
© 2014. U. S. Rana & Jyotsna Baloni. This is a research/review paper, distributed under the terms of the Creative Commons 
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial 
use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Global Journal of Science Frontier Research: F 
Mathematics and Decision Sciences 
Volume 14  Issue 3 Version 1.0  Year  2014 
Type : Double Blind Peer Reviewed International Research Journal 
Publisher: Global Journals Inc. (USA) 
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
 
Mathematical Modeling of Strategic Treatments on Tumor 
Growth          

By U. S. Rana & Jyotsna Baloni 
D.A.V College, India    

Abstract- We propose to contribute to the emerging body of cancer treatment research by 
developing and analyzing mathematical models of the treatment of tumor with various strategic 
treatments. We build on existing models of the immunology that are already successfully 
developed and then the effects of chemotherapy and interleukin-2 were applied to the model. 
Thus we build a mathematical model of tumour and effector cell with scheduled 
chemotherapy.The effect of scheduled il2 dose with chemotherapy and adoptive immunotherapy 
reduced the tumor growth.        

Keywords: mathematical modeling, chemotherapy, effector cell, il-2, adoptive immunotherapy. 

GJSFR-F Classification : MSC 2010: 00A71 
 
 
MathematicalModelingofStrategicTreatmentsonTumorGrowth

 
 
 

 
 
 
 Strictly as per the compliance and regulations of

 
:

 
 
 
 

 



 
 
 

Mathematical Modeling of Strategic 
Treatments on Tumor Growth 

U. S. Rana  & Jyotsna Baloni 

Abstract- We propose to contribute to the emerging body of cancer treatment research by developing and analyzing 
mathematical models of the treatment of tumor with various strategic treatments. We build on existing models of the 
immunology that are already successfully developed and then the effects of chemotherapy and interleukin-2 were 
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The worldwide burden of cancer (malignant tumor) is a major health problem, with more 
than 8 million new cases and 5 million deaths per year. Cancer is the second leading cause of 
death. With growing techniques the survival rate has increased and so it becomes important to 
contribute even the smallest help in this field favoring the survival rate. Tumor is a mass of 
tissue formed as the result of abnormal, excessive, uncoordinated, autonomous and purposeless 
proliferation of cells.

The immune system plays an important role to identify and eliminate tumors. This is 
called immune surveillance. The theory of immune surveillance says that the immune system 
continually recognizes the transformed cells of tumors because they express antigens that are not 
found on normal cells. For the immune system, these antigens appear foreign, and their presence 
causes immune cells to attack the transformed tumor cells and hence eliminates tumor cells, but 
when a tumor escapes immune surveillance and grows too large for the immune system to kill, 
tumor is the result. Tumor antigens are presented on MHC (Major Histocompatibility Complex) 
class I molecules (present on the surface of tumor cells) in a similar way to viral antigens. This 
allows killer T cells to recognize the tumor cell as abnormal. NK (Natural Killer) cells also kill 
tumorous cells in a similar way.Tumor-specific lymphocytes are lymphocytes of immune system 
which recognises tumor cells and can be found in the blood, draining lymph nodes, and the 
tumor itself of patients with actively growing tumors. 

The main response of the immune system to tumors is to destroy the abnormal cells 
using killer T cells, which generally require several stimuli for rapid expansion. It has been 
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known for long time that interleukin-2 (IL-2) is generally required for expansion of populations 
of T lymphocytes in vitro [1]. IL-2 is a cytokine which is used in treating advanced cancer taken 
alone or with combinations with other drugs.

IL-2 causes effector cells to proliferate. However IL-2 can also activate natural killer 
cells, B lymphocytes, and macrophages and can induce lymphokine-activated killer cells in 
vitro. High dose intravenous bolus of IL-2 is administered to treat many types of melanomas. 
But the problem with high dose of IL-2 therapy is that it causes toxicity and many types of side 
effects to the body and even can cause death. [2]

At present, chemotherapy is the most well established treatment for fighting cancer. 
Chemotherapy, in its most general sense, is the treatment of disease by chemicals especially by 
killing micro-organisms or cancerous cells. The basic idea behind chemotherapy is to kill 
cancerous cells faster than healthy cells. This is accomplished by interrupting cellular division at 
some phase and thus killing more tumor cells then their slower developing normal cells. The 
course of therapy depends on the cancer type, the chemotherapy drugs used, the treatment goal 
and how your body responds. The treatment may be given every day, every week or every 
month. Their may be breaks between treatments so that the body has a chance to build new 
healthy cells. [3,4]  However some normal cells, for example those that form the stomach lining 
and immune cells, are also rapidly dividing cells which means that chemotherapy also harms the 
patient leading to things like a depressed immune system which opens the host to infection [5, 
6]. In addition, chemotherapy causes significant side effects in patients, and therefore exploring 
new forms treatments may prove extremely beneficial. 

