e GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: A
erenaetriane PHYSICS AND SPACE SCIENCE

’/;ﬁ Volume 14 Issue 5 Version 1.0 Year 2014
| Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Some Exact Solutions of Non-Newtonian Fluid in Porous
Medium with hall Effect Having Prescribed Vorticity

Distribution Function
By Manoj Kumar

Abstract- Two dimensional motion of an incompressible second grade fluid in a porous medium
with Hall effects has been considered. Exact solutions are obtained via inverse method when
vorticity distribution is proportional to stream function g, perturbed by a quadratic term.

Keywords: non-newtonian fluid, porous medium, hall effect, mhd, steady flow.
GJSFR-A Classification : FOR Code: 040405

SOMEEXACTSOLUTIONSOFNONNEWTONIANFLUID INPOROUSMEDIUMWITHHALLEFFECTHAVINGPRESCRIBEDVORTICITYDISTRIBUTIONFUNCTION

Strictly as per the compliance and requlations of :

© 2014. Manoj Kumar. This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction in any medium, provided the original work is properly cited.



Some Exact Solutions of Non-Newtonian Fluid in
Porous Medium with hall Effect Having
Prescribed Vorticity Distribution Function

Manoj Kumar

Absiract- Two dimensional motion of an incompressible
second grade fluid in a porous medium with Hall effects has
been considered. Exact solutions are obtained via inverse
method when vorticity distribution is proportional to stream
function g, perturbed by a quadratic term.

Keywords: non-newtonian fluid, porous medium, hall
effect, mhd, steady flow.

l. [INTRODUCTION

he study of magneto hydrodynamic (MHD) fluid
flows has been a subject of great interest because

of their applications in widespread fields like
magneto hydrodynamic generators, designing cooling
systems with liquid metals, geothermal energy
extraction, handling of biological fluids, flow of nuclear
fuel slurries, electromagnetic propulsion and flow of
blood. A number of researchers (Noreen Sher Akbar, S.
Nadeem, R. Ul Hag and Z. H. Khan', Manoj Kumar and
C.Thakur® ) worked on some interesting problems in
these directions.

But the above studies cannot be implemented
in the case of ionized gases because in ionized gases
(where the density is low and the magnetic field is
strong), there is a conductivity normal to the free
spiraling of electrons and ions about the magnetic lines
of force before suffering collisions; also, a current is
induced in a direction normal to both electric and
magnetic fields. This is what we call the Hall Effects.
This study has interesting features in problems of MHD
generators, Hall accelerators and flight magneto
hydrodynamics. N. Ahmad and K. Kr. Das®, R. K. Deka*,
M.A.M. Abdeen et.al.’, Haider Zaman et.al.® discussed
the Hall effects in different situations.

The flows of non-newtonian fluid through
porous media have gained a lot of importance in recent
years. The flow through porous medium has lot of
applications in engineering and science such as
groundwater  hydrology,  petroleum  engineering,
reservoir engineering, chemical reactors, agricultural
irrigation and drainage and recovery of crude oil from
the pores of reservoir rocks.

Navier-Stokes equations are inherently non-
linear partial differential equations has non general
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solution and only a small number of exact solutions
have been found because the nonlinear inertial terms do
not disappear automatically. Exact solutions are very
important not only because they are solutions of some
fundamental flows but also they serve as accuracy
checks for experimental, numerical and asymptotic
methods. So in order to perform this task one adopt
transformations, inverse or semi-inverse method for the
reformulation of equations in solvable form. Some
researchers have used hodograph transformation”® in
order to linearize the system of governing equations and
got some exact solutions. Some authors have used
inverse method where some a priory condition is
assumed about the flow variables and have found some
exact solutions. This method has been extensively used
by many researchers for the first grade fluid such as
Chandna®, M. Jamil et.al.’®"" and others. In case of
second grade fluid T. Hayat et.al.? applied this method
to find some exact solutions. Benharbit and Siddiqui'®
used this method to study steady and unsteady second
grade fluid flow by taking vorticity function of the form
Vep=k (y-Uy). Islam, Mohyuddin and Zhou' taking the
same form of vorticity function studied the non-
newtonian fluid in porous medium with Hall Effect.
Further this method was also used by Chandna and
Ukpong'™, AM. Siddiqui etal'®, B.Singh and C.
Thakur', Rana Khalid Naeem' | Manoj Kumar et.al.'® in
the study of second grade fluid flow.

