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Numerical Simulation of Wave Equation

Md. Saiduzzaman®, Md. Yeadul Islam Shaikh ° & SM Sala Uddin Samrat®

Abstract- Wave equation is a very important equation in
applied mathematics. This equation is used to simulate large
destructive waves in fjord, lake, or the ocean generated by
slides, earthquakes, subsea volcanoes, meteorites. It has
analytical solution but it is time consuming. Therefore one
needs to use numerical methods for solving this equation. For
this we investigate finite difference method and present explicit
upwind difference scheme for one dimensional wave equation,
central difference scheme for second order wave equation. We
implement the numerical scheme by computer programming
for initial boundary value problem and verify the qualitative
behavior of the numerical solution of the wave equation.
Keywords: linear advection equation, equation of
continuity, wave equation, central difference scheme,
explicit upwind difference scheme.

[.  INTRODUCTION

ave equation is used to understanding of
VVtsunamis, assists warning systems, assists

building of harbor protection (break maters),
recognize critical coastal areas, hind cost historical
tsunami (assist geologists). It has analytical solution but
it is time consuming. How over with rapid developments
of numerical methods and computer technology the
system can be solved numerically. Numerical
simulation[1] is very much challenging. Many scientific
groups are involved in dealing with this problem. The
aim of this thesis will be provide an easy way to solving
wave equation. In this thesis we use finite difference
scheme known as central difference scheme [3], [4],
explicit upwind difference scheme [8],[6].

In the first section we introduced symbols and
notations. In the second section we introduced the first
and second order wave equation, method of
characteristics, D’Alembert solution and analytical
solution of the wave equation. In the third section we
discussed numerical methods. In the last we discussed
about our numerical experiments and results.

[I. MATHEMATICAL MODELS AND METHODS

a) Symbols and Notation
let QR d €{1,2} be a region occupied
by a fluid flow, and let [t,,T] be a time interval with
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0<t,<T . An arbitrary point in Q is denoted by

X = (X, Xp yeereenens ,X4)" . For the description of a

general unsteady compressible fluid flow, we introduce
the quantities:
The density p = p(X,t), the velocity vector

V=V(X,t)=(vl(x,t), ..... v, (x,t))" , the pressure
P =P(x,t) the energy density E =E(X,t) . We
denote the density of the external force by
f=f0t)=(f,001), f,00t),f, (G))T . the
mass flux by q=q(X,t) for the description of the
viscous flow, let A and u denote the coefficient of
kinetic viscosity respectively.

b) The equation of continuity [5] is given by
op
—+V.(pV)=0
- (V)

c) First order wave equation

The first -order wave
[6]is (C > O)

(advection) equation

ou oy
—+c—==0,u(x,0)=u, (X
5 o (%,0) =Uy(X)

d) Wave equation in 1d
One dimensional wave equation [2] is

ou_ ,0%
a2 o
Initial condition:
u(0,x) =uy(x) and U, (0,x) =Vy(x)
Formally, we can write Laplace equation as:

utt (t1 X) _Czuxx (t! X) =
0 0
(EJFC&)(E—C&)U(L X)

e) D’Alembert’s solution

We get the characteristics system from

(@) as
d
— == 3
OIX(><) c (3)

Integrating both side of (3) then we get
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X =Ct+¢& (when cis positive) 4)

Solving (2.24) and (2.25) then we get

K=o +8) e t=2 (=)

X = —Ct + 17 (when c is negative) (5)

Introducing new variable n=-X+ct and
E=x-ct
We consider,

1 1
W(n,é)=U(t,X)=U[Z(77—§),§(77+§)] (6)
ow_ouw ot ok 1o la
on ot on ox on 2c dt 2 ox
0w 1 06%u 10 1 0% 1d4

=— +— -— +—
o0&on  4c® ot®  4c oxot  4c oxot 4 ox?

