for a neutral particle is the geodesic 
equation. In comparison with Newton's second law, one obtains that the Newtonian 
potential of gravity is approximately c2gtt/2. Then, in accord with the Poisson equation 
and special relativity, the most general equation for the first order approximation of gab is, 

         
1

2
∂c∂ c γab =  −

2
κ

[αT(m)ab + β

T (m)ηab],                    (C4a)

         

where

        

T (m) = ηcdT(m)cd ,  κ = 8πKc-2 ,   and    α + β  = 1, 

   

(C4b)

where α and β are constants since Newton's theory is not gauge invariant.

Then, according to Riemannian geometry [27], the exact equation would be

        
Rab + X(2)

ab =  −
2
κ

[αT(m)ab + β T(m)gab],   where  T(m) = gcdT(m)cd  (C5a)

and X(2)
ab is an unknown tensor of second order in K, if R ab consists of no net sum of first 

order other than the term (1/2) ∂c∂
cγ ab . This requires that the sum 

        −
1

2
∂ c[∂bγac + ∂a γbc ] +

1

2
∂a∂b γ , (C5b)

must be of second order. To this end, let us consider eq. (C4a), and obtain

       
1

2
∂c∂ c(∂ aγab) = −

2
κ

[α∂ aT(m)ab + β∂b

T (m)] .        (C6a)
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From ∇cT(m)cb = 0, it is clear that K ∂cT(m)cb is of second order but K∂b


T (m) is 

not. However, one may obtain a second order term by a suitable linear combination of 

∇cγcb and ∂bγ. From (A6a), one has 

        1

2
∂c∂ c(∂ aγab + C ∂bγ) = −

2
κ

[α∂ aT(m)ab + (β + 4Cβ + Cα)∂b

T (m)] .      

  

(C6b)

Thus, the harmonic coordinates (i.e., ∂ aγab − ∂bγ/2 ≈ 0), can lead to 

inconsistency. It follows eqs. (C5b) and (C6b) that, for the other terms to be of second 

order, one must have C = -1/2, α = 2, and β = -1. 
Hence, eq. (C4a) becomes,

         
1

2
∂c∂ c γab = −κ[T(m)ab −

1

2


T (m) ηab ] . (C7)

which is equivalent to eq. (C3a), has been determined to be the field equation of massive 
matter. This derivation is independent of the exact form of equation (C5a). The implicit 

gauge condition is that the flat metric ηab is the asymptotic limit. Eq. (C7) is compatible 
with the equivalence principle as demonstrated by Einstein in his calculation of the 
bending of light. Thus, the derivation is self-consistent.

Einstein obtained the same values for α and β by considering eq. (C5a) after 
assuming X(2)

ab = 0. An advantage of the approach of considering eq. (C4) and eq. (C5b) 
is that the over simplification X(2)

ab = 0 is not needed. Then, it is possible to obtain from 
eq. (C5a) an equation different from (C2),

Gab ≡ Rab −
1

2
gabR = - κ [T(m)ab − Y(1)

ab ],          (C8)  

where

-κY(1)
ab = X(2)

ab -
1

2
g ab{ X(2)

cd gcd}.

          

  

             

The conservation law ∇cT(m)cb = 0 and ∇cGcb ≡ 0 implies also ∇aY(1)
ab = 0. If Y(1)

ab

is identified as the gravitational energy tensor of t(g)ab, Einstein equation of the 1995 

update [3] is reaffirmed. Note that eq. (C3a) is the first order approximation of eq. (C8) 

but may not be of (C2). Note, however, that in Einstein’s initial consideration, t(g)ab is a
pseudo-tensor. It has been shown that it must be a tensor [3].  

Endnotes:

1) Michael Francis Atiyah has been president of the Royal Society

2) Ludwig D. Faddeev, the Chairman of the Fields Medal Committee, wrote (“On the 

work of Edward Witten”):

(1990-1995), master of 
Trinity College, Cambridge (1990-1997), chancellor of the University of Leicester
(1995-2005), and President of the Royal Society of Edinburgh (2005-2008). Since 
1997, he has been an honorary professor at the University of Edinburgh (Wikipedia). 

“Now I turn to another beautiful result of Witten – proof of positivity of energy in 
Einstein’s theory of gravitation.

Hamiltonian approach to this theory proposed by Dirac in the beginning of the 
fifties and developed further by many people has led to the natural definition of energy. In 
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     this approach a metric γ and external curvature h on a space-like initial surface S(3)

embedded in space-time M(4) are used as parameters in the corresponding phase space. 

