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Nooo P-Eventual Stability of Differential Systems
with Impulses

Anju Sood® & Sanjay K Srivastava®

Abstract- In our paper, we have established criterion of W-Eventual Stability for impulsive differential systems with
variable moments of impulses by using piecewise continuous auxiliary functions which are analogous to Lyapunov's
functions. The work of Bainov, Kulev and Soliman has been extended. An example has been given to support the
theoretical result. In the example, the zero solution is not stable in the sense of Lyapunov but it is uniformly eventually
stable. Moreover a weight function ¥ is also associated with state vectors.

Keywords: Y¥-eventual stability, Y¥-uniform eventual stability, impulsive differential systems, lyapunov’s
function.

AMS Mathematics Subject Classification: 34CXX; 34DXX; 34A37; 34K45

I. INTRODUCTION

Many evolution processes are characterized by the fact that at certain moments
of time they experience a change of state abruptly. These processes are subject to short
term perturbations of negligible duration in comparison with the duration of the
process. Consequently, it is natural to assume that these perturbations act
instantaneously, that is: in the form of impulses. It is known for example that many
biological phenomenon involving thresholds, bursting rhythm models in medicine and
biology, optimal control models in economics, pharmacokinetics and frequency
modulated systems, do exhibit impulsive effects. Impulsive differential equations are
adequate mathematical models for description of evolution processes characterized by
the combination of a continuous and jumps change of their states. For the description
of the continuous change of such processes ordinary differential equations are used,
while the moments and the magnitude of the change by jumps are given by the jump
conditions. According to the way in which the moments of the change by jumps are
determined, IDE are classified into two categories: Equations with fixed moments of
impulsive effect and equations with unfixed (variable) moments of impulsive effect. The
solutions of IDE with variable impulsive moments are piecewise continuous functions
but unlike the solutions of the systems with fixed moments of impulse effect, different
solutions of these IDE have different points of discontinuity. This leads to number of
difficulties in the investigation of IDS with variable impulsive moments. That is why
these systems have been an object of numerous investigations.

Moreover, when the trivial solution of the system does not exist, we may still
have stability eventually, which generalizes Lyapunov Stability. For example, for the
practical point of view, if a ship remains in an upright position, it is called stable.
However, since the environmental forces acting on it as well as ship’s disposition w.r.t.
sea will change in time, the determination of a safe minimum amount of stability i.e.
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stability criterion becomes necessary. If one follows the intuitive concept of stability, it
is natural to think that if the amplitude of the ship in every perceived combinations of
ship- environment conditions, remain smaller than a pre-determined safe value, the ship
should be considered stable, The mathematical counterparts of this definition are
eventual stability and boundedness. For the problems arisen in this situations, to be
solved a new notion of eventual stability is introduced by V. Lakshmikantham, S. Leela,
A. A. Martynyuk.

The problem of ¥ - stability for the systems of ordinary differential equations
has been studied by many authors e. g. J. Morchalo [4] introduced the notion of ¥ -
stability, W - uniform stability and ¥ - asymptotic stability of trivial solution of non
linear system x’ = £ (¢ x) . He has considered ¥ as scalar continuous function. Aurel

Diamandescu [2] and [3] has introduced ¥ -stability by taking ¥ as diagonal matrix.

In [6], the criteria of eventual stability are established for impulsive differential
systems with fixed moments of impulses by using piecewise Lyapunov functions by
Zhang Yu. In [5], Soliman extended the notion of eventual stability to impulsive
differential systems with variable moments.

In our paper we have established criterion of W-Eventual Stability for impulsive
differential systems with variable moments of impulses by using piecewise continuous

auxiliary functions which are analogous to Lyapunov’s functions. The paper is organized
as follows: In section 2, some preliminary notes and definitions which will be used

throughout the paper are introduced. In section 3, two theorems for W - Eventual

Stability and ¥ -Uniform Eventual Stability are proved. One example has been given in
support of our theoretical results. Conclusion is given in Section 4.

[1. PRELIMINARY NOTES AND DEFINITIONS

Let R" denote n -dimensional Euclidean space with norm Il. |l

Let R3 be the s - dimensional Euclidean space with a suitable norm Il. Il. Let R" = [0, o)
and RS ={xeR":[x|<H}.

Consider the system of differential equations with impulses

X=fE0+9EY), t#h(xy)  Ax=AC)+B(Y), t=7(xy)
y =h(t,xy), t£7(Xy) Ay=Gi(xy), t=7(xy)

(2.1)
Where xeR",yeR™, f:R"xR} ->R", g: R"xR} »>R™ h: R" xR} xR} -»R™
ARY SR BRT 5>R™ G R xRT 5R™, 7 :Ry xR >R

AX| t=r(x,y) = X(t+0)—x(t-0), AY| t=r(x,y) =Y(t+0)—y(t-0).

Letto e R", %R}, YoeRY Let Xt to, X Yo). Y(t. to, X0, Yo) be the solution of the system
2.1), satisfying the initial conditions X(to +0, tg X Yo) =%o. ¥(to +0, to, Xo, Yo) =Yo The solution
x(t), y(t))of the system (2.1) are piecewise continuous functions with points of
discontinuities of the first type in which they are left continuous, i.e. at the moment ¢,
when the integral curve of the solution (x(¢), y{¢)) meets the hypersurface.

op ={(t,xy) eR" xR xRY: t=7 (x, )}
The following relations are satisfied:
Xt —0)=x(t), x(tj +0)=x(tj)+A (x(tj))+B (y(ti))
y(ti —0)=x(t), y(ti+0)=y(tj)+G (x(t), y())
Let z(x,y)=0for(xy) e R} xR].

© 2014 Global Journals Inc. (US)
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Following [1], we define the sets G ={(t.:xy) eR" xR} xRY: 51 (xy) <t <5 (x )} -

Let ¥ : B (0, ©) be a continuous finite function such that (¢, )= ¥,
Definitionl. Let the sets K & K, be defined as

K= {WGC(R+,R+)Z strictly increasing and w(0)=0},
Ky = {¢€C(R+1 R+) : increasing and ¢(s) <sfor s>0}

Re £ We use the classes v, of piecewise continuous functions which are analogue to Lyapunov
functions.

