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Abstract- Although fuzzy multisets or fuzzy bags are very interesting in terms of applications, it is less study or explore by
researchers. Fuzzy multiset is applicable as a model of information retrieval because it has the mathematical structure
or framework which expresses the number and the degree of attribution of an element simultaneously. We present a
concise note on fuzzy multisets as the fuzzification or extension of multisets and the generalization of fuzzy sets. We
showed the correspondence between fuzzy multisets and sequences. The Bolzano-Weierstrass property of fuzzy
multisets is proposed and some theorems stated and proved.

I. INTRODUCTION

The theory of fuzzy multisets or fuzzy bags was introduced by Yager [16] as an
attempt to fuzzify multisets proposed by Knuth [2]. In terms of similarity, fuzzy
multisets are the generalized fuzzy sets introduced by Zadeh [18]. The theory of fuzzy
multisets is a mathematical framework which can represent multiple occurrences of a
subject item with degrees of relevance and it has been studied in relation to a variety of
information systems including relational database. Fuzzy multiset is a multiset of pairs,
where the first part of each pair is an element of and the second part is the degree to
which the first part belongs to fuzzy multiset. An element of a fuzzy multiset can occur
more than once with possibly the same or different membership values. Miyamoto [6]
gave an up-to-date presentation of the theory of fuzzy multisets, which, however, does
not differ significantlyfrom [5]. Since Yager [16] proposed fuzzy bags, a number of
studies have been done on the theory and applications [3, 4, 11, 12, 17]. In particular,
Miyamoto [5, 6, 9, 10] redefined the basic operations such as union and intersection for
fuzzy bags. Singh et al. [14] gave an outline on the development of the concept of fuzzy
multisets. Syropoulos [15] proposed the generalized fuzzy multisets and their application
in computation. Bedregal et al [1] generalized Atanassov’s operators to higher
dimensions using the concept of fuzzy sets which are the special kind of fuzzy multisets,
to define a generalization of Atanassov's operator for n-dimensional fuzzy value (called
n-dimensional interval).

In this paper, we propose the inter-relationship between fuzzy multisets and
sequences, introduce the Bolzano-Weierstrass property of fuzzy multisets, state and
prove some important theorems.

[1. PRECISE NOTE ON Fuzzy MULTISETS
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Addison-Wesley, Reading, Massachusetts 2 (1969).

Definition 1: Let X be a nonempty set. A fuzzy multiset(FMS) A drawn from X is
characterized by a function, ‘count membership’ of A denoted by CM, such that
CM;:X - Q where Qis the set of all crisp multisets (i.e. non- fuzzy multisets) drawn
from the unit interval [0,1]. Then for any xeX, the value CM,(x) is a crisp multiset M
drawn from [0,1]. For each x € X, the membership sequence is defined as a decreasingly

2. D. E. Knuth, The art of Computer programming, Semi numerical algorithms,
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ordered sequence of elements in CM,(x) . It is denoted by uj(x), u3(x) ,...,u%(x) where
ua(x) 2 pi () = - 2 pi(x)

Definition 2(alternative definition): A fuzzy multiset A in X is a set of ordered sequence
given as A = {(x, 1 (x), pz(x), u3(x), ...,y (x),...): x € X}, where u,(x):X — [0,1]is the
membership function of A.

If the sequence of the membership functions have only n — terms (finite number
of terms), nis called the “dimension”of A. The collection of all fuzzy multisets in X of
dimension n is denoted by FM (X). When we define an operation between two fuzzy
multisets A and B, the lengths of the membership sequences u} (x), u5(x),...,u% (x), and
up (%), u4(x) ..., ub(x), should be equal, if not, we append some zeros if need be.

Definition 3: The length of an element x in an FMS A is defined as the cardinality of
CM,(x) denoted by L(x:A) i.e. the length of x in A for each xeX as

L(x:4) = ||CMA(x) |
Definition 4: If A and B are FMS drawn from X, then
L(x:A,B) =max{L(x:A),L(x:B)} " or
L(x) = V[L(x:A),L(x:B)] where L(x) = L(x:A,B) and vV denotes maximum .
Examplel
Consider the fuzzy multisets,
A ={(x1,0.2), (x1,0.3), (x2, 1), (x3,0.5), (x,0.5)" of X = {xq1,x,,x3, x4}, which means that
A has x1, with the membership of 0.2 and 0.3, x, with membership of 1 and 0.5 twice.
We represent A as

A= {(02,03)/X1 , (1, 0.5,0.5)/36'2}",

in which the bag of membership {0.2,0.3} corresponds to x;, and {1,0.5,0.5}

corresponds to x,.
When we handle a finite number of fuzzy multisets in a finite universal set, the

length L of the membership sequences is set to be a constant for all members and for all
the concerned fuzzy bags, by appending appropriate numbers of 0 at the end of the
membership sequences.