These data are not independent. They satisfy Gauss-Codazzi constraints – highly non-
linear PDE, The energy H in the asymptotically flat case is given as an integral of 

indefinite quadratic form of ∇ γ and h. Thus, it is not manifestly positive. The important 
statement that it is nevertheless positive may be proved only by taking into the account 

the constraints – a formidable problem solved by Yau and Schoen in the late seventy as 

Atiyah mentions, ‘leading in part to Yau’s Fields Medal at the Warsaw Congress’.
Witten proposed an alternative expression for energy in terms of solutions of a 

linear PDE with the coefficients expressed through γ and h …..”
3) The 2011 Shaw Prize also made a mistake by awarding a half prize to Christodoulou 

for his work, based on obscure errors, against the honorable Gullstrand [37] of the 
Nobel Committee. Although Christodoulou has misled many including the 1993 Nobel 
Committee [39], his errors are now well-established and they have been illustrated 
with mathematics at the undergraduate level [5]. Christodoulou claimed in his 
autobiography that his work is essentially based on two sources: 1) The claims of 
Christodoulou and Klainerman on general relativity as shown in their book The
Global Nonlinear Stability of the Minkowski Space [8]; 2) Roger Penrose had 
introduced, in 1965, the concept of a trapped surface and had proved that a space-
time containing such a surface cannot be complete [9]. However, this work of Penrose, 
which uses an implicit assumption of unique sign for all coupling constants, actually 
depends on the errors of Christodoulou and Klainerman [8]. However, such a relation 
was not clear until 1995 [3] (see Appendix B). 

4) These solutions have no gravitational radiation.

5) At MIT, only P. Morrison surely read the proof for the non-existence of a dynamic 
solution. Apparently, Yau probably did not read such a proof since his interest is no 
longer in general relativity since 1993 [8].

  
6) M. Atiyah was in the 2011 Selection Committee for the Shaw Prize in Mathematics 

Sciences.

7) MIT President Reif would be able to do little without our help to counter his 
incompetent subordinates [45], who disobey his directive of communication because of 
their out-dated knowledge [45, 46]. 

8) E. Witten is a leader of string theorists. Thus, his error in general relativity represents 
a common deficiency.

9) Thus, many journals just decline to consider a critical article as this since Atiyah is a 
well-known mathematician and was the President of the Royal Society (1990-1995). 
The intention is to avoid his mistake in physics becoming an embarrassment to the 
scientific community. Moreover, the schools also have an informal hierarchy system. 
For instance, MIT would decline to think Harvard University could be wrong. In spite 
of an eloquent speech of the MIT President Reif on basic research, so far no MIT 
professor has made a single move to correct the errors of Harvard professor S. T. Yau 
[1, 2]. 
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Let  ����  be  the  space   of  nxn  complex   matrices  of  order n. let  ��  be  

the space  of  all  complex  n  tuples. For A����� . Let  �̅, ��,		�∗, �� , �̅�, �
, 

R(A), N(A)  and  ρ���  denote   the conjugate, transpose, conjugate  transpose, 

secondary  transpose ,  conjugate  secondary  transpose, Moore Penrose  inverse  

range  space,  null  space  and  rank  of  A  respectively.  A solution X of the 

equation   AXA = A   is called generalized inverse of A and is denoted by  �� . If  

A  �  ����  then  the unique solution  of the  equations  A XA =A ,  XAX = X, 

����∗ = AX ,   ( )XA XA
∗ = [2] is  called  the  Moore-Penrose inverse  of  A  and  

is  denoted  by  �
 . A matrix A is called con-s-k-EPr if ( )A rρ =  and                  

N(A) = N(��VK) (or) R(A)=R(KV��). Throughout  this  paper  let “�" be  the  

fixed  product  of  disjoint  transposition  in  ��= { 1,2,….n} and  k be the  

associated  permutation  matrix .

 Let us define the function k (x)= ( ) ( ) ( )( )1 2
, ,...,

k k k n
x x x . A matrix A = (����	� ����  

is s-k-symmetric if ���= ���������,�������� for i, j = 1,2,…..n . A matrix   A �  ����

2
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is said to be Con-s-k-EP   if it satisfies the condition �� = 0 <=>  �! �	�"� = 0 or 

equivalently N(A) =N(��VK). In addition to that  A is  con-s-k-EP <=> #$�   is 

con-EP or AVK is  con-EP and A is con-s-k-EP<=> �� is con-s-k-EPr  moreover 

A is said  to be Con-s-k-EPr if  A is con-s-k-EP and of  rank r. For further 

properties of con-s-k-EP matrices one may refer [1]. 

 In Theorem (2.11) [1], it is shown that A  is con-s-k-EPr, if and only if †
A  is 

con-s-k-EPr. Thus the con-s-k-EPr property of complex matrices is preserved for its 

Moore-Penrose inverses.  However, all other generalized inverses of a con-s-k-EPr

matrix need not be con-s-k-EPr.  For instance, let 

1 1 1

1 1 1

1 1 1

A

 
 =  
  

 for k=(1,2)(3), the 

associated permutation matrix be  

0 1 0

1 0 0

0 0 1

K

 
 =  
  

 and 

0 0 1

0 1 0 .