One of the form of immunotherapy to treat the tumor growth is Adoptive 
immunotherapy. It is used in treatment of tumor in which lymphocytes are removed from  the 
patients’s body to enhance their anti-tumor activity with naturally produced growth factor, 
cultured in large numbers and then returned to the patient. Adoptive immunotherapy uses 
immune effector cells as lymphocytes. Lymphokine-activated killer (LAK) cells and Tumor-
infiltrating lymphocytes(TILs) are such lymphocytes which are grown in presence of IL-2 an 
immune stimulator [7]. 

Despite the existence of anti-tumor immune responses, the tumors still progress and 
eventually cause disastrous effects on host body. Over the past several decades, investigators 
have pursued variety of strategies to direct the immune system against many types of tumors.  
The immune responses to be effective enough must eliminate the tumor cells more rapidly than 
their rate of proliferation and hence the role of boosting the immune response or 
immunotherapy. In this article we present a model of immune system against tumor growth. 
Chemotherapy and immunotherapy are not that  success in treatment even high doses of these 
therapies are effective for tumor eradication but also high doses of these treatments create severe 
side effects in the body [8].

The growing understanding of the therapy cycles has produced various strategies to
increase the effectiveness of cancer treatment [9]. Hence, In this paper a model of tumor growth 
is presented which describes the treatment of a tumor by chemotherapy over a fixed period of 
time by the repeated administration of its doses. The model will select that in what interval,  at 
what schedule and what specific doses of IL-2 therapy, chemotherapy and adoptive 
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II. Mathematical Modeling

a) Effector Cell

immunotherapy should be delivered. The model constructs a regimen that both minimizes the 
tumor population at the end of the treatment and satisfies constraints on the drug toxicity and 
intermediate tumor size.

The model consists of four ordinary differential equations of immune response to tumor 
growth which gets affected by treatments chemotherapy, interleukin-2 and adoptive 
immunotherapy. The following variables are set to the model.

Variables x(t) y(t) z(t) λ(t) t

Description Effector cell Tumour cell IL-2 Chemotherapeutic drug time

Effector cells are lymphocytes which are the relatively short-lived activated cells that 
have been induced to differentiate into a form capable of mounting a specific immune response.
The production of the effector cell was given by Kirschner [10] and shown below that how 
chemotherapy affects the production of the effector cell.

xeC
zg

xzpxcy
dt
dx

x )1(
1

11
λµ −−−

+
+−= + S1                     (1)

In this equation, c denotes the antigenicity of tumour. Tumor antigen are main target for 
cancer immunotherapy. The ideal tumor antigen is immunogenic and expressed exclusively on 
tumor cells. Higher the value of antigenicity the easier it becomes for the effector cell to detect 
the tumor. The second term is the mortality rate of effector cell and the third term is the 
proliferation term due to the presence of the cytokine IL-2. Here p1 is the maximum proliferation 
of the effector cell. The fourth term denotes the chemotherapeutic effect on effector cells. The 
interaction of chemotherapy on sensitive cells is given by saturation term kinetics [11]. At low 
chemotherapeutic drug doses the death rate of the cells depends on the chemotherapeutic drug 
λ Cx depends on the IL-2 
concentration [12]. The fifth term S1 denotes a treatment called adoptive immunotherapy at 
constant influx.

Here, )1( 0/ zzchemo
xx eCC −−= where Cx

chemo is the death rate of effector cells by chemotherapy, and 
z0 is IL-2 z(t) at t=0. 

b) Tumor Cell
The interaction of immune system with tumor is again based on the Kirschner model. 

yeC
yg

axybyyr
dt
dy

y )1()1(
2

1
λ−−−

+
−−=

                      
(2)

In this equation the first term denotes the production rate of the tumor cells having 
maximum proliferation rate of r1 until it reaches to its carrying capacity b of tumor [13]. The 
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III. Parameter

c) IL-2

d) Chemotherapeutic Drug

second term shows that the destruction by the effector cell x(t) and a is the parameter used to 
give value of the strength of the immune system against tumor cells [14]. The third term denotes 
the effect of the chemotherapeutic drug on tumor cells.   
Here, )1( 0/ zzchemo

yy eCC −−= , where Cy
chemo is the death rate of tumor cells by chemotherapy. 

The Kirschner model explains the production of the IL-2. 

