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Lorentzian Para Sasakian Manifolds 

Admitting Special Semi Symmetric Recurrent 
Metric Connection 

Sunil Kumar Srivastavaα   & R. P. Kushwaha σ

 

Abstract  -  Several author as Agashe and Chafle [1], Sengupta, De. U.C, Binh [4] and many other introduced semi 

symmetric non metric connection in different way. In this paper we have studied LP sasakian manifold with special semi-

symmetric recurrent metric connection   [2]  and discuss it exientance in LP sasakian manifold. In section 3 we establish 

the relation between the Riemannian connection and special semi-symmetric recurrent metric connection on LP 

sasakian manifold [4]. The section 4 deals with ξ–conformaly flat and
  
∅

 
concircularly flat of n dimensional LP sasakian 

manifold and we proved that ξ–conformaly flatness with special semi-symmetric recurrent metric connection and 

Riemannian manifold coincide.
 

Keywords :
 
lorentzian para saskian manifold, semi symmetric recurrent metric connection,

 
ξ–conformaly flat,

 
∅

 
concircularly flat.

 

 
An n-dimensional differentiable manifold

 
𝑀𝑛

 
is a lorentzian para-sasakian manifold 

if it admits tensor field of type (1,1), a contravariant vector field
 
𝜉,
 
a covariant vector 

field ɳ
 
and a lorentzian metric 𝑔

 
satisfying;

 

∅2𝑋  = 𝑋 +  ɳ 𝑥 𝜉                                                          (1.1) 

ɳ 𝜉   =   −1                                                                (1.2) 

𝑔 ∅𝑋, ∅𝑌 = 𝑔 𝑋, 𝑌 + ɳ 𝑋 ɳ(𝑌)                           (1.3) 

𝑔 𝑋, 𝜉  = ɳ(𝑋)                                        (1.4) 

(𝐷𝑋∅) 𝑌 = 𝑔 𝑋, 𝑌 𝜉 + ɳ 𝑌 𝑋 + 2ɳ 𝑋 ɳ 𝑌 𝜉                   (1.5) 

𝐷𝑋𝜉   =   ∅𝑋                                         (1.6) 

For arbitrary vector field 𝑎𝑛𝑑 𝑌, whrere D denotes the operator of covariant 

differentiation with respect to lorentzian metric 𝑔  [5]. 
 

Author α  : Deptt. of Science & Humanities Columbia Institute of  Engg. & Technology Raipur India. 

Author σ  : Deptt. of Mathematics & Statistics D.D.U Gorakhpur University, Gorakhpur  India. E-mail : Sunilk537@gmail.com 
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In a LP sasakian manifold with structure  ∅, 𝜉, ɳ, 𝑔 the following relation hold. 

(a)  ∅ 𝜉 = 0                (b)   ɳ ∅𝑋 = 0                    rank∅ = 𝑛 − 1                        (1.7)
 

 

Let us 𝑝𝑢𝑡

 

𝐹 𝑋, 𝑌 = 𝑔(∅𝑋, 𝑌)                                                                        

 

(1.8)

 
The tensor field 𝐹

 

is symmetric (0,2)

 

tensor field ie

      

𝐹 𝑋, 𝑌 = 𝐹 𝑌, 𝑋                   (1.9)

 
And

                                                    

(𝐷𝑋ɳ) 𝑌 =

 

𝐹 𝑋, 𝑌 = 𝑔(∅𝑋, 𝑌)                              (1.10)

 
Also in a LP sasakian manifold the following relation holds;

 
𝑔 𝑅 𝑋, 𝑌 𝑍, 𝜉 = ɳ 𝑅 𝑋, 𝑌 𝑍 = 𝑔 𝑌, 𝑍 ɳ 𝑋 − 𝑔 𝑋, 𝑍 ɳ(𝑌)

                      

(1.11)

 
And                                            

 

𝑆 𝑌, 𝜉 =  𝑛 − 1 ɳ 𝑋 

                                                

(1.12)

 
For any vector field

  

𝑋, 𝑌, 𝑍

 

where 𝑅 𝑋, 𝑌 𝑍

 

is the Riemannian curvarture tensor 

and 𝑆

 

is the Ricci tensor.

 

Let  𝑀𝑛 , 𝑔 

 

be

 

an LP sasakian manifold with Levi-Civita connection D. we define a 

linear connection 𝐷 

 

on 𝑀𝑛

 

by 

 
𝐷 𝑋𝑌 =

 

𝐷𝑋𝑌 −

 

ɳ 𝑋 𝑌

                                               

    (1.13)

 
Where ɳ

 

is 1-form associated with vector field ξ

  

on 𝑀𝑛 ,

 

given by

 
𝑔 𝑋, 𝜉 

 

= ɳ(𝑋)                                         (1.14)

 
Using (1.13) the torsoin tensor 𝑇 

 

of 𝑀𝑛

 

with respect to connection 𝐷 

 

is given by

 
𝑇  𝑋, 𝑌 = 𝐷 𝑋𝑌 − 𝐷 𝑌𝑋 −  𝑋, 𝑌 = ɳ 𝑌 𝑋 − ɳ 𝑋 𝑌                       (1.15)

 

A linear connection satisfying (1.15) is called semi symmetric connection.

 

Further from (1.13), we have  

 
(𝐷 𝑋𝑔) 𝑌, 𝑍 = 2ɳ 𝑋 𝑔(𝑌, 𝑍)                              (1.16)

 

A linear connection satisfying (1.16) is called semi symmetric recurrent metric 

connectionThe word special is used to distinguish it from other connection.

 

 

Let 𝐷 

 

be a linear connection in

  

𝑀𝑛 , given by

 
𝐷 𝑋𝑌 =

 

𝐷𝑋𝑌 + 𝐻(𝑋, 𝑌)                                    (2.1)

 

Where H is a tensor of type (1,2).
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Now, we determine the tensor field H such that 𝐷 satifies (1.15) and (1.16).



   

 

 
Let  𝐺 𝑋, 𝑌, 𝑍 = (𝐷 𝑋𝑔) 𝑌, 𝑍               then               (2.3)

 
𝑔 𝐻 𝑋, 𝑌 , 𝑍 + 𝑔 𝐻 𝑋, 𝑍 , 𝑌 − −𝐺(𝑋, 𝑌, 𝑍)                         (2.4)

 
From (2.1),(2.2) and (2.4), we have

 

 

 

 

 

 

 

 

 

 

 

Or

 

𝐻 𝑋, 𝑌 =
1

2
 𝑇  𝑋, 𝑌 + 𝑇 ′ 𝑋, 𝑌 + 𝑇′  𝑌, 𝑋  −

 

ɳ 𝑋 𝑌 −

 

ɳ 𝑌 𝑋 + 𝑔(𝑋, 𝑌)𝜉
   

       (2.5)

 

Where                               
  
𝑔 𝑇′  𝑋, 𝑌 , 𝑍 = 𝑔 𝑇  𝑍, 𝑋 , 𝑌                               

 

(2.6)

 

Using (1.5), (2.6) we get 

 

𝑇 ′(𝑋, 𝑌) = ɳ 𝑋 𝑌 − 𝑔(𝑋, 𝑌)𝜉                                 (2.7)

 

Then in view of (1.15), (2.5)

 

and (2.7),we get 

 

𝐻 𝑋, 𝑌 =

 

−ɳ 𝑋 𝑌

 

This implies

 

𝐷 𝑋𝑌 =

 

𝐷𝑋𝑌 −

 

ɳ 𝑋 𝑌

 

Conversely, a connection

 

𝐷 

 

given by (1.13), satisfies (1.15) and (1.16) show that 𝐷 

 

is a special semi symmetric recurrent metric connection.

 

So we state the following

 

theorem.

 

Theorem 2.1:

 

let (𝑀𝑛 , 𝑔)

 

be an LP sasakian manifold with lorentzian para contact 

metric structure  ∅, 𝜉, ɳ, 𝑔 

 

admits a special semi-symmetric connection which is given by

 

𝐷 𝑋𝑌 =

 

𝐷𝑋𝑌 −

 

ɳ 𝑋 𝑌

 

 

𝑀𝑛

𝐷 

© 2013   Global Journals Inc.  (US)

  
 

     

3

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
II

Y
ea

r
  

2 0
13

  
 F
)

)

𝑇  𝑋, 𝑌 = 𝐻 𝑋, 𝑌 − 𝐻(𝑌, 𝑋)                                    (2.2)

𝑔 𝑇  𝑋, 𝑌 , 𝑍 + 𝑔 𝑇  𝑍, 𝑋 , 𝑌 + 𝑔 𝑇  𝑍, 𝑌 , 𝑋 

                     = 𝑔 𝐻 𝑋, 𝑌 , 𝑍 − 𝑔 𝐻 𝑌, 𝑋 , 𝑍 + 𝑔 𝐻 𝑍, 𝑋 , 𝑌 − 𝑔 𝐻 𝑋, 𝑍 , 𝑌 +

𝑔 𝐻 𝑍, 𝑌 , 𝑋 − 𝑔 𝐻 𝑌, 𝑍 , 𝑋 
                     

= 2𝑔 𝐻 𝑋, 𝑌 , 𝑍 + 2ɳ 𝑋 𝑔 𝑌, 𝑍 − 2ɳ 𝑍 𝑔 𝑋, 𝑌 + 2ɳ 𝑌 𝑔(𝑋, 𝑍

The Curvature tensor of 𝑀𝑛 with respect to special semi - symmetric recurrent 

metric metric connection 𝐷 is given by

𝑅  𝑋, 𝑌, 𝑍 = 𝐷 𝑋𝐷 𝑌𝑍 − 𝐷 𝑋𝐷 𝑌𝑍 − 𝐷 [𝑋,𝑌]𝑍

Using (1.13) and (1.10) in above we have

𝑅  𝑋, 𝑌, 𝑍 = 𝑅(𝑋, 𝑌, 𝑍)                                       (3.1)

Hence we conculude.

Notes

From (2.1), we have 



  

  

 

 

 

 

Proposition 3.1:

 

The Curvature tensor of

 

𝑀𝑛

 

with respect to special semi-
symmetric recurrent metric metric connection 𝐷 

 

coincide with the curvature tensor of 

connection D of Riemannian manifold.

 

Taking the inner product of (3.1) with W, we have

 

𝑅  𝑋, 𝑌, 𝑍, 𝑊 = 𝑅(𝑋, 𝑌, 𝑍, 𝑊)                                 (3.2)

 

Where 𝑅  𝑋, 𝑌, 𝑍, 𝑊 = 𝑔(𝑅  𝑋, 𝑌, 𝑍 ,

 

From (3.2), we have

 

𝑅  𝑋, 𝑌, 𝑍, 𝑊 = −𝑅(𝑌, 𝑋, 𝑍, 𝑊)

 

                              (3.3)

 

𝑅  𝑋, 𝑌, 𝑍, 𝑊 = −𝑅(𝑋, 𝑌, 𝑊, 𝑍)                                (3.4)

 

Combining above two relation, we have

 

𝑅  𝑋, 𝑌, 𝑍, 𝑊 = 𝑅(𝑌, 𝑋, 𝑊, 𝑍)                    

 

           (3.5)

 

We also have,

 

𝑅  𝑋, 𝑌, 𝑍 + 𝑅  𝑌, 𝑍, 𝑋 + 𝑅  𝑍, 𝑋, 𝑌 = 0                          (3.6)

 

This is the Bianchi first identity for 𝐷 .

 

Hence we conclude that the curvature tensor of 𝑀𝑛

 

with respect to special semi -

 

symmetric recurrent metric metric connection 𝐷 

 

satifies the first Bianchi identy.

 

Contracting (3.2) over X and W, we obtain

 

𝑆  𝑌, 𝑍 = 𝑆(𝑌, 𝑌𝑍)                                        (3.7)

 

Where 𝑆 

 

and S denote the Ricci tensor of the connection 𝐷 

 

and D respectively.

 

From (3.7) we obtain a relation between the scalar curvature of  𝑀𝑛

 

with respect 

to the Riemannian connection and special semi-symmetric recurrent metric connection 

which is given by

 

𝑟 = 𝑟                                               

 

(3.8)

 

So we have following
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Proposition 3.2: Forn dimensional LP sasakian manifold with special semi 

symmetric recurrent metric connection 𝐷 

(1) The curvature tensor 𝑅 is given by (3.1)

(2)   Ricci tensor 𝑆   is given by (3.7)

(3) 𝑟 = 𝑟



 

    

  

  

 

Analogous to the definition of concircularcurvarure tensor in a Riemannian 

manifold we define concircular curvature tensor with respect to the special semi 

symmetric recurrent metric connection

 

𝐷 

 

as

 

𝐶  𝑋, 𝑌, 𝑍 =

 

𝑅  𝑋, 𝑌, 𝑍 −
𝑟

𝑛(𝑛−1)
{𝑔 𝑌, 𝑍 𝑋 − 𝑔 𝑋, 𝑍 𝑌}                    (4.1)

 

Using (3.1) and (3.7) in (4.1), we have

 

𝐶  𝑋, 𝑌, 𝑍 =

 

𝐶 𝑋, 𝑌, 𝑍                                    (4.2)

 

 

So we have 

 

Proposition 4.1:

 

𝐶  𝑋, 𝑌, 𝑍 =

 

𝐶 𝑋, 𝑌, 𝑍 

 

that is manifold coincide with Riema-

nnian Manifold.

