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Absiract- In the present paper we have solved the well known Axisymmetric Dirichlet problem for a half-space using the
Hankel transform of |-function of one variable. Hankel transform is much effective tool for solving the boundary value
problems involving cylindrical coordinates. Here we have considered the Axisymmetric Dirichlet problem for a half-
space which is mathematically characterized by

Ugr + (D)ttg + 1z, = 0,0 < 2 < 00, 2> 0
Boundary conditions are

u(z,0) = f(z), 0 <z < o0

u(z,z) = 0as /(22 +22) - 00, 2> 0

Our main result is believed to be general and unified in nature. A number of known and new results can be obtained by
specializing the coefficients and parameters involved in the kernel.

Keywords and Phrases: potential problem, hankel transform, saxena's I- function of one variable, fox's H-
function of one variable.

I.  INTRODUCTION

Our aim is to find out the solution of boundary value problem involving cylin-
drical co-ordinates using Hankel transform of order zero.the most important
partial differential equation in mathematicalphysics is the Laplace’s equation
or potential equation i.e.

Viu=0 (1.1)
regardless of the co-ordinate system.

Laplace’s equation arises in steady state heat conduction problems involv-
ing homogeneous solids. this same equation is satisfied by the gravitational
potential in free space, the electrostatic potential in a uniform dielectric, the
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magnetic in the steady flow of currents in solid conductors, and the velocity
potential of inviscid, irrotational fluids.The mathematical formulation of all
potential problems is same despite the physical differences of the applica-
tions. Because of this, all solutions of the potential equations are collectively
called potential functions, and the study of the many properties associated
with these functions forms that branch of mathematics known as potentail
theory. Here we have considered Axisymmetric Dirichlet problem for a half-
space from the book by Andrews and Shivamoggi[1]. Ref

The Hankel transform arise naturally in solving boundary vaue problems
formulated in cylindrical co-ordinates. They also occur in other applications
such as determining the oscillations of a heavy chain suspended from one end,
first treated by D. Bernoulli. This later problem is of some special historical
significance since it was in this analysis of Bernoulli in 1703 that the Bessel
function of order zero appeared for the first time.

The Hankel transform of order v of a function f(x) denoted by H, { f(z); p}
is defined as

E&ﬂ@m}zlmﬂumwhwxzﬂMM>&V>—% (1.2)

The inverse Hankel transform is given by

f@) = [ ol ) go)dp. () > -1 (1)
0
I-function of one variable introduced by Saxena V.P.[6] is defined as

mn _ [mn x|{(ajaaj)l,n}»{(aji7aﬂ)n+1,m}
buqur P dir {(b5.8:)1,mb{ (B50,85)m+1,0; }

G8¢-1Lg dderpuy'py] 1A Surures JH{ s42ousbusg

40f swiofsuni], ibaul(600g)3 Ueswyg 188owreAys) ALre smaipuy [7]

1
= 5. | 0ls)zd 1.4
21w J, (s)2°ds (1.4)
where 0(s) = 17, T(b;—B;8) [T} T(1—a;—ays)

Zzzl [H?i:m+1 F(l—bji‘l’ﬁjis) H?i:n+1 F(aji+0‘jis)]

Here w = /—1, p;(i =1..7), ¢;(i = 1..r), m , n are integers satisfying
0<n<p; 0<m<gq; risfinite. o;, B;, «j, [j; are real and positive;
a;,,bj, aj, bj; are complex numbers. L is the Mellin-Barne’s type of contour
integral which runs from —woo to +woo with indentations.

[I. REQUIRED RESULTS

In this section we are mentioning the results required for the evaluation of
the transform and the solution of the boundary value problem.

a) First Result
Hankel transform of z# given in Erdélyi[3] is

H, {a"} = fooo(Px)%JV(px)xud$
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v 3
— 2<#+%>p7uflr<% tot f) (2.1)
PE-5+3)
where p > 0, —R(v) — 3 < R(p) < —3
b) Second Result
The following result is taken from Erdélyi[3]
MA{e*J,(Bz)} = fooo ¥ lem J,(Bx)dx
B*T(s +v) s+v s+rv+1 — 32
= : 1, —— 2.2
2uas+u1—w<1+y)2 1 9 9 v+ L a2 ( )
where R(a) > [Im(B)], R(s) > —R(v)
c) Third Result
It is a well known result from Rainville[5]
I'(a+n)
. G L) 2.3
(@, =S (23)

[11. HANKEL TRANSFORM OF [-FUNCTION OF ONE VARIABLE

For p,v,a € C,o0 > 0,p > 0, > 0 satisfying the condition

min R(b,;
R(p) +R(v) + 01<j<m [_(5;)] > _%
and

%(p) + gingafgn [M] < _%
Then there holds the formula

{(aj. )1} { (@i ns1p,; b
Hy Imn 4
{( ) Pi,qir l ar” |{(bjﬁj)l,m}v{(bji’ﬁji),m-H,pi}:|}