1 0 0

V

 
 =  
  

  Here, A  is 

con-s-k-EP1.  But 

1 0 0

0 0 0

0 0 0

A−

 
 =  
  

 is a inverse of A  which is not con-s-k-EP1. 

 A generalized inverse {1,2}A A
=

∈  is shown to be con-s-k-EPr whenever A

is con-s-k-EPr under certain conditions in the following way.  

Theorem 2.1 

 Let }2,1{, AXCA nn ∈∈ ×   and  ,AX XA  are con-s-k-EPr matrices.  Then A  is 

con-s-k-EPr X⇔  is con-s-k-EPr. 

Proof 

 Since AX  and XA   are con-s-k-EPr, by Theorem (2.11) [1], we have 

( ) ( ( ) )
T

R AX R KV AX=  and  ( ( ) ) ( ).
T

R KV XA R XA=  Since {1,2}X A∈  we have 

, .AXA A XAX X= =
         

1
.
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Now,   

                                     

( ) ( )

( ( ) )

( )

( )

T

T T

T

R A R AX

R KV AX

R KVX A

R KVX

=
=
=

=

  

( ) ( )

( ( ) )

( )

( )

T T T

T

R KVA R KVA X

R KV XA

R XA

R X

=
=
=
=

      

Now,  A  is con-s-k-EPr ( ) ( )
T

R A R KVA⇔ =  and ( )A rρ =

( ) ( )
T

R KVX R X⇔ =  and ( ) ( )A X rρ ρ= = X⇔  is con-s-k-EPr.  

Remark 2.2 

 In the above Theorem, the conditions that both  AX  and XA  to be          

con-s-k-EPr are essential.  Let 

1 1 1

1 1 1

1 1 1

A

 
 =  
  

 for k=(1,2)(3), the associated 

permutation matrix  

0 1 0

1 0 0

0 0 1

K

 
 =  
  

 and 

0 0 1

0 1 0 .

1 0 0

V

 
 =  
  

  A  is con-s-k-EP1. 

1 0 0

0 0 0 {1,2}

0 0 0

X A A−

 
 = = ∈ 
  

   

1 0 0 1 1 1

1 0 0 ; 0 0 0

1 0 0 0 0 0

AX XA

   
   = =   
      

.  AX and XA

are not con-s-k-EP1.  Also X  is not con-s-k-EP1.        

Now, we show that generalized inverses belonging to the sets A{1,2,3} and 

A{1,2,4} of a con-s-k-EPr matrix A  is also con-s-k-EPr, under certain conditions in 

the following Theorems.   
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Theorem 2.3 

 Let , {1,2,3}, ( ) ( )T

n n
A C X A R X R A×∈ ∈ = . Then A  is con-s-k-EPr X⇔ is 

con-s-k-EPr . 

Proof 

 Since {1,2,3},X A∈  we have , , ( ) .
T

AXA A XAX X AX AX= = =    Therefore, 

( ) ( ) (( ) ) ( )
T T

R A R AX R AX R X= = =   

† †

† †

† †

† †

† †

† †

( ) ( ) ( )

( )

( )

( )( ) ( )

( ) (( ) )

( ) ( )

T T T

T T

T

T

T

R X R A XX A A

XX A A

XX A A

XX A A

KVXX VK KVA AVK

KVX KVX AVK AVK

R KVX R AVK

R KVX R KVA

= ⇒ =
⇒ =
⇒ =
⇒ =
⇒ =
⇒ =
⇒ =
⇒ =

     

A is con-s-k-EPr ( ) ( )
T

R A R KVA⇔ =  and ( )A rρ = ( ) ( )
T

R X R KVX⇔ =  and 

( ) ( )A X rρ ρ= = X⇔  is con-s-k-EPr. 

Theorem 2.4 

 Let , {1,2,4}, ( ) ( )T

n n
A C X A R A R X×∈ ∈ = . Then A  is con-s-k-EPr X⇔  is 

con-s-k-EPr.

Proof 

 Since {1,2,4},X A∈  we have , ,( )
T

AXA A XAX X XA XA= = =  and 

( ) ( ).
T

R A R X=          

Now, ( ) ( )
T T T

R KVA R KVA X=   

     

( ( ) )

( )

( )

T
R KV XA

R KVXA

R KVX

=
=
=
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A  is con-s-k-EPr ( ) ( )
T

R A R KVA⇔ =  and ( )A rρ = ( ) ( )
T

R X R KVX⇔ =

and ( ) ( )A X rρ ρ= = X⇔  is con-s-k-EPr.                          