Definition2. We say that the function V:R"xR] xR} — R" belongs to the class v, if the

Definition3 The set {(X y)e Ri xR :x=0andy = 0} of the system (2.1) is said to be
1. Eventually stable if for all £>0 for all tyeR" there exists r=17(e)>0 and 5=5(tg,&)>0

for all (x,yp)eRY xR such that |x|+]yo|<s implies |x(t to, %o, Yo)|+[¥(t.to. Xo. Yo)| <&
t>tg 27(€)

2. Uniformly eventually stable if 6 =0 (¢ ) i.e. d is independent of to.

Frontier

3. ¥ - eventually stable if for all e>Q for all t;eR’, there exists t=t(€) >0 and
5 =05 (to, €) > Ofor all (%, Yo)eR xR such that [FQxXO)]+] P y(t)||<e for [¥oxo| +] PoYol<d
and t >ty >z(e).

4. ¥ - uniformly eventually stable if for all >0, for all tyeR", there exists 1=t (€) >0

and §=5()>0 for all (x,yo)eRf} xR} such that [ O)x)]+] ¥M)y(t) <& for|[Eoxo|+| ¥oyo| <5
and t>tg=7(e) .

Definition 4. We say that conditions (A) hold if the following are satisfied:

(A1) The functions f(t.X) . gt.y) and h(t,xy) are continuous in their definition domains, O
f(t,00=9g(t,00=0 and h(t,0,0)=0for teR".

(A2) The functions A¢ B: and C¢ are continuous in their definition domains and
A =B(0)=C (0,0)=0

Global Journal of Science

o following conditions hold: =
i 1. The function V' is continuous in Uj1G and is locally Lipschitzian with respect to x rj
E and y in each of the sets G, 3
z 2. V(t,0,0)=0for t € R". .
g 3. For each i =1,2,3.................. and for any point (to, Xo, Yo)€0t , there exist the finite 3
ﬁ limits =
# V(tp-0%.%)=  Lim  V(txy)
® (t. % y)—(t0.%0. Y0) =
E (t,x, ¥)eGi -
= =
= V(to+0,%, Yo) = Lim V(t,xy) 5
@ (t, %, y)=>(t0,%0, Y0) 4
S (t, %, ¥)€Gj 1 .
E and the equality V(tp—0,%0,Y0) = V(tp,%:Yo) holds. >f
:% 4. For any point (¢, x, y)eo, the following inequality holds: _§
@ >
2 V(E+0x+AC)+B (¥), y+G (x y) V(L X Y). 22
IS, ' .
é Let Vevy. For(t,x, y)e 2,G Following [1], we define 5
=, g
2! ' . 1 2
< \/(2.1)(tlx! y):IS-LrQSJpg[\/(t'FS,X‘FS(f(t,X)+g(t,y)), y+Sh(th! y))—V(t,X, y)] 2
e

S

&

k5

o]

A

A

.=

<

=

>

&

=

w

i

&)

the direct method of Lyapunov, Bull Austral. Math. Soc., 38(1988), 113-123.

1].
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(A3) xeR[j and yeR[ then | xy+A(X)+B(Y)[<|X| and|y+C(x,y) [ <[v].

(A4) The functions 1t/ (x, y) are continuous and for ( x, y ) € fx { , the following
relations hold:

0<71 (X Y)<To (X, Y) <eerrererreens < t'—_i)mTi (%)= uniformly in Rj xR} and

ninfmri+1(x,y)— sup 7 (Xy) 260>0, i=12.....
R R R <Rl

(A5) For each point (to, %o, Yo)eR™ xR xRy the solution x(t,ty, %o, Yo), Y(t.to, %, Yo) is unique
and defined in (tg,).
(A6) The integral curve of each of the solutions of system (2.1) meets each of the hyper

surfaces{c:} at most once.

[1I.  MAIN RESULTS
In this section, we extend the work of Kulev and Bainov [1] and A. A. Soliman

[5] and established W - eventually stability and ¥ - uniformly eventually stability for
impulsive differential system with variable moments.

Theorem 1. Assume that

(H1) Conditions (A) holds.

(H2) There exists functions VeV, aeK such that a(|| ¥ ) x| + PO y®|) <Vt x y),

(t,x,y) eR" xR xR} where ¥ is a function defined in section 2.
(H3) Ve txy)<p@wvtxy)for t,xy)€Gi=123 ., the functions p,w:R" >R"
are locally integrable.

(H4) There exists a no. L > 0 such that W((tx y)|<L:(txy) eR" xR} xRY andto[ |p(s)| ds< oo
Then the set {(X y)e Rl xR :x=0and Y=0} is ¥ - eventually stable set of the system (2.1).

Proof: Let €>0 be given and let the number 7 =7(¢)>0 be chosen so that for t>z(¢)

[ d3<% (This is possible because of condition (H4)) (3.1)
t

Let to=7(¢) From property 4 of definition 2 , it follows that there exists a number
d(tg,€)>0 such that for

[¥o%o+ ¥oyol<d(t0.©), Vlto+0%,0)< 22 62)
From (H3), (H4) and (3.2), we get
t t t
[ V2. (s:x(s), y(s))ds< [ p(o)w(v(s,x(s),y(s)))ds< .[|p(s)”w(v(s,x(s),y(s)))‘ds
' o o
L - a(e) _ale)
<L[|p(s)ds <L[|p(s)|ds<L—=>=——~ for txt, (3.3)
o o oL 2

Without loss of generality, Let 7k <t<7ki41

t o, o, k+ 7, to,
Now  [Vi21)(sX(9), y(s)) ds< Il Vi2.1) (8, X(s), y(9)) ds + 'Zz [ Vo (s x(s),y(9)ds+ | Viag)(sX(s),y(9)ds
t o i=2rjq i

K+
=V (71, X(71), Y(71)) -V (tg + 0, X(to), y(to)) + _ZZ{V(Tj X(Tp), Y(@i)-V(zj1+0X(zj_1+0), ¥(rj 1 + 0))}
j=