For the above example, we can set L = 3,u}(x;) = 0.2, p4(x;) = 0.3, p3(x;) = 0,

wa(xz) = 1,uG () = 1 () = 0.5, 1) () = W5 (x3) = Wi(xs) = wj(xa) = pi(xy) =
ui’l(xét) = 0.
By appending the zeros, we get
A =1{(0.2,0.3,0)/x1,(1,0.5,0.5)/x,,(0,0,0)/x3,(0,0,0) /x43}.
Example 2
Consider the set X = {xq, x5, x3, x4} with
A= {(0.3,0.2,0.4,0.5)/x,(1,0.5,0.5,0)/x,, (0,0.5,0.5) /x3,(0.1,0.1) /x4 }

B ={(0.3,0.2,0.4,)/x;,(1,0.5,0.5) /x5, (0.5,0.5)/x3, (0.1,0.1,0.3) /x4 }
Then,
L(x:A) = 4,L(xy: A) = 4, L(x3:4) =3, L (x4:A) =2, L(x;:B) = 3, L(x,:B) =
3.L(x3:B) = 2, L(x.:B) =3, L(x;) = 4, L(x,) = 4, L(x3) = 3, L(xy) = 3.
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Basic relations and operations on fuzzy multisets

1 Inclusion AcB & u4(x) < pb(x),i=1,2,..,nVx € X.

2 Equality A=B o u4(x) = puh(x),i=1,2,..,nVx € X.

3 Complement 4 =1—-4 - ,uZ' ) =1-u4(x),i=1,2,..,nVx € X.
4. Union AUB = {x, vV (u4(x),u5(x)}i=1,2,..,nVx € X.

5 Intersection AN B = {x, A (uh(x), us(x)N}i=1,2,..,nVx € X.

6 Addition A+B = {x, pi(x) +ps(x)}i=12,..,nVx €X.

A®B = {x, py(x) + ps(x) — p4 (). up(0},i=1,2,..,nVx € X.

7. Multiplication AOB = {x, py(x). u5(x)},i =1,2,..,nVx € X.
8. Difference A —B = {x, o (x) — ug(x)},i =1,2,..,nVx € X.

iy () — p (x)

The following are very important concepts in fuzzy bags or fuzzy multisets:

1. Supp(A) = {x €X: u(x) > O}Where Supp(A) is the support of A, fori =1,2,...,nVx €
X.

2. The crossover point of A is {x € X: uk x) = 0.5}, fori=1,2,...,nVx € X.

hgt(A) = sup py (x)where hgt(A) is the height of A, fori = 1,2, ..,n Vx € X.

4. Ais normalized if hgt(A) = 1.

9. Absolute difference |A - B | = {x, },i =12,..,nVx € X.

w

A sequenceisafunction, say u(x), from X into some closed unit interval [0, 1]. Then
py(x), for i =1,2,.., Vx € X, is caled thenth term of the sequence u} (x), u5(x) ,..., for
i = 1,2, ... and this sequence is denoted by { u}(x)}. If A isafuzzy multiset in X, and every term
of { u4(x)} belongsto A4, then { u}(x)} is said to be a sequence in A or a sequence of elements
of A, and wewrite { u4(x)} € AV x € X toindicate this.

Definition 5: A sequence { u4(x)} is said to be finite if i = 1,2,..,n and infinite if
i=12,..
Definition 6: A sequence {ua(0)} is called strictly increasing if each term is larger than

the one that precedes it, and it is called strictly decreasing if each term is smaller than
the one that precedes it.

Definition 7: If p4(x):X - [0,1]forx € X and i = 1,2, ...,n, then p}(x)is a sequence in [0,
1], since 4 c X.

We have established that every fuzzy multiset is a sequence, but the reverse is
not true.

Definition 8: Let A be a fuzzy multiset in X s.t. p4y(x):X - [0,1]forx € X andi =
1,2,..,n. Then a number [ is called the limit of uj(x),u3(x) ,...,if for any positive

number €, 3 a positive number N depending on € s.t. | phy(x) =1 | <eVi>N. In such
case, we write lim;_ o, py(x) =1 If [ exist, {u4(x)} is called a convergent sequence,
otherwise divergent sequence.