 

The notion of an

 

ξ-conformaly flat contact manifold was given by Zhen, Cabrezizo 

and Fermander [3]. In an analogous we define an

 

ξ-conformaly flat n -

 

dimensional LP 

sasakian manifold.

 

Defination 5.2:  An n-dimensional LP sasakian manifold is called ξ-conformaly flat 

if the condition 𝐶  𝑋, 𝑌 𝜉 = 0

 

holds on 𝑀𝑛 .

 

From (4.2) it is clear that 𝐶  𝑋, 𝑌 𝜉 = 𝐶 𝑋, 𝑌 𝜉

 

So we have the following theorem.

 

Theorem 4.1:

 

In an n-dimensional LP Sasakian manifold, an ξ–conformaly flatness 

with respect to special semi-symmetric recurrent metric connection and Riemannian 

connection coincide.

 

Defination 4.3:  an n dimensional LP Sasakian manifold satisfying the condition

 

∅2𝐶  ∅𝑋, ∅𝑌 ∅𝑍 = 0                                        (4.3)

 

 

Is called ∅ −

 

concircularly flat.

 

Letus suppose that 𝑀𝑛

 

be n dimensional ∅ −

 

concircularly flat LP sasakian 

manifold with respect to special semi-symmetric recurrent metric connection. It can easily 

be seen that

 

∅2𝐶  ∅𝑋, ∅𝑌 ∅𝑍 = 0

 

if and only if 

 

𝑔 𝐶  ∅𝑋, ∅𝑌 ∅𝑍, ∅𝑊 = 0                                    (4.4)

 

 

For all X,Y, Z,

 

Won T(M).

 

 

Using (4.1), ∅ −

 

concircularly flat means

 

© 2013   Global Journals Inc.  (US)
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𝑔 𝑅  ∅𝑋, ∅𝑌 ∅𝑍, ∅𝑊 =
𝑟

𝑛(𝑛−1)
{𝑔 ∅𝑌, ∅𝑍 𝑔 ∅𝑋, ∅𝑊 − 𝑔 ∅𝑋, ∅𝑍 𝑔 ∅𝑌, ∅𝑊 }        (4.5)
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 Let {𝑒1, 𝑒2 … . , 𝜉}

 

be a local orthogonal basis of the vector in 𝑀𝑛

 

using the fact that 

∅𝑒1, ∅𝑒2 … . 𝜉}

 

is also a local orthogonal basis, putting 𝑋 = 𝑊 = 𝑒𝑖

 

in (4.5) and summanig 

with respect to 𝑖,  we have

 𝑆 ∅𝑌, ∅𝑍 =
𝑟

𝑛(𝑛−1)
{𝑔 ∅𝑌, ∅𝑍 }                                  (4.6)

 Putting 𝑌 = ∅𝑌, 𝑍 = ∅𝑍

 

in (4.6) and using the fact S is symmetric, we have

 𝑔 𝑅  ∅𝑋, ∅𝑌 ∅𝑍, ∅𝑊 = 0

 
Hence we have 

 

Theorem 4.2:  an n-dimensional LP sasakian manifold is ∅ −

 

concircularly flat with 

respect to special semi-symmetric recurrent metric connectionand manifold coincide with 

Riemannian Manifold.
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L2(Ω) × H2

L2(Ω)×H2

(Ω)
(Ω) C−

C−

Nonlinear four order wave equations can be applied in mechanics of elastic constructions, and

have a long history([1]-[11]). But few of the studies consider attractor of the nonlinear four

order wave equations. In this paper we study attractor of the following nonlinear four order

wave equations

utt +42u + αut = f(u), x ∈ Ω, t > 0, (1.1)

u = 4u = 0, x ∈ ∂Ω, t > 0, (1.2)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ Ω, (1.3)

© 2013   Global Journals Inc.  (US)
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where α > 0, ∆ is the Laplacian operator, Ω denotes an open bounded set of Rn(n = 1, 2, 3)

with smooth boundary ∂Ω, and f(s) ∈ C1(R) satisfies the following conditions

F (s) =
∫

Ω
f(s)dx ≤ c, (1.4)

sf(s)− F (s) ≤ c, (1.5)

and there is a 0 ≤ r < ∞, such that

lim
s→∞

f ′(s)
sr

= 0. (1.6)[1
]

E
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4)



As far as the theory of infinite-dimensional dynamical system is concerned, we refer to

[12]-[22]. In the study of infinite dimensional dynamical system, the long-time behavior of

the solution to equations is an important issue. The long-time behavior of the solution to

equations can be shown by the global attractor with the finite-dimensional characteristics.

Some authors have already studied the existence of the global attractor for some evolution

equations. The global attractor strictly defined as ω-limit set of ball, which under additional

assumptions is nonempty, compact, and invariant ([14],[16]). We investigate global attractor

of the equations (1.1)-(1.3) in this article.

The paper is organized as follows. In Section 2 we recall preliminary results. In Section

3, we obtain global attractor of the equations.

Let X and X1 be two Banach spaces, X1 ⊂ X a compact and dense inclusion. Consider the

abstract nonlinear evolution equation defined on X, given by




du
dt = Lu + G(u),

u(x, 0) = u0.

(2.1)

where u(t) is an unknown function, L : X1 → X a linear operator, and G : X1 → X a

nonlinear operator.
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A family of operators S(t) : X → X(t ≥ 0) is called a semigroup generated by (2.1) if it

satisfies the following properties:

(1) S(t) : X → X is a continuous map for any t ≥ 0,

(2) S(0) = id : X → X is the identity,

(3) S(t + s) = S(t) · S(s),∀t, s ≥ 0. Then, the solution of (2.1) can be expressed as

u(t, u0) = S(t)u0.

Next, we introduce the concepts and definitions of invariant sets, global attractors, and

ω- limit sets for the semigroup S(t).

Definition 2.1 Let S(t) be a semigroup defined on X. A set Σ ⊂ X is called an invariant

set of S(t) if S(t)Σ = Σ,∀t ≥ 0. An invariant set Σ is an attractor of S(t) if Σ is compact,

and there exists a neighborhood U ⊂ X of Σ such that for any u0 ∈ U ,

[12]
B

abin
A
V

,
V

ishik
M

I:
A

ttractors
of

E
volution

E
quations,

N
orth-H

olland,
A

m
sterdam

,

1992.

Ref
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infv∈Σ‖S(t)u0 − v‖X → 0, as t →∞.

In this case, we say that Σ attracts U . Especially, if Σ attracts any bounded set of X, Σ

is called a global attractor of S(t) in X.

For a set D ⊂ X, we define the ω-limit set of D as follows

ω(D) =
⋂

s≥0

⋃

t≥s

S(t)D,

where the closure is taken in the X-norm. Lemma 2.2 is the classical existence theorem of

global attractor by Temam [16].

Lemma 2.2 Let S(t) : X → X be the semigroup generated by (2.1). Assume the

following conditions hold

(1) S(t) has a bounded absorbing set B ⊂ X, i.e., for any bounded set A ⊂ X there exists

a time tA ≥ 0 such that S(t)u0 ∈ B,∀u0 ∈ A and t > tA;

(2) S(t) is uniformly compact, i.e., for any bounded set U ⊂ X and some T > 0 sufficiently

large, the set
⋃

t≥T S(t)U is compact in X.

Then the ω-limit set A = ω(B) of B is a global attractor of (2.1), and A is connected

providing B is connected.

© 2013   Global Journals Inc.  (US)
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Definition 2.3[15] We say that S(t) : X → X satisfies C−condition, if for any bounded

set B ⊂ X and ε > 0, there exist tB > 0 and a finite dimensional subspace X1 ⊂ X, such

that {PS(t)B} is bounded, and

‖(I − P )S(t)u‖X < ε, ∀t ≥ tB and u ∈ B,

where P : X → X1 is a projection.

Lemma 2.4[15] Let S(t) : X → X(t ≥ 0) be a dynamical systems. If the following

condition are satisfied

(1) there exists a bounded absorbing set B ⊂ X,

(2) S(t) satisfies C−condition,

then S(t) has a global attractor in X.

We introduce the spaces

H = L2(Ω), V = {u ∈ H2|u|∂Ω = 4u|∂Ω = 0}, E = H × V.

[1
6]
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The denotations (·, ·), ‖ · ‖ are the inner product and norm in H respectively, i.e., for any

u, v ∈ H, (u, v) =
∫
Ω uvdx, ‖u‖ = (

∫
Ω |u|2dx)

1
2 . The norm in V is ‖u‖V = ‖4u‖ and we have

‖4u‖2 ≥ β1‖u‖2, where β1 is the first eigenvalue of ∆u with boundary condition (1.2).

Lemma 2.5 Assume the nonlinear term f : R → R satisfies (1.6). Then the nonlinear

operator f : V → H is compact.

Proof. Let {un} be a bounded sequence in V . By the Soblev embedding theorem, {un} is

bounded in Lk(Ω) for any 1 ≤ k < ∞, and has a convergent subsequence in L2(Ω). Without

loss of generality, we assume {un} converges to u0 in H. It is sufficient to prove that {f(un)}
converges to f(u0) in H.

From (1.6), for any η > 0, we have

|f ′(s)|2 ≤ η|s|2r + cη,

where cη → 0 if η → 0.

Then, for some 0 ≤ ε ≤ 1, we obtain

∫

Ω
|f(un)− f(u0)|2dx =

∫

Ω
|f ′(u0 + (1− ε)(un − u0))|2|un − u0|2dx

10
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≤ η

∫

Ω
|u0 + (1− ε)(un − u0)|2r|un − u0|2dx + cη

∫

Ω
|un − u0|2dx

= η

∫

Ω
|εu0 + (1− ε)un)|2r|un − u0|2dx + cη

∫

Ω
|un − u0|2dx

≤ 4rη

∫

Ω
(|u0|2r + |un|2r)|un − u0|2dx + cη

∫

Ω
|un − u0|2dx

≤ 4rη[(
∫

Ω
|u0|2rpdx)

1
p + (

∫

Ω
|un|2rpdx)

1
p ](

∫

Ω
|un − u0|2qdx)

1
q + cη

∫

Ω
|un − u0|2dx

where p > 0, q > 0, and 1
p + 1

q = 1.

Let n →∞ and η → 0. We have
∫

Ω
|f(un)− f(u0)|2dx = 0.

Then the nonlinear operator f : V → H is compact.

Theorem 3.1 Let ϕ ∈ H, ψ ∈ V , and f satisfy the conditions (1.4) and (1.5). Suppose that

the problem (1.1)-(1.3) has a unique weak solution and S(t), t > 0, defined by S(t)(ϕ,ψ) =

Global Attractor of the Nonlinearfour Order Wave Equations



(u(t), ut(t)), is the semigroup generated by the problem (1.1)-(1.3). Then S(t) has a bounded

absorbing ball.

Proof. Take the inner product of (1.1) in H with v = ut + θu, 0 < θ ≤ θ0, and θ0 will be

chosen later. we obtain

(utt, v) + (42u, v) + α(ut, v) = (f, u).

Using the condition (1.4), we have

1
2

d

dt
(‖v‖2 + ‖4u‖2 − 2

∫

Ω
F (u)dx) + (α− θ)‖v‖2 + θ‖4u‖2

+(θ2 − αθ)(u, v)− θ

∫

Ω
f(u)udx = 0. (3.1)

Using the Hölder inequality, Young inequality and the condition (1.5), we get

(α− θ)‖v‖2 + θ‖4u‖2 + (θ2 − αθ)(u, v)− θ

∫

Ω
f(u)udx

© 2013   Global Journals Inc.  (US)
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≥ (α− θ)‖v‖2 + θ‖4u‖2 + (θ2 − αθ)‖u‖‖v‖ − θ

∫

Ω
(F (u) + c)dx

≥ (α− θ)‖v‖2 + θ‖4u‖2 − αθ

β
1
2
1

‖4u‖‖v‖ − θ

∫

Ω
(F (u) + c)dx

≥ (α− θ)‖v‖2 + θ‖4u‖2 − θ

2
‖4u‖2 − θ

α2

2β1
‖v‖2 − θ

∫

Ω
(F (u) + c)dx

≥ [α− θ(1 +
α2

2β1
)]‖v‖2 +

θ

2
‖4u‖2 − θ

∫

Ω
(F (u) + c)dx.

Choose θ0, such that θ0(1 + α2

2β1
) = α

2 . Hence, α− θ(1 + α2

2β1
) ≥ α

2 ≥ θ.

From (3.1), we have

1
2

d

dt
(‖v‖2 + ‖4u‖2 − 2

∫

Ω
F (u)dx) +

α

2
‖v‖2 +

θ

2
‖4u‖2 − θ

∫

Ω
(F (u) + c)dx ≤ 0.

Then, it follows that

d

dt
[‖v‖2 + ‖4u‖2 + 2

∫

Ω
(c− F (u))dx] + θ[‖v‖2 + ‖4u‖2 + 2

∫

Ω
(c− F (u))dx]

≤ 4cθ|Ω|, (3.2)

where |Ω| is measure of the Ω.

