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[. INTRODUCTION

Almost hyperbolic (p,¢#,g)-structure was defined and studied by Upadhyay and
Dube [8]. Uddin S, Wong BR and Mustafa AA studied warped product pseudo slant
submanifolds of a nearly cosymplectic manifold [7]. The notion of semi invariant
submanifolds and CR- submanifolds of nearly hyperbolic cosymplectic manifold was
introduced by Ahmad M and Ali K [1,2]. In addition to these, Dogan S and Karadag M
studied slant submanifolds of an almost hyperbolic contact metric manifolds[4] and
pseudo-slant submanifolds of nearly hyperbolic  cosymplectic  manifolds[5]. M.
Kobayashi study contact normal submanifolds and contact generic normal submanifolds
in Kenmotsu manifolds [6]. U.C. De and A.K. Sengupta deal with generic submanifolds
of Lorentzian Para-Sasakian manifold [3].

In this paper, we introduce contact generic normal submanifolds of a nearly
hyperbolic cosymplectic manifold.

1. PRELIMINARIES

Let M be an n-dimensional almost hyperbolic contact metric manifold with
almost hyperbolic contact metric structure(p,& n,9), where a tensor ¢ of type (1,1), a
vector field » called structure vector field and ¢ , the dual 1-form of ¢ satisfying the
followings

P’ X =X +n(X)E (2.1)

g(x,&)=n(x), n(&)=-1 (2.2)
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p5=0, nop=0 (2.3)

g(oX,oY)=g(X,Y)-n(X)n(Y) @4)
for any vector fields X and Y in TM [4]. In this case,

g(pX,Y)=—g(X,pv) (2.5)

XandYin M

An almost hyperbolic contact metric manifold with almost hyperbolic contact metric
structure (p,¢&7,9) is said to be nearly hyperbolic cosymplectic manifold [4] if

(Vx@)Y +9(Vy X)=0 (2.6)
ViE=0 @7)

for all X,Y tangent to M.
Let M be submanifold of a nearly hyperbolic cosymplectic manifold M with

1

induced metric g and if V.and V- are the induced connections on the tangent bundle

TM and the normal bundle TMJ‘ of M, respectively, then Gauss and Weingarten
formulae are given by

VyY =V, Y +h(X,Y) (2.8)

ViN=—A4,X+V N 2.9)
foreach XY in TM and NeTM L, where h and A, are the second fundamental form and the
shape operator, respectively, for the immersion of M into M. They are related as

g(h(X,Y),N)=g(4, X,Y) (2.10)

where g denotes the Riemannian metric on M as well as induced on M. For any vector

field X in TM,
@X = PX + FX (2.11)

where PX is the tangential component and FX is the normal component of gX . Similarly

forany N eTM l,
oN =tN + fN (2.12)

where tN is the tangential component and N is the normal component of p/N.

A submanifold M of a nearly hyperbolic cosymplectic manifold M is said to be a
contact generic normal submanifold if the structure vector field ¢ is normal to M and if
there exists a differentiable distribution D on M such that:

TM =D@®D", ¢oD=D, @D cTM" (2.13)

where DT is the complementary distribution of D in TM [6].

M is called to be a contact generic normal submanifold in M if the structure
vector field &is normal to M and
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oTM )= M (2.14)

holds [6].
The leaves of a distribution D on a manifold M are totally geodesic in M if and
only if V, YeD for all X,Y in D. Which is equivalent to the conditions

vV .WeD" (2.15)
Ref for all XeD and WeD™. Similarly for the totally geodesicness of the leaves of Dl, the
conditions
V. ,WeD" (2.16)
and

V,XeD 2.17)

for all XeD and Z, WeDt are equivalent [3].
[1I.  INTEGRABILITY OF DISTRIBUTIONS
a) Theorem: Let M be a contact generic normal submanifolds of a nearly hyperbolic
cosymplectic manifold M. Then Dt is integrable if and only if M is mixed geodesic.