© 2014 Global Journals Inc. (US)



V(6 X(M), Y([O) -V (7t +0, X741 +0), (71 +0))

—V(Tb X(r1), ¥(z1)) -V (to +0, X(to), ¥(to))+V (12, X(z2), Y(72)) - V(71 +0,X(7y +0), y(7; +0))
+V(73,X(73), Y(73)) = V(9 +0,X(r9+0), Y(77 +0)) +.eoovrvrrvrrrrrvvrrrrrrrirrevrerrnnennnnn

V(s X(@), YTt ) =V (-1 0. X(71 41 +0), V(e 11+ 0)
+V(tX(1), ¥(0) -V (741 +0,X(7ge11 +0), Y(7ye1140))
2V(t,x(t), y(1) -V (to+0, X(to), y(to))

From (H2), (3.1), (3.2) and (3.3
Notes (H2), (3.1), (3.2) and (3.3)

to,
a(|¥ O x| +[¥OYO) V(X y)< V(tg +0, X(to), Y(to)) + ] Va1 (8. X(9), y(8)) ds<
to

-
@+@=a(s)for t>tg=17(s) 2
2 2 g
Thus for all >0, for all tyeR", there exists 7=7(¢)>0 and §=5(to ¢) >0 for all (%, Yo)eRY xR} ~
such that [F®X®)+] ¥®)Y®) | <& for [Foxo| +]| Foyol|<s and t=tg =z(c)

Hence the set {(X y)e Ry xR :x=0andy= 0} is ¥ - eventually stable set of the system (2.1).

Theorem 2. Assume that (H1) and (H3) of Theorem 1 holds. Moreover suppose that
(H5) Let There exists functions vevy,abek, ¢k, such that

a(| e ) x@)| + L) y®[) SV (E %, y) <b([¥ ) x@®)]| + [P E)y®|) : t, %, y) eR" xR xR}

(H6) For all keN,(xy)eRj xRy, V(5i, X(7i¢)) + A (X) +B; (), Y(7i0) + Ce (%, ) < GV (75 +0, X(z), Y(7ic)

Issue VI Version I

¢ (1) ds

)
(H7) There exists a constant 4 >0 such that [ [P(9ds<A and f ws >A
k-1 u

Then the set {(x y)e R} xR} :x=0and y:O} is ¥ - uniformly eventually stable set of the
system (2.1).

Proof: Let >0 and choose 5(€)>0, r=1(¢)>0 such that & <b ™ (g(e))) for to=7(e).

In the following, we prove that for all (Xo,yo)(XQ yo)eRﬂ xR,

Research ( F) Volume XIV

¥ 0%+ | ¥oYo| <& implies [¥(t)x®)]+] ¥®)y(t) [<e& for t=ty>z(e).

Frontier

Let to €(tma,7m) i-€. Gy, for some meN
We first prove that V(t,x,y)<¢ *(b(5)) for t, <t <y, (3.4)

Clearly V(t, o, Yo) < b([¥o%o| + ] ¥oyol) < b(8) < ¢7*(b(5))
Now for te(ty,7y) if (3.1) does not hold, then there exists t €(ty,7y) such that

V(t,x(1), y(1))> ¢~ H(b(5)) > b(8) =V (19, %, Yo)
From the continuity of V(t,x y)in (rp1,7m) and hence in (to J there is an s_Le(to j such that

Global Journal of Science

V(s x(s1).¥(s1)=¢1B(5) (3.5)
V(tx(t), y(t)> 42(b(5)): 5 <t <t o
V(tx(t),y(1))< g7 (b(5)) 1o <t<s
and also there exists an spe(tg.s) such that
V(s2,X(s2), Y($2)) = b(6) (3.6)

© 2014 Global Journals Inc. (US)
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V(t,x(t),yt))=b(s):sp <t<g
Therefore we integrate (H3) between [sz S_J

2 Vi (LX(t), ¥(t))
s WV (t,x(t), y(1)))

EECINCY <9.IJ'_. (t)ct < " (1)t <A 57)
——<[p(t)dt< | p(t)dt< :
V(s2.X(2).¥(s2)) W) 9 m1 Notes

On the other hand from the inequalities (3.5), (3.6) and condition (H7)

di< ] p(t
2

V(sLX(s)¥(2)) g _¢_1(b(5)) du _ .

V(o)) MW bs) W)

which contradicts the inequality (3.7). Therefore our assumption was wrong and hence
(3.4) holds.
From condition (H6)

V (710, X(7m), Y(7m)) =V (71, X(7m) + A (X) + By (), Y(zm) + G (X, Y)) <@V (7, X(7m), Y(7m)
<p(¢(0(5)) <b() (3.8)
Next we prove that V(t,x, y)s¢_1(b(5)) for rm<t<rma

If inequality (3.9) does not hold good, there exists /r\e(rm, Tmy) such that
V(XY > 672 (B(6))> B(8)2 V(e X(em). Y(em) [using (3.8)]
From the continuity of V(t,x,y)in (rm,7m:1) there is an rle(rm./t\) such that
V(r2.X(12). ¥(r2))= 47" (b(5))
V(tx(t), y(t))> 4 L(b(6)): <t <r (3.10)
V(tx(t), y(t))<g 7 (b(5)): r <t<n
and also there exists an rpe(ry,,1) such that
V(rz,X(rz),y(rz)): b(&) (3.11)
V(tx(t), y(t))z b(8):rp<t<n

Then we integrate the inequality (H3) in [rz rl] as done before and get contradiction.
Hence (3.9) holds.

Thus we see that v(t,x,y)<¢™(b(5)) in G123 and hence in UG, (3.12)
Also as shown in (3.8), V(zm,X(rm), Y(zm) <b(8):M=123cccccrrccrrrren (3.13)

As b(5)< ¢7(b(5)), it follows by (3.4), (3.12) and (3.13) that

V(t,x(t), y(t) <¢7 (b(5))<a(e)
therefore by condition (H5),

a([r ) x®)] +[|¥OY®)]) <V(t.xy) <a(e) for all t=tg=7(e).