Let y(t) = ‖v‖2 + ‖4u‖2 + 2
∫
Ω(c− F (u))dx. Then y(t) ≥ 0 and (3.2) can be read as

dy

dt
+ θy ≤ 4cθ|Ω|.

Notes

Global Attractor of the Nonlinearfour Order Wave Equations



Using the Gronwall inequality, we have

y(t) ≤ y(0)e−θt + 4c|Ω|(1− e−θt), t ≥ 0.

For any bounded set B of E, (ϕ,ψ) ∈ B and
∫
Ω[c− F (ϕ)]dx is bounded. Then

R(B) = sup
(ϕ,ψ)∈B

y(0) = sup
(ϕ,ψ)∈B

{‖ϕ‖2
V + ‖ψ + θϕ‖+ 2

∫

Ω
(c− F (ϕ))dx} < ∞,

and

lim
t→∞ sup

(ϕ,ψ)∈B
y(t) ≤ 4c|Ω| = µ2

0.

Let µ1 > µ0 be fixed, and there is a t0 = t0(R(B), µ1) = 1
θ ln R(B)

µ2
1−µ2

0

such that for any

t ≥ t0, we have y(t) ≤ µ2
1. Then

‖u(t)‖2
V + ‖ut(t)‖2 ≤ ‖u(t)‖2

V + 2‖ut(t) + θu(t)‖2 + 2θ2‖u(t)‖2

12
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≤ ‖u(t)‖2
V + 2‖ut(t) + θu(t)‖2 +

2θ2

β1
‖u(t)‖2

V

≤ 2(1 +
θ2

β1
)(‖u(t)‖2

V + ‖ut(t) + θu(t)‖2)

≤ 2(1 +
θ2

β1
)y(t) ≤ 2(1 +

θ2

β1
)µ2

1.

Let ρ2
0 = 2(1 + θ2

β1
)µ2

1. Then For all t ≥ t0, we have

‖u‖2
V + ‖ut‖2 ≤ ρ2

0, (3.3)

which implies that the ball of E, B0 = BE(0, ρ0), centered at 0 of radius ρ0, is an absorbing

set.

Theorem 3.2 Assume f : R → R satisfies (1.4)-(1.6). Then the semigroup S(t), t ≥ 0

associated with problem (1.1)-(1.3) possesses a global attractor.

Proof. The eigenvalue equation




∆2u = βu,

u|∂Ω = 4u|∂Ω = 0,
(3.4)

has eigenvalues β1, β2, · · · , βk, · · ·and eigenvector {ek|k = 1, 2, 3, · · ·}, and 0 < β1 ≤ β2 ≤
· · · ≤ βk ≥ · · · . If k →∞, βk →∞. {ek|k = 1, 2, 3, · · ·} constitutes an orthogonal base of H.

For ∀u ∈ H, we have

u =
∞∑

k=1

ukek, ‖u‖2
L2 =

∞∑

k=1

u2
k,

Global Attractor of the Nonlinearfour Order Wave Equations



Introduce subspace E1 = span{e1, e2, · · · , ek} ⊂ H. Let E2 be an orthogonal subspace of

E1 ⊂ H.

For ∀(ut, u) ∈ E, we find

ut = u1t + u2t, u1t = Pmut, u2t = (I − Pm)ut,

and

u = u1 + u2, u1 = Pmu u2 = (I − Pm)u,

where Pm : H → E1 be the orthogonal projection.

© 2013   Global Journals Inc.  (US)
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Let Pi : E → Ei × Ei be the orthogonal projection. Thanks to Definition 2.3, we will

prove that for any bounded set B ⊂ E and ε > 0, there exists t∗ > 0 such that

‖P1S(t)B‖H ≤ M, ∀t > t∗, M is a constant, (3.5)

‖P2S(t)B‖H ≤ ε, ∀t > t∗, ϕ ∈ B. (3.6)

From Theorem 3.1, S(t) has an absorbing set BM . Then for any bounded set B ⊂ E,

there exists t0 > 0 such that S(t)B ⊂ BM , ∀t > t0, which imply (3.5).

From Lemma 2.5, f : V → H is compact, then for any ε > 0, there exists some m ∈ N

such that

‖(I − Pm)f‖ ≤ ε.

Multiply (1.1) by v2 = u2t + θu2 (0 < θ ≤ θ1), and integrate over Ω. We obtain

∫

Ω
(utt +42u + αut)v2dx =

∫

Ω
fv2dx.

Then, we have

1
2

d

dt
(‖v2‖2 + ‖4u2‖2) + (α− θ)‖v2‖2 + θ‖4u2‖2

+(θ2 − αθ)(u2, v2) ≤ (f, v2) ≤ ‖(I − Pm)f‖‖v2‖ ≤ ε‖v2‖ ≤ α

4
‖v2‖2 +

ε2

α
. (3.7)

Using the Hölder inequality and Young inequality, we get

(α− θ)‖v2‖2 + θ‖4u2‖2 + (θ2 − αθ)(u2, v2)

≥ (α− θ)‖v2‖2 + θ‖4u2‖2 + (θ2 − αθ)‖u2‖‖v2‖

≥ (α− θ)‖v2‖2 + θ‖4u2‖2 − αθ

β
1
2
m+1

‖4u2‖‖v‖

Notes

Global Attractor of the Nonlinearfour Order Wave Equations



≥ (α− θ)‖v2‖2 + θ‖4u2‖2 − θ

2
‖4u2‖2 − θ

α2

2βm+1
‖v2‖2

≥ [α− θ(1 +
α2

2βm+1
)]‖v2‖2 +

θ

2
‖4u2‖2.

Choose θ1, such that θ1(1 + α2

2β1
) = α

2 . Hence, α− θ(1 + α2

2β1
) ≥ α

2 ≥ θ.
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From (3.7), we have

1
2

d

dt
(‖v2‖2 + ‖4u2‖2) +

α

4
‖v2‖2 +

θ

2
‖4u2‖2 ≤ ε2

α
.

Then, it follows that

d

dt
(‖v2‖2 + ‖4u2‖2) + θ(‖v‖2 + ‖4u‖2) ≤ 2ε2

α
. (3.8)

Using the Gronwall inequality, we have

‖v2(t)‖2 + ‖4u2(t)‖2 ≤ (‖v2(0)‖2 + ‖4u2(0)‖2)e−θt +
2ε2

α
(1− e−θ(t−t0)), t ≥ t0.

where t0 is given in the proof of Theorem 3.1. Then

‖v2(0)‖2 + ‖4u2(0)‖2 ≤ ρ2
0.

Let t1 − t0 = 1
θ ln ρ2

0α

ε2 . Hence

‖v2(t)‖2 + ‖4u2(t)‖2 ≤ 3ε2

α
, t ≥ t1.

Then

‖u2(t)‖2
V + ‖u2t(t)‖2 ≤ ‖u2(t)‖2

V + 2‖u2t(t) + θu2(t)‖2 + 2θ2‖u2(t)‖2

≤ ‖u2(t)‖2
V + 2‖u2t(t) + θu2(t)‖2 +

2θ2

βm+1
‖u2(t)‖2

V

≤ 2(1 +
θ2

βm+1
)(‖u2(t)‖2

V + ‖u2t(t) + θu2(t)‖2)

≤ 2(1 +
θ2

βm+1
)(‖v2(t)‖2 + ‖4u2(t)‖2) ≤ (1 +

θ2

βm+1
)
6ε2

α
.

Let C = 6
α(1 + θ2

βm+1
). Then for all t ≥ t1, we have

‖u‖2
V + ‖ut‖2 ≤ Cε2, (3.9)

which implies (3.6).

From Lemma 2.4, the equations(1.1)-(1.3) possess a global attractor.

Global Attractor of the Nonlinearfour Order Wave Equations
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In what follows ( , )X T  stands for a topological space.  The symbols ( ) and ( )cl Int  

denote the closure and interior in a topological space respectively.  

a) Preliminaries

1.1 Definition:  Let A be a subset of X .  A  is said to be     

      (i)    semi-open in ( , )X T  if ( ( ))A cl Int A⊆ .

      (ii)   semi-closed if  X - A is semi-open in ( , )X T .     

(iii)  semi-neighborhood of a point x ∈	X  if  x ∈ A 	and A is semi-open in ( , ) .X T  

1.2 Definition:  The semi-closure of a set A  in ( , )X T  denoted by ( )scl A , is the    

intersection of all semi-closed supersets of A . 

A point x X∈ is said to be a semi-limit point of a set A  in ( , )X T , if    

every semi-neighborhood of  x contains a point of A  different from  x  in X . 

      1.3 Definition:  

2
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3
. 

In 1963, Norman Levin introduced the concept of semi-open sets in his paper [2].  It 
has drawn the attention of various authors including Crossley, Hildebrand and Dorsett and 
they have probed deeply into this area and developed many interesting concepts like semi-
closed sets, semi-compactness etc.  In this present paper, we introduce the concepts of semi-
limit and semi-separability and prove that semi-separability is equivalent to separability.  
Also we construct a topology using semi-open sets and we call this topology a semi-
topology.



18

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
II

Y
ea

r
  

2 0
13

  
  

 
F

)

)

Notes

© 2013   Global Journals Inc.  (US)

2.1 Definition:  Let x X∈ and let { xλ / � ϵ ∆ } be a net in ( , )X T .  We say that x is a 

       semi-limit of { }/xλ λ ∈∆ and we write x = .lims xλ
λ∈∆

 if for every semi-neighborhood A       

        of  x in X there exists a Aλ ∈∆
  
such that x Aλ ∈

  
.Aλ λ∀ ≥
     

2.2 Proposition:  For A X⊂  and x X∈ , the following are equivalent.  

(i) x  is a semi-limit point of A

(ii)  there exists a net { / }xλ λ ∈∆  in A such that .limx s xλ
λ∈∆

=

(iii) ( )x scl A∈

2.3 Remark:  Let ( )S T  be the collection of all semi-open sets in ( , )X T . The set ( )S T

clearly contains T and is closed under arbitrary unions. However, being not closed 

under finite intersections, ( )S T is not a topology on X . However, if A T∈ and 

( )B S T∈ then A B∩ ( )S T∈ . 

      2.4 Definition:  We define { }0 ( ) ( ) / ( ) ( )S T A S T A B S T B S T= ∈ ∈ ∀ ∈∩
  
and       

      { }00 0 0 0( ) ( ) / ( ) ( )S T A S S A B S S B S S= ∈ ∈ ∀ ∈∩  where 0( )S S is  the collection of all   

      semi-open sets in the topological space 0( , ( )).X S T  

       2.5 Proposition:  

      (a)  0 ( )S T and 00 ( )S T  are topologies on X .

      (b)  0 ( ) ( ).T S T S T⊆ ⊆

      (c)  0( )S S ⊆ ( ) .S T

      (d)  0 ( )S T = 00 ( ) .S T

      2.6 Remark:  We call the topology 0 ( )S T , a semi-topology on  X . 

      2.7 Notation:  We denote the closure of a subset A of X in the topological space  

       ( , ( ))oX S T by the symbol 0cl ( )A  and interior of A by ( )oInt A . 

      2.8 Proposition: For ,A X⊆   0( ) ( ) ( )scl A cl A cl A⊆ ⊆ . 

      3.1 Definition:   ( , )X T  is said to be separable if there exists a countable     

      subset A of X such that ( )cl A X= .                                     

b) Semi-Limit and Semi-Topology

c) Semi-Separability
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      3.2 Definition: ( , )X T  is said to be semi-separable if there exists a countable subset A of   

      X  such that ( )scl A X= .                                         

      3.3 Proposition: ( , )X T  is separable if and only if  it is semi-separable.                                         

      Proof:  Suppose that ( , )X T  is separable.  

      ⇒   there exists a countable subset A  of X  such that ( )cl A X= .                  

      Let x X∈  and G  be a semi-neighborhood of x in ( , )X T                                                            

      ⇒ x G∈  and G  is semi-open in ( , )X T                                                                    

      ⇒  there exists O T∈  such that ( )O G cl O⊆ ⊆ .                                                        

      Assume that G A φ=∩ ⇒ A X G X O⊆ − ⊆ −
                                                                 

                                             ( )cl A X O⇒ ⊆ −   X X O⇒ = −     

                                             O φ⇒ = G φ⇒ =

 

which is a contradiction.                                              

      Hence  G A φ≠∩ .                                                                                    

      Thus each semi-neighborhood of x

 

in ( , )X T  intersects A    

      
⇒   ( )x s cl A∈ .  Hence ( )s cl A X=   ⇒ X  is semi-separable.  

      The converse follows from the definitions 3.1, 3.2  and the proposition 2.8.  

                                                     

      3.4 Proposition: 0( , ( ))X S T  is semi-separable  ⇔ ( , )X T  is semi-separable.                                         

      Proof:  Suppose that 0( , ( ))X S T  is semi-separable                                 

      ⇒   there exists a countable subset A  of X  such that 0( )cl A X=                                              

      ( )cl A X⇒ =   ( , )X T⇒  is separable and hence it is semi-separable.            

      Conversely suppose that ( , )X T  is separable ( , )X T⇒  is semi-separable                                          

      ⇒   there exists a countable subset A  of X  such that ( )scl A X=                                

      
⇒    0( )cl A X= ⇒ 0( , ( ))X S T  is separable and hence it is semi-separable. 

