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.  INTRODUCTION

The main emphasis in the intensity-based approach is put on the modelling of the random
time of default, as well as evaluating condition expectations under a risk-neutral probability of
functionals of the default time and corresponding cash follows. Typically, the random default
time is defined as the jump time of some one-jump process.

In recent years, we see a spectacular growth in trading, especially in derivative instruments.
There is also an increase complexity of products in the financial markets with the growing
complexity and trading size of financial markets, mathematical models have come to play an
increasingly important role in financial decision making, especially in the context of pricing and
hedging of derivative instruments. Models have become indispensable tools in the develop-
ment of new financial products and the management of their risks.

The importance of valuation and hedging models in derivatives markets cannot be over-emphasized.

The financial risk can therefore be categorized into four (4) types namely: Market risk, Liquidity
risk, Operational risk and Credit risk.

The first category of credit risk models are the ones based on the original framework developed
by [14]. Using the principles of option pricing [3]. In such a framework, the default process of
a company is driven by the value of the company’s assets and the risk of a firm’s default is
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therefore explicitly linked to the variability of the firm’s asset value. The basic intuition behind
the Merton model is that; default occurs when the value of a firm’s assets (the market value
of the firm) is lower than that of its liabilities. [14] derived an explicit formula for risky bonds
which can be used both to estimate the probability of default of a firm and to estimate the yield
differential between a risk bond and a default-free bonds.

In addition to [14], first generation structure-firm models include [2], they try to refine the original
Merton framework by removing one or more of the unrealistic assumptions. [2] introduce the
possibility of more complex capital structure with subordinated debts.

Reduced-form models somewhat differ from each other by the manner in which the recovery
rate is parameterized. For example, [12] assumed that, at default, a bond would have a mar-
ket value equals to an exogenous specified fraction of an otherwise equivalent default-free
bond. [7] would have a market value equals to an exogenously specified fraction of an other-
wise equivalent default-free bond. [8] followed with a model that when market value at default
(recovery rate) is exogenously specified, allows for closed-form solutions for term-structure of
credit spreads.

For mathematical background, valuation of credit risk, some numerical method for options
valuation and stochastic analysis based on the Ito integral, see ([1], [4], [5], [6], [9], [10], [11],
[13], [15], [16], [17] and [18]), just to mention few. In this paper we shall consider reduced-form
approach for the valuation of credit risk.

[1. REDUCED-FORM MODEL

In this approach, the value of the firm’s assets and its capital structure are not model at all,
and the credit events are specified in terms of some exogenously specified jump process (as
a rule, the recovery rates at default are also given exogenously). We can distinguish between
the reduced-form models that are only concerned with the modelling of default time, and that
are henceforth referred to as the intensity-based models, and the reduced form models with
migrations between credit rating classes called the credit migration models.

The main emphasis in the intensity-based approach is put on the modelling of the random
time of default, as well as evaluating condition expectations under a risk-neutral probability of
functionals of the default time and corresponding cash follows. Typically, the random default
time is defined as the jump time of some one-jump process. As well shall see, a pivotal role in
evaluating respective conditional expectations is played by the default intensity process.
Modelling of the intensity process which is also known as the hazard rate process, is the
starting point in the intensity approach.

a) Hazard Function

Before going deeper in the analysis of the reduced-form approach, we shall first examine a re-
lated technical question. Suppose we want to evaluate a conditional expectation Ej, (1, Y |Gt),
where 7 is a stopping time on a probability space (2, G,p), with respect to some filtration
G = (Gr)1>0 and Y is an integrable, G;-measurable random variable for some s > t.

In financial applications, it is quite natural and convenient to model the filtration Gas G = FV H,
where h is the filtration that carries full information about default events (that is, events such as
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{r < t}), whereas the reference filtration F' carries information about other relevant financial
and economic processes, but, typically, it does not carry full information about default event.
The first question we address is how to compute the expectation

Epy(1{r>5Y|Gt) (2.1)

Using the intensity of 7 with respect to F.

b) Hazard Function of a Random Time

We study the case where the reference filtration F' is trivial, so that it does not carry any
information whatsoever. Consequently, we have that G = h. Arguably, this is the simplest
possible used in practical financial applications, as it leads to relatively easy calibration of the
model.

