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In recent times, spread of ideas is easily done through the use of fast tech communications. A unit of idea
transmission is de�ned by Dawkins [1] as meme or a unit of imitation. Style of living, eating, clothing and
thinking are some examples of memes. Individuals reaction towards memes is either acceptation or rejection.
Those who imitate certain memes and is manifested in their life style help in spreading it, they are known as
spreaders. On the other hand, those who refuse or not interested in adopting a meme are known as sti ers.
Spreaders and sti ers play a signi�cant role in the survival or extinction of memes.

There is a similarity between the propagation of memes and the spread of rumors. Both may be seen as a
virus, that is transmitted to another individual by a certain mean. Researchers have applied epidemiological
models to study the dynamics of social systems. In particular, the dynamics of rumors spread and trans-
mission of ideas and thoughts. This was based on the fact that both biological diseases and social behavior
are a result from interactions between individuals. Daley and kendall are among the earliest researchers to
propose a rumor spread model that has some properties in common with epidemic model [2]. Also Cane [3]
showed the similarity between the deterministic forms of models for the spread of an epidemic and of a rumor.
At the beginning of this century, Thompson et al. [4] explored the dynamics of rumor spreading in chat
rooms. Bettencourt et al. [5] applied models similar to epidemiology to the spread of ideas. Kawachi [6] and
Kawachi et al. [7] proposed deterministic models for rumor transmission and explored the e�ects of various
contact interactions. Al-Amoudi et al. [8, 9] analyzed qualitatively constant and variable meme propagation
models. Piqueira [10] examined an equilibrium study of a rumor spreading model according to propagation
parameters and initial conditions. Huang [11] studied the rumor spreading process with denial and skepti-
cism. Wang and Wood [12] adopted an epidemiological approach to model viral meme propagation. Zhao
et al. [13, 14] proposed rumor spreading models in social networks considering the forgetting mechanism of
spreaders. Huo et al. [15] investigated the psychological e�ect with rumor spreading in emergency event.
Zhao and Wang [16] established a dynamic rumor model considering the medium as a subclass. Recently,
Afassinou [17] analyzed the impact of education rate on rumor �nal size. Finally, Zan et al. [18] examined
the dynamics or rumor spread with counterattack mechanism and self-resistance parameter.

In this paper, we investigate the impact of sti ers on the transmission of memes in a population with
constant immigration and emigration. We analyze the dynamics of the model qualitatively. The formulation
of the model and its equilibria and basic reproduction number are described in section 2. Section 3 analyzes
the stability of equilibria both locally and globally using linearization methods and Lyapunov method.
Numerical simulations are illustrated in section 4. A brief conclusion is given in Section 5.
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cessation equilibrium and meme existence equilibrium. The reproduction number R   that generates new memes is 0
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Let N(t) denote the total population. We assume that the population is divided into three disjoint classes of
individuals: S(t), the susceptible class, describing individuals who have not yet been exposed to a particular
meme; I(t), the spreader class, referring to individuals who have taken an active interest in the idea or concept
that a meme represents, and therefore have a tendency to talk about the meme in social interactions; Z(t),
the sti er class, meaning individuals who reject the meme and have no interest to embrace it. Sti ers may
play an in u ential role in memes cessation. We explore this assumption by introducing a new term in the
dynamical model given by [8], where we consider that susceptibles become sti ers when contacting them at
a certain rate.

The mathematical model is governed by the following nonlinear system of ordinary di�erential equations:

[8]
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dS

dt
= B � �SI � �SZ � �S;

dI

dt
= ��SI � �I2 � 
IZ � �I; (1)

dZ

dt
= �(1� �)SI + �I2 + 
IZ + �SZ � �Z;

where the positive parameters are de�ned as follows: B is the sum of the population's birth rate and
immigration rate; � is the sum of the population's death rate and emigration rate; � is the rate at which
susceptibles change their meme class, where � = cq such that c is the average number of contact per unit
time and q is the probability of transmitting the meme; � is the rate at which spreaders become sti
ers by
contacting with each other; 
 is the rate at which spreaders become sti
ers by contacting with sti
ers; �
is the fraction of susceptibles who become spreaders (at rate �); 1 � � is the fraction of susceptibles who
become sti
ers (at rate �), such that � 2 (0; 1]; and � is the rate at which susceptibles become sti
ers by
contacting with sti
ers.
Note that N(t) = S(t) + I(t) + Z(t): It follows from system (1) that N 0(t) + �N(t) = B; which has the

solution N(t) = N0 exp(��t) + [1 � exp(��t)]B=�; where N0 = N(0); and therefore, limt!1N(t) = B=�:
Thus, the considered region for system (1) is

� = f(S; I; Z) : S + I + Z � B

�
; S > 0; I � 0; Z � 0g:

The vector �eld points into the interior of � on the part of its boundary when S + I + Z = B=�: Hence, �
is positively invariant.