Remark 2.5 

 In particular, if †
X A=  then 

†
( ) ( )

T
R A R A= holds.  Hence A  is  

con-s-k-EPr is equivalent to †
A  is con-s-k-EPr. 
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Basic hypergeometric functions are among the most important functions with
very diverse applications to Engineering,Physics and Mathematical Analy-
sis.Nowadays, the importance of basic hypergeometric function and its unique
role as the strategic resource in the Ramanujan’s Mathematics became more
important than the past time. The importance given to the Ramanujan’s
Mathematics has increased considerably in recent years and great deal of at-
tention in basic hypergeometric function’s literature is being given for the
numerous topics that have been addressed by mathematicians working in the
field of Basic hypergeometric functions, notably R.P Agarwal [1], G.E. An-
drews and B.C. Berndt [2], G.E. Andrews [3, 4], R.Askey [5, 6],W.N. Bailey
[7], S. Bhargava and Chandrashekar Adiga [8], R.Y.Denis [9], R.Y. Denis et
al. [10], G.Gasper [11], V.K.jain [12, 13], M.S. Mahadeva Naika and B.N.
Dharmendra [14], TH.M.Rassias and S.N. Singh [15], L.J.Slater [16], Pankaj
Srivastava [17, 18], Pankaj Srivastava and Mohan Rudravarapu [19], A. Verma
[20], G.N.Watson [21] and many others published large number of studies.In
this paper, we are interested to develop certain new transformation formula
for the basic hypergeometric function of n variable with the help of technique
developed by Andrews [4], special cases also developed.

A basic hypergeometric series of n-variables is defined as

φ

 (ap) : (b1M1
); (b2M2

); . . . ; (bnMn)
;x1, x2, . . . ;xn

(ct) : (d1
N1

); (d2
N2

); . . . ; (dn
Nn

)



II. Notations and Definitions

[1
]
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=
∞∑

m1,m2,...,mn≥0

[(ap)]m1+m2+...+mn [(b1M1
)]m1 . . . [(b

n
Mn

)]mnx
m1
1 . . . xmn

n

[q]m1 . . . [q]mn [(ct)]m1+m2+...+mn [(d1
N1

)]m1 . . . [(d
n
Nn

)]mn

, (2.1)

Where (ap) stands for p-parameters a1, a2, . . . , ap. For the convergence of this
series we require max(|q| , |x1| , . . . , |xn|) < 1. The q-shifted factorial is defined
as

(a; q)n =

{
1, n = 0
(1− a)(1− aq) . . . (1− aqn−1), n = 1, 2, 3 . . . .

(2.2)

We also define

(a)∞ = (a; q)∞ =
∞∏

k=0

(1− aqk), for |q| < 1. (2.3)

The infinite product diverges when a 6= 0.
Also

(a1, a2, . . . , ar; q)n = (a1; q)n(a2; q)n . . . (ar; q)n. (2.4)

And

1φ0 [a;−; q, z] =
(az; q)∞
(z; q)∞

, |z| < 1, |q| < 1. (2.5)

The product formula

1φ0 (a;−; q, z) 1φ0 (b;−; q, az) = 1φ0 (ab;−; q, z) . (2.6)

1φ1 [a; c; q, c/a] =
(c/a; q)∞
(c; q)∞

. (2.7)

III. Main Results

In this section we shall establish the following main result .

φ

 a, (ap) : (b1M1
); (b2M2

); . . . ; (bnMn)
;x1, x2, . . . ;xn

c, (ct) : (d1
N1

); (d2
N2

); . . . ; (dn
Nn

)



=
[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r
φ

 (ap) : (b1M1
); . . . ; (bnMn)

;x1q
r, x2q

r, . . . ;xnq
r

(ct) : (d1
N1

); . . . ; (dn
Nn

)

 . (3.1)
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IV. Proof of (3.1)

By using (2.1) the left hand side of (3.1) can be put in the following form

∞∑
m1,m2,...,mn≥0

[a]m1+m2+...+mn [(ap)]m1+m2+...+mn

[q]m1 . . . [q]mn [c]m1+m2+...+mn [(ct)]m1+m2+...+mn

×

[(b1M1
)]m1 . . . [(b

n
Mn

)]mnx
m1
1 . . . xmn

n

[(d1
N1

)]m1 . . . [(d
n
Nn

)]mn

=
[a]∞
[c]∞

∞∑
m1,m2,...,mn≥0

[(ap)]m1+m2+...+mn [(b1M1
)]m1 . . . [(b

n
Mn

)]mn

[q]m1 . . . [q]mn [(ct)]m1+m2+...+mn

×

(cqm1+...+mn)∞x
m1
1 . . . xmn

n

[(d1
N1

)]m1 . . . [(d
n
Nn

)]mn(aqm1+m2+...+mn)∞

=
[a]∞
[c]∞

∞∑
m1,...,mn≥0

[(ap)]m1+...+mn [(b1M1
)]m1 . . . [(b

n
Mn

)]mnx
m1
1 . . . xmn

n

[q]m1 . . . [q]mn [(ct)]m1+m2+...+mn [(d1
N1

)]m1 . . . [(d
n
Nn

)]mn

×
∞∑

r=0

(c/a)ra
rqr(m1+m2+...+mn)

[q]r
.