© 2014 Global Journals Inc. (US)



Thus we see that |[W(t)x(®)|+]| ¥ (®)y(t) |[<e whenever |¥oxo|+|¥oYo|<s for t=tg=7(e).
Hence the set {(x y)e R} xR :x=0and y=0} is ¥ - uniformly eventually stable set of the
system (2.1).

Example
Consider the system

N X=ADXC-TO)+BOYO  t#g  X(5)=a @)+ Y(w) )
otes y = DY), t2g y(@)=r y()
Where 0<r(t) <r,xe RyeRA(t), B(t), D(t)eC(R+,R) and such that |A(t)<a,|B(t) < B.[D(t)<¥
Let us further assume that x(s)<x(t) for t—r <s<t.
Let () @ >0,8>0% >0 and a+T>y (i) 3a?+p2%<2 (i) f2+y%<a?

log(3a2 + ?)+log2
(2a+p)

Let us further define the following functions

(lV) Tk —Tk-1<—

2 2
¢(s)=(3a—;'8)s,w(s)=s, pt)=[2z+/4] . ¥(t)=Max e, abeK such that
t>tg
t2 2

t 1
t)= ,b(t)= ==(x°+y?)e0
a(t) 260 (t) = and V(t,x,y) 2(x +y‘)e

V(txy) e (XX' + yy') =e O A)xX(t—r (1) +B(t)y(t)]+ yO[D() y(®)]}
< OH(OLax(®) + AYO]+ YOIy YOI} =€ OLarx® (1) Bx(t) y(t)+ 7y (1)
<e0[ax? (1) +Ax(t) y(t)+ ay? ()] <€ O{ax® (t)+y? (t)]+ﬂ[>< (O)+y? (O

Therefore

eto(2—2a+ﬂ)[x2 (t)+y* (1)l = p(t)wz POV (%)

Thus (H3) holds. Let

Y(t)=Max et =0
t>tg

(v (0 X(O)]+|¥O YO = ae™ x(0)]+ |0 v = alle 0| (x0]+ y))

& 20 (O] +ly®D)? _e O (x +y®]* +2x0]lyw)

4e7'0 B 4 -

& 0 (x| +|y® + X0 +[yo*) _ e (xmf +yo[*)
4 2

Also b(w(®) X+ @) yO)) =b(([e”|[x0]+/e 0|y = be 0 (xv] +|y®)]|)

e 2 ((x(®)] +|y()|) Je" Qx(t)\2 +\y(t)\2)
2e™ B 2e™

Thus (H5) holds. Now
V(zi, X(z) + At (¥) + By (1Y), Y(Tk)+Ct(X Y)) V(z, X(zg ), Y(zK))

=V(r.a x(r )+ 8 y(@ ), v Y(Tk))——[(a (7 )+ By (7))? +7 Y2 (7]

© 2014 Global Journals Inc. (US)
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e 2, 2 5 s 2 5

S la @A @2 B XY@+ Y @)
o, . Co

S e @)’ Y @)ra A1 @)+ @)

gt 2 e'0 392+ 2

=7(a' +a‘ﬁ')[x2(rk)+y2(rk>1s7( ;

e, 2
=¢(7[X (ri) + Y (@)D =gV (7, X(zx), V(7))

)X (7)) + Y2 ()]

Thus (H6) holds.

Again, if we choose A=-log

2 ‘2
M> O

Tk Tk
[ |p@)|ds= | (2a+p)ds=(2a+p)(ry —7_1)
k-1 k-1

2 a2
<[-log(Ba’?+ ?)+10g2] = —log X +B"_
Also for any >0,
2u 2u
1 2. 2
¢ (1) Ba“+p7) 2., 52
[ 95 oo | d—sds:[logs]/(f"" P ):Iog%—logy
p WS u S Ba“+B7)
2 2
=log—7>——~ :—Iog(sa S )=A
Ba*+p7) 2

Thus all the conditions of Theorem 2 hold and hence the set {(x y)e R} xR :x=0and y=0}
is ¥ — uniformly eventually stable set of the system (*).

IV. CONCLUSION

In [5], no example has been given in support of the results and in example given

in [6], zero solution being equilibrium, implies Lyapunov stability and thus difference
between Lyapunov stability and Eventual stability has not been shown. But in the
example given above, the zero solution is not stable in the sense of Lyapunov as it is

not equilibrium but it is uniformly eventually stable. Moreover a weight function ¥ is
also associated with state vectors.

Thus our result shows that the system may not be stable in the sense of

Lyapunov even then it can be eventually stable.
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Global Stability of Stifiers Impact on Meme
Transmission Model
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Reem Al-Amoudi®, Salma Al-Tuwairgi® & Sarah Al-Sheikh®

Abstract- Spreaders and stiflers play a major role in the persistence or disappearance of memes. In this paper we study
the impact of stiflers on the dynamics of memes transmission. We introduce and analyze qualitatively a mathematical
model considering stiflers effect. Three equilibrium points of the model are examined: meme free equilibrium, meme
cessation equilibrium and meme existence equilibrium. The reproduction number Ro that generates new memes is
found. Local and global stability of the equilibrium points are explored. Finally, we support our results using numerical
simulations.

l. [NTRODUCTION

In recent times, spread of ideas is easily done through the use of fast tech communications. A unit of idea
transmission is defined by Dawkins [1] as meme or a unit of imitation. Style of living, eating, clothing and
thinking are some examples of memes. Individuals reaction towards memes is either acceptation or rejection.
Those who imitate certain memes and is manifested in their life style help in spreading it, they are known as
spreaders. On the other hand, those who refuse or not interested in adopting a meme are known as sti ers.
Spreaders and sti ers play a significant role in the survival or extinction of memes.