1 0% o%u
=l —c2a ~] =0 (using 1) (7)
Integrating (6) with respect to & we get,
w, = f ()
Again Integrating (6) with respect to 17 we get,
w=f(n)+9(s) (8)
Now we get from (6) and (8)
w=f(n)+9(s)
= f(x+ct)+g(x—ct) )

This is the general form of solution of (1).
We use initial condition to determine f and g.
For t=0 we get,
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u(0,x) = uy(x) = f(x) +g(x) (10)
of on  og o¢
0, =
U, (0,%) =V, (x) = [ r ag at]to
cf (X)—cg (X) (11)
Integrating (11) we get,
f(x)—g(x):%jvo(s)ds+k (12)
0
Solving (10)and(12)we get,
|
F(x) = Su (x)+ifv (s)ds +k (13)
2 07 2¢d
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1 17
f(x):Euo(x)+?C£vo(s)ds+k (14)

From (9) we get,
X+ct

u(t, x)_—{u (x+ct)+uy(x— ct)+2— Iv (s)ds

This is called D’Alemberts solutlon for 1-D
wave equation [7].

f)  Method of characteristic
Consider the IVP

u, (t,x) + cu, (£, x) =0,—0 <x < 0, t >0
u(ovx) = f(x)‘—OO <x < ®,

Where c=constant. If we measure the rate of
change of U from moving position given by the chain
rule,

d
gu(t,x(t)) =u, (x(t),t) + ux(t,x(t))x’(t)

The first term on the right-hand side above is
the change in U at a fixed point X while the second one
is the change inu resulting from the movement of the
observation position.

Assuming that x'(t) = ¢,C from the PDE we see
that

%u(t,x(t)) = ut(t,x(t)) + cu, (t,x(t)) =0

That is U = constant as perceived from the
moving observation point. The position of this point is

obtained by integrating its velocity X'(t) =¢ ¢
X =X, +Ct, X, = X(0)

This formula defines a family of lines in the
(X,t) -plane, which are called characteristics (Fig.1.1).
As mentioned above, the characteristics have the
property thatu(t, X) takes a constant value along each

one of them (but in the integral, different constant values
on different characteristics)

t A

\ 4

01/Xor65x

Figure 1.1 : Characteristic plane



Hence, to find the value of the solution U at
(X,t) we consider the characteristics through (X,t) of

equation X = Ct+ X, which intersects the X axis at
(X,,0) .Since u is a constant on this line, its value at

(X,t)is the same as at (X,,0) .But the latter is known
from the IC, so

U(t:Xo) = f(Xo)
The parameter is now replaced from the

equation of the characteristics line: X, = X —Ct .Thus
the solution of the given IVP is

u(t,x) = f(x—ct)

This formula shows that at a fixed timet the
shape of the solution is the same as att = 0,0, but is
shifted by Ct along the X axis. In other words, the shape
of the initial data function travels in the positive
(negative) X direction with velocity ¢ if ¢ > 0(c < 0)

which means that the solution is a wave.

[II.  NUMERICAL METHODS

a) Explicit Upwind Difference Scheme
We now describe the explicit upwind difference
scheme for example we take linear advection equation.

ou aou
- =
ot ox
With initial condition u(X,0) = u,(x)
and left-hand boundary condition u(a,t) = u, (t)

0 (15)

b) Central difference scheme for Wave equation

In this chapter we investigate the finite
difference scheme for the Wave equation [7].For a given
velocity u the general form of wave equation is

u, (t,x) =c’u, (t,x),0<x<a,0<t<b  (16)

With  boundary condition u(0,t) =0 and
u(a,t)=0 for 0<t<b and initial condition is
u(x,0) = f(x)and u,(0,x) =g(x)for 0O<x<a.

For equidistance grid, with temporal step size
At and spatial step size AX the discretization of
Uy (t,X) and u,, (t,x) we use the central difference
formula then we get
u(t + At,x) — 2u(t, x) + u(t — At, x)

u, (t,x) = A +o(At?)  (17)
And
U (t,X) = u(t, x + Ax) — 2u(t, x) + u(t, x — Ax) +o(A2)....(18)

Ax?

We consider uniform grid that is X;,; = X; + AX
and t""* = At Drop the terms 0(At?) and 0(Ax?)and

use the approximation u; for u(x;,t") in (17) and (18).
Then for equation (15) we get

n+l n n-1 n n n
Ut =208 + U =CzUi+1—2Ui + U,
At? AX?
n+l 2 n 2 n n n-1
Ui =(2-2y°) + 77 (Ul +uly) -y

At
Where y =C—
AX

This is the central difference scheme for wave

equation.
Stencil:
n+l
U;
2 2
AUl @-2y)uruf YUl

n+1
—U

Figure 1.2 : Stencil of wave equation

V. NUMERICAL EXPERIMENTS AND
RESULTS

We develop a computer program (code) in
Matlab scientific programming language and the
implement the central difference scheme for wave
equation.

a) Inserting data

We implemented the central difference scheme
for the numerical simulation for the wave equation. We
implemented the scheme for artificial initial and
boundary data and verify the qualitative behavior of the
numerical solution of wave equation. The main parts of
the implementation of our numerical schemes are given
in the following algorithm.

