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I.

 

Introduction

 

Sampling consists of several characteristics that are to be measured on every 
selected units of the sample. Such type of sampling are called “Multivariate or Multiple 
Response Sampling”. Ghosh (1958) has given a note on stratified random sampling with 
multiple characters. Kokan and Khan (1967) proposed an optimum allocation in 
multivariate surveys and obtained an analytical solution. Ahsan and Khan (1977) have 
obtained an optimum allocation in multivariate stratified random sampling using prior 
information. Bethel (1985, 1989) has discussed an optimum allocation algorithm and 
sample allocation for multivariate surveys. Jahan et al.

 

(1994, 2001) have discussed 
generalized compromise allocation and optimum compromise allocation. Jahan and 
Ahsan (1995) have obtained an optimum allocation using separable programming. 
Recently many authors have worked in the field of multivariate stratified sample 
surveys and obtained optimum allocations with the help of different techniques. Some of 
them are: Khan et al.

 

(2003, 2008), Kozak (2006), Díaz-García

 

and Ulloa (2006, 2008), 
Khan et al.

 

(2010), Khowaja et al.

 

(2011), Ansari et al.

 

(2011), Ghufran et al.

 

(2011), 
Varshney et al.

 

(2011), Khan et al.

 

(2012), Iftekhar et al.

 

(2013), Gupta et al.

 

(2013), 
Raghav et al.

 

(2014) and many others have discussed the problem of optimum 
allocation in multivariate stratified sample surveys as a multi-objective programming 
problem and suggested techniques for solving problems.

 

The engineering design problem was firstly solved by Duffin and Zener in the 
early 1960s with the help of geometric programming (GP) and further extended by 
Duffin, Peterson and Zener (1967). Geometric programs are not (in general) convex 
optimization problems, but they can be transformed to convex problems by a change of 
variables and a transformation of the objective and constraints functions. The convex 
programming problems occurring in GP are generally represented by an exponential or 
power function. GP is a mathematical programming technique for optimizing positive 
polynomials, which are called posynomials. The degree of difficulty (DD) plays a 
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significant role for solving a non-linear programming problem by GP method. If the 
degree of difficulty of primal problem is zero, then unique dual feasible solution exists. If 
the problem has positive degree of difficulty, then the objective function can be 
maximized by finding the dual feasible region, and if there is negative degree of difficulty 
then inconsistency of the dual constraints

 

may occur. GP method was used by many 
authors such as: Ahmad and Charles (1987), Jitka 

 

(2010), Maqbool et al. 
(2011), Ghosh and Roy (2013), Shafiullah et al. (2013). 

 

Multi‐objective 

 

geometric 

  
programming   problem   was discussed by Ojha and Biswal (2010), Ojha and Das in 
(2010) and Islam, S. (2010) in different fields. Shafiullah et al (2014) have discussed the 
fuzzy geometric programming in multivariate stratified sample surveys in presence of non-
response with quadratic cost function.

 
A system with vague and ambiguous information can neither be formulated nor 

solved effectively by traditional mathematics-based on optimization techniques nor 
probability-based stochastic optimization approaches. However, fuzzy set theory, which 
was developed by Zadeh in 1960 s and fuzzy programming techniques provide a useful 
and efficient tool for modeling and optimizing such systems. Zimmermann, H. J. (1978) 
has discussed fuzzy programming and linear programming. Fuzzy multi-objective 
programming is given by many authors such as: Sakawa and Yano (1989, 1994), 
Kanaya (2010), fuzzy non-linear programming is given by many authors such as: Tang 
and Wang (1997), Tang and Richard (1998), Trappey et al. (1998), Nasseri (2008), 
Rehana and Mujumdar (2009), Mesbah et al. (2010), Maleki (2002), Kheirfam (2010), 
Shankar et al. (2010). Nikoo et al. (2013) have described optimal water and waste-load 
allocations in rivers using a fuzzy transformation technique and many others.

  
In this paper, we have formulated the problem of multiple-response sample 

surveys as a multi-objective geometric programming problem (MOGPP). The fuzzy 
programming approach has described for solving the formulated MOGPP and optimum 
allocation of sample sizes are obtained. A numerical example is presented to illustrate 
the procedure.

 II.
 

Formulation

 
of

 
The

 
Problem

 In stratified sampling the population of N
 

units is first divided into L
 

non-

overlapping subpopulation called strata, of sizes NNNNNN L

h hLh =∑ =121 with,...,,...,,
 and the respective sample of sizes within strata are drawn to construct the estimators of 

the unknown parameters which are denoted by .with,...,,...,,
121 nnnnnn L

h hLh =∑ =
 

The 

total cost C incurred in a sample survey is a function of sample allocations  
Lhnh ,,2,1, =   

 The problem of determining sample sizes Lhnh ,,2,1, =   is called the problem of 

allocation in stratified sampling literature. Usually, the total cost C incurred in a sample 

survey is a function of sample allocations Lhnh ,,2,1, = . The simplest form of the cost 

function used in a stratified sample survey is a linear function of sample sizes hn