By changing the order of summation in the above equation, the right hand
side of (3.1) can be obtained.

V. Particular Cases

Putting p = t = M1 = . . . = Mn = N1 = . . . = Nn = 0 in (3.1), we get

1φ1

 a : −; . . . ;−;
;x1, x2, . . . ;xn

c : −; . . . ;−;


=

[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r
× 0φ0 [−;−; x1q

r] . . . 0φ0 [−;−; xnq
r]

=
[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r[x1qr]∞ . . . [xnqr]∞

=
[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r[x1]r . . . [xn]r

[q]r[x1]∞ . . . [xn]∞

=
[a]∞

[c]∞[x1]∞ . . . [xn]∞
n+1φ0 [x1, . . . xn, c/a;−; a] ,

which is valid if |a| < 1. (5.1)
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Putting p = t = N1 = . . . = Nn = 0,M1 = . . . = Mn = 1, b11 = b1, b
2
1 =

b2, . . . , b
n
1 = bn in (3.1), we get:

φ

 a : b1; . . . ; bn
;x1, x2, . . . ;xn

c : −; . . . ;−


=

[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r
× 1φ0 [b1;−; x1q

r] . . . 1φ0 [bn;−; xnq
r]

=
[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r

[b1x1q
r]∞

[x1qr]∞
. . .

[bnxnq
r]∞

[xnqr]∞

=
[a]∞[b1x1]∞ . . . [bnxn]∞

[c]∞[x1]∞ . . . [xn]∞
×
∞∑

r=0

[c/a]ra
r[x1]r . . . [xn]r

[q]r[b1x1]r . . . [bnxn]r

=
[a]∞[b1x1]∞ . . . [bnxn]∞

[c]∞[x1]∞ . . . [xn]∞
× n+1φn [x1, . . . , xn, c/a; b1x1, . . . , bnxn; a] , (5.2)

Putting x3 = x4 = . . . = xn = 0 in (5.2), we get

φ

 a : b1; b2; . . . ;
;x1, x2

c : −; . . . ;−

 = φ(1) [a; b1, b2; c;x1, x2]

=
[a]∞[b1x1]∞[b2x2]∞

[c]∞[x1]∞[x2]∞
× 3φ2

 x1, x2, c/a;
; a

b1x1, b2x2

 , (5.3)

This is the result due to Denis ([9],5.5).
Now, putting b2 = x1/x2, b1x1 = cx2 in (5.3) and evaluating 2φ1 series on the
right hand side with the help of Slater ([16];Appendix.IV.2), we get

φ(1) [a; cx2/x1, x1/x2; c;x1, x2] =
[x2a]∞
[x2]∞

. (5.4)

Now, substituting p = t = 0, N1 = . . . = Nn = 1,M1 = . . . = Mn = 1, b11 =
b1, b

2
1 = b2, . . . , b

n
1 = bn, d

1
1 = d1, d

2
1 = d2, . . . , d

n
1 = dn in (3.1), we get:

φ

 a : b1; . . . ; bn
;x1, x2, . . . ;xn

c : d1; . . . ; dn


=

[a]∞
[c]∞

∞∑
r=0

[c/a]ra
r

[q]r
× 1φ1 [b1; d1;x1q

r] . . . 1φ1 [bn; dn;xnq
r] , (5.5)
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Taking d1 = b1x1q
r, d2 = b2x2q

r, . . . , dn = bnxnq
r in (5.5), we get the following

result after simplification

φ

 a : b1; . . . ; bn
;x1, x2, . . . ;xn

c : b1x1q
r; . . . ; bnxnq

r


=

[a]∞[x1]∞ . . . [xn]∞
[c]∞[b1x1]∞ . . . [bnxn]∞

× n+1φn [b1x1, . . . , bnxn, c/a; x1, . . . , xn; a] , (5.6)

Now, putting x3 = x4 = . . . = xn = 0 in (5.6), we get

φ

 a : b1; b2
;x1, x2

c : b1x1q
r; b2x2q

r



=
[a]∞[x1]∞[x2]∞

[c]∞[b1x1]∞[b2x2]∞
× 3φ2

 b1x1, b2x2, c/a;
; a

x1, x2

 , (5.7)

Now, substituting b1x1 = x2, b2x2 = x1/c in (5.7) and evaluating 2φ1 series in
the right hand side with the help of Slater ([16]:Appendix IV.2), we get

φ

 a : x2/x1;x1/cx2

;x1, x2

c : x2q
r;x1q

r/c

 =
(ax1/c; q)∞
(x1/c; q)∞

. (5.8)

A variety of similar interesting results can be scored.
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Global Journals Incorporation (USA)-OARS (USA). The terms and conditions can be 
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institute to function as Regional/Zonal office on our behalf.
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Process of submission of Research Paper     
  

The Area or field of specialization may or may not be of any category as mentioned in 
‘Scope of Journal’ menu of the GlobalJournals.org website. There are 37 Research 
Journal categorized with Six parental Journals GJCST, GJMR, GJRE, GJMBR, GJSFR, 
GJHSS. For Authors should prefer the mentioned categories. There are three widely 
used systems UDC, DDC and LCC. The details are available as ‘Knowledge Abstract’ at 
Home page. The major advantage of this coding is that, the research work will be 
exposed to and shared with all over the world as we are being abstracted and indexed 
worldwide.  