            I  sincerely thank my Professor,  Dr. I. Ramabhadrasarma  for his guidance 

and encouragement in making this paper.

Notes
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applicable toa six-dimensional space in complex coordinates, two-dimensional phase space consisting of two position 

and twomomentum variables. In search into the features of a dynamical system, with the

 

possibility of its complex 

invariant,we explore this dynamical systems. Dynamical algebraic approach is used to study two-dimensional complex 

systems(coupled oscillator system) on the extended complex phase plane (ECPS). Scope and importance of invariants
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The coupled oscillator provides many soluble models in different branches of physics because of its math-
ematical simplicity. It stays with us in many different forms because it provides the mathematical basis for many
soluble models in physics, including the Lee model in quantum field theory [1], the Bogoliubov transformation in
superconductivity, relativistic models of elementary particles [2]. In physics coupled harmonic oscillator system in
two-dimensions [3], in the Bells inequality experiments employing coupled harmonic oscillators [4]. This also has
been used for description of motion of a charged particle in a magnetic field [5, 6] or . They are also studied in context
of electrical circuits with time-varying capacitors and inductors, particularly with reference to their memory property,
has become of considerable interest in recent years [7]. Blasoneet al [8] studied momentum-dependent terms in the
Hamiltonian structure in the context of the so-called holographic principle and in the treatment of quantum gravity as
a dissipative and deterministic system. Hamiltonian for such system is given by

H =
1
2

[α1p2
x + α2p2

y + β1x2 + β2y2] + α3(pxy+ xpy). (1)

Invariants for above Hamiltonian provided they exist and can be computed, and even the complex invariants [9] ex-
ist, are a very useful tool to understand the theoretical structure of this dynamical systems. Since invariants of real
Hamiltonian systems have been played a vital role in understanding the underlying dynamics of the systems and so
we expect that the complex invariants can also be helpful in exploring some deep insights into features of complex
dynamical systems. In the past, complex invariants have been discussed in context of understanding fermion masses
and quark mixing, and CP-conserving two-Higgs-doublet model scalar potentials in the Particle physics [10, 11].
In this paper, we construct a complex invariants corresponding coupled oscillators based on the ECPS approach in
complex domain [12]. Recently, with a view to explore some role of invariants for complex systems, Kaushal et
al. [13] found invariants for some one dimensional systems within the framework of an ECPS. Some quantum me-
chanical studies within the ECPS are also reported [14]. But most of such studies are restricted in one dimension
only. Such studies in higher dimensions is desirable from the intrinsic mathematical interest, to check the validity of
various methods/theories and to find solutions of some realistic physical problems. With this motivation, recently we
generalized the ECPS in two dimensions and studied the coupled oscillator.

1.
T

. 
D

. 
L
ee

, 
S
om

e 
sp

ec
ia

l 
ex

am
p
le

s 
in

 r
en

or
m

al
iz

ab
le

 f
ie

ld
 t

h
eo

ry
, 
P

h
y
s.

 R
ev

. 
9
5,

 1
32

9 
(1

95
4)

.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

22

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
II

Y
ea

r
  

2 0
13

  
  

 
F

)

)

© 2013   Global Journals Inc.  (US)

We make use of the Lie algebraic approach to derive at least one invariant for the TD versions of above coupled
oscillator system. In fact, the Lie algebraic approach (ref therein [15]) commands several advantages over the ratio-
nalization method, particularly for the TD systems, not only in terms of the closure property of the Poisson bracket
algebra of phase space functions but also for its straightforward extension to the corresponding quantum system.

If we define

x = x1 + ip3; y = x2 + ip4; px = p1 + ix3; py = p2 + ix4. (2)

then, a two dimensional real phase space (x, y, px, py, t), may be transformed into the corresponding extended complex
phase plane (ECPS) (x1, p3, x2, p4, p1, x3, p2, x4, t) The above transformations add four additional degrees of freedom,
(x3, x4, p3, p4, t), which can make mathematical analysis of a problem a bit more involved. But nevertheless, these
type of transformations are used in many studies [12, 13, 14, 13]. From eq.(2) one can easily obtain one can easily
obtain

∂

∂x
=

∂

∂x1
− i

∂

∂p3
;

∂

∂y
=

∂

∂x2
− i

∂

∂p4
;

∂

∂px
=

∂

∂p1
− i

∂

∂x3
;

∂

∂py
=

∂

∂p2
− i

∂

∂x4
. (3)

Now consider a complex phase space functionI (x, y, px, py, t) as

I = I1(x1, p3, x2, p4, p1, x3, p2, x4, t) + iI2(x1, p3, x2, p4, p1, x3, p2, x4, t). (4)

Further, the invariance of I implying

dI
dt
=
∂I
∂t
+ [ I ,H] = 0, (5)

where [., .] is the Poisson bracket, which in view of the definition, eq.(2), turns out to be

[ I ,H](x,p) = [ I ,H](x1,p1) − i[ I ,H](x1,x3) − i[ I ,H](p3,p1) − [ I ,H](p3,x3)

+ [ I ,H](x2,p2) − i[ I ,H](x2,x4) − i[ I ,H](p4,p2) − [ I ,H](p4,x4). (6)

Consider a coupled harmonic oscillator systems in two-dimensions, whose Hamiltonian is given by (1). Using
(2), the above Hamiltonian (see [12] for detail method) can be expressed as

H =
α1

2
p2

1 −
α1

2
x2

3 + iα1p1x3 +
α1

2
p2

2 −
α1

2
x2

4 + iα1p2x4 +
α2

2
x2

1 −
α2

2
p2

3 + iα2p3x1p4

+
α2

2
x2

2 −
α2

2
p2

4 + iα2x2 + α3(p1x2 + ip1p4 + ix3x2 − x3p4 + x1p2 + ix1x4 + ip2p3 − p3x4)

=

20∑

m=1

hm(t)Γm(x1, p3, x2, p4, p1, x3, p2, x4), (7)

and the variousΓ’s and h(t)’s for the above complexH are given as

Γ1 =
p2

1

2
; Γ2 =

x2
3

2
; Γ3 = p1x3; Γ4 =

p2
2

2
; Γ5 =

x2
4

2
; Γ6 = p2x4; Γ7 =

x2
1

2
; Γ8 =

p2
3

2
;

Γ9 = x1p3; Γ10 =
x2

2

2
; Γ11 = x2p4; Γ12 =

p2
4

2
; Γ13 = p1x2; Γ14 = p1p4; Γ15 = x3x2;

Γ16 = x3p4, Γ17 = x1p2; Γ18 = x1x4; Γ19 = p3p2; Γ20 = p3x4. (8)

With

h1 = h2 = α1; h3 = iα1; h4 = h5 = α2; h6 = iα2; h7 = h8 = β1; h9 = iβ1; h10 = h11 = β2

h12 = iβ2; h14 = h15 = iα3; h13 = α3; h16 = −α3; h17 = α3; h18 = h19 = iα3; h20 = −α3. (9)

a) Li e algebraic approach
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The dynamical algebra in this case is not closed. To find closure property for the above system, we have to add sixteen
more phase space functions (Γl)’s. The additional (Γl)’s are as follow

Γ21 = p1p3; Γ22 = p1x1; Γ23 = x2p1; Γ24 = p1p4, Γ25 = p3x3; Γ26 = x1x3; Γ27 = x2x3; Γ28 = x3p4;

Γ29 = x2p2; Γ30 = p4p2; Γ31 = p2p3; Γ32 = p2x1, Γ33 = x2x4; Γ34 = x4p4; Γ35 = x1x4; Γ36 = p3x4, (10)

with correspondinghl(t) = 0. Now in the light of Poisson bracket (6) for complex systems, we get large number (288
no. of) nonvanishing Poisson brackets (for more detail see [12]). Therefore, their use (5) yields the following set of
PDEs inλ’s as described in (??) section two:

λ̇1 = 4α1(iλ21− λ22) − 4α3(λ23− iλ24), (11)

λ̇2 = −4α1(λ25+ iλ26) − 4α3(iλ27 + λ28), (12)

λ̇3 = −2α1(λ21+ iλ22+ iλ25− λ26) − 2α3(iλ23 + λ24 + λ27 − iλ28), (13)

λ̇4 = −4α2(λ29+ iλ30) + 4α3(iλ31 − λ32), (14)

λ̇5 = −4α2(λ34+ iλ33) − 4α3(λ36 + iλ35), (15)

λ̇6 = −2α2(iλ29+ λ30− iλ34+ λ33) − 2α3(λ31 + iλ32 + λ35 − iλ36), (16)

λ̇7 = −4β1(−λ22+ iλ26) + 4α3(λ32− iλ35), (17)

λ̇8 = 4β1(iλ21+ λ25) + 4α3(λ36 + iλ31), (18)

λ̇9 = 2β1(λ21+ iλ22− iλ25+ λ26) + 2α3(λ31 + iλ32 + λ35 − iλ36), (19)

λ̇10 = 4α3(λ23− iλ27) − 4β2(λ29 + λ33), (20)

λ̇11 = 2α3(iλ23+ λ24+ λ27− iλ28) − 2α3(λ29 + iλ30 + λ34 − iλ33), (21)

λ̇12 = 4α3(iλ24 + λ28) − 4β2(λ30 + λ34), (22)

λ̇13 = 2α3(λ22− iλ33− iλ26+ λ29) + 2β1(iλ23 − iλ27) + 2β2(λ32 − iλ35), (23)

λ̇14 = 2α3(λ26+ λ30 − iλ34 + iλ22) + 2β1(λ24− iλ28) + β2(−λ32+ iλ35), (24)

λ̇15 = 2α3(λ21− iλ25 + λ33 + iλ29) + 2β1(iλ23+ λ27) + β2(λ31− λ36), (25)

λ̇16 = 2β2(iλ21 + λ25 + iλ30 + iλ34) + 2β1(iλ24 + λ28) − β2(λ31 + iλ36), (26)

λ̇17 = 2α3(iλ21 − λ22 − λ29 + iλ30) + 2α1(iλ31− λ32) − 2α2(iλ23+ λ24), (27)

λ̇18 = −2α3(λ21+ iλ22 + iλ29 + λ30) + 2α1(−λ31+ iλ32) + α2(−iλ23+ λ24), (28)
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λ̇19 = 2α3(iλ25− λ26− iλ29− λ30) − 2α1(λ31 + iλ32) + 2α2(−λ27+ iλ28), (29)

λ̇20 = −2α3(λ25 + iλ26 + iλ29 + λ30) − 2α1(λ31+ iλ32) + 2α2(−iλ27− λ28, ) (30)

λ̇21 = 2β1(iλ1 + λ3) + 2α1(−λ9 + iλ8) + 2α3(−iλ16− λ15) + 2α3(iλ17+ λ18), (31)

λ̇22 = 2β1(λ1 − iλ3) + 2α1(iλ9 + λ7) + 2α3(iλ14− λ13) + 2α3(λ17− iλ18), (32)

λ̇23 = 2β2(iλ17− iλ18) + 2α1(−λ13+ iλ15) + 2α3(−iλ3 + λ1) + 2α3(iλ11 − λ10), (33)

λ̇24 = 2α3(iλ1 + λ3) + 2α3(−λ11+ iλ12) + 2α1(−iλ16 − λ14) + 2β2(λ18 − λ17), (34)

λ̇25 = 2β1(−λ2 − iλ3) − 2α1(iλ9 + λ8) + 2α3(−λ16− iλ15) + 2α3(iλ19+ λ20), (35)

λ̇26 = 2β1(−iλ2 + λ3) + 2α1(iλ7 − λ9) + 2α3(−iλ13− λ14) + 2α3(λ19− iλ20), (36)

λ̇27 = 2α3(−iλ2 + λ3) + 2α3(−iλ10− λ11) − 2α1(iλ13+ λ15) + 2β2(λ19+ iλ20), (37)

λ̇28 = 2α3(λ2 + iλ3) + 2α3(−iλ11− iλ12) − 2α1(λ14 − iλ16) + 2β2(−λ19+ iλ20), (38)

λ̇29 = 2β2(λ4 + λ6) + 2α2(−λ10+ iλ11) + 2α3(iλ15− λ13) + 2α3(λ17− iλ19), (39)

λ̇30 = −2α3(λ4 + iλ6) + 2α2(−λ11− iλ12) + 2α3(−iλ16− iλ14) + 2α3(iλ17 + λ19), (40)

λ̇31 = 2α3(iλ4 + λ6) + 2α2(iλ8 + λ9) + 2α2(−iλ16 − λ15) + 2β1(iλ17 + λ19), (41)

λ̇32 = 2α3(λ4 − iλ6) + 2α3(λ7 + iλ9) + 2α2(iλ14− λ13) + 2β1(λ17− iλ19), (42)

λ̇33 = 2β2(λ5 + λ6) + 2α2(−λ10− iλ11) + 2α3(−iλ13− λ15) + 2α3(λ18 − iλ20), (43)

λ̇34 = 2β2(−λ5 − λ6) + 2α2(−iλ11+ λ12) + 2α3(−λ14− iλ16) + 2α3(iλ18+ λ20), (44)