In this paper we have studied second grade
electrically conducting fluid flow in porous media with
Hall Effect. The equations are modeled and solved by
assuming the vorticity function proportional to the
stream function perturbed by a quadratic stream
B(Cx+Dy+Ey?. We have also found exact solution for
finitely conducting steady and unsteady fluid flow.

[I. BAsiC FLOow EQUATION

The basic equations governing the motion of
second grade electrically electrically conducting fluid
flow in porous media with Hall Effect are given by :

ou ov

&—1—5—0 (1)
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where u=u(x, vy, 1), v=v(x, y, t) are the velocity
components, p*=p*(x, y, 1) is the pressure field, p is

the viscosity of the fluid, a, is the normal stress moduli,
¢ = oBy/en, is the Hall

parameter, o is the electrical field conductivity, By is the
magnetic field, e is the electric charge and n, is the
number density of electrons.

In equations (2) — (3), the vorticity and the
modified pressure are given respectively as

N a
== @

ox oy’
p’ = %Mz +p- al{uvzu + vV2v+%|Al|2} )

K is the permeability,

In equation (8) if K — o, and neglecting the Hall
effects, we obtain the Benharbit and Siddiqui *® case. If
K — o, a; = 0, and neglecting Hall effects in equation
(8), we recover the viscous case equations of Hui®.

I1I.  ExacT SOLUTIONS

We shall investigate fluid motion for which
vorticity distribution is proportional to the stream function
perturbed by the quadratic term in x and y as given by

oB?
1+¢

uAZ{\y —B(Cx+Dy+ Eyz)—%} -
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Also,
V¥ = AY - 2BE. (11)
In equation (10) if B=0, a,=0 & K—»oo and

neglecting the Hall effects we obtain the Taylor % case. If
| a,=0, D=E=0, K—« and in the case of Hall effects

(p — A - %j‘l’t +(pB-,AB){(D+2Ey)¥, -C¥, |- 5( - %} |
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A(p - %j‘l‘t +(pBA - 0, A’B)(D + 2Ey)¥,

2
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2
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1+¢
where,

|A1|2— 4{ ]+2( av) ©)
oy oy OX

These systems of equations have three
unknowns u, v, and p. Once the velocity field is
determined, the pressure field (5) can be found by
integrating equations (2) and (3). The continuity
equation (1) implies the existence of stream function
VY (X, Y, 1) such that

_ov oy

V=——. (7)

Using integrability condition 02 p*/0x0y = 02p*/0y
0 x, equation (2) and (3) reduces to

2
(M-i-al gjvzw_al{“/:v4‘l1}_%vz\lf : 8)
vy = Aly - B(Cx + Dy + Ey?)|, ©)

where AB,CD and E are constants but
A#0.The special case of A= 0 corresponds to an
irrotational flow.
Introducing this value equation (8) reduces to

A[p a,A - j“’t +pBA{(D+ 2Ey)y, —y,C}-a,A’B{D+2Ey)y, —Cy, |=

_Aly-B(Cx+Dy+ Eyz)]—%{\y— B(Cx + Dy + Ey?)}

Letting V=V — B(CX + Dy + Dyz), the equation reduces to

2
—C\Py}zqu{\P—E}—ﬁ _ 980w (19
Al K 1+

equation (10) reduces to Hui*' case. Also if K—o and
neglecting the Hall effects we obtain the Benharbit and
Siddiqui " case. Putting D=E=0, we reproduce the S.
Islam et.al.™ case.

Dividing equation (10) by A, we have

(12)



where,

5 {u(1+ 0* KA -1)— GBSK}
- K(L+¢?) '
(13)
a) Creeping Flow

For creeping flow, we have from equation (12),

[v-2E)
)

p=p,—2B*(C?+D?)-2a,B’E’ +B[2pBCE—%—

K 1+o° K 1+

2uBE
s
21BE

Sinced # 0, we must have ¥ =

Hence, Y = B(Cx +Dy+ Ey2)+

The stream function (14) gives the exact solutions
u = B(D+2Eky),
v =-BC,

SB;
1+

(D +0C) [x -

1+ o?