Proof: Let M be a mixed geodesic contact generic normal submanifolds of a nearly
hyperbolic cosymplectic manifold M . From (2.6), we get

(6)((,0)}’ +(D§YX =0

§X(pY—(p§XY+(D§YX:0 (3.1)

§X(DY = (p[X, Y]
for any vector fields X,Y in Dt Forall X,Yin Dt and Zin D. From (3.1), we get

g(x.v}gz) = —g[Vipr.2)
= g4, x,7)-g(Vier,2)
= gh(X,Z),pY)=0
forany X ,Y'in DL and Z in D. Then D is integrable.
Contrary to this, let DT be integrable. That is : [X,Y]e D for all XY in D . Then ¢
[X.Y] in TME  In this case, from (3.1)

Kenmotsu Manifolds, Revista Mathematica 4, (1991).

o[X.Y] = Vxoy

6. Kobayashi M. : Contact Normal Submanifolds and Contact Generic Submanifolds in

plX.Y] = 4, X +V ‘oY

for all vector fields XY in DL If we take the inner product of (3.2) with Z in D, we find

glo[x.¥}2) = —g(4,x,2)+g(Vigr,2)
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g(AwYX’Z) =0
g(n(x,2)07) = 0
forall X,Y in DL and Zin D. Then M is mixed geodesic.

b) Theorem: Let M be a contact generic normal submanifolds of a nearly hyperbolic
cosymplectic manifold M . Then D is integrable if and only if M is D-geodesic.

Proof: Let M be a mixed geodesic contact generic normal submanifolds of a nearly
hyperbolic cosymplectic manifold M. From (2.6), we get

(gxgo)Y +§D§YX =0
€X¢Y—§D§XY+§D§YX:O (3.3)
VxPY +VxFY -V .Y —h(X,Y)+ oV, X +ph(Y, X)=0

for all vector fields XY in TM. If we use Gauss and Weingarten equations in (3.3) and we
consider tangential and normal component, we have

(V,P)Y=4,,X-PV,X (3.4)

(V F)Y =—h(X,PY)-FV, X (3.5)
for all vector fields XY in TM. If we take X,Y in D, we find

(V F)Y =—FV Y (3.6)
and

(V F)Y =-h(X,PY)-FV,X (3.7)

for all vector fields X,Y in TM. From (3.6) and (3.7), we get that D is integrable if and only if
M is D-geodesic.

[V. GEOMETRY OF LEAVES OF DISTRIBUTIONS

a) Theorem: Let M be a contact generic normal submanifolds of a nearly hyperbolic
cosymplectic manifold M. D is integrable and the leaves of D are totally geodesic in M

if and only if Aye X= PV, X forall X in D and Z in Dt
Proof: Let the leaves of D be totally geodesic in M. That is; VY eD for all XY in D. From
(8.4), we find

(V P)Z=A4,,X PV ,X
V,PZ-PV,Z=A4,X-PV, X

forall XinD and Z in Dt if we take the inner product of (4.1) with Y in D, we get
(4, X,Y)-g(PV,X,Y)=0

for all Xin D and Z in D Then we get
A, X =PV, X
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for any vector fields X in D and Z in Dt Now, we suppose that
A, X =PV, X
for any vector fields X in D and Z in Dt . From (8.4), we get
V,PZ-PV ,Z=A,X-PV,X (4.2)
for all vector fields XY in D, Z in DL From (4.2), we find PV, Z = 0 X for any vector fields X

inD and Z in D+ .
Then V, Ze D In addition to this, we find

V&)oY, 2)=V ,g(0Y.Z)-g(V ,0Y.Z)~ gloY.V ,Z)
0=—g(V 0¥.Z)-g(o¥.V,Z2)
g(ViY,Z)=-g(pY,V,Z) (4.3)
for all vector fields XY in D, Z in DJ‘ . In this case,
glolx. Y} 2)=—glpy.v,Z)=0

for all vector fields X,Y in D, Z in DL Then [X,Y] eD. That is; D is integrable.

b) Theorem: Let M be a contact generic normal submanifolds of a nearly hyperbolic
cosymplectic manifold M .Let DT be integrable and the leaves of Dt be totally
geodesic in M. Then A, U = O, for all vector fields U,V in Dt

Proof: D be integrable and the leaves of Dt be totally geodesic in M. From (3.4), we get

(V PV =4, U~-PV,U

V,PV—PV,V=A4,U-PV,U
0=4A,,U

for all vector field U,V in DT,
Now, we suppose that AU = 0 FV for all vector field U,V in DL . We will show that

Dt is integrable and the leaves of Dt are totally geodesic in M. From (3.4), we find
(V, PV =-PV,U (4.4)

for all vector field U,V in DL . Then we get
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V,PV-PV,V=-PV,U
PlUV]=0

for all vector fields U,V in DL In this case; [U\V] eDT. That is; Dt is integrable. From O

(8.4), we get
PV .,V =PV, U
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for any vector fields U,V in DL, Then VVUeDl and VUVeDl . In this case; the proof is
complete.
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