There is a similarity between the propagation of memes and the spread of rumors. Both may be seen as a
virus, that is transmitted to another individual by a certain mean. Researchers have applied epidemiological
models to study the dynamics of social systems. In particular, the dynamics of rumors spread and trans-
mission of ideas and thoughts. This was based on the fact that both biological diseases and social behavior
are a result from interactions between individuals. Daley and kendall are among the earliest researchers to
propose a rumor spread model that has some properties in common with epidemic model [2]. Also Cane [3]
showed the similarity between the deterministic forms of models for the spread of an epidemic and of a rumor.
At the beginning of this century, Thompson et al. [4] explored the dynamics of rumor spreading in chat
rooms. Bettencourt et al. [5] applied models similar to epidemiology to the spread of ideas. Kawachi [6] and
Kawachi et al. 7] proposed deterministic models for rumor transmission and explored the effects of various
contact interactions. Al-Amoudi et al. [8, 9] analyzed qualitatively constant and variable meme propagation
models. Piqueira [10] examined an equilibrium study of a rumor spreading model according to propagation
parameters and initial conditions. Huang [11] studied the rumor spreading process with denial and skepti-
cism. Wang and Wood [12] adopted an epidemiological approach to model viral meme propagation. Zhao
et al. [13, 14] proposed rumor spreading models in social networks considering the forgetting mechanism of
spreaders. Huo et al. [15] investigated the psychological effect with rumor spreading in emergency event.
Zhao and Wang [16] established a dynamic rumor model considering the medium as a subclass. Recently,
Afassinou [17] analyzed the impact of education rate on rumor final size. Finally, Zan et al. [18] examined
the dynamics or rumor spread with counterattack mechanism and self-resistance parameter.

In this paper, we investigate the impact of sti ers on the transmission of memes in a population with
constant immigration and emigration. We analyze the dynamics of the model qualitatively. The formulation
of the model and its equilibria and basic reproduction number are described in section 2. Section 3 analyzes
the stability of equilibria both locally and globally using linearization methods and Lyapunov method.
Numerical simulations are illustrated in section 4. A brief conclusion is given in Section 5.

Author o o p : Department of mathematics, King Abdulaziz university, Saudi Arabia. e-mail: saltuwairqi@kau.edu.sa
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II.  MATHEMATICAL MODEL

Let N(t) denote the total population. We assume that the population is divided into three disjoint classes of
individuals: S(t), the susceptible class, describing individuals who have not yet been exposed to a particular
meme; I(t), the spreader class, referring to individuals who have taken an active interest in the idea or concept
that a meme represents, and therefore have a tendency to talk about the meme in social interactions; Z(t),
the sti er class, meaning individuals who reject the meme and have no interest to embrace it. Sti ers may
play an in u ential role in memes cessation. We explore this assumption by introducing a new term in the
dynamical model given by [8], where we consider that susceptibles become sti ers when contacting them at
a certain rate.

The mathematical model is governed by the following nonlinear system of ordinary differential equations:

% = B-—aSI 687 — i,

% = afSI— BI* —~yIZ — ul, (1)
dz )

o = 0 =0)SI+ Bl +yIZ+087 - pZ,

where the positive parameters are defined as follows: B is the sum of the population’s birth rate and
immigration rate; p is the sum of the population’s death rate and emigration rate; « is the rate at which
susceptibles change their meme class, where o = ¢q such that c¢ is the average number of contact per unit
time and ¢ is the probability of transmitting the meme; § is the rate at which spreaders become stiflers by
contacting with each other; v is the rate at which spreaders become stiflers by contacting with stiflers; 6
is the fraction of susceptibles who become spreaders (at rate a); 1 — 6 is the fraction of susceptibles who
become stiflers (at rate «), such that 6 € (0,1]; and ¢ is the rate at which susceptibles become stiflers by
contacting with stiflers.

Note that N(t) = S(¢) + I(t) + Z(¢). It follows from system (1) that N'(¢) + uN(t) = B, which has the
solution N(t) = Nyexp(—put) + [1 — exp(—put)]|B/p, where Ny = N(0), and therefore, lim;_,o N(t) = B/ p.
Thus, the considered region for system (1) is

B
F:{(S,I,Z):S+I+Z§E,S>O,120,Z20}.

The vector field points into the interior of I on the part of its boundary when S + I + Z = B/u. Hence, T’
is positively invariant.

We find the equilibria of the model by equating to zero the right hand side of system (1):

B—aSI—6SZ —uS = 0,

afSI — BI? —yIZ —pl = 0, (2)
a(l=0)SI+BI?+~IZ +65Z —pZ = 0.
Solution to system (2) gives three equilibrium points: the meme free equilibrium Ey = (B/u,0,0); the
meme cessation equilibrium F; = (%, 0,— — %), which exists if and only if § > u?/B; and meme existence
L
equilibrium E* = (S*, I*, Z*), where B
St = =
al*+ 672+’
" abS* —~Z* —
o= 2 e R
B
g —e(l-0)STI -~ B
N 08* +~yI* —p

The basic reproduction number Ry may be calculated by the method of next generation matrix [19]. Let
X = (1,2,8)T, then system (1) may be written as: X = F(X)—V(X) where

afSI BI? +~NIZ + pl
FX)=| a(1=0)SI | , V(X)=| —BI*> —~IZ —56SZ + pZ
0 —B+aSI+65Z+ uS

© 2014 Global Journals Inc. (US)
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The Jacobian matrices of F(X) and V(X) at the meme free equilibrium point Ey, are
04050 0

0
DF(Eo)=| a(1-0)S, 0 0= [ 1(;“ 0 ,
0 0 0
W 0 0
DV (Ep)= 0 =05+ u } ,
Sy 650 850 + u S
o aOSQ
where F' = 04(1—9)50 0 :| 0 —55’04— 1 :| [O[S(] 55()] [(5504‘/14]
afB 0
2
Thus the next generation matrixis FV' ! = a(l /i 6)B . Clearly, the spectral radius of matrix
0
112

FV'lis p( FVUY) = afB/u?. So, the basic reproduction number of the system is Ro = e B/u?.

[II.  STABILITY OF THE EQUILIBRIA

3.1 Local stability
Here we investigate the local stability of Ey, E; and E*. We state the following theorems:

Theorem 1  (Local stability of Ey) If Ry < land § < u?/B, the meme free equilibrium point Eq is
locally asymptotically stable. If Ry = 1 and § < pu?/B or Rg < 1 and 6 = u?/B, Ey is locally stable. If Ry
> 1 oré > p?/B, Ey is unstable.