 

given 

as: 

 
                                                              

∑
=

+=
L

h
hhnccC

1
0

     
(1)

 Where Lhch ,,2,1, =

 

denote per unit cost of measurement in the thh

 

stratum 

and 0c

 

is the overhead cost. 
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Cost Function

If the cost of travelling between the selected units within a stratum is significant, 
and then the linear cost function may not be a good approximation to the actual cost 

incurred. Beardwood et al. (1959) suggested that the cost of visiting the hc   selected 
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units in the thh   stratum may be taken as  ,,,2,1, Lhnt hh =

 

approximately, where ht   

is the travel cost per unit in the  thh

 

stratum. This conjecture is based on the fact that 

the distance between k

 

randomly scattered points are proportional to .k   Under

 

the 
above situation, the total cost of a stratified sample survey will be the sum of the 
overhead cost, the measurement cost and the travel cost.

 

The total cost C

 

which is quadratic in  hn

 

is given as:                                  

                                                                                        

∑∑
==

++=
L

h
hh

L

h
hh ntnccC

11
0                      (2)

         

Ignoring finite population correction (fpc) of the overall population mean 

pjY j ,,2,1; =   of the  thj

 

characteristic. ∑ =
= hn

k jhkhjh yny /1

 

is the sample mean from 

thh

 

stratum for   thj characteristic and jhky   is the value of thk

 

selected unit of the 

sample from thh stratum for the thj characteristic pjLhnk h ,,2,1;,,2,1;,,2,1  ===

 

The variance will be given as:

                                               

( ) ∑
=









−=

L

h
jhh

hh
jst SW

Nn
yV

1

2211

 

              (3)

 
The terms in the above eqn. (3) are independent of  hn   and therefore it is 

sufficient to minimize only

                                     

( ) pj
n

SW
yV

L

h h

jhh
jst ,,2,1,

1

22

== ∑
=

                          (4)        

 

Multi-objective nonlinear programming problem (MNLPP) for finding out the 
optimum compromise allocation for a quadratic cost function is expressed as: 

 

                           

( )

pj

Lhnand

Cntnc

tosubject
n

SW
yVMin

h

L

h
hh
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h
hh

L

h h
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0
11
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=≥

≤+

=
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∑

==

=

                          (5)

 

where 00 cCC −=   is the cost available to meet the travel and measurement expenses,

 

( )jstyV

 

is the sampling variance and  LhS jh ,,2,1,2 =

 

are the known population 

variances.
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III. Geometric Programming Approach

The following multi-objective nonlinear programming problem (MONLPP) the 

cost function quadratic in hn and significant travel cost are given as follows:            
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Similarly, the expression (6) can be expressed in the standard primal GPP with 

cost functionquadratic in hn

 

where the travel cost is significant is given as follows:
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The dual form of the primal GPP which is stated in (6) can be given as: 
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The above formulated GPP (8) can be solved in the following two -steps:

 

Step 1:

 

For the Optimum value of the objective function, the objective function always 
takes the form: 

 

01

01
0

.)(
w

w
termfirstofCoeffixC 








=∗ ×

02

02

.
w

w
termSecondofCoeffi
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The Multi-Objective objective function for our problem is:
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 Step 2:

 

The equations that can be used for GPP for the weights are given below:

 

 

∑
∈ ][oji

iw

 

in

 

the objective function= 1  (Normality condition )

 
and for each primal variable hh nn and having m terms.

 

 

( ) ( )∑
=

=′×
km

i
hhi nnw

1
0termthatinandonexponenttermeachfor   (Orthogonality condition) 

 

 

and  0≥iw

 

(Positivity condition).

 

The above problems (8) has been solved with the help of steps (1-2) discussed in 

section (3) and the corresponding solutions *
iw0   is the unique solution to the dual 

constraints; it will also maximize the objective function for the dual problem. Next, the 
solution of the primal problem will be obtained using primal-dual relationship theorem 
which is given below:  

 

a)

 

Primal-dual relationship theorem

 

If 
*

iw0

 

is a maximizing point for dual problem (9), each optimal values of the 

multi-Response model which is the minimizing points ( )*n

 

for the Primal GPP s (8)  
satisfies the system of equations:

                              

( )
( ) [ ]

( ) [ ] 















∈

∈
=

,,

,0,

*
0

**
0

0 LJi
wv

w
Jiwvw

nf

iL

ij

i

j          

 

                              (9)

 

where L

 

ranges over all positive integers for which ( ) 0*
0 >iL wv .

 

The optimal values of the sample sizes of the problems *
hn

 

can be calculated with 

the help of the primal -

 

dual relationship theorem (9).  

 

IV.

 

Fuzzy

 

Geometric

 

Programming

 

Approach

 

The solution procedure to solve the problem (9) consists of the following steps:

 

Step-1:

 

Solve the MOGPP as a single objective problem using only one objective at a 
time and ignoring the others. These solutions are known as ideal solution.
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Cost Function

Step-2: From the results of step-1, determine the corresponding values for every 
objective at each solution derived. With the values of all objectives at each ideal 
solution, pay-off matrix can be formulated as follows: 
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Step 3:

 

The membership function for the given problem can be define as:
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Here ( )nU j

 

is a strictly monotonic decreasing function with respect to ( )nf j0 .