The paper should be in proper format. The format can be downloaded from first page of 
‘Author Guideline’ Menu. The Author is expected to follow the general rules as 
mentioned in this menu. The paper should be written in MS-Word Format 
(*.DOC,*.DOCX). 

 The Author can submit the paper either online or offline. The authors should prefer 
online submission.Online Submission: There are three ways to submit your paper: 

(A) (I) First, register yourself using top right corner of Home page then Login. If you 
are already registered, then login using your username and password. 

      (II) Choose corresponding Journal. 

      (III) Click ‘Submit Manuscript’.  Fill required information and Upload the paper. 

(B) If you are using Internet Explorer, then Direct Submission through Homepage is 
also available. 

(C) If these two are not conveninet , and then email the paper directly to 
dean@globaljournals.org.  

Offline Submission: Author can send the typed form of paper by Post. However, online 
submission should be preferred.                                                                                                                       
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Preferred Author Guidelines    

MANUSCRIPT STYLE INSTRUCTION (Must be strictly followed) 

 Page Size: 8.27" X 11'" 

• Left Margin: 0.65 
• Right Margin: 0.65 
• Top Margin: 0.75 
• Bottom Margin: 0.75 
• Font type of all text should be Swis 721 Lt BT.  
• Paper Title should be of Font Size 24 with one Column section. 
• Author Name in Font Size of 11 with one column as of Title. 
• Abstract Font size of 9 Bold, “Abstract” word in Italic Bold. 
• Main Text: Font size 10 with justified two columns section 
• Two Column with Equal Column with of 3.38 and Gaping of .2 
• First Character must be three lines Drop capped. 
• Paragraph before Spacing of 1 pt and After of 0 pt. 
• Line Spacing of 1 pt 
• Large Images must be in One Column 
• Numbering of First Main Headings (Heading 1) must be in Roman Letters, Capital Letter, and Font Size of 10. 
• Numbering of Second Main Headings (Heading 2) must be in Alphabets, Italic, and Font Size of 10. 

You can use your own standard format also. 
Author Guidelines: 

1. General, 

2. Ethical Guidelines, 

3. Submission of Manuscripts, 

4. Manuscript’s Category, 

5. Structure and Format of Manuscript, 

6. After Acceptance. 

1. GENERAL 

 Before submitting your research paper, one is advised to go through the details as mentioned in following heads. It will be beneficial, 
while peer reviewer justify your paper for publication. 

Scope 

The Global Journals Inc. (US) welcome the submission of original paper, review paper, survey article relevant to the all the streams of 
Philosophy and knowledge. The Global Journals Inc. (US) is parental platform for Global Journal of Computer Science and Technology, 
Researches in Engineering, Medical Research, Science Frontier Research, Human Social Science, Management, and Business organization. 
The choice of specific field can be done otherwise as following in Abstracting and Indexing Page on this Website. As the all Global 
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Journals Inc. (US) are being abstracted and indexed (in process) by most of the reputed organizations. Topics of only narrow interest will 
not be accepted unless they have wider potential or consequences. 

2. ETHICAL GUIDELINES 

 Authors should follow the ethical guidelines as mentioned below for publication of research paper and research activities. 

Papers are accepted on strict understanding that the material in whole or in part has not been, nor is being, considered for publication 
elsewhere. If the paper once accepted by Global Journals Inc. (US) and Editorial Board, will become the copyright of the Global Journals 
Inc. (US). 

Authorship: The authors and coauthors should have active contribution to conception design, analysis and interpretation of findings. 
They should critically review the contents and drafting of the paper. All should approve the final version of the paper before 
submission 

The Global Journals Inc. (US) follows the definition of authorship set up by the Global Academy of Research and Development. According 
to the Global Academy of R&D authorship, criteria must be based on: 

1) Substantial contributions to conception and acquisition of data, analysis and interpretation of the findings. 

2) Drafting the paper and revising it critically regarding important academic content. 

3) Final approval of the version of the paper to be published. 

All authors should have been credited according to their appropriate contribution in research activity and preparing paper. Contributors 
who do not match the criteria as authors may be mentioned under Acknowledgement. 

Acknowledgements: Contributors to the research other than authors credited should be mentioned under acknowledgement. The 
specifications of the source of funding for the research if appropriate can be included. Suppliers of resources may be mentioned along 
with address. 

