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Abstract-In the present study, we have proposed a class of ratio-cum-product estimators for estimating finite population
mean Y of the study variable ¥ in two phase sampling. The bias and mean square error of the proposed estimator have
been obtained. The asymtotically optimum estimator (AOE) in this class has also been identified along with its
approximate bias and mean square error. Comparison of the proposed class of estimators with other estimators is also
worked out theoretically to demonstrate the superiority of the proposed estimator over the other estimators.
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[.  INTRODUCTION

The literature on survey sampling describes a great variety of techniques for using aux-
iliary information in order to obtain improved estimators for estimating some most
common population parameter such as population total, population mean, population
proportion, population ratio etc. More often we are interested in the estimation of the
mean of a certain characteristic of a finite population on the basis of a sample taken
from the population following a specified sampling procedure.

Use of auxiliary information has shown its significance in improving the efficiency of
estimators of unknown population parameters. Cochran (1940) used auxiliary infor-
mation in the form of population mean of auxiliary variate at estimation stage for the
estimation of population parameters when study and auxiliary variate are positively
correlated. In case of negative correlation between study variate and auxiliary variate,
Robson (1957) defined product estimator for the estimation of population mean which
was revisited by Murthy (1967). Ratio estimator performs better than simple mean

estimator in case of positive correlation between study variate and auxiliary variate.
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For further discussion on ratio cum product estimator, the reader is referred to
Singh (1967), Shah and Shah (1978), Singh and Tailor (2005), Tailor and Sharma
(2009), Tailor and Sharma (2009), Sharma and Tailor (2010), Choudhury and Singh
(2011) etc.

When the population mean X of the auxiliary variable z is unknown before start of
the survey, it is estimated from a preliminary large sample on which only the auxiliary
characteristic x is observed. The value of X in the estimator is then replaced by its
estimate. After then a smaller second-phase sample of the variate of interest (study
variate) y is then taken. This technique is known as double sampling or two-phase
sampling. Neyman (1938) was the first to give the concept of double sampling in
connection with collecting information on the strata sizes in a stratified sampling
Consider a finite population U = (uy,ug, us, ..., uyn) of size N units, y and = are the
study and auxiliary variate respectively. When the population mean X of z is not
known, a first phase sample of size ny is drawn from the population on which only the
x characteristic is measured in order to furnish a good estimate of X. After then a

second-phase sample of size n (n < ny) is drawn on which both the variates y and z
are measured.

The usual ratio and product estimators in double sampling are:

-d _T
Yr = Yy—
T
and
4 Z
Yp = Yy—
21

where 7,y and Zz are the sample mean of x, y and z respectively based on the

sample of size n out of the population N units and y = % o Vi, T = n% ot @ and

— 1
len—l

', z; denote the sample mean of = and z based on the first- phase sample of
the size n;
Singh (1967) improved the ratio and the product methods of estimation by studying

the ratio cum product estimator for estimating Y as
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_ Xz
Vor — 5 [ 22
RP =Y ( p Z)
Motivated by Singh (1967), Choudhury and Singh (2011) proposed a modified class

of ratio cum product type of estimator for estimating population mean Y as

Motivated by ?7) and as an extension to the work of Choudhury and Singh (2011), we
have developed an improved class of ratio-cum-product estimators in double sampling
to estimate the population mean Y theoretically and studied the properties of the

proposed estimator.

[I. THE PROPOSED ESTIMATOR

The proposed improved class of ratio-cum-product estimators of population mean Y in

)a. (1)

two-phase sampling is given as

I
=3
v

Il
<
VR
SR
2| e

where « is a suitably chosen constant.