We start by recalling the notion of a hazard function of a random time. Let 7 be a finite, non-
negative random time.

Let 7 be a finite, non-negative, variable on a probability space (2,3, p), referred to as the
random time. We assume that p{T" = 0} = 0 and 7 is unbounded,;

p{T >t} >0 forevery t € R; (2.2)
The right continuous cumulative distribution function F' of 7 satisfies
F(t)=p{r <t} <1 forevery t € Ry (2.3)

We also assume that p{7 < oo} = 1 so that 7 is a Markov time.
We introduce the right-continuous jump process H; = 1(,<;; and we write

Lemma 1
For any G-measurable (integrable) random variable Y we have
Ey(17>4Y)
Ep(YHi) = 1p<n Ep(YT) + 1{T>t}W (2.4)
For any H,-measurable random variable Y we have
Ep(lir>yY)
Y =1,<nEp(Y Loy 22 2.5
{r<t} p( |T) + {r>t} p{T > t} ( )

that is, Y = h(7) for a Borel measurable h : R — R which is constant on the interval (¢, co).
The hazard function is introduced through the following definition.

h = (H+)+>0 to denote the (right continuous and p-completed) filtration generated by the pro-
cess H. Of course, T is an h-stopping time.

We shall assume throughout that all random variables and processes that are used in what fol-
lows satisfy suitable integrability conditions. We begin with the following simple and important
result.

Definition 1: The increasing right-continuous function I : R, — R, given by the formula

T(t)= —In(1 - F(t), Vte R, (2.6)
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is called the hazard function of a random time 7.
If the distribution function F' is an absolutely continuous function, i.e., if we have

t
Flt) = / Fu)du
0
for some function f : R+ — R, then we have

F(t) = 1—eT®
— 11— fg ~(u)du

where we set 1)

0 =T"F%m F
v : Ry — Ris a non-negative function and it satisfies [, y(u)du = oc.
The function ~ is called the hazard rate or intensity of  sometimes, in order to emphasize
relevance of the measure p the terminology p-hazard rate and p-intensity is used. The next
result follows from definition 2

Definition 2: The dividend process D of a defaultable contingent claim (X, C, X.Z, 7), which
settles at time 7', equals

Dt = Xd(T)l{tZT}fl +/

(1 — Hu)diCv + / Z,dHu
(0]

(0,4]
D is a process of finite variation and

/ (1 - Hu)dcu = / Lirsuydeu
(0,¢] (0,¢]

= Or — 1<y + Cel sy

Note that if default occurs at some date ¢, the promised dividend C; — C;—, which is due to be
paid at this date, is not received by the holder of a defaultable claim. Furthermore, if we set
7 At = min{7,t} then

/( ZuHu=Zondl ey = Zi 2.7)
0.t

Remark: In principle, the promised payoff X could be incorporated into the promised dividends
process C. However, this would inconvenient, since in practice the recovery rules concerning
the promised dividend C' as the promised claim X are different, in general. For instance, in
the case of a defaultable coupon bond, it is frequently postulated that in case of default the
future coupons are lost, but a strictly positive fraction of the face value is usually received by
the bondholder.

Corollary 2: For any G-measurable random variable Y we have
Ey(LranyYHy) = Lirsgye" VEp (1Y) (2.8)

Corollary 3: Let Y be H..-measurable, so that Y = h(r) for some function ~ : Ry — R. If the
hazard function I is continuous then
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Ep(Y[Hy) = i<y h(7) + 1prap /t h h(w)e" =T gr (u) (2.9)
If, in addition, the random time 7 admits the hazard rate function ~ then we have
Ey(Y[Hy) = Lipanyh(T) + Loy /t h h(u)y(u)e™ Je 1@ gy, (2.10)
In particular, for any ¢t < s we have:

{7 > s|He} = Lpope OO (2.11)
and
p{t <T< S‘Ht} = 1{T>t} (1 — e i ’Y(U)d'u) (212)

Lemma 4: The process L, given by the formula

Lt = 1{T>t}€F(t)
1— H
1= F(0)
= (]. — Ht)er(t) vVt S R+

is an h-Martingale.

¢) Martingales Associated with Continuous Hazard Function

The h-adapted process of finite variation L given by last formula is an h-martingale (for I" con-
tinuous or a discontinuous function).