22
3

3

)(
Sz

yg
xyp

dt
dz

+−
+

= µ
                                 

(3)

Here the first term is the production of IL-2 which depends on the interaction of the x (t) 
and y(t) and p3 is the maximum proliferation of the IL-2. The second term is the decay rate of 
IL-2. S2 denotes interleukin therapy at constant influx.

λλ vtV
dt
d

−= )(
                                          (4)

Here, V(t) is the time dependent external influx of the chemotherapeutic drug and ν is the 
decay rate.

Finally, writing all the equations representing the growth of tumor cells, immune system 
and chemotherapeutic drug and effects of treatments on tumour growth.
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The tumor immune dynamics is sensitive to the choice of parameter values [16]. The 
parameter values changes from patient to patient. The experimental proved values are given 
below. But some values are studied from the medical history and which are not experimentally 
proved are fitted to the available data and studied their affects by giving different values on the 
model. The value of τc is estimated to be 106 cells as after this value the angiogenic is switched 
on [17]. The parameter q1 and q2 were estimated by experiments presented in [14]. The values of 
Cx

chemo and Cy
chemo representing the killing of cells by chemotherapy are estimated from Pilli’s 

model [15]. The decay rate of the chemotherapeutic drug was estimated from the example taken 
from [18].
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IV. Results and Discussion

Parameter Description Value/Units
c Antigenicity of tumor 0-0.035 days-1

g1 Half saturation constant 2×107 pg /l
p1 Max proliferation rate of effector cell 0.1245days-1

r1 Tumor growth rate 0.18 days-1

b Carrying capacity of tumor 1×10-9 cells /ml
a Tumor cell strength against immune system 1 day-1

g2 Half saturation constant 1×105 cells /ml
μ1 Effector cell growth rate 0.03days-1

Cx
chemo Effector cell decay by chemotherapy 0.6 day-1

Cy
chemo Tumor cell decay by chemotherapy 0.9 day-1

p3 Growth rate of IL-2 5 pg /cells×days
g3 Half saturation constant 1×103 cells /ml
µ 2 Decay rate of IL-2 10 days-1

V External influx of chemotherapeutic drug 1 day-1

ν Decay rate of chemotherapeutic drug 6.4 days-1

Initially, x(0)= 1,  y(0)= 1, z(0)= 1, λ(0)=0

In this section, we present the numerical results to explore the effects of therapies on 
growth rate of tumor cells. For this purpose we used Equations 1-4 for tumor cell density, 
effector cell density, il2 level and chemotherapic drug respectively and applied different doses of 
treatment at different time intervals so as to study their effects on tumor growth. Computer 
program is developed in software MatLab and run on Pentium IV using ode15s.
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                              Fig 1(a)                                                         Fig 1(b)

Fig. 1(a) shows the growth of tumor cells, effector cells and il2 growth without giving 
external therapies like il2 dose, chemotherapy and adoptive immunotherapy. In (b) no 
chemotherapy and no adoptive immunotherapy are given but a heavy dose of il2, S2=2000000 
started at 1000th day and then given for 120 days. There is not such change seen in cell densities.
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a) Effect of chemotherapy
There are a number of strategies in the administration of chemotherapeutic drugs used 

today. Chemotherapy may be given with a curative intent or it may aim to prolong life or to 
palliate symptoms [25]. As we know that effector cell density is dependent on il2 level, if il2 
level falls, effector cell density also drops. So, we kept chemotherapy schedule not only time 
dependant but also il2 dependant.  Once the chemotherapy starts at some fixed time interval 
(time dependant) then the therapy is scheduled by il2 level (il2 dependent). This means that 
chemotherapy schedule is managed such as to keep effector cell density under control. A 
MatLab code is given such that chemotherapy starts (V =1) when z > required il2 level and 
chemotherapy stops (V=0) when z < the required il2 level.  By keeping such we can know that at 
what time the chemotherapy should be started and in what intervals it should be given so as not 
to effect il2 level and effector cells too. Schedules and effects of chemotherapy doses are shown 
in following figures.  The chemotherapy schedule, tumour density, effector cell density and il2 
level are well observed from the simulations and then explained.
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                           Fig 2(a)                                                        Fig 2(b)