QBE[i +ﬁi|x},+3|:£_ﬂ(q}n_cji|},_3}3|: oBj q}} ¥2.
=

b) Steady Flow
For steady flow we have W, =0, so the
system of equations (12) and (11) can be written as

(PB- o, AB){(D+ 2Ey)¥, ~C¥, |- 5( _Zﬂajj 15)

¥ = y - B(Cx + Dy + Ey?)
¢ = Cx + Dy + Ey?
n=y
Equation (15) and (16) respectively reduces to

2uBE
- = - 17
& VAW = A¥ - 2BE (16) (-anBCY, S(T 5 ] | (7
We now introduce the following co-ordinate
transformations
{c2+(D+2En)P ¥, +2(D + 2En)¥, +2EW, +¥, = 5(? - %} | (19)

Casel:
One of the solution of equation (17), when,

(p—a,A)=0,is

Hence, = B(Cx +Dy + Ey2)+% .

The stream function gives the exact solutions

_ 2uBE U= B(D+2Ey),
Y= 6 V:-BC,
P a2 1" 12 uD _ oB;
p=p:,—EB (C°+D" )—2o,B°E +B|:2|:}BCE—E—1+;: I:D+q:+(:j:|x—

1+

23E[£+i:|x§;+3{£— By (q:D—C]}y—BE{ °Bo_ q}:|§.':_
o

K 1+’ K 1+¢

Casell:
When (p - (xlA) # 0, solving equation (17) (By
variable separable method) we get

21BE N

¥ = ge)e™, (19)

2 1) _ 2
where, A= “(1+(p )(i(A 1)-oBiK . (20)
K(1+ @ Xp—(xlA)BC
To find g(§), we substitute equation (19) in to
equation (18) and get

e[|C? + (D + 2En) jg"(2) + {20(D + 2En) + 2E)g'(€) + (> - 8)o(&)|= 0 . @1)

Since &, M are independent variables, we must have
two casesE=0, g'(£) =0

Case lla: In this case E=0 and equation (21)
becomes

(C?+D?)g"(¢)+ 24Dg () + (\* -5)g(e)=0 (@2
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The solution of (22) combined with equation

E=Cx+Dy+Ey* mn=Y anqg taking E=0, we
(19) and also using‘P:\y—B(CX+Dy+Ey2) ’

obtain the stream function as :

v(X,y) = B(Cx + Dy)+ A g™(OP¥Iy o A gmeOBykiyfor M >0 (23.1)
= B(Cx + Dy)+ (B, + B, (Cx + Dy))em(CP¥) for M=0 (23.2)
= B(Cx + Dy)+ C,e" ™™ cos(B(Cx + Dy)+ C, )i, M < 0 233)
where
’ ALA, B,,B,,C andC bit tant
1212 2 2 2 2 1 2 11 P21 2 are arpitrary constants.
M =21"D _(C +D )(K -6 ) It is noted that the results of S. Islam et.al.

(2008) can be recovered as special case by taking C=0

m. = — AD + N m. = — AD _N m, = —— AD and appropriately choosing the value of constants in the
1= y 1y = 13 !
(c?+D?) (C2 + Dz) (Cz + Dz) present result.

The exact solution given by equation (23.1)
when M >0

ae Mo JM
_(C2+D2)’ _(C2+D2)

u=[BD+A,(m,D+1)em MY 4 A (m,D +)gmS ) | (24.1)
V=—|BC+A,m,Cemn My | A m, CemOx(mPhy | (24.2)

The exact solution given by equation (23.2) when M =0
u=|BD +B,De™® (™ | (B 1 B, (Cx + Dy)}(m,D + A )emom:y | (25.1)
vV =—|BC+B,Ce™> ™Y 4 (B 1 B,(Cx + Dy)jm,Ce™ e mP) | (25.2)

And equation (23.3) gives the exact solution for M <0

u=|BD + C,(aD + 1)e""®*Ycos(B(Cx + Dy)+ C, )+ C,pe’*®*¥sin(B(Cx + Dy)+ C, )| (26.1)
v = —|BC + CaCe" Y cog(B(Cx + Dy)+ C, ) - CRe" > ¥sin(B(Cx + Dy)+ C, )| (26.2)

In all the above cases p can be calculated by
putting the value of u and v in equation (5).