We examine further important examples of martingales associated with the hazard function,
with the assumption that the hazard function T" of a random time 7 is continuous. Also we
assume that the cumulative distribution function F' is absolutely continuous function, so that
the random time = admits the intensity function ~, our goal is to establish a martingale charac-
terization of ~.

More specifically, we shall check directly that the process M, defined as:

~

t
Mt = Ht—/ Y(u)l{TSt}du
0

tAT
= H;— / ~v(u)du
0
= Ht - F(t VAN T),
follows and h-martingale. To this end,
F(s)— F(t
E,(Hs — Hi|H;y) = ]‘{T>t}§)_F1(t)()

On the other hand, if we denote
Y = /y(u)l{TSt}du
t

B SAT f(u)
- |, TR
1—-F(tAT)

" F(rAT)
Y = 1Y

|
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Let us set A = {r > t}. Using the Fubini’s theorem, we obtain

Ey(YHy) = Ey(1aY[He) = 1AEZ(Z/> (2.13)

This shows that the process M follows an h-Martingale.

d) Martingale Hazard Function
Lemma 5: Assume that F' (and this also the Hazard function T") is continuous function. Then
the process

My=H,—T(tAT) (2.14)

is h-Martingale.
In view of the Martingale in Lemma 5, the following definition is natural.

Definition 3: A function A\ : Ry — R is called a martingale hazard function of a random
time 7 with respect to the filtration if and only if the process

H; — N(t A7) is an h-martingale.

Remarks: Since the bounded, increasing process H is constant after time 7 its compensation
is constant after 7 as well. This explains why the function A has to be evaluated at time ¢ A T,
rather than at time ¢. H is thus a bounded h-submartingale.

It happen that the martingale hazard function can be found explicitly. In fact, we have the fol-
lowing.

Proposition 6: The unique Martingale hazard function of = with respect to the filtration A
is the right-continuous increasing function A given by the formula

B dF(u)
/\(t) = /[O,t] T—F(uo) (2.15)
dp{T < u}
/am Toof o uT (2.16)

Observe that the martingale hazard function A is continuous if and only if F' is continuous. In
this case, we have
A(t) = —In(1 — F(t)) (2.17)

We conclude that the Martingale hazard function A coincides with the hazard function T" if and
only if F'is a continuous function.
In general, we have

e W =0 T (1= A A (w) (2.18)
0<u<t
where
A =AMt = > AA(w) and A A (u) = Alu) — A(u—) (2.19)
0<u<t
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e) Default Table Bonds : Deterministic Intensity

In order to value a defaultable claim, we need, of course, to specify the unit in which we
would like to express all prices. Formally, this is done through a choice of discount factor (a
numeraire). For the sake of simplicity, we shall take the savings account

By = el v e [0,77] (2.20)

as the numraire, where r is the short term interest rate process.
We also postulate that some probability measure Q* is a martingale measure relative to this
nomeraire. This assumption means, in particular, that the price of any contingent claim Y
which settles at time T is given as the conditional expectation.
In accordance with our assumption that the reference filtration is trivial, we also assume that:
o the default time = admits the Q*-intensity function
e the short-term interest rate r(¢) is a deterministic function of time.

In view of the latter assumption, the price at time ¢ of a unit default-free zero-coupon bond of
maturity 7" equals

B(t,T) = e I 1) (2.21)
In the market practice, the interest rate (more precisely, the yield curve) can be derived from
the market price of the zero-coupon bond. In a similar way the hazard rate can be deduced
from the prices of the corporate zero-coupon bonds, or from the market values of other actively
traded credit derivatives.
In view of our earlier notation for defaultable claims adopted, for the corporate unit discount
bond we have C = 0 and X = L = 1. And since the reference filtration is assumed trivial, we
have that G = h.