λ̇35 = 2β1(−λ18− λ20) + 2α2(−iλ13− λ14) + 2α3(−iλ5 + λ6) + 2α3(iλ7 − λ9), (45)

λ̇36 = 2α3(λ5 + iλ6) − 2α3(iλ9 + λ8) + 2α2(−λ16+ iλ15) + 2β1(iλ18 + λ20). (46)

As such the solution to these 36 coupled equation turns out to be difficult. Therefore, we make the following choices
aboutλ’s which facilitate to find solutions of above equations.
From eqs.(11), (12) and (13), we get 2̇λ3 = iλ̇1−iλ̇2. If we considerλ3 = c3 (a constant), and by takingλ1 = λ2 = η1(t);
which immediately gives

λ1 = η1(t) + c1; λ2 = η1(t) + c2. (47)

From eqs.(14), (15) and (16), we get 2̇λ6 = iλ̇4−iλ̇5. If we considerλ6 = c6 (a constant), and by takingλ4 = λ5 = η2(t);
which immediately gives

λ4 = η2(t) + c4; λ5 = η2(t) + c5. (48)
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Again From eqs.(17), (18) and (19), we get 2̇λ9 = iλ̇7−iλ̇8. If we setλ9 = c9 (a constant), and considerλ7 = λ8 = η3(t);
which immediately gives

λ7 = η3(t) + c7; λ8 = η3(t) + c8. (49)

From eqs.(20), (21) and (22), we get 2̇λ11 = iλ̇10−iλ̇12. If we setλ11 = c11 (a constant), and considerλ12 = λ10 = η4(t);
which immediately gives

λ12 = η4(t) + c12; λ10 = η4(t) + c10. (50)

Now, in order to find solutions forλ13, λ14, λ15 andλ16 we have to make simplification for complications of above set
of 24 eqs (23-46). (i.e.α1 = α2 = α3, andβ1 = β2 = α3). From eqs.(17), (20) and (23), we get 2̇λ13 = λ̇7 + iλ̇10. If we
considerλ13 = c13 (a constant), and considering the eqn from above relation (withλ10 = η4(t) + c10, λ7 = η3(t) + c7;)
gives

λ13 = η(t) + c13. (51)

whereη(t) = 1
2i [η4(t) + η3(t); ] is an another function of time, and (c13 = c7 + c10; a constant.)

From eqs.(18), (20) and (25), we get 2iλ̇15 = λ̇10 + iλ̇8, If we considerλ15 = c15 (a constant), and considering the eqn
from above relation (withλ10 = η4(t) + c10, λ8 = η3(t) + c8;) gives

λ15 = η(t) + c15, (52)

whereη(t) = 1
2i [η4(t) + η3(t)] is an another function of time andc15 = c10+ c8; a constant.

In order to find solutions forλ16, from eqs.(18), (22) and (26), we get 2iλ̇16 = λ̇8 + λ̇12. If we considerλ16 = c16; (a
constant), and considering the relation (withλ8 = η3(t) + c8, λ12 = η4(t) + c12;) gives

λ16 = η(t) + c16, (53)

whereη(t) = 1
2i [η4(t) + η3(t)]; andc16 = c8 + c12; a constant.

From eqs.(17), (22) and (24), we get 2iλ̇14 = λ̇7 + λ̇12, If we considerλ14 = c14; (a constant), and considering relation
(with λ7 = η3(t) + c7, λ12 = η4(t) + c12;) gives

λ14 = η(t) + c14, (54)

whereη(t) = 1
2i [η4(t) + η3(t)]; andc16 = c7 + c12 a constant.

Now, to find solutions forλ17, λ18, λ19 andλ20, refer from eqs.(11), (14) and (27), we get 2̇λ17 = λ̇1 + λ̇4; and
considering the relationλ1 = η1(t) + c1, λ4 = η2(t) + c4; gives

λ17 = φ(t) + c17, (55)

whereφ(t) = 1
2

∫
[η̇1(t) + η̇2(t)]dt; andc17 = c1+ c4, a constant. From eqs.(11), (15) and (28), we get 2̇λ18 = iλ̇1− iλ̇5;

and considering the relationλ1 = η1(t) + c1, λ5 = η2(t) + c5; will results

λ18 = ϕ(t) + c18, (56)

whereϕ(t) = 1
2

∫
[iη̇1(t)− iη̇2(t)]dt; andc18 = c1+ c5, a constant. Similarly to find solutions ofλ19, from eqs.(12), (14)

and (29), we get 2̇λ19 = iλ̇2 − iλ̇4; and considering the relationλ2 = η1(t) + c2, λ4 = η2(t) + c4; gives

λ19 = χ(t) + c19, (57)

whereχ(t) = 1
2

∫
[iη̇1(t) − iη̇2(t)]dt andc19 = c2 + c4, a constant.

Again from eqs.(12), (15) and (30), we get 2̇λ20 = λ̇2+ λ̇4; and considering the relationλ2 = η1(t)+c1, λ4 = η2(t)+c4;
gives

λ20 = (t) + c20, (58)

where (t) = 1
2

∫
[η̇1(t) + η̇2(t)]dt; andc20 = c2 + c4, a constant.

Solutions for (λ21− λ28) can be obtained respectively as from eqs.(31-38), we obtain following equations

Notes
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iλ̇21 + λ̇22 = 2(α1λ7 − α1λ8 − α3λ13 + iα3λ14 − iα3λ15 + α3λ16) = 0. (59)

λ̇23 + iλ̇24 = 2(−α3λ10 + α3λ12 − α1λ13+ iα1λ15 − iα1λ14+ α1λ16) = 0. (60)

λ̇25− iλ̇26 = 2(α1λ7 − α1λ8 − α3λ13 + iα3λ14 − iα3λ15 + α3λ16) = 0. (61)

λ̇27+ iλ̇28 = 2i(−α3λ10 + α3λ12 − α1λ13 + iα1λ15 − iα1λ14 + α1λ16) = 0. (62)

Since

λ7 = λ8, λ10 = λ12; λ13 = λ14 = λ15 = λ16 = η(t), (63)

or if we set

λ̇21 = −iλ̇22 = ξ̇(t); λ̇23 = −iλ̇24 = θ̇(t);

λ̇25 = iλ̇26 = δ̇(t); λ̇27 = −iλ̇28 = ζ̇(t). (64)

which immediately gives

λ21 = ξ(t) + c21; λ22 = −iξ(t) + c22; λ23 = θ(t) + c23; λ24 = −iθ(t) + c24;

λ25 = δ(t) + c25; λ26 = −iδ(t) + c26; λ27 = ζ(t) + c27; λ28 = iζ(t) + c28. (65)

Solutions for (λ29− λ36) can be obtained respectively as, from eqs.(39-46), we obtain following equations

λ̇31 − iλ̇32 = −2(−iα3λ7 + iα3λ8 + iα2λ13 + α2λ14− α2λ15 − iα2λ16) = 0. (66)

λ̇29 + iλ̇30 = 2(−α2λ10 + α2λ12 − α3λ13+ iα3λ15 − iα3λ14+ α3λ16) = 0. (67)

λ̇33+ iλ̇34 = 2i(−α2λ10 + α2λ12 − α3λ13 + iα3λ15 − iα3λ14 + α3λ16) = 0. (68)

λ̇35 + iλ̇36 = −2(−iα3λ7 + iα3λ8 + iα2λ13 + α2λ14− α2λ15 − iα2λ16) = 0. (69)

Since

λ7 = λ8, λ10 = λ12; λ13 = λ14 = λ15 = λ16 = η(t), (70)

or if we set

λ̇29 = −iλ̇30 = γ̇(t); λ̇31 = iλ̇32 = µ̇(t); λ̇33 = −iλ̇34 = ρ̇(t); λ̇35 = −iλ̇36 = σ̇(t). (71)

Which immediately gives

λ29 = γ(t) + c29; λ30 = iγ(t) + c30; λ31 = µ(t) + c31; λ32 = −iµ(t) + c32;

λ33 = ρ(t) + c33; λ34 = iρ(t) + c34; λ35 = σ(t) + c35; λ36 = iσ(t) + c36. (72)

where the arbitrary functionη’s, φ, ϕ, χ, ψ, ξ, θ, δ, ζ, γ, µ, ρ andσ’s and integration constants,ci ’s, (i = 1, ....36). are
obtained through the equations, when we have solved eqs.[(11)-(46)]. Therefore, substitution of the solutions forλi ’s
yield the, complex invariant for a two dimensional complex oscillator systems as

I =
1
2
η1(p2

1 + x2
3) +

1
2
η2(p2

2 + x2
4) +

1
2
η4(x2

1 + p2
3) +

1
2
η3(x2

2 + p2
4) + η(x1x3 + p3p4 + x2p3 + x1p4)

+φp1p2 + ϕp1x4 + χx3p2 + x3x4 + ξ(p1p3 − ip1x1) + θ(p1x2 − ip1p4) + δ(p3x3 − ix1x3)

+ζ(ip4x3 + x2x3) + γ(ip2p4 + p2x2) + µ(p3p2 − ix1p2) + ρ(ip4x4 + x2x4) + σ(ip3x4 + x1x4). (73)

is our desired invariant.
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We have shown in this paper, the coupled harmonic oscillator system with two space and one time variable
share the same mathematical framework as the coupled harmonic oscillators in one dimension ECPS. The role of a
linear invariant designed, however, for a rotating TD harmonic oscillator inN-dimensions is investigated by Malkin
and Man’ko [16] in the context of coherent states. While the use of the quantum analogue of such TD systems in one
dimension has been known [17, 18] for more than three decades.
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Abstract  -  In the recent past, in many developing countries a good deal of research has been carried to solve the 

problems of ‘large basins’ whereas not much has been done with regard to the hydrologic problems of small 

watersheds. Small watersheds to play important roles e.g. a village pond catered by its own small watershed; in hilly 

watersheds, the generated runoff causes flash flood, resulting into disruptions of communication lines etc. Therefore, it 

is necessary to look into these aspects of the hydrologic problems with greater attention. The hydrologic responses of a 

small watershed depend upon the mechanics of surface runoff, which is primarily a nonlinear process. We have 

discussed the sensitivity of physiographic parameters through lumped kinematics wave models and found that the 

overland roughness and overland slope are more sensitive than other physiographic parameters of overland and 

channel flows. Appropriate discussions of results and conclusions as arrived at in different parts have been 

summarized. 

Keywords : kinematic wave, overland flow, channel flow, lumped physiographic models,watershed, sensitivity 

analysis. 

 

Water is one of the most important natural resources vitally needed for sustenance 

of life. The use of water is continuously increasing with the increase in population. This 

increased demand for water has forced the planners, scientists and hydrologist not only to 

concentrate on major ‘basin planning’ but also to pay sufficient attention to small 

watersheds. The watershed planning may help in micro-level water budgeting to meet the 

localized demands of water for small population concentrations scattered over the entire 

basin. In Bangladesh, in majority cases, each village has its own pond (or tank) from 

which the water is drawn for domestic and other needs. These ponds have their own 

watersheds from which the rainwater is fed to them. Prior to onset of monsoon, after the 

sustained dry period most of the ponds either get dries up or are left with insignificant 

quantities of water. The fine silt or clay, which is accumulated at the bottom of the tank, 

is removed by the local people for plastering of huts and other general repairs of the 

houses. Thus, the lost capacity of the pond due to accumulation of silt is recouped. 

Though is may appear quite insignificant, yet the role of small watersheds is very 

important is most of the developing tropical counties is general and in the Indian 

subcontinent is particular. The micro-climatic influences onto the small watersheds are of 
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particular significance. Response of a watershed to small, medium heavy and very heavy 

rainfall leasing to near cloud burst conditions is of importance not only for meeting the 

water demands but also for the protection of life and property. In hilly and mountainous 

catchments, the situations may get worse. Heavy intensity rains and resulting runoffs 

may cause flash floods and landslides and thus disrupt the communication lines of vital 

importance. These disruptions may result into major economic problems as one region 

gets completely cutoff from rest of the country.   

To find suitable solutions to these problems, it is necessary that micro-level in-

depth studies be carried out for computations of watershed responses to vastly varying 

meteorological conditions. There are different types of watershed models, which have been 

developed in the past to estimate the peak flows and runoff hydrographs for small 

watersheds. With the advent of powerful high-speed digital computers, it is now possible 

to study through mathematical models the basic physical processes viz. transformation of 

rain into the runoff land also the movement of water in the surface as well as in channels. 

These models rely on mathematical statements to represent the system.  

In a small watershed, the generation of runoff can better be studied through the 

‘overland phase’ and ‘channel phase’. The conversion of rainfall excess into surface runoff 

and then the movement of flood flows in the channel is recognized as a nonlinear process. 

These days this process is generally modeled through two approaches, viz. the 

hydrodynamic approaches and the system’s approach. For small watersheds the 

hydrodynamic approaches have been found more useful for the transformation of rainfall 

excess into the surface runoff (viz. in the overland phase) and the movement of flood flows 

in the channel (viz. in the channel phase). 

a)  Objective of the Study 
The objectives of the present work may thus be summarized as below: 

(i) To develop suitable mathematical models based on KW theory, best suited to the 

typical problems of some small watersheds. 