Case lIb: In this case we take g'(&) =0, which implies

9(§)=ao, where @, # 0is an arbitrary constant and

=A% using this in equation (19),

Y=y- B(CX +Dy + Eyz) and M =Y we get stream
21BE

function v = == 1 B(Cx + Dy + Ey? )+ a,€", (27)

}\‘2
Hence, we get the exact solution as:

u=[B(D+ 2Ey)+a re® ]

v=-BC ’ (28)

Also p can be calculated by putting the value of
u and v in equation (5).

© 2014 Global Journals Inc. (US)

Discussion
Solution (23.1) represents a uniform flow in (x, y)

plane, in the regiony>0, perturbed by a part which
grows and decays exponentially as y increases if 4)0
and A(O, respectively. The reverse holds true for the

regiony < 0, and the flow is exponential in x and y in
both cases. The solution (23.2) can be used to describe,

iny>0, a uniform flow plus a different type of
perturbation which again grows and decays as y
increases in the same as in (23.2). Solution (23.3)
represents a uniform flow with a perturbation part which
is periodic in x and y and grows and decays
exponentially as y increases, respectively, when A)0

and A(Ofor the regionY > 0. A similar description can

be given for a flow inY <0.

c) Unsteady Flow
By rewriting equation (12) in the form

oV oV oV 2,BE
—+UD+2BYy)—-C—} = -————1, (29
&+1{(+ y)ax 6y} v( 5]()



where, A
" _ H —yt
u(1+0%)(KA-1)-oBK 9'(€)-Agle)= 2EB( 5 je . (@)
CEr)fuaai)| e
(pB - oA B)
(p —a,A - al/K)

U, = (30) g(¢)=—2EBe™ & +CE+C, (36)

where C, and C2 are arbitrary constants
depending on 0.
A combination of (36) with (34) gives

Solving equation (29) by variable separable
method we get

‘PzF(X,Y)@%%, I | .
This relation with (32),(31) and
Whgre F(X, Y) is an unknown function to be determined P=y-— B(CX +Dy+ Eyz) gives stream function as
an
2uBE
X= x-U,(D+2Ey)t , y=-EBE*+(CE+C,Je" + ﬂT + B(CX +Dy+ Eyz), (37)
Y=y+U,Ct. (32)
where,
Putting the value of ¥ in equation (16) £ = {x— U, (D + 2By )tjoosh + ly + U,Ctlsing
- 1 1
2uBE 2uBE |
2 yt Yt
% {F(X,Y)e 5 } {F(X Y)er+ = } 2BE, . —u(1+0%)- oBEK
N/
Fo +F,y = AFX,Y)+ 2EB(*2 _pyer. (33) K(1+o )(P 4}
. P . pB
Plane wave solution of Helmholtz equation (33) exist in U=——.
the form (p _ 0‘%)

F(X,Y) =g(&).& = Xcosh + Ysind -n<f<n  (34) Hence we get exact solutions as

Using equation (34) in equation (33) we obtain
u = —2EBE(~ U, 2Etcosd +sind) + C,(~ U, 2Etcosd + sin) + B(D + 2Ey),
v =—2EBE&cod) —C.e" cos —BC.

P can be calculated by putting the value of u  Combining (38) with equation (34)
and v in equation (5).

£ y Q°
Case I If A = Q?)0 then solution of equation (35) is F(X,Y)=D,e® +D,e™™ +2EB(QZ 1)9 vt(g - j

24
2 2¢4 . . . .
I o 2 At &__Q & Putting this value in (31) and using
g(é)_ De™+De ™+ ZEB(Q 1)9 ( 2 2 j (38) Y=y- B(CX + Dy + Eyz) we get stream function as

where D, and D, are arbitrary constants
depending on 0.

v= (D™ + D)o+ EB(0? -1)(126 - 0% )+ 225 1 B(Cx+ Dy + By,
where, ‘ U - pB-a,Q°B
&,:{x—Ul(D+2Ey)t}cos9+{y+U1Ct}sm6, 1 (p—ale—a%).