We �nd the equilibria of the model by equating to zero the right hand side of system (1):

B � �SI � �SZ � �S = 0;

��SI � �I2 � 
IZ � �I = 0; (2)

�(1� �)SI + �I2 + 
IZ + �SZ � �Z = 0:

Solution to system (2) gives three equilibrium points: the meme free equilibrium E0 = (B=�; 0; 0); the

meme cessation equilibrium E1 = (
�

�
; 0;

B

�
� �
�
); which exists if and only if � > �2=B; and meme existence

equilibrium E� = (S�; I�; Z�); where

S� =
B

�I� + �Z� + �
;

I� =
��S� � 
Z� � �

�

Z� =
��(1� �)S�I� � �I�2

�S� + 
I� � � :

The basic reproduction number R0 may be calculated by the method of next generation matrix [19]. Let
X = (I; Z; S)T ; then system (1) may be written as: X�= F(X)�V(X) where

F(X)=

2

4
��SI

�(1� �)SI
0

3

5 ;V(X)=

2

4
�I2 + 
IZ + �I

��I2 � 
IZ � �SZ + �Z
�B + �SI + �SZ + �S

3

5 :
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III. Stability of the Equilibria

3.1 Local stability

Here we investigate the local stability of E0; E1 and E�: We state the following theorems:

Theorem 1 (Local stability of E0) If R0 < 1and � < �2=B, the meme free equilibrium point E0 is
locally asymptotically stable. If R0 = 1 and � < �2=B or R0 < 1 and � = �2=B, E0 is locally stable. If R0
> 1 or � > �2=B, E0 is unstable.

Proof. Linearizing system (1) (by linearization method [20]) we obtain the Jacobian matrix evaluated at
the equilibrium E0:

Proof. The Jacobian matrix at the equilibrium E1 gives:

[2
0]
L
.P
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k
o
,
D
i�
er
en
ti
a
l
E
q
u
a
ti
o
n
s
a
n
d
D
y
n
a
m
ic
S
y
st
em
s,
S
p
ri
n
g
er
V
er
la
g
(1
9
9
1
).

The Jacobian matrices of F(X) and V(X) at the meme free equilibrium point E0; are

DF(E0)=

2

4
��S0 0 0

�(1� �)S0 0 0
0 0 0

3

5 =
�
F 0
0 0

�
;

DV(E0)=

2

4
� 0 0
0 ��S0 + � 0
�S0 �S0 �S0 + �

3

5 =
�
V 0
J1 J2

�
;

where F =

�
��S0 0

�(1� �)S0 0

�
; V =

�
� 0
0 � �S0 + �

�
; J1 = [ �S0 �S0 ]; J2 = [ �S0 + � ]:

Thus the next generation matrix is FV ·1 =

2

64

��B

�2
0

�(1� �)B
�2

0

3

75 : Clearly, the spectral radius of matrix

FV ·1 is �( FV ·1) = ��B=�2: So, the basic reproduction number of the system is R0 = ��B=�
2:

J (E0) =

2

666664

�� ��B
�

��B
�

0
��B

�
� � 0

0
� (1� �)B

�

�B

�
� �

3

777775
:

Clearly the roots of the characteristic equation are: �1 = �� < 0; �2 = �(
�B

�2
� 1) < 0; if � < �2=B ; and

�3 = �(
��B

�2
� 1) = � (R0 � 1) < 0; if R0 < 1: Hence, E0 is locally asymptotically stable if R0 < 1 and

� < �2=B: If R0 = 1 and � < �
2=B then the eigenvalues are �1; �2 < 0 and �3 = 0: Also if � = �

2=B and
R0 < 1 then the eigenvalues are �1 < 0, �2 = 0 and �3 < 0: So, E0 is locally stable. If R0 > 1 or � > �

2=B;
then the characteristic equation has a positive eigenvalue. So, E0 is unstable.

Theorem 2 (Local stability of E1) Let R1 =
�(B
 + �2)

�2(
 + ��)
: If R1 > 1, the meme cessation equilibrium

point E1 is locally asymptotically stable. If R1 = 1, E1 is locally stable. If R1 < 1, E1 is unstable.