Appeal of Decision: The Editorial Board’s decision on publication of the paper is final and cannot be appealed elsewhere. 

Permissions: It is the author's responsibility to have prior permission if all or parts of earlier published illustrations are used in this 
paper. 

Please mention proper reference and appropriate acknowledgements wherever expected. 

If all or parts of previously published illustrations are used, permission must be taken from the copyright holder concerned. It is the 
author's responsibility to take these in writing. 

Approval for reproduction/modification of any information (including figures and tables) published elsewhere must be obtained by the 
authors/copyright holders before submission of the manuscript. Contributors (Authors) are responsible for any copyright fee involved. 

3. SUBMISSION OF MANUSCRIPTS 

 Manuscripts should be uploaded via this online submission page. The online submission is most efficient method for submission of 
papers, as it enables rapid distribution of manuscripts and consequently speeds up the review procedure. It also enables authors to 
know the status of their own manuscripts by emailing us. Complete instructions for submitting a paper is available below. 

Manuscript submission is a systematic procedure and little preparation is required beyond having all parts of your manuscript in a given 
format and a computer with an Internet connection and a Web browser. Full help and instructions are provided on-screen. As an author, 
you will be prompted for login and manuscript details as Field of Paper and then to upload your manuscript file(s) according to the 
instructions. 
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To avoid postal delays, all transaction is preferred by e-mail. A finished manuscript submission is confirmed by e-mail immediately and 
your paper enters the editorial process with no postal delays. When a conclusion is made about the publication of your paper by our 
Editorial Board, revisions can be submitted online with the same procedure, with an occasion to view and respond to all comments. 

Complete support for both authors and co-author is provided. 

4. MANUSCRIPT’S CATEGORY 

Based on potential and nature, the manuscript can be categorized under the following heads: 

Original research paper: Such papers are reports of high-level significant original research work. 

Review papers: These are concise, significant but helpful and decisive topics for young researchers. 

Research articles: These are handled with small investigation and applications 

Research letters: The letters are small and concise comments on previously published matters. 

5.STRUCTURE AND FORMAT OF MANUSCRIPT 

The recommended size of original research paper is less than seven thousand words, review papers fewer than seven thousands words 
also.Preparation of research paper or how to write research paper, are major hurdle, while writing manuscript. The research articles and 
research letters should be fewer than three thousand words, the structure original research paper; sometime review paper should be as 
follows: 

 Papers: These are reports of significant research (typically less than 7000 words equivalent, including tables, figures, references), and 
comprise: 

(a)Title should be relevant and commensurate with the theme of the paper. 

(b) A brief Summary, “Abstract” (less than 150 words) containing the major results and conclusions. 

(c) Up to ten keywords, that precisely identifies the paper's subject, purpose, and focus. 

(d) An Introduction, giving necessary background excluding subheadings; objectives must be clearly declared. 

(e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit repetition; 
sources of information must be given and numerical methods must be specified by reference, unless non-standard. 

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable 
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design 
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to 
have adequate numerical treatments of the data will be returned un-refereed; 

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing. 

(h) Brief Acknowledgements. 

(i) References in the proper form. 

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more 
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the 
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial 
correction. 
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness. 

It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines. 

 Format 

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript 
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable, 
that manuscripts should be professionally edited. 

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary. 
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When 
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater. 

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed 
by the conventional abbreviation in parentheses. 

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration, 
1.4 l rather than 1.4 × 10-3 m3, or 4 mm somewhat than 4 × 10-3 m. Chemical formula and solutions must identify the form used, e.g. 
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by 
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear. 

Structure 

All manuscripts submitted to Global Journals Inc. (US), ought to include: 

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces), 
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining 
and indexing. 

 Abstract, used in Original Papers and Reviews: 

Optimizing Abstract for Search Engines 

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for 
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a 
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most 
public part of your paper. 

Key Words 

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and 
Internet resources. 

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible 
keywords and phrases to try. 

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses 
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing 
research paper are very helpful guideline of research paper. 

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as 
possible about keyword search: 
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• One should start brainstorming lists of possible keywords before even begin searching. Think about the most 
important concepts related to research work. Ask, "What words would a source have to include to be truly 
valuable in research paper?" Then consider synonyms for the important words. 

• It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most 
databases, the keywords under which a research paper is abstracted are listed with the paper. 

• One should avoid outdated words. 

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are 
bound to improve with experience and time. 

 Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references. 

Acknowledgements: Please make these as concise as possible. 

 References 

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their 
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work 
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with 
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions 
will cause delays. 

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an 
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make 
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the 
Editorial Board. 

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done 
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not 
being noticeable. 

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management 
and formatting. 

 Tables, Figures and Figure Legends 

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic 
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used. 

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers, 
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them. 

 Preparation of Electronic Figures for Publication 

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final 
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word 
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350 
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or 
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible). 