Input: nt and nx the number of grid points of
time and space respectively.

If T the right end point of [0,T]
X, the right end point of [0,b]
U, the initial velocity apply as initial condition.

U, the velocity at the boundary point, apply as a
boundary value.
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Output:  U(t, X) the solution matrix.

t—0
Initialization: dt = —tthe temporal grid size.
n

dx = the spatial grid size.
nx
¢ = 0.5a constant
dt
gn=c*—.
dx

gma=2-2*gm* gm.
Step 1: calculation for the scheme
forj =3:ntnt
fori=2:nx—-1
u(j,i) =gma*u(j-1i)+gm*gm* (u(j-Li+1)
u(j-Li-1)-u(j-21i)

Step 2:  Outputu(t, X).
Step 3:  Graph presentation.
Step 3:  Stop.

b) Results

To test the accuracy of the implementation of
the numerical scheme for wave equation, we discuss
our experiment and results under generating the cases.
Case 1: In this case we considered the first order wave

ou

ou
equation (linear advection)—+Cc—=0.
ot OX

We considered the analytical solution of one
dimensional first order wave equation and performed
the experiment in matlab. We choose the parameters as
At =0.8,Ax = 6.28,c = 0.5,x = (0,2r),t = (0,101)
with initial condition U(X,0) =sinX and boundary
condition u(x,0)=t* and u(x,t)=0 and run the
propagation for 101 ts. In this case we see the figure in
plot form and mesh form as follows.

WUMERRCAL SOLUTION

ANAL VIICAL SOLUTON

Figure 1 : Analytical solution of first order wave equation
in plot form and mesh form

© 2014 Global Journals Inc. (US)

Case 2: In this case we consider the first order wave

ou ou
equation(linear advection) E + Ca— =0 and perform
X

the numerical experiment for three time step. We choose
At =0.8,Ax =6.28,c = 0.5,x = (0,2r),t = (0,101)

with initial condition u(x,0) =sinX and boundary
condition  u(x,0) =t? and u(x,t)=0 and run the
propagation for 101 ts. We present the solution for the
three different time step as shown in the figure. As

expected we observer that the initial value in moving
forward with respect to time.

NURIERICAL SOLUTION ANALYTICAL SOLUTION

A7

e
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el miteleie E
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2

Figure 2 : Numerical solution of first order wave equation
in plot form and mesh form using explicit upwind
difference scheme

Case 3: In this case we consider the analytical solution
_9%u  d4

of the wave equation — =C— and perform the

o> ox?

experiment in matlab. We choose the parameters as

At = 0.1, Ax = 6.28,¢ = 0.5,x = (0,27),t = (0,101)

with initial condition U(x,0) =sinX and boundary

conditon U(x,0) =t* and u(x,t)=0 and run the

propagation for 101 ts. In this case we see the figure in

plot form and mesh form as follows.

L siien

Analytical solution

Figure 3 : Analytical solution of 2D wave equation in
plot form and mesh form



Case 4. In this case we perform the numerical

2 2
u
experiment for the equation —-=C—— and perform
ot OX

the experiment in matlab. We choose the parameters as
At = 0.1, Ax = 6.28,¢ = 0.5,x = (0,27),t = (0,101)

with initial condition U(X,0) =sinXx and boundary
condition U(x,0) =t?andu(x,t) = 0. In this case the

initial configuration is not moving forward but only
smears out which is typical behavior of the wave
equation.
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Figure 4 : Numerical solution of 2D wave equation in
plot form and mesh form using central difference
scheme

V. (CONCLUSION

In this paper we considered wave equation
which is a fundamental partial differential equation in
fluid mechanics. First we showed equation of continuity,
first order wave equation, second order wave equation,
method of characteristics, D’Alembert solution. Finally
we showed the numerical result of first order wave
equation based on explicit upwind difference scheme
and second order wave equation based on central
difference scheme agrees with basic qualitative
behavior of this equation.
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