Fig 2. The above figures show that proper and scheduled application of chemotherapy to 
the patient can be very effective. In fig 2(b) the dose of il2 scheduled without chemotherapy 
does nothing whereas in fig 2 the same dose of il2 scheduled with chemotherapy brings a big 
change. As the frequent chemotherapy doses are effective in treatment of tumors, (discussed in 
American Cancer Society [26]) So, here Chemotherapy is started from 108th day and is given 
after each 21 hours intervals such that il2 ≥10000, on the other hand tumour cell density comes 
below to its carrying capacity to about 39950000 cells. This keeps the effector cells density also 
stable. The il2 dose of S2= 200000 (which is less than the standard dose of 600,000 unit and high 
dose of 720,000 unit [28] [29]) is given from 1000th day for (a) 120 days and (b) 90 days. We 
see a sudden fall of tumor growth and finally at 1080th day the tumor gets eliminated. As soon as 
il2 therapy stops the tumour vigorously grows but during this time when the tumour is  
eradicated there is lot of time for a patient to undergo other treatments including dietary 
regulations so as to avoid further growth of tumor. 
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                              Fig 3(a)                                                      Fig 3(b)

Fig 3. Chemotherapy starts from 90th day. Here we have given chemotherapy after 18 
hours intervals such that il2 ≥1000 which brings tumour cell density to 4154000 cells. This 
keeps the effector cells density also stable. The il2 dose of S2= 200000 is given from 1000th day 
for 120 days. We see a sudden fall of tumour growth and finally at 1070th day tumour gets 
eliminated. As soon il2 dose stops the tumour vigorously grows. But this is lot time for other 
treatment including dietary regulations to stop further tumour growth. Fig (a) shows eradication 
of tumour cells with effector cells. In (b) il2 dose therapy is companied with adoptive 
immunotherapy of S1=500. We see recovery of effector cell growth after a down fall. This is one 
of the good ways to eliminate tumor cell keeping effector cells alive.
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                                Fig 4
Fig 4. Here all the parameters are kept same as in fig 2 except reduced dose of il2 of S2= 

100000. This shows long term eradication is possible with application of long term adoptive 
therapy. But this is quite unrealistic.

V. Conclusion and Future Work

In this study various treatments with scheduled time and dose were discussed. It is clear 
from above discussion that for reducing tumour growth chemotherapy should be started as soon 
as the tumour is detected and chemotherapy should be scheduled frequently within few hours 
along with low doses of il2 so that the effector cells and also the host body gets frequent 
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recovery time, which as a result does not harm the body by after effects of chemotherapy and il2 
therapy. Also when the effector cell density drops to its half then the therapies should be 
companied with short term adoptive immunotherapy which may eliminate the tumour. Different 
types of chemotherapy drugs kill cells at different stages of the cell cycle. Administering the 
specific drugs when the cancer cells are most sensitive and other cells are less sensitive makes 
them more effective. Some types of chemotherapy need to be activated in the body before they 
affect cancer cells; administering them at times when this will happen efficiently also improves 
effect. The clinicians and nutritionist, has the work to find out various ways to avoid tumor, once 
eradicated for further evolution.     

1. Smith, K.A., “Interleukin-2: inception, impact, and implications”, Science, Vol. 240, (1988), 
1169–1176.

2. Repmann, R., Wagner, S., and Richter, A., “The use of interleukin 2 in the treatment of renal 
cell cancer and melanoma proved that an immunological treatment is capable, in some cases, 
of inducing long term regression of metastatic tumours”, Anticancer Res ., Vol. 17 (1997), 
2879-2882.

3. Cancer chemotherapy, Medline Plus.
4. Martin, R.B., Fisher, M.E., Minchin, R.F., and Teo, K.L., A mathematical model of cancer 

therapy with an optimal selection of parameters, Math Biosci.,Vol 99(2), 1990,205-30.
5. Calabresi, P. And Schein, P.S., “Basic Principles and Clinical Management of Cancer”, 

(Book), Medical Oncology, Second Edition, (1993).
6. Holland, J.F. and Emil Frei, I., (Book), Lea and Febiger, Philadelphia, Cancer Medicine, 

(1973).
7. Levi, F., “From circadian rhythms to cancer chronotherapeutics”. Chronobiol Int. Vol. 

19(1), (2002), 1-19.
8. Visser, K.E., Kast, W.M. “Effects of TGF-β on the immune system: Implications for cancer 

immunotherapy. Leukaemia”, Vol. 13, (1999), 1188–1199.
9. A. Cerwenka and S.L. Swain. TGF-β1: Immunosuppressant and viability factor for T 

lymphocytes. Microbes Infec., Vol. 1, (1999), 1291–1296.
10. Kirschner, D., Panetta, J.C., “Modelling immunotherapy of the tumor-immune interaction”, 

Journal of Mathematical Biology. Vol. 37, (1998), 235-252.
11. T.L. Jackson, Vascular tumor growth and treatment: consequences of polyclonality, 

competitionand dynamic vascular support, Journal of Mathematical Biology , Vol. 44 
(2002), 201-226

12. Gardner, S.N.,  “A mechanistic, predictive model of dose-response curves for cell cycle 
phase-specific and nonspecific drugs, Cancer Research, Vol. 60 (2000),  1417—1425.