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi; 
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi. 
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork. 
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to 
complete and return a color work agreement form before your paper can be published. 

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the 
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore, 
the first 100 characters of any legend should notify the reader, about the key aspects of the figure. 

6. AFTER ACCEPTANCE 

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the 
Global Journals Inc. (US). 

 6.1 Proof Corrections 

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must 
therefore be provided for the related author. 

Acrobat Reader will be required in order to read this file. This software can be downloaded 

(Free of charge) from the following website: 

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for 
any corrections to be added. Further instructions will be sent with the proof. 

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt. 

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please 
note that the authors are responsible for all statements made in their work, including changes made by the copy editor. 

 6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print) 

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in 
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for 
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after 
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles 
cannot be cited in the conventional way. 

 6.3 Author Services 

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article - 
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their 
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link 
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is 
provided when submitting the manuscript. 

 6.4 Author Material Archive Policy 

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two 
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as 
possible. 

 6.5 Offprint and Extra Copies 

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to 
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org . 
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2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper. 
They are here to evaluate your paper. So, present your Best. 

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 
automatically you will have your answer. 

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 
logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 
supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 
research paper. From the internet library you can download books. If you have all required books make important reading selecting and 
analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 

 

 

Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper? 
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science 
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about

 
this field 

from your supervisor or guide.
 

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:
 

1. Choosing the topic:
 
In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can 

have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can
 
be done by 

asking several questions to yourself, like Will I be able to carry our search in this area? Will I find all necessary recourses to accomplish 
the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 
confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 
possible that evaluator has already seen it or maybe it is outdated version.  

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 
suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 
target. 

 

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 
language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 
records. 

 

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 
will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 
trouble. 

 

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

 

12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 
always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 
either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 
diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 
if study is relevant to science then use of quotes is not preferable.  
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 
Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 
to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical

 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

 

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING 

Key points to remember:  

Submit all work in its final form. 
Write your paper in the form, which is presented in the guidelines using the template. 
Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 
submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 
of prior workings. 

 

27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 
improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 
several ideas, which will be helpful for your research. 

Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 
descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be                    

29.
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Separating a table/chart or figure - impound each figure/table to a single page 
Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 
lines. It should include the name(s) and address (es) of all authors. 

 
 

 

 

 

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 
and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

Insertion a title at the foot of a page with the subsequent text on the next page 
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 
more than one ruling each.  

Reason of the study - theory, overall issue, purpose 
Fundamental goal 
To the point depiction of the research 
Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 
Significant conclusions or questions that track from the research(es)

 
Approach: 

Single section, and succinct

 
As a outline of job done, it is always written in past tense

 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 
Center on shortening results - bound background information to a verdict or two, if completely necessary 
What you account in an conceptual must be regular with what you reported in the manuscript 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

Explain the value (significance) of the study  
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 
Very for a short time explain the tentative propose and how it skilled the declared objectives.

 Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a

 

least of four paragraphs. 

 

 

Abstract: 

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 
at this point. 

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to 
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 

 

Materials: 

Explain materials individually only if the study is so complex that it saves liberty this way. 
Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  
Do not take in frequently found. 
If use of a definite type of tools. 
Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 
Describe the method entirely

 To be succinct, present methods under headings dedicated to specific dealings or groups of measures 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

Resources and methods are not a set of information. 
Skip all descriptive information and surroundings - save it for the argument. 
Leave out information that is immaterial to a third party. 

Results: 

 
 

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 

 

Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 
Shape the theory/purpose specifically - do not take a broad view. 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic 
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Do not present the similar data more than once. 
Manuscript should complement any figures or tables, not duplicate the identical information. 
Never confuse figures with tables - there is a difference. 

Approach 
As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report  
If you desire, you may place your figures and tables properly within the text of your results part. 

Figures and tables 
If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 
Despite of position, each figure must be numbered one after the other and complete with subtitle  
In spite of position, each table must be titled, numbered one after the other and complete with heading 
All figure and table must be adequately complete that it could situate on its own, divide from text 

Discussion: 

 

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 
Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  
You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 
Give details all of your remarks as much as possible, focus on mechanisms. 
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 
Try to present substitute explanations if sensible alternatives be present. 
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 
Recommendations for detailed papers will offer supplementary suggestions.

Approach:  

When you refer to information, differentiate data generated by your own studies from available information 
Submit to work done by specific persons (including you) in past tense.  
Submit to generally acknowledged facts and main beliefs in present tense.  

Content 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 
Present a background, such as by describing the question that was addressed by creation an exacting study. 
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 
Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 

What to stay away from 
Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 
Not at all, take in raw data or intermediate calculations in a research manuscript.                    
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Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 
To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 

ADMINISTRATION RULES LISTED BEFORE  
SUBMITTING YOUR RESEARCH PAPER TO GLOBAL JOURNALS INC. (US) 

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.  
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CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring
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