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Fractional calculus is a field of applied mathematics that deals with derivatives and integrals of 

arbitrary orders. In recent years, it has turned out that many phenomena in engineering, physics, 

chemistry and other sciences can be described very successfully by models using mathematical 

tools by models using mathematical tools from fractional calculus. For example, the nonlinear 

oscillation of earthquake can be modeled with fractional derivatives and the fluid-dynamic traffic 

model with fractional derivatives can eliminate the deficiency arising from the assumption of 

continuum traffic flow. Fractional derivatives are also used in modeling of many chemical 

processes, mathematical biology and many other problems in physics and engineering.

The multivariable H -function has been studied extensively by H.M. Srivastava and R. Panda in 

their two basic papers on the subject (see [18, pp.119-137] and [19, pp.265-274]). It is defined 

and represented in the following manner:
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Here,  ,r rm n stands for 1 1, ;..., ,r rm n m n and      1,
,r r

j j
pr

c  stand for the sequence of r ordered 

pairs       1, 1,1
, ;...; ,r r

j j j jp pr

c c   . 

In case 2r  , it reduces to the H -function of two variables. 

Recently, Ram and Kumar [9] have obtained the images of the product of two H -functions 

involving Saigo-Maeda operators; Kumar and Daiya [5] obtained the generalized fractional 

differentiation of the H -function involving general class of polynomials; Saxena, Ram and 

Kumar [14] have obtained the generalized fractional integral formulae of the product of Bessel

functions of the first kind involving Saigo-Maeda fractional integral operators.

            Also,  m

nS x occurring in the sequel denotes the general class of polynomials introduced 

by Srivastava [16]:
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         (1.4)

where m is an arbitrary positive integer and the coefficient  , , 0n kA n k  are arbitrary constants, 

real or complex. On suitably specialize the coefficients  , , m

n k nA S x yields a number of known 

polynomials as its special cases [see Srivastava and Singh [20], pp. 158-161]. 

The I -function is generalization of Fox’s H -function [8], defined and represented as [15]:
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II. Definitions

where
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(1.6)

The integration path  ,iL L    extends from i to i     , and is such that the poles of   

 1 , 1,j ja j n     (the symbol  1,n is used for 1,2,…,n ) do not coincide with the poles of 

  , 1,j jb j m    . The parameters ,i ip q are non-negative integers satisfying the condition

0 ,  in p 1 im q  for 1,i r . The parameters , , , 0 , , ,j j ji ji j j ji jiand a b a b C      .

The Mellin transform of  f x will be denoted by  M f x   or ( )F s . If p and y are real, we 

write 1s p iy  . If    1, 0,p f x L
p

   , then for 1p  we have

 M f x       1

0

sF s x f x dx



  , (1.7)

and

1( )  ( )  
2 L

sf x F s x ds
i

  .
           

(1.8)

For p > 1,

 M f x       1

1

. . .
x

s

x

F s i m x f x dx  ,                             (1.9)

where  . . .i m denotes the usual limit in the mean for 
pL -spaces.

The pair of new extended fractional integral operators are defined by the following equations:
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III. Main Results
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appearing in (2.1) and (2.2) respectively, are assumed to be 

continuous functions such that the integrals make sense for wide classes of functions  f x .

The conditions for the existence of these operators are as follows:

(i)    0, ,pf x L      (ii) 1 11 , , 1,p q p q    
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 ;   where    1, , ' 1,rj u i r  .

Condition (i) ensures that  both  operators  defined in (2.1) and (2.2 ) exist and belong to 

 0,pL  .

These operators are extensions of fractional integral operators defined and studied by several 

authors like Erdélyi [2], Kober [4], Love [7], Saigo et al. [11], Saxena and Kiryakova [12], 

Saxena et al. [13], and many more.

Theorem 3.1. If    0, , 1 2pf x L p    ; or    0, , 2pf x M p   , also following 

conditions satisfies:
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for  1, rj u , then we obtain the following relation:

       , 1, 1
n n

sM D f x M f x R   

 

    . (3.1)

where  0,pM  stands for the class of all functions  f x of  0,pL  with 2p  , which are 

inverse Mellin-transforms of the functions of  ,pL   .

Proof. By taking Mellin transform of (2.1), we get
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(3.2)

On interchanging the order of integration, which is permissible under the conditions, the result 

(3.1) follows easily in view of (2.2).

Theorem 3.2. If    0, , 1 2pf x L p    ; or    0, , 2pf x M p   , and satisfies the 

following conditions:
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for  1, rj u , then we obtain the following relation:
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IV. Inversion Formulae

On interchanging the order of integration, the result (3.3) can easily be obtained with the help of 

(2.1)

Theorem 3.3. If        0, , 0, 1 2p pf x L v x L p      ; or    0, , 2pf x M p   , and 

satisfies the following conditions:
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Proof. The result (3.5) can easily be obtained in view of equations (2.1) and (2.2).

Theorem 4.1 . If    0, , 1 2pf x L p    ; or    0, , 2pf x M p   , and satisfies the 

following conditions:
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for  1, rj u and the integrals are absolutely convergent, then we obtain the following relation:
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Proof. On taking Mellin transform of (4.1) and using the relation (3.1), then we arrive at
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which on inverting leads to
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On interchanging the order of integration and using the (4.3), we get
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This completes the proof of (4.2).

Theorem 4.2. If    0, , 1 2pf x L p    ; or    0, , 2pf x M p   , and satisfies the 

following conditions:
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Further, on interchanging the order of integration and using the (4.7), we get
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This completes the proof of (4.6).

V. General Properties

VI. Special Cases

The relations given in this section can be established with the help of the definitions (2.1) 

and (2.2).
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The properties given below express the homogeneity of the operators D and R respectively.
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(i) If we reduce the general class of polynomials to unity and also taking 1k r  , the I -

function reduces to Fox’s H -function [8] and further specifying the parameters appropriately in 

view of the relationship[3].
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Then, we obtain the following pair of fractional integral operators in terms of Lorenzo-Hartely 

G -function [6]:
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(ii) Further, taking 1  in (6.1) and (6.2), in view of the relationship [3]
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function [6]:
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(iii) If we reduce H -function of several complex variables transforms to the generalized 

Lauricella function of several complex variables [17] and, we get the following fractional 

integral operators:
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and
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(6.6)

where
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. (6.7)

The operators earlier defined by Saxena et al. [13], Chaurasia and Srivastava [1], can also 

be easily derived by assigning suitable values to the parameters occurring in (2.1) and (2.2).
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