To obtain the bias and MSE of Ygf(,d) to the first degree of approximation, we write

eo=H-Y))Y, es=(z-Y)/X, e=(@: -X)/X, e=(2-2)/Z,

€4 — (Z_l—Z) /Z

Expressing Ygf(,d) in terms of e’s and neglecting higher power of e’s, we have

Vs =V (14 e0) {1+ ea) (1 4+ €)™ (1 +e5) (1 4+e0) '}

Assuming the sample size to be large enough so that |e;| < 1, |e4| < 1 and expanding
(1+ el)_l, (1+ €4>_1 in powers of e, e4, multiplying out and neglecting higher powers

of €'s, we have
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Yﬁlgd) =Y (1+e)[l—{e1—e2—e3+es—e; —ef+eres—eren

«a
+e9ey + €163 — €9€3 + 6364}]

Sw(d) 5 1,
Yop' =Y =Y |eg — 61—62—63+e4—5+5+5—3+6061
2 2 2 2
_ _ 2(G % B3 Y
€pe2 1+ €péy 6063>+Oz (2 + 5 + 5 + 5 €162

— e1e3 + e1eq + ese3 — €9ey — 6364)]

The following two cases will be considered separately.

Case I: When the second phase sample of size n is subsample of the first phase of

size nq.

Case II: when the second phase sample of size n is drawn independently of the first

phase sample of size n;.

CASE 1

I1I.  Bias, MSE AND OPTIMUM VALUE OF }?}%Ug IN CASE 1

In this case, we have

E(eg) = E(e1) = E(ea) = E(e3) = E(e4) = 0;

n
1—f 1 — f*
E () = E (exes) = ( - )05(; B (¢2) = F (eses) = ( i )
1-— 1— 7
E (epe1) = ( - f) pyxCyCx;  E(epes) = ( nf ) pyxCyCx;
1-— 1— f*
E (6063) = ( 0 f) PYZCYCZ7 E(60€4) = ( nf > /)YZCYCZ;
1 —
E (ee3) = ( - f) pxzCxCyz;
1—f*
FE (6164) =F (6263) =F (6264) = ( ) pXZCXCZ
where f = £ is the sampling fraction, f*=%  C% = ;—%,

2 _ 5% 2 _ S
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Taking expectations on both the sides and using the results of (3) in (2), we get the

bias of V2" as

B(Vilh) =y (i) 02 {C% +C3 (1 —2Kx2)} +a{Ck (1 —2Kyx)  (4)

I 2n

Notes

—C% (1 —-2Kyz)}]

—y <1;_nf1) (02K + o (K, — K>)] (5)

where f; = =, Kyx = Pyxg—f(, K, =C%(1-2Kyx), K,=0C%(1-2Kyy),

1

Now from equation (2), we have

Yéulgd)—Y:Y[eo—a(61—€2—€3—|—€4)].

Squaring both the sides and taking expectations in the above equation and using the

)

results of (3), we get the mean square error of Y};”F(,d to the first degree of approximation

as

M (Yé”éd)>1 =Y? (%) Cy +Y? (1_—ﬁ) [0® {C% +C5 (1 —2Kxz)} — 20 (Cyx — Cyz)]

n

2 (ﬂ) C2 47?2 (1_Tfl> (02K — 2084 (6)

n

where S| = Cyx — Cyz, Cyz = pyzCyCz, Cyx = pyxCyCx

Differentiating M (Ygﬁ) w.r.t a and equating to zero, we get

_ S

o= K, ™)

Now putting the optimum value of « from (7) in the proposed estimator (1), we get

the asymptotically optimum estimator(AOE) as
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Therefore, after putting the value of a in (4) and (6), we obtain the optimum bias

and MSE of Y}2{") respectively as

S - (1= fi\ S
B (Y“’(d)> -y 2L K
RP Ta(opt) 2n l(g [ 1 2]

where K{ = 0)2( (1 - ny), Ké = C% (1 - Kyz).
Sw(d) N A e At e IR
M (YRP )Ia(opt) =Y < n ) CY Y ( n Kg. (8)

Remark 1 For a =1, the estimator reduces to ratio cum product estimator in double
sampling. The bias and MSE of Ylgﬁ are obtained by putting o = 1 in relation (4)
and (6) as follows

¥ Y - f /
B (ch(e@)[ =Y (—n ) (K1 — Cxz + Cy/z] (9)
where K| =0C%(1- Kyx)
—(d 1—f s (1= f
and MSE (Yéﬁ)l - (T) S2 4y ( ) (K + K (10)
where Ky =C%(1—-2Kxz; +2Kyy).