1) Zero Recovery

Consider first a corporate zero-coupon bond with unit face value, the maturity date 7', and zero
recovery at default (that is, X = 0 and Z = 0). Finally, the bond can thus be identified with a
claim of the form 1,,.r, which settle at T'. It is clear that a corporate bond with zero recovery
becomes worthless as soon as default occurs. Its time ¢ price is defined as

D°(t,T) = BiEq+ (B 17>y | Ht)
The price D(t,T) can be represented as follows:
D°(t,T) = 11,51y D°(t, T) (2.22)
where DO(t, T') is the bond’s pre-default value, and is given by the formula
DO(t,T) = e JE 1) gy = B(t, T)e~ Ji v(®)dv (2.23)

f) Hazard Function )
According to this convention, we have X = 0 and the recovery process Z satisfy 7, = ¢ for

some constant recovery rate ¢ € [0, 1]. This means that under FRPV the bondholder receives

at time of default a fixed fraction of bond’s par value.
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Using Corollary 3, we check that the pre-default value D% (¢, T") of a unit corporate zero-coupon
bond with FRPV equals

T
DO(t,T) = 5/ e N Ty (y)du + e~ J oy (2.24)
t

where 7 = r + ~ is the default risk-adjusted interest rate. Since the fraction of the par value
is received at the time of default, in the case of full recovery, that is, for § =, we do not obtain
the equality D’(t,T) = B(t,T) but rather the inequality D°(¢,T') > B(t,T) (at least when the
interest rate is strictly positive, so that B(¢,7") < 1 fort < T.

g) Fractional Recovery of Treasury Value (FRTV)

Assume now that X = 0 and that the recovery process equal Z = §B(t,T). This means that
the recovery payoff at the time of default = represent a fraction of the price of the (equivalent)
Treasury bond. The price of a corporate bond which is subject to this recovery scheme equals

Sy = B, T)(6Q {t <7 < T|H:} + Q*{r > TIH.)).

Let us denote by 155(t,T) the pre-default value of a unit corporate bond subject to the FRTV
scheme. Then

T
D(t,T) = / 5B (1, T)e— I 7@ () gy 4 = I 7@
t

or equivalently,
D3(t,T) = B(t,T) (5 (1 e W))dv) e ki WW”) (2.25)

In the case of full recovery, that is, for § = 1, we obtain D%(¢,T') = B(t,T) as expected.

Remarks. Similar representations can be derived also in the case when the reference filtration
F is not trivial, and under the assumption that market risk and credit risk are independent that
is:

e the default time admits the F'-intensity process ~,

e the interest rate process r is independent of the filtration F.

I11. HAZARD PROCESSES

In the previous section, it was assumed that the reference filtration F' carries no information.
However, for practical purposes it is important to study the situation where the reference filtra-
tion is not trivial. This section presents some results to this effect.

We assume that a martingale measure @ is given, and examine the valuation of defaultable
contingent claims under this probability measure. Note that the defaultable market is incom-
plete if there are no defaultable assets traded on the market that are sensitive to the same
default risk as the defaultable contingent claim we wish to price. Thus, the martingale measure
may not be unique.

a) Hazard Process of a Random Time
Let 7 : Q@ — R, be a finite, non-negative random variable on a probability space (2, G, p).
Assume G = F.VH, for some reference filtration F, so that G = FVh.
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We start by extending some definitions and results to the present framework. We denote
F, = p{r < t|F}, sothat Gy = 1 — F;, = p{r > t|F:} is the survival process with respect to
F. Fis a bonded non-negative, F-submartingale. As a submartingale, this process admits a
Doob-Meter decomposition as F; = Z; + A; where A is an F-predictable increasing process.
Assume, in addition, that F; < 1 forevery t € R,.

Definition 4: The F-hazard process I" of a random time 7 is defined through the equality
1 - F, =e !t thatis, I'y = InG;.

Notice that the existence of I" implies that 7 is not an F-stopping time. If the event {r > t}
belongs to the o-field F; for some ¢ > 0 then p{7 > ¢|F} = 14~ > 0 (p-almost surely) and
this 7 = co.

If the hazard process is absolutely continuous, so that I'; = f(f v, du, for some process ~, then
~ is called the F-intensity of 7. Thus the case only if the process I is increasing and thus + is
always non-negative. Note that if the reference filtration F' is trivial, then the hazard process
I' is the same as the hazard function I'(-). In this case, if T" is absolutely continuous, then we
have v, = ().

b) Terminal Payoff

The valuation of the terminal payoff X?(T) is based on the following generalization of Lemma
1.
The question is how to compute F, (1, Y|G;) for and Fs-measurable random variable Y'?