(ii) To confirm the applicability of finite difference schemes which are most suitable for 

small watersheds under study. 

(iii) To carry out the sensitivity analysis for the physiographic parameters of overland as 

well as cannel flow elements and to identify the parameters which are most 

sensitive. Further, to find out the role of effective overland roughness in the context 

of natural high slope watersheds.  

Computer can solve only a finite number of digits to represent each number at 

each step of a calculation. Hence, round-off errors are incorporated. The computation is 

stable if the growth of these errors is within reasonable limits or controlled. 

A numerical model with consistent equations, convergent solutions and stable error 

propagation forms a computationally stable scheme and gives results, which are quite 

close to the exact solution. 

b) Nature of Hydrologic System 
The nature of the hydrologic system is completely defined, through one property 

each, mentioned in the following three sets of possible system behaviors. 

(1) Linear or nonlinear  

(2) Lumped or distributed 

(3) Time-invariant or time-variant. 

A brief description of these three characteristics is given in the following subsections. 
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i. The Linear and Nonlinear Systems 
A hydrologic system is said to be linear, if a step input fed to the system produces 

an output, which is directly proportional to their input. A linear system may be 

represented mathematically by a linear equation. The principle of superposition applies to 

it may be defined mathematically as under: 
 

 

 

where i  is any response function and t is  the time of its applicability. 

The principle of homogeneity, which is a particular case of principle of 

superposition, thus may be described as below  tt )(kf)k(f  

          function. 

A nonlinear system is represented by a nonlinear function. The extent of 

nonlinearity depends upon the system itself. 

The hydrologic system may be defined by a general type of differential equation 

and can be written as follows: 

The system would be nonlinear if any on these coefficients 0a , 1a , 2a , - - -, na  etc. 

are the function of   or the function   carries an exponent other than unity. 

ii. The Lumped and Distributed System 
The hydrologic system is said to be lumped if its input functions or parameters do 

not vary with respect to spatial coordinates (Fig.2.3 (a)). For the lumped systems, 

average conditions or values of input and parameters are applicable. Thus, lumped 

systems are represented by ordinary differential equations. 

The system is defined as distributed if the input or the transfer function and other 

parameters do vary with the spatial coordinates (Fig.2.3 (b)). Such systems are 

mathematically represented by the partial differential equations. The theoretical solution 

of such systems (a differential equation) this requires completes knowledge of the 

boundary conditions. 
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Figure  :   The Lumped and Distributed Systems  

iii.  Time-Invariant and Time-Variant Systems  
A time-variant system is one in which the input-output relationship is not 

dependent upon the time at which the input is applied to the system. The concept of 

time-invariant makes the analysis simpler.    

A time-variant system is one in which the input-output relationship is a 

dependent function of time. It may be concluded that a lumped, linear and time-

invariant system is easiest to work with. But in surface hydrology, the hydrologic system 

happens to be distributed, nonlinear and time-variant in its behavior. This behavior of 

the system is the most complex one and quite difficult not only to formulate 

mathematically but also to solve. Therefore, a compromise has to be reached so that the 

complicated natural hydrologic system may be solved satisfactorily by making suitable 

assumptions with respect to the aspects stated above.  

c)

 

Numerical Technique (Finite Difference Methods) for Solving the Kinematic Wave 
Equations  

The computational schemed will require the initial values for the entire domain              

( s'X i ) and the upstream boundary conditions for all ( t j ’s). Solutions of the governing 

equations through the finite difference scheme will be obtained at each of this grid point. 

Computations advance along the downstream direction for a time step t , until all the 

discharges as well as water areas are computed at all the grid points in the entire 

longitudinal length L.  

Next, the computations are advance ahead in time by another time step Δt  and 

the computations proceed likewise.  
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OUTPUT

Q (t)

)x(

(b) DISTRIBUTED SYSTEM

TRANSFORMATION

        PROCESS

INPUT

   I(t)

The rainfall excess intensity ( ei ) is assumed constant within a time stepΔt . But it 

may change from one time step to the next time step, to account for the variation in 

rates of rainfall excess intensities occurring within a storm event.  



 

 

Figure 3.3 :  Flow Domain Representation Through a Fixed X –   t Grid 

d)

 

Physiographic Models Employed 

i. Lumped Physiographic Model 
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Figure 3.5 : Lumped Physiographic Models 

Notes



 

a.

 

Initial Conditions 

 

 

0)0,x(A

0)0,x(Q





                

for all x 

 

For the overland flows,  

 

0)0,x(

0)0,x(q

y
0





 for all x 

b.

 

Boundary Conditions 
For channel flow: 

 

0)t,0(A

0)t,0(Q





              

for all t           

 

And for the overland flow: 
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0)t,0(

0)t,0(q

y
0





             

for all t 

e) Physiographic Details of Watershed of Railway Bridge No. 319. 
The small watershed of Railway Bridge No. 319 selected for this study is situated 

in Bangalore district of Karnataka of India. This bridge is located on Arsikere Bangalore 

Section of the Indian Railways. The index maps giving details of the watershed is given in 

Fig. Some important features, general information and the physiographic data as 

extracted from the available records and the topographic map of this bridge is given in 

Table. 

Table 1 : General Information and Salient Features of Watershed of Railway Bridge                

No. 319 

Sl. No. Particulars Units 

1. a. Name of the zone 

b. Name of the sub zone 

Deccan Plateau 3i 

2. Geographical location i. Longitude(app.) 1077
'0
 East 

ii. Latitude (app.) 1813
'0
North 

3. Terrain Hilly 

4. Shape of the basin Oblong

5. Climate Humid 

6. Type of soil i. Rocky 

ii. Red Earth 



 
  

 

 

 

 

   

 

 

7.

 

Land use Partially Dry cultivation 

8.

 

No. of rain gauge station 1 

9.

 

No. of discharge location 1 

10.

 

Altitude (average elevation from MSL)

 

833 meter 

11.

 

Watershed area 82.0 hectare

 

12.

 

Length of the main channel(longest)

 

1650.0metre 

13.

 

Total average annual rainfall 500-1000(mm)
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Figure 4.1 : The Index Map of Bridge no. 319

f) Estimation of Physiographic Parameters for Bridge No. 319 
The topographic details of this watershed are shown in Fig. 4.1. In this natural 

watershed, only one main drainage channel exists that too in the central part of the 

watershed. As discussed the lumped physiographic model is used to compute the model 

parameters for the application of KW theory. For this purpose, a lumped model of the 

type given in Fig. (a) is adopted for the estimation of parameters. The equivalent 

watershed has been obtained by dividing equally the total drainage area into the two sides 

1650 meters long main channel. The schematic representation of this model is shown in 

Fig.  

As discussed in Section, the physiographic parameters were computed. The values 

of physiographic parameters are given in Table. 

Notes
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Figure 4.2 : Schmatic Representation Through a Lumped Model (Bridge No. 319)

Table 2 : The Lumped Physiographic Parameter Values of Bridge No. 319 

Sl.No. Particular Unit 
1. Area 82.0 hectares

2. Overland (Plane):

(a). Average length (each side) 

(b). Average slope (each side) 

(c). Overland roughness 

248.0 meters 

0.092

0.052

3. Channel:

(a). Average length 

(b). Average slope 

(c). Average roughness 

(d). Average bed width 

(e). Average side slope

1650.0 meters

0.072

0.035

3.0 meters 

2.5 H: IV

g) Overland Flow of Watershed of Bridge No. 319 for Different Values of Overland 
Roughness (An) 

In overland there are two physiographic parameters land roughness and slope. The 

effect of overland roughness on overland flow of watershed of bridge no. 319 is shown in 

the following Fig. 
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Figure : Overland Flow for Different Values of Overland Rougheness 

From the above figure, we observed that if the overland roughness is increasing 

then peak flow is decreasing. Therefore, the overland roughness (AN) is sensitive.  

h) Overland Flow of Watershed of Bridge No. 319 for Different Values of Overland Slop 
(So) 

Different overland has different overland slope. It has an effect on overland flow. 

The effect of overland slope on overland flow of watershed of bridge no. 319 is shown in 

the following Fig. 4.4 

Figure : Overland Flow for Different Values of Overland Slope 

50 100
TIME (SECOND)

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0.0014

0.0016

0.0018

0.002

0.0022

0.0024

D
IS

C
H

A
R

G
E

(M
3
/S

)

OVERLAND FLOW OF WATERSHED OF BRIDGE NO.319I FOR OVERLAND SLOPE
SO=0.092 AND DIFFERENT VALUES OF OVERLAND ROUGHNESS AN

AN=0.020, 0.040, 0.052, 0.056, 0.060, 0.070

50 100
TIME (SECOND)

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0.0014

0.0016

0.0018

D
IS

C
H

A
R

G
E

(M
3
/S

)

OVERLAND FLOW OF WATERSHED OF BRIDGE NO.319 FOR OVERLAND
ROUGHNESS AN = 0.052 AND DIFFERENT VALUES OF OVERLAND SLOPE S0

SO = 0.070, 0.080, 0.092, 0.100, 0.105, 0.110, , 0.120

  

Notes



 

 

 

 

38

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
II

Y
ea

r
  

2 0
13

  
 

F
)

)

Notes

© 2013   Global Journals Inc.  (US)

From the above figure, we observe that if the overland slope is increasing then the peak 

flow is increasing for high slope. Therefore, the overland slope is sensitive.  

i) Channel Flow Routing 
A channel is a conduit in which water flows with a free surface. Classified 

according to its origin a cannel may be either natural or artificial. Natural channels 

include all watercourse that exist naturally on the earth, varying is size from tiny hillside 

rivulets through brooks, streams, small and large rivers, to tidal estuaries. Underground 

streams carrying water with a free surface are also considered natural channels. 

j) Channel Flow Routing of Watershed of Bridge No. 319 for Different Value of 
Overland Roughness (An) 

Flow of watershed is made of overland and channel flow. Overland roughness is a 

important factor for channel flow. The effect of overland roughness on channel flow of 

watershed of bridge no. 319 is shown in the Fig. 4.5   

 Channel Flow Routing for Different Value of Overland Roughness (An) 

From above Fig, we observed that if overland roughness is increasing then the 

peak flow is decreasing and the flow routing changes is shapes quickly. So the overland 

roughness on channel flow is sensitive.

k) Channel Flow Routing of Watershed of Bridge No. 319 for Different Value of Channel 
Roughness (An1) 

Different channel has different channel roughness. It is a factor of channel flow. 

The effect of channel roughness on channel flow of watershed of bridge no.319 is shown in 

the following Fig.4.6. 
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 Channel Flow Routing for Different Value of Channel Roughness (An1)  

From the above figure we easily observed that the effect of channel roughness on 

channel flow peak is sensitive but is not like overland roughness. So channel roughness is 

very sensitive but not like as overland roughness on channel flow.  

l) Channel Flow Routing of Watershed of Bridge No.319 for Different Value of Side 
Slope (Bz)  

Channel flow depends on different physiographic parameters of overland and 

channel. Here the effect of side slope (BZ) on channel flow of watershed of bridge no.  319 
is shown in Fig.

 Channel Flow Routing for Different Value of Side Slope (Bz)  
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From the above figure we observed that if side slope is increasing then peak flow is 

decreasing very slowly. Therefore, the effect of side slope on the flow routing of channel 

flow is not important factor and hence side slope is not sensitive so much. 

m)   Channel Flow Routing of Watershed of Bridge No. 319 for Different Value of 
Overland Slope (So) 

Channel flow is constituted of direct rainfall and overland flow. Channel flows 

depend on different physiographic parameters of overland and channel. Here the effect of 

overland slope (SO) on channel flow of watershed of bridge no. 319 is shown in the 

following Fig. 

 Channel Flow Routing for Different Value of Overland Slope 

From the above figure, we observe that the effect of overland slope (SO) on the 

peak flow routing of channel flow if SO is increasing then flow routing is increasing, but 

after a period of flow, the flow is not increasing. So the overland slope is not so sensitive 

for channel flow. 

 

From the above discussion we come in conclusion that the overland roughness and 

overland slope and channel roughness are more sensitive than the other parameters on 

overland and channel flow. 

 

The present study can be extended as follows:

(i) Distributed method can be used for channel flow and overland flow routing. 

(ii) Three fully off-center first order explicit finite difference methods have been used 

for the solution of proposed KW models. A single step, second explicit method can 

also be used for above-mentioned models. Also, implicit finite difference methods 

and the finite element methods may also be used for this purpose. 

(iii) In the proposed models, the contributing surface plane elements have assumed     

rectangular and perpendicular to the elements. The shape and the alignment of 
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these planes can be oriented according to the prevailing overland slopes. An 

altogether, different approach will have to be developed for such cases of modeling.  
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Abstract - This paper deals with optimal discounted portfolio, expected wealth and strategic consumption 

                                    

process for a defined contribution (DC) pension scheme. The aims of this paper are to find: the optimal discounted                                     

portfolio and optimal discounted consumption choice to be adopted by the pension plan member (PPM) up to 

                                       

retirement period; the expected discounted wealth and variance of the expected wealth for the plan member.                                     