J (E1) =

2

666664

��B
�

���
�

��

0
���

�
� 
(B

�
� �
�
)� � 0

�B

�
� � �(1� �)�

�
� 
(B

�
� �
�
) 0

3

777775
:

The roots of the characteristic equation are: �1 = �� < 0; �2 =
1

��

·
�2(
 + ��)� �(B
 + �2)

�
< 0; if

R1 > 1; and �3 = �
1

�
(B� � �2) < 0: Hence, E1 is locally asymptotically stable if R1 > 1. If R1 = 1 then

the eigenvalues are �1; �3 < 0 and �2 = 0: So, E1 is locally stable. If R1 < 1 then the characteristic equation
has a positive eigenvalue. So, E1 is unstable.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Global Stability of Stificrs Impact on Meme Transmission Model

© 2014   Global Journals Inc.  (US)

12

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
IV

 I
ss
ue

  
  
  
er

sio
n 

I
V

V
I

Ye
ar

20
14

  
 

F
)

)

Ref

[22]
M
.W
.H
irsch

,
S
.S
m
a
le,
a
n
d
R
.L
.D
eva

n
ey,
D
i�
eren

tia
l
eq
u
a
tio
n
s,
d
y
n
a
m
ica
l
sy
stem

s
a
n
d
a
n
in
tro
d
u
ctio

n
to
ch
a
o
s,

E
lsev

ier
A
ca
d
em
ic
p
ress

(1
9
7
4
).

Theorem 3 (Local stability of E�) If a1 > 0; a3 > 0 and a1a2 > a3, the meme existence equilibrium E�

is locally asymptotically stable.

Proof. The Jacobian matrix at the equilibrium E� gives:

J(E�) =

2

4
��I� � �Z� � � � �S� � �S�

��I� ��S� � 2�I� � 
Z� � � � 
I�
� (1� �) I� + �Z� � (1� �)S� + 2�I� + 
Z� 
I� + �S� � �

3

5 :

This may be simpli�ed using system (2) to be

J (E�) =

2

6664

� B
S�

��S� ��S�

��I� ��I� �
I�

�(1� �)I� + �Z� �I� +
�Z�

I�
� �S

�Z�

I�
�S� + 
I� � �

3

7775 :

The characteristic equation about E� is �3 + a1�
2 + a2�+ a3 = 0; where

a1 = �I� + �+
B

S�
� �S� � �S�;

a2 = ��(1� �)S�I� + �2S�Z� + 
�Z� � 
�S�Z� � �B � ��S�I�

�
BI
�

S�
+
B�

S�
+ ��I� +

�BI�

S�
+ �2�S�I�;

a3 = ����S�Z� � �2��S�
2

Z� + ���S�I�
2

+ ��2S�I�Z� +

B�Z�

S�

�B
�Z� � �2
S�I�
2

� �
�S�I�Z� � �B�I� � �2��S�
2

I�

+
�B�I�

S�
+ �2��S�I�:

If a1 > 0 , a3 > 0 and a1a2 > a3; then by using Routh-Herwitz Criteria [21] all eigenvalues of J(E
�) have

negative real parts: Thus, E� is locally asymptotically stable.

3.2 Global stability

First, we explore the global stability of E0 Consider the Lyapunov function [22]:

L = I + Z:
dL

dt
= (��+ �S) I + (��+ �S)Z:

Since E0 2 � then S �
B

�
and we have

dL

dt
� (��+ �B

�
)I + (��+ �B

�
)Z � 0 if �B < �2 and � < �2=B:

It follows that
dL

dt
< 0 if �B � �2 and � < �2=B; with dL

dt
= 0 if and only if I = Z = 0. Hence, the

only solution of system (1) in � on which
dL

dt
= 0 is E0 : Therefore, by LaSalle's Invariance Principle [22],

every solution of system (1), with initial conditions in �, approaches E0 as t ! 1: Thus, E0 is globally
asymptotically stable and we may state the following theorem.

Theorem 4 (Global stability of E0) If �B � �2 and � < �2=B then E0 is globally asymptotically stable
in �.

Next, we examine the global stability of E1 and E
�:We may de�ne the same Lyapunov function for both

equilibriums. Consider the Lyapunov function:

L =
1

2
[(S � S�) + (I � I�) + (Z � Z�)]2 :

dL

dt
= [(S � S�) + (I � I�) + (Z � Z�)] [B � �S � �I � �Z] :

Using B = �S� + �I� + �Z�; we have
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Hence, E1 and E� are globally stable and we may state the following theorem.

Theorem 5 (Global stability of E1and E
�) The equilibrium points E1and E

� are globally stable whenever
they exist.

We summarize the result of this section as follows:

� If R0 < 1 and � < �2=B, then E0 is locally asymptotically stable. If �B � �2 and � < �2=B then E0
is globally asymptotically stable.

� If R1 > 1 then E1 is locally asymptotically stable. But E1 is globally stable unconditionally whenever
it exists.

� If a1 > 0 , a3 > 0 and a1a2 > a3 then E� is locally asymptotically stable. But E� is globally stable
unconditionally whenever it exists.