Lemma 7: For any G-measurable (integrable) random variable Y an arbitrary s > t we have

Ep(1756 Y| Ft)
E,(1 Y|G) =1 P 3.1
p(Lr>s1Y1G) = Lrapy oir > tE] (3.1)
If, in addition, Y is F,-measurable then
Ep(1ros)Y190) = Loy Eple" Y |F) (3.2)

Assume that Y is G;,-measurable. Then there exists on F;-measurable random variable Y such
that 1o Y = 12nY.

The latter property can be extended to stochastic process: for any G-predictable process X
there exists an F-predictable process X such that the equality

LianXe = 1ian X (3.3)
is valid for every t € R, that both processes coincides on the random interval [0, ¢).

¢) Recovery Process
The following extension of Corollary 3 appears to be useful in the valuation of the recovery

payoff Z,. (Note that the payoff occurs at time 7).
Lemma 8: Assume that the hazard process T" is a continuous, increasing process, and let

Z be a bonded, F-predictable process. Then for any ¢ < s we have:

Ep(Z:1i1<rs5)Ge) = Lirsiy By ( / Zuert_“dl“u\ft) (3.4)
t
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d) Promised Dividends

To value the promised dividends (that are paid prior to 7, it is convenient to make use of the
following result.

Lemma 9: Assume that the hazard process I' is continuous. Let C be a bounded, F-predictable
process of finite variation. Then for event ¢ < s

B, (/ (1—Hu>dcugt>—1{f>t}Ep (/ eFt-Fudcu\ft) (3.5)
(t,s) (t,s]

e) Valuation of Defaultable Claims

We assume that 7 is given on a filtered probability spaces (2, G, Q*), where G = FVh and
Q*r > t|F;} > 0 for every t € R, so that the F-hazard process I' of 7 under Q* is well define.
A default time 7 is thus a G-stopping time, but it is anF'-stopping time.

The probability Q* is assumed to be a martingale measure relative to saving account process
B, which is given by (3) for some F-progressively measurable process r. In some sense, this
probability, and thus also the F-hazard process I' of = under Q*, are given by the market via
calibration.

The ex-dividend price S, of a defaultable claim (X, C, X, Z, ) is given by definition 5 below,

Definition 5: For any date ¢ € (0, T'), the ex-dividend price of the defaultable claim (X, C, X, Z, 1)
is given as

Sy = BiE,» ( / B;ldDu]-"t) (3.6)
(t,T]

we always set S = X%(T). With p* substituted with Q* and F replaced by G. We postulate in
particular, that the processes Z and C are F-predictable, and the random variable X andX are
Fr-measurable and Gp-measurable, respectively. Using Lemmas 7, 8, 9 and the fact that the
savings account process B is F-adapted, a convenient representation for the arbitrage price
of a defaultable claim in terms of the F'-hazard process T is derived.

Proposition 10: The value process of a defaultable claim (X,C, X, Z, T') admits the follow-
ing representation for t < T’

Sy = 1(r>1yG; BiEqq < / ] B, Y(G.dC, — Zudgu)]]-"t>
(t,T

+1(r>0G; ' BiEq-(Gr By X|Fy) + BiEg+(Bp ' 1751, X|Gr)
If the hazard process I is an increasing, continuous process, then
St = lgsyBiEg ( / B el Tu(dc, + ZudFu)]}‘t>
(.7

1 BiEQ-(Br' — €' T X|Fy) + BiEg- (B ' 1, <1y X|Gt)
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Corollary 11: Assume that the F-hazard process I' is a continuous, increasing process. Then
the value process of a defaultable contingent claim (X, C, X, Z,7) coincides with the value
process of a claim (X, C, X, 0,7), where we set C; = C; + [; Z,dT ..