The financial market is composed by a riskless and a risky assets, and the effective salary of the plan member                                  

   

is assume to be stochastic. The expected discounted wealth and its variance are obtained. The discounted 

                                         

portfolio and consumption processes of the plan member are obtained. It is find that part of the discounted 

                                   

portfolio value is proportional to the ratio of the present value of the discounted expected future contributions

                                       

to the optimal discounted wealth value overtime. It is also find that there is the need for gradual transfer of

                                            

part of the portfolio value in risky asset to the riskless one against unforeseen shocks. 

Keywords  :  strategic discounted consumption, optimal discounted portfolio, pension plan member, unfore- 

seen shocks, stochastic salary, defined contribution, pension scheme. 

 

We consider optimal discounted portfolio and discounted consumption problem in 

a defined contributory pension scheme. This paper follows the work of [14] and [16]. In 

their paper, they considered the optimal portfolio and strategic consumption in the 

lifecycle of a PPM in pension scheme. But, the area of discounted portfolio, discounted 

consumption and the variance of expected discounted wealth of a PPM are yet to be 

considered to the best of my knowledge in the literature of financial mathematics and 

actuarial science. In this paper, we assume that the PPM consume continuously 

throughout his or her life time and consumption terminates when the individual dies. 

In the literature, [9] considered a numerical solution as well as analytical results to 

the intertemporal consumption problem for portfolio management. [17] examined a 

tractable model of precautionary savings in continuous time and assumed that the 

uncertainty was about the timing of the income loss in addition to the assumption of non-

stochastic asset return. [3] considered labour supply flexibility and portfolio choice of 

individual life cycle. They considered the objective of maximizing the expected discounted 

lifetime utility by assumed that the utility function has two argument (consumption and 

labour/leiture). [2] adopted the quadratic utility function that characterized a linear 

marginal utility function. They asserted that the utility function was not attractive in 

describing the behaviour of individual towards risk as it implies increasing absolute risk 

© 2013   Global Journals Inc.  (US)
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aversion. [3] concluded that labour income induced  the individual to invest an additional 

amount of wealth to  the risky asset. They established that labour income and  investment 

choices are related, but they failed to analyzed  the optimal consumption process of the 

investor. [4]  studied the generally the optimal management of a  defined contribution 

pension plan where the guarantee  depends on the level of interest rates at a fixed 

retirement  date. [5] considered optimal dynamic asset allocation  strategy for a DC 

pension plan by taking into account the  stochastic features of the plan member’s lifetime 

salary  progression and the stochastic properties of the assets  held in accumulating pension 

fund. They emphasised that  salary risk (the fluctuation in the plan member’s earning  in 

response to economic shocks) is not fully hedgeable  using existing financial assets. They 

further emphasized that wage-indexed bonds could be used to hedge  productivity and 

inflation shocks. They further asserted  that such bonds are not widely traded. They 

referred the  optimal dynamic asset allocation strategy stochastic  lifestyling. They 

compared it against various static and  deterministic lifestyle strategies in order to 

calculate the  costs of adopting suboptimal strategies. Their solution  technique made use 

of the present value of future  contribution premiums into the plan. This technique can  be 

found in [1], [4], [8]. Deterministic lifestyling which is  the gradual switch from equities to 

bonds according to  present rules is a popular asset alloction strategy during  the 

accumulation phase of DC pension plans and is  designed to protect the pension fund from 

a catastrophic  fall in the stock market just prior to retirement (see [1],  [5], [6]). [5] and [9] 

analysed extensively the  occupational DC pension funds, where the contribution  rate is a 

fixed percentage of salary.  

The classical dynamic lifetime portfolio selection in a continuous time model was 

developed by [10], [11]. [9] used a dynamic programming approach to derived a formula 

for optimal investment allocation in a DC scheme and compared three risk measures to 

analyzed the terminal net replacement ratio achieved by members. They suggested that 

when the choice of investment strategy is determined, risk profiles of individual and 

different risk measures are both important factors which should be taken into 

consideration. 

In this paper, we aim at finding the optimal discounted portfolio and optimal 

discounted consumption choice to be adopted by the pesnion plan member (PPM) up to 

retirement period and the entire lifetime; and the expected discounted wealth and 

variance of the expected discounted wealth for the plan member. 

The structure of the remainder parts of the paper is as follows. Section 2 presents 

the formulation of the problem which include the financial models, wealth process and 

stochastic salary of a PPM. In section 3, we present the discounted wealth and discounted 

consumption process of a PPM. Section 4 presents the present value of discounted future 

contribution of a PPM. In section 5, we presents the valuation of the discounted wealth 

process of a PPM. Section 6 present the optimal discounted portfolio and consumption 

process of a PPM. In section 7, we present the optimal expected discounted wealth 

valuation and discounted consumption process of a PPM. Section 8 presents the 

accumulated expected discounted consumption process of a PPM. Finally, section 9 

concludes the paper. 

 

We consider a continuous-time financial market where there are two investment 

instruments: a riskless and a risky assets. The price dynamics of the two assets are given, 

respectively, by 

44

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

 I
ss
ue

  
  
  
 e

rs
io
n 

I
V

V
II

Y
ea

r
  

2 0
13

  
  

 
F

)

)

© 2013   Global Journals Inc.  (US)

3
.

B
o
d
ie

, 
Z
.,
 M

er
to

n
, 

R
. 

C
.,
 a

n
d
 S

a
m

u
el

so
n
, 

W
. 

F
.,

(1
9
9
2
) 

“L
a
b
o
u
r 

su
p
p
ly

 f
le

x
ib

il
it
y
 

a
n
d
 
p
o
rt

fo
li
o
 
ch

o
ic

e
in

 
a
 
li
fe

 
cy

cl
e 

m
o
d
el

”. 
J
o
u
rn

a
l 

o
f 

E
co

n
o
m

ic
 
D

y
n
a
m

ic
s

a
n
d
 

C
o
n
tr

o
l,
 1

6
, 
4
2
7
-4

4
9
.

Ref



                                 (1) 

(2) 

     . We allow , to be constants.   is the predictable 1-dimensional 

process of excess appreciation rate in relation to the stock,                    is a predictable 

process of volatility vector of stock,    is volatility of stock arising from inflation and     
 

is the volatility stock arising from the stock market.                                  is a 

standard 2- dimensional Brownian motion on a filtered probability space                           

                            with W (0) a null vector almost surely. W1 (t)
 
is the source of risk 

of inflation and W2 (t)

 

is the source of risk of the stock market. We assume that the 

filtration               is generated by the Brownian motion and is right continuous, and 

that each 
   

contains all the P – null sets of 
   

We denote by 
   

the set of square 

integrable                   adapted processes, 

 

 

 

 

 

 

 

and by       the set of square integrable        measurable random variables, 

 

 

 

 

 

 

B(t) = exp(rt ), B(0) =1;                                        (3)  

We assume that the financial market is arbitrage-free, complete and continuously 

open between time 0 and T, i.e., there is only one process    satisfying   

 

 

 

where,    is the market price of inflation risk and and 
  
 

 

 

is the market price of stock risk. 

The exponential process 

 

 

 
(4) 

is assumed to be a martingale 

From (1) and (4), we have the discouted factor to be 
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θ

θ
θ , 

1θ
                                                   

,
2
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,
2

1
)('exp)(

2
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


 −−= ttWtZ θθ

θ

Notes



 (5) 

Taking the differential (5), we have  

  (6) 

The dynamics of the PPM effective salary is given by 

(7)  

 

 

where Y(t) is the salary of the PPM at time t ,   is the expected growth rate of salary of 

PPM and                      is the volatility vector of salary which is driven by the source of 

uncertainty of inflation, W1 (t) and the stock market, W2 (t). The two sources of risk are 

partial correlated. We assume that      0 is a constant and and     is a constant vector. 

 

In this section, we consider the discounted wealth process of the PPM in pension 

scheme. 

Let   (t )  portfolio process invested in risky asset at time t and C(t) the 

consumption process at time t , then the pair (  ,C) is said to be self-financing if the 

corresponding wealth process                             satisfies             

 

 

 

 

 

 

 

 

 

(8) 

where               represents the proportion of the portfolio invested in cash account

at time t . 
Substituting the assets returns in (1) and (2) into (8), we obtain the following 

 

 

 

 

 

 

 

 (9) 

This is our stochastic differential equation which represents the wealth process of 

the PPM at time t. 
Using (6) and (9), we have the discounted wealth process to be 

 

 

 (10) 
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In this section, we present the present value of pension plan member future 

contribution in pension scheme. 

Definition 1: The present value of the expected discounted future contributions 

process is defined as 









Λ
Λ

=Φ ∫
T

tt dsscY
t

s
Et )(

)(

)(
)(

~
,  (11) 



 

 

 

 

where 

 

 0 is the proportion of the salary contributed into the pension funds and E t

 

is 

the conditional expectation with respect to the Brownian filtration 

 

 

(12) 

is the stochastic discount factor which adjusts for nominal interest rate and market price 

of risk. 

Definition 2: The expected discounted future consumption process is defined by 

 
 
 

 

(13) 

We take limits of integration in Eq. (13) from t = T to t = ∞ because, we assume 

that consumption starts when the PPM retired and  consume  his/her investment 

(benefits) till he/she is dead. 

Theorem 1: Let          be the present value of expected future contributions into the 

pension funds, then  
  

 

 

(14) 

where  

Proof: (see Nwozo and Nkeki (2011)). 

Find the differential of bothsides of Eq. (14), we obtain 

 

 

 

 (15) 

Using (6) and (15), we have 

 

 

 

(16) 

 

Definition 3: The value of wealth of the PPM is define as 

 
 

(17) 
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So that the discounted value of wealth becomes 

Then, dynamics of the value of the discounted wealth of the PPM is obtain as 

 (18) 

).(
~
)()()()()( tttXttVt ΦΛ+Λ=Λ
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Substituting in (10) and (16) into (18), we obtain the change in wealth of the PPM 

as follows: 

 (19) 

Notes



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this section, we derived the optimal discounted portfolio and discounted 

consumption process of a PPM under dynamic programming principle. We assume that 

the PPM chooses power utility function in maximizing the expected utility of the terminal 

discounted wealth and consumption process. The choice of the power utility (which is a 

linear combination of two power utility functions. The first term is with respect to the 

wealth process while the second is with respect the consumption process) is motivated by 

the fact that pension scheme are in general large investment conpanies whose strategic 

plans are with respect to the size of funds they are managing. 

We now give the optimal discounted portfolio and discounted consumption process 

for pension funds planners at time t. 

The PPM’s problem is to choose an admissible strategy so as to maximize the 

expected utility of accumulative consumptions and terminal discounted wealth, 

 

 

 

 

where 

 

 

 

 

 

 

We assume that U is concave and 

                                       is the PPM’s preference  discount  factor,          set 

of admissible portfolio strategy that are    

 

progressively measureable, that  satisfy  the

integrability condition 
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       denotes the conditional expectation at time t given the initial endowment, 
Φ,

0E
x

and the utility function is taken as 

It turns out that U(t,V) satisfies the following Hamilton–Jacobi–Bellman equation 

 (20) 

x

x

x x
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This yields the HJB equation for the value function 

Subject to: 

(21) 

where 

( ) 0),,(, =∆Η+ CttVU t , 

( )
.10,

)(
~

)( <<−
Φ+

= γ
γγ

γγ
tC

VU

( ) ( )

( ) ( ) ΦΦ−−Φ+

−∆−∆=∆Η

U

UttCt

II

xx

θσθσ

θσθσ

'''
2

1

')('')(
2

1
)

~
,,(

2

2

( ) ( ) Φ−∆−Φ I Ut θσθσ ')(''
           

x

x

x x

( )ttCUUtC ρ−+− exp))(
~
()(

~

 
x

Hence, we have the following optimal discounted portfolio and optimal discounted 

consumption, respectively as follows: 
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Substituting Eq. (22), and (29) into Eq.(20), we have 
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Notes     



 

 

 

 

 

 

 

 

 

 

 

 

 

 

We assume that in this paper that 

 

 

 

 

(23) 

and 

 

Finding the partial derivative of (23) with respect to                       , we have

the following: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We observe that the assumption of concavity of U turns out to be true, as 
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Substituting the partial derivatives into (36) we have 
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Solving (26), we have 

 

 

 

 

 

 

where, 
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Therefore, the optimal discounted protfolio for the PPM at time t is obtained as 
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the optimal discounted consumption process C * (t) of the PPM at time t , given that 

(25) holds, is obtained 
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At time t = 0, (28) becomes 
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Now, for 0         1, we have intuitively that the growth rate (GRC) of the optimal 

expected discounted consumption is obtain as 
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This is referred to as the Euler equation for the intertemporal maximization of 

discounted consumption under uncertainty. The positive term      captures the uncer-θθ '
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tainty of the financial martet. When the financial market is risky, it will induce investors 

to shift consumption over time. Suppose there is no initial wealth, then (30) becomes 

From (27), the first term is the variational form of the classical portfolio strategy 

while the last term is an intertemporal hedging strategy that offset any shock to the 

stochastic salary of the PPM. At t = 0, we have 

 

In this section, we present the optimal expected value of wealth of the PPM in 

pension plan at time t. From (19), we have that 
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Solving, (33) and (34), we have 
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The accumulated expected discounted consumption process of the PPM up to 

retirement period is given by 
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Solving (39), we have 

If we allow T to tend to infinity, we have 
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This shows that throughout the life-cycle of the PPM, his or her accumulated 

expected discounted consumption will remain nonempty. If      is nonnegative, it implies 

that the PPM is unable to finished his or her consumption before  he  or  she  dies. If       

is negative, it implies that the PPM is finished his or her consumption why still alive. If  

   is zero, it implies that the period the PPM finishes his or her consumption was the 

period he or she dies. Interestingly, the nature of        absolutely depend on the value of     

.        This implies that the level of risk the PPM takes will depend on how large or how 

small the value of the accumulated discounted consumption will be and consumption rate. 