© 2014 Global Journals Inc. (US)
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Theorem 1: Let lim;_,, pu4(x) = A and lim,; ., us(x) =B,i=1,2,.., for FMS A and B
in X, then

(a) lim; oo ( p (%) + pp(x)) = limye py(x) +1im;e, pp(x) = A+ B
(b)1im; o0 ( (). p5 () = (lim py (x)) (lim 1 (x)) = A. B

(€) imyLe ( gy (x) — ph(x)) = lim;Le ph(x) —lim;Le pp(x) =A—B
(A) lim; e g4 (1) = (limye () = A

Proof

(a) If we can show that for any given positive number €, 3 a positive number N

depending on € s.t. | py(x) + us(x) — (A+B) | <eVi>N, we are done. This implies
that,

| =)+ (W - By [= Lo —al+ [lupe -8l < e 1)
By hypothesis, given € > 0,3 N;andN, (where N is the largest) s.t.

|u§1(x)—A|sgand|ug(x)—3|s§vl'>1v1 andi > N, )

Substituting 2 into 1, we get; | py(x) — A |+ | |u§';(x) _Bl= | () + uh(x) —
(A+B) | < ~to=e

(b) We must show that for any € > 0,3 a positive number N depending on € s.t.
| uy(x). us(x) — (A.B) | < eVi> N. This means,

| 1l (). 1 () — 1l OB + 1y (X)B — (A.B) |
= GO0 = B) + Buty () - 4)| @)
= ||| (upe0 - B)|

+ Bl (g0 -a)l
Again, by hypothesis, given € > 0,3 N;andN, (where N is the largest) s.t.

————Vi> N, N, (4)

|uf4(x)—A |sLand|ug(x)—B | <
2|uf4(x)|

215

Substituting 4 into 3, the result follows as

o). (o) — 4. By | —aole | Jele e
2|,uf4(x)| 2|B| 2

+-=¢€.

(c) We are done if for any given € > 0,3 a positive number N depending on € s.t.
| i) — b — (A—B) | <evi>N. Then, | u(x) — uh(e) = A—B) | = | i (x)
@ -a+8l= e -a+ (—o+8) = lhw-al+ [- oo -

B) |: |uf4(x) —A | + |,uf; (x)—B | and the result follows from (a).

()If for any given € > 0,3 a positive number Nj(i.e. N > N;) depending on € s.t.
|,ui1(x)—A | sg Vi> N, then the theorem will follow. But 4 =1-A—-4 =1—
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uhy(x) since phi(x) is the membership function of A. Then
limy o 1y () = (impe 1h(0)) =4 - | —a | <eie |1 oy —al=1-
() +1-A | = |- ph(x) + A = |- (ty(x) — A) | = |u§',(x) —al Sg,hence the
result.

Theorem 2: If lim;_4 u4(x) exists, then it must be unique.

Proof: If  lim;_,q, .U.i;(x) = Land lim;_,, .UZ (x) =1L, thenl; =1, . By hypothesis, given
any € > 0,3 a positive numberN depending on € s.t. |uf4(x) - | < %aﬂd uhy(x) —

lz|S§Vi>N.T]]€H |ll—lz|= |ll— MZ(X)‘F MZ(X)—12|S |—(—ll+ HZ(X)) |+
|M54(X)—12|S|‘Uf4(X)—l1|+ |,U,l4(.X')—l2|S§+§:E Le. |ll—lz|<6—>|l1—

I, | =0and as such, l, =1, . W’
VI. BOLZANO-WEIERSTRASS (B-W)PROPERTY OF Fuzzy MULTISETS

Definition 9: Let A be a fuzzy multiset in X. A fuzzy multiset A is compact if every
sequence in A has a subsequence that converges to an element x€X.

Theorem 3: Every fuzzy multiset has a convergent subsequence.

Proof. Every fuzzy multiset is actually a sequence and is contained in the finite interval
[a,b] i.e. a=0,b=1. If we divide the interval into two equal intervals, then at least
one of these, say, [a;,b;] contains infinitely many points. Dividing [a,, b;]again, yields
[ay, b,] which also contains infinitely many points. Continuing the same process again

and again, we obtain a set of intervals [a;, b;], i = 1,2, ..., each interval contained in the
preceding one and hence;

(b—a) b —a (b1_a1)_(b—a)
2 T T2

from which we see that ,

_b-a)
MU}

bl—a1= ...,bi—ai

llm( bi — ai) = 0.
i—oo

This set of nested intervals corresponds to [0, 1] which represents a limit point
and so proves theorem. Q.E.D.

Corollary: A fuzzy multiset is compact if it has the B-W property.
The proof is straightforward.
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