13. Isaeva, O.G. and Osipov, V.A., “Different strategies for cancer treatment: mathematical
modelling”, Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear 
Research, 141980, Dubna, Moscow region, Russia, 2008.

14. Hsieh, C.l., Chen, D.S. and Hwang,L.H., “Tumor-induced immunosuppression: A barrier to 
immunotherapy of large tumors by cytokine-secreting tumor vaccine”, Hum. Gene Ther., 
Vol. 11, (2000), 681–692.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

99

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
IV

X
 I
ss

V
III

Ye
a r

20
14

  
 F
)

)

© 2014   Global Journals Inc.  (US)

ue
  
  
  
er

sio
n 

I

Notes

15. Pillis, L.G., Gu, W., Radunskaya, A.E., “Mixed immunotherapy and chemotherapy of 
tumors: modeling, applications and biological interpretations, J. of Theoretical Biology, 
Vol. 238(4), (2006), 841-862.

16. Kuznetsov, V.A. and Makalkin, I.A., “Nonlinear dynamics of immunogenic tumors: 
Parameter estimation and global bifurcation analysis”, Bulletin Mathem. Biol., Vol. 56, 
1994, 295–321.

17. Folkman, J. and Hochberg, M. “Self-regulation of growth in three dimensions”, J. Exp. 
Med., Vol. 138, (1973), 743.

18. Loo, T.J., Housholder, G.E., Gerulath, A.H., Saunders, P.H., Farquhar, D., “Mechanism of 
action and pharmacology studies with DTIC (NSC-45388)” Cancer Treatment Reports, 
Vol. 60, (1976), 149-152.

19. DeBoer, R.J.  Hogeweg, P. J Dullens, H.F., De Weger, R.A., Den Otter, W., “Macrophage T 
lymphocyte interactions in the anti-tumor immune response: A mathematical model”, 
J.Immunol, Vol 134, 1985, 2748–2757.

20. McKarns, S.C., Kaminski, N.E., “TGF-β differentially regulates IL-2 expression and [3H]-
thymidine incorporation in CD3ǫ mAb- and CD28 mAb-activated splenocytes and 
thymocytes”, Immunopharmacology, Vol. 48, (2000), 101–115.

21. Tzai, T.S.,  Shiau, A.L.,  Liu, L.L.,  Wu,  C.L., “Immunization with TGF-β antisense 
oligonucleotide-modified autologous tumor vaccine enhances the antitumor immunity of 
MBT-2 tumor-bearing mice trough upregulation of MHC Class I and Fas expressions”,  
Anitcancer Res., Vol. 20, (2000), 1557–1562. 

22. Derynck, R., Akhurst, R.J., and Balmain, A., “TGF-β signaling in tumor suppression and 
cancer Progression”, Nat. Genet., Vol. 29, (2001), 117–129.

23. Rosenberg, S.A., Yang, J.C., and White, D.E., “Durability of complete responses in patients 
with metastatic cancer treated with high-dose interleukin-2: Identification of the antigens 
mediating response”, Ann. Surg. 1998, 228-307.

24. “Chemotherapy Treatment Schemes” News Medical [Online]. Retrieved from 
http://www.news-medical.net/health/Chemotherapy-Treatment-Schemes.aspx

25. “Chemotherapy Principles-An In-depth Discussion of the Techniques and Its Role in Cancer 
Treatment”. American Cancer Society. Retrieved from http://www.cancer.org/acs/
groups/cid/documents/webcontent/002995-pdf.pdf

26. “High dose Interleukin-2” Penn State Hershey Ca. Inst., April 2011.
27. Massague, J., “TGF-β signal transduction”, Annu. Rev. Biochem., Vol. 67, (1998), 753-791.
28. Holen, T., Amarzguioui, M., Wiiger, M.T., Babaie, E. and Prydz, H., “Positional effects of 

short interfering RNAs targeting the human coagulation trigger tissue factor”, Nucleic Acids 
Res., Vol. 30, (2002), 1757–1766.

29. Alwan L.M, Grossmann K, Sageser D, Van Atta J, Agarwal N and Gilreath JA, 
“Comparison of acute toxicity and mortality after two different dosing regimens of high-
dose interleukin-2 for patients with metastatic melanoma” Target Oncol. (Apr 2013).


	Mathematical Modeling of Strategic Treatments on TumorGrowth
	Author
	Keywords
	I. Introduction
	II. Mathematical Modeling
	III. Parameter
	IV. Results and Discussion
	V. Conclusion and Future Work
	References Références Referencias