We observe that at     = 0 or

optimal expected discounted consumption will be unbounded. The optimal expected 

discounted consumption will be negative if
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and non negative if

 

This paper dealt with optimal discounted portfolio, expected wealth and strategic 

life-time consumption process for a defined contributory pension scheme. The expected 

discounted wealth and its variance are obtained. The discounted variational classical 

portfolio and consumption process of the plan member are established. The accumulated 

discounted consumption process of the PPM throughout his or her life-cycle was 

established. It was found that part of the discounted portfolio value is proportional to the 

ratio of the present value of the discounted expected future contributions to the optimal

discounted portfolio value overtime. It was found that there is the need for gradual 

transfer of part of the portfolio value in risky asset to the riskless one against unforeseen 

shocks.
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Notes

In this note we present a proof for algebra R over a field K which is at most 
countable imensional modulo their Jacobson radical i.e. R/Rad(R) is at most No 

This includes for example the important situation when R/Rad R is not only 
semisimple but also finite dimensional' Let R be a ring with identity and RadR is its 
Jacobson radical. If R is right perfect (i.e. R/RadR is semisimple and RadR is left T-
nilpotent) then R/RadR is semisimple and hence (R/RadR)R and R(R/RadR) are
semisimple right and left R-module.

Note that since R/RadR is semisimple then an R-module M is semisimple iff it is 
cancelled by RadR. Indeed every simple is cancelled by Rad R and if RadM=0 then M 

has R/RadR –module structure which is semisimple, therefore M is semisimple as the 
lattice of R-submodules and R/RadR sub-modules coincide in this case.

(R/RadR)R is semisimple and finitely generated, so it has a composition series i.e. 

is of length n-1 where each                is semisimple for all k
Note that if R is right self injective then each decomposable (eR) has simple socle.

Indeed if we have a nontrivial decomposition of the socle  

Then we can find E(M) and E(N)injective hulls of M, N contained in eR and we 
obtain eR= E(M) + E(N) nontrivial decomposition that is a contradiction.

Note also that if R is right self injective right perfect then for each simple Right R-
module, the left module Hom (S, R) is simple.

First Hom (S, R) is non zero. Looking for the isomorphism types of
indecomposable modules eR, these are projective, local and the cover of some simple              
R-module.

The number of isomorphism types of such modules equals the number of 
isomorphism types of simple modules equal t, say.

Moreover since the indecomposable eR's also injective with simple socle we see 
that they are isomorphic if and only if their socle isomorphic. This shows that the distinct 

  nn JJJJJJ /...// 1322        

 1/ kk JJ

NMeRsocle )(
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types of isomorphism of simples occurring as socle of some eR is also t, and so each 
simple S must appears as a socle of some l eR  (i.e. it embeds in R) this shows that

Hom(S,R)    0 , for each simple R-modules S. If f  , g    Hom(S,R) and f   0, then 
f : S R  
Is a monomorphism and since RR is injective then there is some h : R   R 

Such that       . If                    we get                  i.e.          in Hom

(S, R), this shows that Hom(S, R) is generated by     0 so it is simple.

In particular since each simple module embeds in R which is right self injective, it 
follows that R is injective cogenerator in the category of right R-module, i.e. it is a right 
PF (Pseudo- Frobonius) ring.

Section 2

Let S be a set of repesenatives for simple right R-modules and let t= S and 
  
. Let W= socle (RR) be the right socle of R so W is an R-sub-bimodule of R.

Since each indecomposable module (Re) has simple socle, we  have Length (W) 
equals the number of terms in the indecomposable decomposition       Re which equals 

length (R/RadR)R, since each Indecomposable (Re) is local

Let          we have
  

Proposition 1
Let R be a right self injective right perfect ring then the set  Hom(S, R);S   S  is a 

set of representatives for simple left R-modules.
In particular Hom(S, R) and Hom(T, R) are nonisomorphic for nonisomorphic,               

S,T   R 

Proof
Since R is right self injective the monomorphism  

, gives rise to the epimorphism  

Note that
   

Since 

   

, we have

  

has length equal to the length 

By classical Wedderburn –Artin Theorem:

Since Hom(W,R) is semisimple, the kernel of R    Hom(W,R)
  

  



gfh    xcxf )(  Rx  )().( xgcxf   gcf .

f

sKSRadRR /

 
S

R 

sPSW    



Ss

s
Ss

s KP  

{ }



RW 0  
0).(),(  RWHomRRHom  

),(),( RSHomRWHom   
SSRSHom  0),(

sPRSHomRWHom ),(),(  , 





Ss

sPW = RRadRRlength )/(  

)/()/( RadRRlengthRadRRlength RR   



Contains RadR and therefore since

),()/( RWHomlengthRadRRlength RR  , 
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Notes
This means that

This shows that W is also semisimple as a left R-module, i.e. the right socle of R is 
contained in the left socle, and hence the left and the right socle or the right PF ring 
coincide.
For a right R-module M, denote M

  

= Hom(M,R) this is a left R-module.

Proposition 2
Let R be a right injective ring and let M be a right R-module such that there is an 

exact sequence

With S, L simple modules and assume S= socle (M),       denote the coproduct of α copies 

of LR. Then M  is local left R-module with unique maximal ideal

Which is semisimple isomorphic to 

Proof

Since

     
    

  

     

      

This shows that all types of isomorphism of simple left R-modules are found among 
components of Hom(W,R) and the statement is proved

Note: we note that the above proof further shows that there is an exact sequence of 
left R-modules

0),(0  RWHomRRadR  

RadRrWsuchthatRr  }0,,{ RadRWann R )(  



00 )(  
RRR LMS  

)(
RL

}0|);,({ 
SfRMHomfS  



)()( 
RL  

00 )(  
RRR LMS  

0),(),(),(0 )(  RSHomRMHomRLHom   

is an exact sequence, so we get the exact sequence,

That is

0)(0   SML   

The kernel of the morphism

),(),( RSHomSRMHomM      

we obtain R/RadR Hom(W, R) as left R-module.

Hence            which is left semisimple module since it is cancelled by RadR .

Is          SfRMHomf S }0|);,({  
)(   LS

. That is
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Such cardinality exists, since any such module is contained in R because R is 

injective. In fact if is the second socle of R, then                            we note that if 
α is infinite this is an equality.

Indeed if for each simple modules S, L we denote by                            

                                         

the multiplicity of L in the second socle of the injective hull E(S) of S, then

    

                              

Therefore                               if α is infinite.

We note also that if      is the k' th socle then the length (W k /W k – 1 )       ; this 
follows by induction on k.
If this is true for k, then there is an embedding

And therefore we have

    

      

  
  

  

   

Now since M has simple socle, and its socle embeds in R which is injective it 

follows that M embeds in R. We note that M  is generated by any          which will show 

that M  is cyclic. Indeed such f must be a monomorphism and given any other h :M   R.

By injectivity of RR there is g  Hom(R,R) such that           . If g(x) = cx for 

             

c   R then we have h = c. f in M .This shows that f ..R = M  which shows that S is the 
only maximal submodules of the cyclic left Rmodule M , that ends of the proof.

Note that the fact that M is local can also be proved by embedding M in some 
indecomposable (eR) for an indecomposable idempotent e, and then, by applying the 
exact functor Hom(-,R) one obtain an epimorphism Hom ( eR , R ) = eR   M , and so  

M is local because eR is.

Let α be the largest cardinality for which there is a right R-module M with simple 
socle and such that M /( socle (M )) for some simple module L.

 Sf  


 hfg 
  









L

/( 2 WWlength ( 1W  

]:)/)([(, LSSELS  –

)(max ,, LSLS   . 





SLS

LS n
,

, 

k   

1/ kk WW ↪ )(R  

 
)(

011 )/()/( WWlengthWWlength kk ,  

since α is infinite cardinal. So we have the following theorem:

Theorem
Let R be a right self injective right perfect algebra such that the dimension of each 

simple R-module is at most countable (equivalently the dimension of R / RadR is at most 
countable) hence R is countable, and hence right artinian.

Proof

With the above notation, assume α is infinite. The length of each Wk / Wk -1 is at 

most α, so since the dimension of each simple is at most    , its dimension is at most 

α = α (since α is infinite).
0

0 ,   

On the other hand, by proposition (2.2) there is a local left R-module M , with 
socle L  for some simple L.

Thus the dimension of R is at most α, and so it equals α (since  
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Notes

                

Note that                       and that there is an epimorphism R   M

So dim(R)     , this is a contradiction.

By the result of Lawrence [3] R is right self injective countably generated algebra 
over a field so it is quasi -frobenius and hence right artinian.
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 Abstract, used in Original Papers and Reviews: 
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search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a 
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most 
public part of your paper. 

Key Words 

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and 
Internet resources. 
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keywords and phrases to try. 
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• One should start brainstorming lists of possible keywords before even begin searching. Think about the most 
important concepts related to research work. Ask, "What words would a source have to include to be truly 
valuable in research paper?" Then consider synonyms for the important words. 

• It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most 
databases, the keywords under which a research paper is abstracted are listed with the paper. 

• One should avoid outdated words. 
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 Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references. 
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2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper. 
They are here to evaluate your paper. So, present your Best. 

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 
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4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 
logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 
supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 
research paper. From the internet library you can download books. If you have all required books make important reading selecting and 
analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 

 

 

XI

Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper? 
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science 
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about

 
this field 

from your supervisor or guide.
 

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:
 

1. Choosing the topic:
 
In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can 

have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can
 
be done by 

asking several questions to yourself, like Will I be able to carry our search in this area? Will I find all necessary recourses to accomplish 
the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 
confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 
possible that evaluator has already seen it or maybe it is outdated version.  

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 
suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 
target. 

 

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 
language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 
records. 

 

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 
will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 
trouble. 

 

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 
always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 
either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 
diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 
if study is relevant to science then use of quotes is not preferable.  
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 
Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 
to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical

 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

 

Key points to remember:  

Submit all work in its final form. 
Write your paper in the form, which is presented in the guidelines using the template. 
Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 
submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 
of prior workings. 
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 
improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 
several ideas, which will be helpful for your research. 

Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 
descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be                    

29.
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Separating a table/chart or figure - impound each figure/table to a single page 
Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 
lines. It should include the name(s) and address (es) of all authors. 

 
 

 

 

 

XIV

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 
and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

Insertion a title at the foot of a page with the subsequent text on the next page 
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 
more than one ruling each.  

Reason of the study - theory, overall issue, purpose 
Fundamental goal 
To the point depiction of the research 
Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 
Significant conclusions or questions that track from the research(es)

 
Approach: 

Single section, and succinct

 
As a outline of job done, it is always written in past tense

 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 
Center on shortening results - bound background information to a verdict or two, if completely necessary 
What you account in an conceptual must be regular with what you reported in the manuscript 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

Explain the value (significance) of the study  
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 
Very for a short time explain the tentative propose and how it skilled the declared objectives.

 Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a

 

least of four paragraphs. 

 

 

XV

Abstract: 

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 
at this point. 

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to 
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 

 

Materials: 

Explain materials individually only if the study is so complex that it saves liberty this way. 
Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  
Do not take in frequently found. 
If use of a definite type of tools. 
Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 
Describe the method entirely

 To be succinct, present methods under headings dedicated to specific dealings or groups of measures 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

Resources and methods are not a set of information. 
Skip all descriptive information and surroundings - save it for the argument. 
Leave out information that is immaterial to a third party. 

Results: 

 
 

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 
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Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 
Shape the theory/purpose specifically - do not take a broad view. 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic 
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Do not present the similar data more than once. 
Manuscript should complement any figures or tables, not duplicate the identical information. 
Never confuse figures with tables - there is a difference. 

Approach 
As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report  
If you desire, you may place your figures and tables properly within the text of your results part. 

Figures and tables 
If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 
Despite of position, each figure must be numbered one after the other and complete with subtitle  
In spite of position, each table must be titled, numbered one after the other and complete with heading 
All figure and table must be adequately complete that it could situate on its own, divide from text 

Discussion: 

 

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 
Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  
You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 
Give details all of your remarks as much as possible, focus on mechanisms. 
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 
Try to present substitute explanations if sensible alternatives be present. 
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 
Recommendations for detailed papers will offer supplementary suggestions.

Approach:  

When you refer to information, differentiate data generated by your own studies from available information 
Submit to work done by specific persons (including you) in past tense.  
Submit to generally acknowledged facts and main beliefs in present tense.  

XVII

Content 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 
Present a background, such as by describing the question that was addressed by creation an exacting study. 
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 
Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 

What to stay away from 
Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 
Not at all, take in raw data or intermediate calculations in a research manuscript.                    
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Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 
To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 
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Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.  
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CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring
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