B u(1+¢%)(KQ?*~1)-oBK

Y= a > Hence we get velocity components as
2 2
K(l+ ¢ )(p-oiQ - %)
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u=(D,e™ -D,e ™ )e"Q(-U, 2Etcosd+ sinb) +é EB(Q’ - 1)(24¢— 407’ ) (- U, 2Etcosb+ sin6) + B( D+ 2Ey)

1

v=—(D,e* -D,e *)e"Qcosd =T EB(Q’ —1)(24¢-4Q°¢" ) cos 0 - BC.

Also p can be calculated using equation (5).

Case Ill: If A =—Q2(0 , then the general function for g(&) is

(&) = B,cosQ(& + B, (0) )+ (é—; + %}255(— 0?1, (39)

where B, and B, are arbitrary constants depending on the parameter 0.

Combining equation (39) with equation (34) we get

F(X,Y)=B,cos0(¢ + B, (0))+ (% + %}253(— Q-1

Putting this value in equation (31) and using ¥ =y — B(CX + Dy + Ey2) we get stream function as

t 1 2 2¢4 2
v ={B,cosQ(&+B,(0))} e’ +ESEB(12§ + Q%) (-7 1)+

where,

2uBE

+B(Cx+Dy+Ey2),

¢ ={x-U,(D+2Ey)t}cosd+{y+U,Ct}sind,
u(1+¢%)(-KQ? ~1)-oBZK

’Y:

U, - pB+a,Q°B

Hence we get exact solutions as

—
(p+ 0,Q° - %j

K(1+(p2)(p+alQ2—a%) ’

u=-Qs nO{BlcosQ(éJr B, (6)} e" +% EB(24<§ +40°8 )(—QZ — 1)(—U12Etcose + sin@) + B(D+ 2Ey) ,

v =-Qcosh{B,cos(& + B, (0)le" — 1—12 EB(24¢ + 40°¢% |- Q2 —1)cos0 + BC

P can be calculated by putting the values of u
and v in equation (5).

IV. CONCLUSION

In this paper we have found the exact solutions
of the governing equations of incompressible second
grade fluid in a porous medium with the Hall currents
under the assumption that vorticity distribution is
proportional to the stream function perturbed by a
quadratic term. We recovered the solutions of Benharbit
and Siddiqui'®, Hui®* and Islam, Mohyuddin and Zhou'
in limiting cases if the corresponding conditions are
applied. Our solutions are compatible in a limiting case
with those of Benharbit and Siddiqui, Hui and Islam
et.al. Expressions for streamlines, velocity components
and pressure fields are defined in each case. Our

© 2014 Global Journals Inc. (US)

solutions are more general and several results of various
authors can be recovered in a limiting case.

REFERENCES REFERENCES REFERENCIAS
AKBAR,N.S., NADEEM, S., HAQ, R.Ul &KHAN, Z.H.
(2018), Numerical solution of magnetohydro
dynamic boundary layer flow of tangent hyperbolic
fluid towards stretching sheet, Indian J. Phys.
87(11). P. 1121-1124.

KUMAR, MANOJ & THAKUR, C. (2012), On steady
plane MHD viscous fluid flow through porous
Media,lJMA 3(6). P. 2438-2444.

AHMAD, N. & DAS, K. Kr.(2013),Hall effect on
transient MHD flow past an impulsively started
vertical plate in a porous media with ramped



10.

11.

12.

13.

14,

15.

16.

temperature, rotation and heat absorption, Applied
Mathematical Sciences 7. P. 2525-2535.
DEKA,R.K.(2008), Hall effects on MHD flow past an
accelerated plate, Theoret. Appl. Mech. 35(4). P.
333-346.

ABDEEN,M. A. M., ATTIA, H. A., ABBAS, W., et.al
(2013),Effectiveness of porosity on transient
generalised coquette flow with Hall effect and
variable properties under exponential decaying
pressure gradient, Indian J. Phys. 87(8). P.767-775.
ZAMAN, H., SOHAIL, A., ALI, A., ABBAS, T. (2014),
Effect of Hall current on flow of unsteady MHD
axisymmetric second grade fluid with suction and
blowing over an exponentially stretching sheet,
Open Journal of Modelling and Simulation 2. P. 23-
33.