 
Following figure 3.1 illustrates the graph of the membership function ( )( )nf jj 0µ .

 

                    

 

 

 

( )( )nf jj 0µ

 

( )nL j

  

( )nU j

 

                           
( )nf j0

 

1

 

Membership function for minimization variances problem
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So

Figure 3.1 : 

The membership functions in Eqn. (10)

i.e. ( )( ) ,…, p,  j= nf jj 21,0µ , 
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Therefore the general aggregation function can be defined as 

( ) ( )( ) ( )( ) ( )( )nfnfnfn ppDD 00201 ,...,,
21~~ µµµµµ =

  

The fuzzy multi-objective formulation of the problem with cost function 

quadratic in hn

 

and significant travel cost can be defined as:
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The problem to find the optimal values of (  ) for this convex-fuzzy decision based 

on addition operator (like Tewari et. al.

 

(1987)).Therefore the problem (11) is reduced 
according to max-addition operator as
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The problem (12) reduces to 
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The problem (13) maximizes if the function 
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attain the minimum 
values.   

 

The fuzzy multi-objective formulation of the standard primal problem with cost 

function quadratic in hn

 

and significant travel cost can be defined as:
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The dual form of the primal GPP which is stated in (14) can be given as:  
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                     (15)  

The optimal values of the sample sizes of the problems *
hn can be calculated with 

the help of the primal-dual relationship theorem (9).   

V.  Numerical  Example  

In the table below the stratum sizes, stratum weights, stratum standard 
deviations, measurement costs, and the travel costs within stratum are given for four 
different characteristics under study in a population stratified in five strata. The data 
are mainly from Chatterjee (1968) and rest of data from Ghufran et al.  (2011).  

Table 1  : The Values of jhhhhh SandtcWN ,,,  for five Strata and four characteristics  

H
 

hN 
 hW hc  ht  

 

 

hS1  
jhS  

hS2  

 

hS3  
 

 

hS4  

1 1500 0.25 
 

1  
 

0.5  
 

28  206  38  120  

2 1920 0.32 
 

1  
 

0.5  24  133  26  184  

3 1260 0.21 
 

1.5  
 

1  32  48  44  173  

4 480 0.08 
 

1.5  
 

1  54  37  78  92  

5 840 0.14 2  1.5  67  9  76  117  

The total budget of the survey is assumed to be 1500 units with an overhead cost   

3000 =c  units. Thus 1200300150000 =−=−= cCC  
units are available for measurement 

and travel within strata for approaching the selected units for measurement. 
 

For solving MOGPP by using fuzzy programming, we shall first solve the four 
sub-problems:  
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a) Sub problem1:  

On substituting the table values in sub-problem 1, we have obtained the 
expressions given below:  
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The dual of the problem (15) is obtained as:
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For orthogonality condition defined in expression 17(iii) are evaluated with the 
help of the payoff matrix which is defined below  



























++−
++−

=++−
++−

=++−

=











































































−
−

−
−

−

0
0
0
0
0

)2/1(00001000010000
0)2/1(0000100001000
00)2/1(000010000100
000)2/1(00001000010
0000)2/1(0000100001

201505

191404

181303

171202

161101

20

19

18

17

16

15

14

13

12

11

05

04

03

02

01

= w ww
= w ww

www
 = www

www

w
w
w
w
w
w
w
w
w
w
w
w
w
w
w

 

Solving the above formulated dual problem (19), we have the corresponding solution as:  
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Using the primal dual-  relationship theorem (9), we have the optimal solution of 
primal problem: i.e., the optimal sample sizes are computed  as follows:  
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The optimal values and the objective function value are given below:
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For orthogonality condition defined in expression 19(iii) are evaluated with the 
help of the payoff matrix which is defined below
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Solving the above formulated dual problems, we have the corresponding solution as:
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The optimal values and the objective function value are given below:
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For orthogonality condition defined in expression 20(iii) are evaluated with the 
help of the payoff matrix which is defined below
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Solving the above formulated dual problems, we have the corresponding solution as:
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For orthogonality condition defined in expression 23(iii) are evaluated with the 
help of the payoff matrix which is defined below
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Solving the above formulated dual problems, we have the corresponding solution as:
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*
0504030201

=

=====

wv
wwwww

The optimal values and the objective function value are given below:
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;5823.79,09857.41,6989.205,5009.410,6433.208 *
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1 ===== nnnnn

VI. Conclusions

This paper constitutes a reflective study of fuzzy programming for solving the 
multi-objective geometric programming problem (MOGPP). The problem of multiple-
response in stratified sample survey has been formulated as MOGPP and the dual 
solution is obtained with the help of Lingo software. The optimum allocations are 
obtained with the help of primal-dual relationship theorem along with corresponding
dual solution. A numerical example is illustrated to ascertain the practical utility of the 
given method in multiple-response stratified sample surveys.
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