Remark 2 For a = 1 and when the auxiliary variate z is not used, i.e if z is non-
zero constant, the proposed estimator reduces to the usual ratio estimator in two phase
sampling. The bias and mean square error of Y can be obtained by putting o = 1 and

omitting the terms of z in equation (4) and (6), respectively as

and

MSE (Yg)I:Y/(#) O§+}7(1;f1>K1_ (11)
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Remark 3 For a =1 and when the auziliary variate x is not used, i.e if x is non-zero,
the proposed estimator reduces to the usual product estimator in two phase sampling.
The bias and mean square error of Y& can be obtained by putting o = 1 and omitting

the terms of x in equation (4) and (6), respectively as

s (), -7 () v

n

_ _[(1— _[(1—
and M (Y§), =Y? (—f) Cy + Y2 (—fl) K (12)
n n
where K5 = C% (1 + 2Kyx).
IV.  ErriciENCY COMPARISONS

Compairison of the optimum proposed estimator (Y;%U Iﬁd)

) Ta(opt)

a) with sample mean per unit estimator 1)

The MSE of sample mean y under SRSWOR, sampling scheme is given by

V() = (%) 52, (13)

From equation (13) and (8), we observed

B 52
V(3 —M(Y“’(d)) = 2L .
<y) RP T (opt) Kg (14)
if K3 >0ie Kxz < 1/2
b) with ratio estimator in double sampling
From equation (11) and (8), we observed
i} _ (1= Ff 5%
M (YY) — M [Y“’(d)} — 72 K+ 25 >o. 15
( R) RP Ta(opt) n 1 Kg - ( )

if Ki>0,K3>0ie Kyx< 1/2, Ky; < 1/2
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¢) with product estimator in double sampling

From (12) and (8), we observed

_ _ (11— fi S?
M (V) — MSE || —y? Ks+ 21| >0 16
( P> RP To(opt) n 5+ Kg ( )
if K3>0, K5 > 0i.e. sz<1/2.
d) with ratio cum product estimators in double sampling
From (10) and (8), we observed
_ —w(d _ 52
M (Vi) — M [Y,;‘;E )] — 72 [Kl + K5+ —1} >0 (17)
Ta(opt) Kg

if K> 0, K3 > 0, Ky >0ie Kyx < 1/2, Kxz < 1/2, Ky; —Kyyz < 1/2
Now we state the theorem

Theorem 4 To the first degree of approrimation, the proposed class of estimators
Ygd(d) under the optimality (7) is consider to be more efficient than Y2, Y£, Yip
and iy under the given conditions K, Ks, Ky, and K; >0, where Ki =
C%(1-2Kyx), Kz=C%+C%(1-2Kxz), K;=C%(1—-2Kxz+2Kyz) and
Ks; =C% (14 2Kyx).

w(d)

V. Bias, MSE AND OPTIMUM VALUE OF }_/RP IN CASE 11

In this case, we have

e - (Sl e@- () @ - () e

) =Bl = (h) i B =B - () ¢

n

1— 1-—
E<6061) = (T) pYXOYCX; E(€0€3) = (Tf) PYZOYCZ§

~~

—_

—f

n

1—f*

E(€1€3) = < ) PXZC)(Cz; E(62€4) = ( ) PXZC)(Cz;

E (ege2) = E (epey) = E (e1e3) = E (e1e4) = E (e3e2) = E (ezeq) = 0. (18)
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Taking expectations in (2) and using the results of (18), we get the bias of Yﬁlgd) to the

first degree of approximation as

B(Vit") =¥ [0*NiKy+a{f"(C} - C3) - /'$i}].