2l 2 1_vgo aj,x n @uazn D )
_ 2Im,n+1 |:Oé (_) ’?(1 Z ) {(a;j,04)1, }{ Ji,QGi)n+1 Z}( +3 2):| (31>

p pit2,qiir p )1,m }o{ (Bji:B56) m+1.p; }

Proof: Applying the definition of Hankel transform from eq.(1.2) to the
left-hand side of eq.(3.1) and expressing the I-function in Mellin-Barne’s type
of contour integral, we get

- fooo(px)%(],,(pm) {51 [, 0(s)atz"*ds} dx

Changing the order of integration permissible under the conditions mentioned
and using the result (2.1), we obtain

_ 1 Q$295+35 n=os— 1T(F+% +2)
= 35 [ 02

Rearranging the terms and expressing the integral in I-function of one vari-
able, we get the right-hand side of eq.(3.1).
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Substituting v = 0, we obtain the Hankel transform of order zero as

2\ rmon o (1)1 { (@jisesi)nt1p, }
HO {(I)QIpi,Qi:T |:Oé$ ’{(ijﬁj)l,m}y{(bji7ﬁji),m+1,pi}

1 o
o 2_2[m,n+1 g ’(%7%)7{(00'7aj)1,ﬂ}7{(ajivo‘ji)ﬂ+1,;ﬂi}7(%7%) (3 2)
p PR p {(05,8)1,m 3 { (05i.Bji).n+1., '

where p,a € C,o0 > 0,p > 0, > 0 satisfying the conditions

min R(b; max 1-R(a;
R(p) + o7, [L} > —3and R(p) + o0, [ ga]>] <

/BJ Qaj
V.  AXISYMMETRIC DIRICHLET POTENTIAL PROBLEM

Consider the Axisymmetric Dirichlet problem for a half space which is math-
ematically characterized by

1
Uge + —Up + U, = 0,0 <2 <00,2>0 (4.1)
x
Boundary conditions are

u(z,0) = f(z),0 <z < o0

u(x,z) = 0as /(22 +22) = 00, 2> 0

If we apply Hankel transform of order zero to the variable x in (4.1), we
obtain the transformed problem as

U,.—pU=0,2>0 (4.2)
Boundary conditions are
U(p,0) = F(p)
U(p,z) — 0, as z — o0
where
Ho {u(z, 2);x = p} = U(p, 2) (4.3)
Ho{f(x);p} = F(p) (4.4)
The solution of (4.2) is
Ulp,z) = F(p)e™” (4.5)

Integrating eq.(4.5) by means of Hankel inversion formula,we have
u(z,z) = Hy ' [F(p)e™; p—a] = / pF(p)e™* Jo(px)dp (4.6)
0

V.  SOLUTION OF AXISYMMETRIC DIRICHLET POTENTIAL PROBLEM

For p,acC,0 > 0,p > 0,a > 0,R(2) > |Im(z)| satisfying the conditions
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U@?ﬁm [%(b-j)} > 1 and U@?ﬂén [17%(-%)] < _%

2% \~oo 1 2\"
— X
u(®, 2) = 23 o <_z_2>

1 o
[m+3 n+1 2 o (va) {(aJ7aJ 1 n} { aJ’HO‘JZ)TH—l pz} (472 272) (1 ) 1
pitagar |0(22) ’<%+n,2> (147,5),(1,0),{(b5,8;)1,m 1. ( ]z,ﬁm,mﬂ,pz} (5-1)

Proof:Substitute

mon {(a.0)1n b { (@i gi)nsrm || .
flo) = (x) Ip’ i |: ax? |{(bjV/Bj)l,m}v{(bjiyﬁji),m+l,Pi}:| i eq. (3.1)

Then the Hankel transform of order zero of f(z) from eq. (3.2) is

2% rmondl 2\ G590k { (@5i05)n 1.0, }(5.5)
Flp) = plpl+2"h [Oz (p) ’{(bj,ﬂj)l,m}y{(bji7Bji),m+1,pi}

Substituting the value of F(p) in eq. (4.4), we get
u(a,2) = [3° pe = o(pa)

Im n+l <2>” | 1950010} {(@50,05)n 41,9, }2(5.5) d
p Pit2air P {65.87)1,m b { (B56,854) ,m+1,p; } P
Expressing the I-function in Mellin-Barne’s integral and changing the order

of integration permissible under the specified conditions, we have

§ as
— 2%% fL as 205 4763) {f() —ase—PzJ0<px)dp} ds

1
(3

Using the result(2.2), we obtain

1 r os —0s
25%&““8)2"%2 ; {Z(& os>) I [(12 )’( 2t ——}}ds

Expanding 5 Fjand using the result(2.3) then rearranging the terms, we
obtain the right-hand side of eq.(5.1)

us\»au:.\w
m‘q w‘q

VI.  SPECIAL CASES

Many special cases can be found by suitably specializing the parameters.
One of the special case of our result is mentioned below.

Substituting » = 1, I-function of one variable reduces to Fox’s H-function
of one variable assuming a;i, a1, b1, 51 as aj, oy, b, B; respectively.

For aeC,o > 0,a > 0,R(z) > |Im(x)| satisfying the conditions

Bj aj 2

1 n
u(w,2) = 2ok (%)

o [ 22] > 1 and o, [FR)] <
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