KUMAR, MANOJ & THAKUR, C.(2009), Hodograph
transformation methods in MHD non-Newtonian
fluids. Bull. Cal. Math. Soc. 101(5). P. 515-530.
KUMAR MANOJ, SIL SAYANTAN & THAKUR, C.
(2013), Hodograph transformation in constantly
inclined two phase MFD flows through porous
media. IUMA 4(7). P. 42-47.

CHANDNA, O.P. & OKU-UKPONG, E.O. (1994),
Flows of chosen vorticity function-Exact solutions of
the Navier-Stokes equations,  Int. J. Math. and
Math. Sci. 17(1). P. 1565-164.

JAMIL, M.,KHAN, N.A., MAHMOOD, A. et.al(2010),
Some exact solutions for the flow of a Newtonian
fluid with heat transfer via prescribed vorticity,
Journal of Prime Research in Mathematics 6. P. 38-
55.

JAMIL, M. (2010), A class of exact solutions to
Navier-Stokes equations for the given vorticity,
International Journal of Nonlinear Science 9(3). P.
296-304.

HAYAT, T., NAEEM, ., AYUB, M. et.al (2009), Exact
solutions of second grade aligned MHD fluid with
prescribed vorticity, Nonlinear Analysis:Real World
Applications .10. P. 2017-2126.

BENHARBIT, A.M. & SIDDIQUI, A-M.(1992), Certain
solutions of the equations of planer motion of a
second grade fluid for steady and unsteady cases,
Acta Mechanica. 94. P. 85.

ISLAM, S., MOHYUDDIN,M.R. & ZHOU, C.Y. (2008),
Few exact solutions of non-newtonian fluid in
porous medium with Hall effect, Jour. Of Porous
Media 11(7) XXX XXX . P.1-12.

CHANDNA, O.P. & OKU-UKPONG, E.O. (1994)
Unsteady second grade aligned MHD fluid flow,
Acta Mechanica 107. P. 77-91.

SIDDIQUI, AM., MOHYUDDIN,M.R., HAYAT, T. &
ASGHAR, S. (2003), Some more inverse solutions
for steady flows of asecond grade fluid, Arch. Mech.
55(5-6). P.373-383.

17.

18.

19.

20.

21.

SINGH, B. & THAKUR, C.(2002),An exact solution of
plane unsteady MHD non-newtonian fluid flows,
Indian J. pure appl. Math. 33(7). P. 993-1001.
NAEEM, RANA KHALID (2011),Exact solutions of a
second-grade fluid via inverse method,Journal of
Basic and Applied Sciences, Journal of Basic and
Applied Sciences 7(1). P. 27-31.

KUMAR MANOJ, SIL SAYANTAN & THAKUR, C.
(2013), Solutions of unsteady second grade aligned
MHD fluid flow having prescribed vorticity
distribution function, Bull. Cal. Math. Soc. 105(6). P.
445-462.

TAYLOR,G.I. (1923), On the decay of vortices in a
viscous fluid, Phil. Mag., Phil. Mag. 46(6). P. 671-
674.

HUILW. H.(1987), Exact solutions of unsteady two-
dimensional Navier-Stokes equations, ZAMP 24. P.
689-702.

© 2014 Global Journals Inc. (US)

Global Journal of Science Frontier Research (A) Volume XIV Issue III Version I H Year 2014



Global Journal of Science Frontier Research (A) Volume XIV Issue III Version I E Year 2014

SOME EXACT SOLUTIONS OF NON-NEWTONIAN FLUID IN POROUS MEDIUM WITH HALL EFFECT HAVING PRESCRIBED
VORTICITY DISTRIBUTION FUNCTION

This page is intentionally left blank

© 2014 Global Journals Inc. (US)



	Some Exact Solutions of Non-Newtonian Fluid in Porous Medium with hall Effect Having Prescribed Vorticity Distribution Function
	Author
	Keywords
	I. Introduction
	II. Basic Flow Equation
	III. Exact Solutions
	IV . Conclusion
	References Références Referencias