Notes

where  f= B p=th N (Re k- 2).
Squaring and taking expectations in both the sides of (2) and using the results of (18),

we obtain the MSE of (?ﬁ 1@) to the first degree of approximation as

M (Y};”]&d)>n = V2fC2 + Y2 [’ N, K5 — af'S)] . (19)

Minimization of (19) is obtained with optimum value of « as

'S,
o= — . 20
ON K5 T (20)

Substituting the value of « from (20) in (1) gives the AOE of (1) as

v = X1 (opt)
Yw(d)} =7 ﬂi ] 21
{ RP 11 (opt) Y T z ( )

Thus, the resulting bias and MSE of (21) are, respectively given as

Cw 5 IS f'S
B (Y (d)> =Y "oy —
RP ITa(opt) 2N1K3 f ! 2N1K1
where Cy =C% — C% and
12 Q2
_ _ _ S
M <Yw(d)> — Y2 /02 o Y2 f 1 ]
RP ITa(opt) f Y 2N1K3

For simplicity, we assume that the population size N is large enough as compared
to the sample sizes n and n; so that the finite population correction (FPC) terms 1/N

and 2/N are ignored.
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Ignoring the FPC in (19), the MSE of (Yﬁlgd)> reduces to
T
_ _C2 1/1 1
M (Yﬁ,&d)) S {042— <— + —) Ky — aé]
I no n n

which is minimized for

n151

a = htn)Ks Wrriopry  (88Y) (22)

Substituting the value of « from (22) in (1), we obtained AOE of (1) as

r Z

a*
— w(d * _ Tz II(opt)
(vis”) =¥ {—.—} .

Therefore, the resulting MSE of (Yfﬁﬁ’) is

b N v n157

= _ 23
opt) n n(n—i-m) Kg ( )

Remark 5 For a = 1, the proposed estimator reduces to ratio cum product estimator

in double sampling and MSE is given as

ce@) 2OV pen [L(L 1Y S
M(YRP> —y +Y2{2( )K= (24)

ITa(opt) n n ny
Ignoring the FPC, the variance of § under SRSWOR is given by

&4

V), =Y n (25)

and the MSE of (?Rd) I and (Ypd) ;; are given by

_ _,C? _ 2 1 2
M (YRd)II = YZ—Y -+ Y2 |iC§( (E - — EKYX)‘| (26>

n
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and

. C2 2 1 /1 1 2Cy 4
Ypa), =YX +YV? | =X+ - (= — — | (% 27
( Pd)” n + n  2\n n/) % (27)
respectively.
VI. EFFICIENCY COPMPARISONS
Compairison of the optimum proposed estimator (Y;{’ 1@) o)
ITa(opt
a) with sample mean per unit estimator
From (25) and (23), we observed that
V() — M (Vi) _yr My (28)
1 RE IIa(opt) n (n + nl) Kg
if K3>Oi.erz<1/2.
b) with ratio estimator in double sampling
From (26) and (23), we observed that
M (Vig) =M (Vi) =y mS_ L cepls 0 ()
Rd) 11 RP ITa(opt) n n(n—i—m) Kg X
if K3>O,P>Oi.eKXZ<1/2,KYX<1—%,
where P=2(1-Kyx)— ;-
¢) with product estimator in double sampling
From (27) and (23), we observed that
M (Vea),, =M (Vi) =@ Gz mSi__1.o (30
Pd)r RE IIa(opt) 2n, n (’I’L + nl) K3
if Ky > 0ie Kxz < 1/2, where Q = C% + % + 3Cyx.
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d) with ratio cum product estimator in double sampling

From (24) and (23), we observed that

M (Yipa) —M(Y“’(d)>* S R I A S L S
fbd) 11 R r1a(opt) n o m 2o n(n+mny) K
(31)
if K3>Oi.erz<]_/2.
VII.  CONCLUSION

We have developed an efficient class of ratio-cum-product estimators in two phase sam-
pling. The comparative study shows that the proposed estimator Y];”;d) established
their superiority over sample mean Y, ratio estimator 1;1%, product estimatoﬂ;ﬁ and
ratio-cum-product estimator Y}_‘{P in two-phase sampling under the given conditions.
Hence from the resulting equation (14), (15), (16) and (17), we conclude that under

the given conditions the proposed estimator is consider to be the best estimator.
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