In this section, we illustrate numerical simulations of system (1) using di�erent values of the parameters to
support our results. Four di�erent initial values are chosen such that S + I + Z � B=� :

1. S(0) =0.3890, I(0) =0.8540, Z(0) = 0.5360,

2. S(0) = 0.0010, I(0) = 0.5140, Z(0)= 0.3600,

3. S(0) = 2.5485, I(0) = 0.0540, Z(0) = 0.8675,

4. S(0) = 0.8000, I(0) = 0.3154, Z(0) = 0.0250.

(a) Using the parameters: � = 0:05;� = 0:34;  = 0:015;� = 0:0125; � = 0:333; B = 2; � = 0:05: Here
R0 = 0:0720156 < 1: We see from Fig. 1(a) that the number of susceptibles to the meme increases as a
function of time to approach the value of S0 for the four sets of initial conditions. While Fig. 1(b,c) show
that the number of spreaders and sti ers decreases as a function of time and approaches zero. Thus, for
all sets of initial conditions the solution curves tend to the meme free equilibrium E0: Hence, system (1) is
locally asymptotically stable about E0 for the above set of parameters.

IV. Numerical Simulation

(a) (b)

(c)

dL

dt
= �� [(S � S�) + (I � I�) + (Z � Z�)]2 � 0:

© 2014   Global Journals Inc.  (US)

Figure 1 : Time plots of systems (1) with different initial conditions for R0 < 1 : (a) Susceptibles; (b) Spreaders; 

(c) Stiflers.
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(a) (b)

(c)

Figure 2 : Time plots of systems (1) with different initial conditions for R0, R1 > 1 : (a) Susceptibles; (b) Spreaders; 
(c) Stiflers.

(b) Using the same initial conditions and parameters as in (a) except for: � = 0:4; � = 0:6; � = 0:535:
Here R0 = 4:15225 > 1 and R1 = 2:6425 > 1: We see from Fig. 2(a) that for the second value of parameters
the number of susceptibles increases �rst then it starts to decrease and all solutions approach a certain value
S1: Fig. 2(b) shows that the number of spreaders at the beginning of the meme increases slightly, then it
starts to decrease and �nally approaches the value I1 = 0. Fig. 2(c) shows a di�erent behavior for the sti ers,
they grow at �rst then they approach a certain value Z1: Thus, for all sets of initial conditions the solution
curves tend to the meme cessation equilibrium E1. Hence, system (1) is locally asymptotically stable about
E1 for the above set of parameters.
(c) Using the same initial conditions and parameters as in (b) except for: � = 0:0035: Here R0 =

4:15225 > 1 and R1 = 0:002 < 1: We see from Fig. 3(a) that when the parameter � is very small the number
of susceptibles increases �rst then it starts to decrease and all solutions approach a certain value S�: Fig.
3(b) shows that the number of spreaders at the beginning of the meme decreases slightly, then it starts to
increase and �nally approaches the value I�. Fig. 3(c) shows a similar behavior for the sti ers, they decrease
slightly at �rst then they increase to approach a certain value Z�: Thus, for all sets of initial conditions
the solution curves tend to the meme existence equilibrium E�. Hence, system (1) is locally asymptotically
stable about E� for the above set of parameters.

(a) (b)
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(c)

In this paper, a nonlinear memes transmission model with sti ers e�ect on susceptibles in is analyzed.
Su�cient conditions have been given ensuring local and global stability of the three equilibrium points.
First, the meme free equilibrium point E0 is shown to be locally asymptotically stable whenever the basic
reproduction number R0 of the model is less than unity and when the condition � < �2=B is satis�ed.
In addition, if �B � �2 is satis�ed, then E0 becomes globally asymptotically stable and the meme will
disappear. Second, the meme cessation equilibrium point E1; which exists only if � > �2=B; is shown to be
locally asymptotically stable if R1 > 1. Moreover, it is globally stable with no conditions. Thus, if E1 exists

V. Conclusions

Figure 3 : Time plots of systems (1) with different initial conditions for R0, > 1 and R1 < 1  : (a) Susceptibles; (b) 
Spreaders; (c) Stiflers.

the meme will eventually end. Lastly, the meme existence equilibrium E�, if it exists, is shown to be locally
asymptotically stable if the conditions: a1 > 0 , a3 > 0 and a1a2 > a3 are satis�ed and it is globally stable
with no conditions also. Therefore, if E� exists the meme will persists. Finally, some numerical simulations
are used to support the qualitative results. In conclusion, sti ers in uence produces a new equilibrium point
which eventually ceases the meme from spreading if the analytical conditions are satis�ed.
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