1) Defaultable Bonds : Stochastic Intensity

Consider a defaultable zero-coupon bond with the par (face) value L and maturity date 7'. First,
we re-examine the following recovery schemes: the fractional recovery of par value and the
fractional recovery of Treasury value. Subsequently, we shall deal with the fractional recovery
of pre-default value, but in this section using the stochastic intensity instead of the deterministic
intensity used earlier. We assume that 7 has the E-intensity ~.

g) Functional Recovery of Par Value
Under this scheme, a fixed fraction of the face value of the bond is paid to the bondholders at

the time of default. Formally, we deal here with a defaultable claim (X, 0,0, Z, 7), which settle

at time T'. With the promised payoff X = L, where L stands for the bond’s face value, and with
the recovery process Z = §L, where § € [0,1] is a constant. The value at time ¢ < T of the

bond is given by the expression
St = LBiEQ-(0B; 1y<rsry + B o1y |G) (3.7)

If ~ admits the F-intensity v, the pre-default value of the bond equals
T
D(t,T) = LByEq- (5 / B Y y.du + B;l\ft> (3.8)
t

Remarks. The above setup is a special case of the fractional recovery of par value scheme
with a general F-predictable recovery process Z; = ¢;, where the process ¢, satisfies 6, € [0, 1],
for every t € [0, T]. A general version of formula (3.8) is given by

T
D(t,T) = LB,Eq- < / B 0y yudu + BT1|]-}) (3.9)
t

h) Fractional Recovery of Treasury Value
Here, in the case of default, the fixed fraction of the face value is paid to bondholders at maturity

date T'. A corporate zero-coupon bond is now represented by a defaultable claim (X, 0,0, Z, 1)
with the promised payoff X = L and the recovery process (Z;, = §LBU,T). B(t,T) stands for
the price at time ¢ of unit zero-coupon Treasury bond with Maturity 7. The corporate bond is
now equivalent to a single contingent claim Y, which settle at time 7" and equals

Y = L(1{7>T} + 51{T§T}) (3.10)
The price of this claim oat time ¢t < T equals
S¢ = LByEq- (B} (01¢r <7y + 1(r57)[Gr) (3.11)
or equivalently,
St = LB;Eg+(6By' B(t, T)1s<r<r} + (Br' 1{r>131G:) (3.12)

The pre-default value D5(t, T') of defaultable bond with the fractional recovery of Treasury value
equals

T
DO(t,T) = LB,Eq- (5/ B 'B(u, T)yudu + B;1|J-'t> (3.13)
t
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Again, the last formula is special case of the general situation where Z; = §; with some pre-
dictable recovery ratio process ¢; € [0, 1).

i) Fractional Recovery of Pre-default value
Assume that ¢, is some predictable recovery ratio process o, € [0,1) and let us set X = L. The
pre-default value of the bond equals

D}f(t,T) = LEq- (= I (=00 ) (3.14)

where

B, = exp (/Ot(ru +(1— 5u)7u)du> (3.15)

J) Choice of a Recovery Scheme

A challenging practical problem is the calibration of statistical properties of both the recov-
ery process ¢ and the intensity process ~. The empirical evidence strongly suggests that the
amount recovered at default is best modelled by the recovery of par value scheme. However,
we conclude that recovery concept that specifies the amount recovered as fraction of appro-
priately discounted par value, that is, the fractional recovery of treasury value, has broader
empirical support.

IV. CONCLUSION

We conclude this section by giving few comments on the reduced-form approach to the mod-
eling of credit risk. The advantages and disadvantages listed below are mainly relative to the
alternative structural approach. It also worth noting that some of the disadvantages listed be-
low disappear in the hybrid approach to credit risk modeling.

Advantages

e The specifications of the value-of-the firm process and the default-triggering barrier are
not needed.

e The level of the credit risk is reflected in a single quantity: the risk-neutral default intensity.

e The random time of default is an unpredictable stopping time, and thus the default event
comes as an almost total surprise.

e The valuation of defaultable claims is rather straightforward. It resembles the valuation
of default-free contingent claims in term structure models, through well understood tech-

niques.
e Credit spreads are much easier to quantify and manipulate than in structural models of

credit risk. Consequently, the credit spreads are more realistic and risk premia are easier
to handle.
Disadvantages
e Typically, current data regarding the level of the firm’s assets and the firm’s leverage are

not taken into account.
e Specific features related to safety covenants and debt’s seniority are not easy to handle.

© 2014 Global Journals Inc. (US)
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e All (important) issues related to the capital structure of a firm are beyond the scope of
this approach.

e Most practical approaches to Portfolio’s credit risk are linked to the value-of-the-firm ap-
proach.
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