Proof. Linearizing system (1) (by linearization method [20]) we obtain the Jacobian matrix evaluated at
the equilibrium Fy:

—aB —0B
—u ? =
0
J(E)=1] 0 O‘T—u 0
0 a(l-6)B 6B
I It

0B
Clearly the roots of the characteristic equation are: \; = —pu < 0; Xy = u(— — 1) <0, if § < p?/B ; and
I

0B
A3 = ,u(aT —1)=pu(Ro—1) <0,if Ryg < 1. Hence, Ej is locally asymptotically stable if Ry < 1 and

§ < p?/B.If Ry =1 and § < u?/B then the eigenvalues are A\;, Ay < 0 and A3 = 0. Also if § = u?/B and
Ro < 1 then the eigenvalues are A\; < 0, Ay = 0 and A3 < 0. So, Ej is locally stable. If Rg > 1 or § > u?/B,
then the characteristic equation has a positive eigenvalue. So, Ej is unstable. m

. 0(By + 1)
Th 2 (Local stabilit Ei) Let Ry = ————<
eorem 2 (Local stability of E1) Let Ry 2(y + af)

point Ey is locally asymptotically stable. If Ry =1, Ey is locally stable. If R1 < 1, Ey is unstable.

. If Ry > 1, the meme cessation equilibrium

Proof. The Jacobian matrix at the equilibrium F; gives:

0B @
9B _an L
g 0 B(S
@
J(E1) = 0 J—V(ﬁ—g)—ﬂ 0
0B a(l—0)u B
L 5 ’Y(M 5) 0

1
The roots of the characteristic equation are: A\; = —p < 0; Ay = 5 P2 (v + af) — 8(By + p?)) < 0, if
u

1
Ri > 1; and A\3 = ——(BJ — p?) < 0. Hence, E; is locally asymptotically stable if Ry > 1. If R; = 1 then

the eigenvalues are A1, A3 < 0 and A2 = 0. So, Ej is locally stable. If Ry < 1 then the characteristic equation
has a positive eigenvalue. So, F; is unstable. =

© 2014 Global Journals Inc. (US)
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Theorem 3 (Local stability of E*) If a1 >0, ag > 0 and ajas > ag, the meme existence equilibrium E*
is locally asymptotically stable.

Proof. The Jacobian matrix at the equilibrium E* gives:

—al*—07" —p —aS* —05*
J(E*) = afI* afS* — 281" —~Z* — — I
a(l—0)I"+6Z* a(l—0)S*+20I* +~Z* yI* 465" —
This may be simplified using system (2) to be
B Ref
J(E*) = afl* —pI* —~I*
uz* Stz

a(l —O)I* +62* BI* + 5S* 44T —

I* I*

The characteristic equation about E* is A\* + a1 A% + as\ + a3 = 0, where

. B . . =

ay = BI +M+§—5S —(55, g.
as = ab(1—0)S*T* +6°S*Z* + yuZ* —v65*Z* — 6B — 6BS*I* i
,FYBI* Bp «  BBI” 2 Q* T 2

o +S’* + ubI* + o + a“0S5* I, §

az = abBduS*Z* — 5%ahS* 7% + aBsS I* + BSOS T*Z* + VBSfiZ g
S

(0]

—B6Z* — a2yS* T — aydS*I* Z* — SBAI* — a205S* T* @

Bul* 5

b S/i +a29u5’*[*. §

If a1 >0, as >0 and ajas > az, then by using Routh-Herwitz Criteria [21] all eigenvalues of J(E*) have
negative real parts. Thus, E* is locally asymptotically stable. m

3.2 Global stability

First, we explore the global stability of Fy Consider the Lyapunov function [22]:
L=1+7Z
d

L

e (—p+aS)I+ (—p+65)Z.
B

Since Eg € I then S < — and we have
1

dL B 0B
e < (—M+L)I+(—M+—)Z§Oifa3<,u2 and 0 < pu?/B.
[t 14

dL dL
It follows that i < 0if aB < p? and § < p?/B; with i 0 if and only if I = Z = 0. Hence, the

dL
only solution of system (1) in I' on which i 0 is Ey . Therefore, by LaSalle’s Invariance Principle [22],

every solution of system (1), with initial conditions in I', approaches Ey as ¢ — oo. Thus, Ey is globally
asymptotically stable and we may state the following theorem.

Theorem 4 (Global stability of Ey) If aB < p? and § < u?/B then Ey is globally asymptotically stable
m L.

Next, we examine the global stability of £ and E*. We may define the same Lyapunov function for both
equilibriums. Consider the Lyapunov function:
1
L=3[(S=-8)+U-I)+(Z- 2.
dL
E:[(S—S’*)+(I—I*)+(Z—Z*)][B—uS—,uI—uZ].
Using B = puS* + pl* + pZ*, we have

‘SORTD 0} WOTOINPOIIUI UR PUR SUI)SAS [RITRUAD ‘SUOIIRNDo [RIIUSIDP( ‘AoueAd( 'Y PUR ‘O[RWS'S ‘UOSITH M'IN [57)
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W (S-S U1+ (Z -2 <0,

Hence, E; and E* are globally stable and we may state the following theorem.

Theorem 5 (Global stability of E1and E*) The equilibrium points E1and E* are globally stable whenever
they exist.

We summarize the result of this section as follows:
o If Ry < 1and d < pu?/B, then Ej is locally asymptotically stable. If B < u? and § < pu?/B then Ey
is globally asymptotically stable.

e If Ry > 1 then F; is locally asymptotically stable. But Fj is globally stable unconditionally whenever
it exists.

o If a; >0, a3 >0 and ajay > as then E* is locally asymptotically stable. But E* is globally stable
unconditionally whenever it exists.

IV.  NUMERICAL SIMULATION

In this section, we illustrate numerical simulations of system (1) using different values of the parameters to
support our results. Four different initial values are chosen such that S+ 1+ Z < B/u :

. S(0
. S(0
. S(0
. S(0

0.3890, 1(0) =0.8540, Z(0) = 0.5360,

0.0010, 1(0) = 0.5140, Z(0)= 0.3600,

2.5485, 1(0) = 0.0540, Z(0) = 0.8675,
( (0)

0.8000, I(0) = 0.3154, Z(0) = 0.0250.

S OW N
S N N N

(a) Using the parameters: 5 = 0.05, 4 = 0.34, = 0.015,« = 0.0125,0 = 0.333, B = 2,6 = 0.05. Here
Ro = 0.0720156 < 1. We see from Fig. 1(a) that the number of susceptibles to the meme increases as a
function of time to approach the value of Sy for the four sets of initial conditions. While Fig. 1(b,c) show
that the number of spreaders and sti ers decreases as a function of time and approaches zero. Thus, for
all sets of initial conditions the solution curves tend to the meme free equilibrium Ej. Hence, system (1) is
locally asymptotically stable about Ey for the above set of parameters.

—— tiDay}

Figure 1 : Time plots of systems (1) with different initial conditions for Z,< 1 : (a) Susceptibles; (b) Spreaders;
(c) Stiflers.
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Figure 2 : Time plots of systems (1) with different initial conditions for R, R, > 1 : (a) Susceptibles; (b) Spreaders;
(c) Stiflers.

(b) Using the same initial conditions and parameters as in (a) except for: o = 0.4,6 = 0.6, = 0.535.
Here Ry = 4.15225 > 1 and Ry = 2.6425 > 1. We see from Fig. 2(a) that for the second value of parameters
the number of susceptibles increases first then it starts to decrease and all solutions approach a certain value
Sp. Fig. 2(b) shows that the number of spreaders at the beginning of the meme increases slightly, then it
starts to decrease and finally approaches the value I; = 0. Fig. 2(c) shows a different behavior for the sti ers,
they grow at first then they approach a certain value Z;. Thus, for all sets of initial conditions the solution
curves tend to the meme cessation equilibrium F;. Hence, system (1) is locally asymptotically stable about
FE; for the above set of parameters.

(c) Using the same initial conditions and parameters as in (b) except for: ¢ = 0.0035. Here Ry =
4.15225 > 1 and Ry = 0.002 < 1. We see from Fig. 3(a) that when the parameter § is very small the number
of susceptibles increases first then it starts to decrease and all solutions approach a certain value S*. Fig.
3(b) shows that the number of spreaders at the beginning of the meme decreases slightly, then it starts to
increase and finally approaches the value I*. Fig. 3(c) shows a similar behavior for the sti ers, they decrease
slightly at first then they increase to approach a certain value Z*. Thus, for all sets of initial conditions
the solution curves tend to the meme existence equilibrium E*. Hence, system (1) is locally asymptotically
stable about E* for the above set of parameters.

tiDay)
r y
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(c)

Figure 3 : Time plots of systems (1) with different initial conditions for B, > 1 and R, <1 : (a) Susceptibles; (b)

Spreaders; (c) Stiflers.

V. (CONCLUSIONS

In this paper, a nonlinear memes transmission model with sti ers effect on susceptibles in is analyzed.
Sufficient conditions have been given ensuring local and global stability of the three equilibrium points.
First, the meme free equilibrium point Ej is shown to be locally asymptotically stable whenever the basic
reproduction number Ry of the model is less than unity and when the condition § < u?/B is satisfied.
In addition, if B < p? is satisfied, then Ey becomes globally asymptotically stable and the meme will
disappear. Second, the meme cessation equilibrium point Ej, which exists only if 6 > u?/B, is shown to be
locally asymptotically stable if Ry > 1. Moreover, it is globally stable with no conditions. Thus, if F; exists

the meme will eventually end. Lastly, the meme existence equilibrium E*, if it exists, is shown to be locally
asymptotically stable if the conditions: a; > 0, ag > 0 and ajas > ag are satisfied and it is globally stable
with no conditions also. Therefore, if E* exists the meme will persists. Finally, some numerical simulations
are used to support the qualitative results. In conclusion, sti ers in uence produces a new equilibrium point
which eventually ceases the meme from spreading if the analytical conditions are satisfied.
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Abstract- We investigated certain bicomplex duals of the class of bicomplex sequences defined by Srivastava &
Srivastava [S2] and of the subclasses defined by Nigam [N1] and Wagh [W2]. Kéthe & Toeplitz duals for bicomplex

sequence spaces, defined and studied in [W3], have been extended further. Two types of duals namely o3 - dual and

B(x- dual have been defined and relations between these duals and the duals of classes defined by [S2] and

subclasses defined by [W2] have been established. Relation between these duals and the i, — conjugate of a bicomplex
number is also studied.

Keywords: bicomplex numbers, bicomplex sequences, i2 - conjugate, kothe & tdeplitz duals.
AMS Subject Classification: 46A45, 46845.
[.  INTRODUCTION

Bicomplex Numbers were introduced by Corrado Segre (1860-1924) in 1892. In
[S1], he defined an infinite set of algebras and gave the concept of multicomplex
numbers. For the sake of brevity, we confine ourselves to the bicomplex version of his
theory. The space of bicomplex numbers is the first in an infinite sequence of
multicomplex spaces. The set of bicomplex numbers is denoted by C2and is defined as
follows:

C,={X, +iX, +i,% +14i,%, X, %, , X, X, €C, } Or equivalently

CZZ{Zl+i2 ZZ:Z:L'ZZECl}

Where i,°=i,’=—1, i,i,=i,ijand C,,C,denote the space of real and complex
numbers respectively. The binary compositions of addition and scalar multiplication on
C, are defined coordinate wise and the multiplication in C, is defined term by term.
With these binary compositions, C, becomes a commutative algebra with identity.

Algebraic structure of C, differs from that of C; in many respects [P1]. Few of them,
which pertain to our work, are mentioned below:

a) Idempotent Elements
Besides 0 and 1, there are exactly two nontrivial
idempotent elements in C, defined as

er= (1+i4p)/2 e=(1-iiy) /2.

Note thate, + e, =1ande,.e,=e,e, = 0.

A bicomplex number & = Z +i,Z, has a unique idempotent representation, [S3] as
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£="¢e + %o,
where ¢ =z -i,z,, %6 = z +i,Z,.
b) Two Principal Ideals

The Principal Ideals in C,generated by € and €, are denoted by |, and I,
respectively; thus

Ilz{ée.l.:§EC2}’
l,=1{%,:£€C,}.

Since &="ég+°%e,, where '¢ and ¢ are the idempotent components of ¢&,
therefore these ideals can also be represented as

o

l,={(z-iz)8:2,2€C}=1{zq :2eC,| =
H . ] H1 _—
l,={z +i2)e,:2,2,cCf={z6:2¢C} 5
Note that I, N1, = {O} and I, Ul, =0,, the set of all singular elements of C,. §' -
c) Zero Divisors s C%;'
As we have seen, e,. e, = e,. e, = 0. Thus zero divisors exist inC,. § -

In fact, two Bicomplex are divisors of zero if and only if one of them is a complex g @

multiple of e, and the other is a complex multiple of e,. In other words, two Bicomplex 5
numbers are divisors of zero if and only if one of them is a member of I, ~ -0” and the o g:’
. ” L~
other is a member of I,~ —0". g &

d) Conjugates of a Bicomplex number ?
The I,- conjugate of a bicomplex number is defined in [P1] as follows: — -
# H 2 1 H % =
§'=z-i,2,="Cg+¢e, where ¢=7 +1,2, N
e) Norm of a Bicomplex number ,_E;
The norm in C, is defined as gL
ERcil
_ 2 2 {12 8

el = 2 +[2 2 - | =5
g
C, becomes a modified Banach algebra with respect to this norm in the sense that =
c
[&nl<y2] £] 7] =
8
) Holomorphic functions g
Let X be a domain in C,. A function f:X —C,is said to be holomorphic g
function if Va e X,3 a discus D(a;rl,rz) with r, > 0, r, > 0 and a bicomplex power series o
representation in D such that g
(€]
k 15}
f(&)=Ym(é-a) VEeD(asn,1,).

k>1 o
=
o

H(X) denotes the set of all holomorphic functions on C,.
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g) Entire Bicomplex Sequence

If (&)= Zak(é—n)k represents an entire function, the series > o is called
k>1

entire bicomplex series and the sequence {Otk} is called entire bicomplex sequence.

[I.  PRELIMINARIES
I.  The Classes B, B, B” Of Entire Bicomplex Sequences

ff :{ ik}z{ 1§ke1+2éke2}:

sup kk| 1§k |<oo, sup kk| Zék |<oo
k>1 k>1

B=

Srivastava & Srivastava [S2]| defined the above class B Every element of class B
is the sequence of coefficients of an entire function and is, therefore, an entire bicomplex
sequence.

Two subclasses of the class B have been defined in [N1],[W1] as follows:

B’ ={f f= {f&}:w&fk ‘1§k‘<oo}

B"={f f = {szez}:wgrk‘szk oo}

The elements of B' and B' ' are the sequences with members in A, and A,
respectively where A, and A, are the auxiliary space.

Note first that B’ is closed with respect to the binary compositions induced on B’
as a subset of B, owing to the consistency of idempotent representation and the
algebraic structure of bicomplex numbers.

Norm in B’ is defined as follows:
[ l-sm| | - e em

B'is a Gelfand subalgebra of B ( cf. [ N1, W1] ).
B'is an algebra ideal of B which is not a maximal ideal [W2].

a) Duals Of Sequence Spaces

There are two types of dual of a sequence space, namely Algebraic dual and
Topological dual. The set of all linear functionals, on a linear space V, with domain as
V and range as K is denoted by L(V, K) = V* and is called algebraic dual of V. If we
consider the set of all continuous linear functional, then we get topological dual denoted
by V *. From the point of view of the duality theory, the study of sequence spaces is

much more profitable. KOthe & Toeplitz were the first to recognize the problem that it
is difficult to find the topological duals of sequence spaces equipped with linear

topologies. To resolve it, they introduced a kind of dual, a — dual, in quite many
familiar and useful sequence spaces. In the same paper [K2|, they also introduced

another kind of dual namely B — dual which together with the given sequence space

forms a nice dual system. A still more general notion of a dual, y — dual was later
introduced by Garling [G1]. For symmetric sequence spaces there is another notion of a

dual, called a & — dual due to Garling [G2] and Ruckle [R1].
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[11. BicoMPLEX KOTHE — TOEPLITZ DUALS [W3]

If w’ is the family of all bicomplex sequences &=(&, ) with &, €C, , k=1, where C, is the
space of all bicomplex numbers. If A be a bicomplex sequence space, then we denote a -, 3 -, y-
, and & — duals of A respectively by 4,,4,,4, and ;.
These bicomplex duals are given as follows:

Definition II.1 o —dual : ia:{f:g ea)',znfi 77i||<oo,V77i 6/1}
- i>1

Definition II.2

S —dual : ﬂﬂz{fif ew', Zfl n,

i>1

<,V eﬁ,} Definition II.3

ié 7,

i=1
Definition I1.4
o —dual :

y—dual : /1y={§::f ew',sup

n

<oo,V77ieﬂ,}

As ={ &£ ew',Z“fi ’7p(i)H<°°'v’7i eAand pen}
izl
where 77 is the set of all permutations of N.
[V.  MAIN RESULTS

of - Dual and Ba- Duals

Due to idempotent representation of the bicomplex numbers we have 16 types of
duals, including the four types we have already defined, for bicomplex sequence Spaces.

These duals are denoted as

aa-dual, af—dual, ay - dual, a d — dual
B a—dual, BB - dual, BYy-dual, B & - dual
y a —dual, y B — dual, yy - dual, y d —dual
0a—-dual,®B —dual,dy—-dual, d® — dual

Note that a a — dual, BB —dual , yy —dual , 8 & — dual are same as a -, 3 -,
Y- , and O — duals defined above, respectively.
In particular, we give definition of ap — dual and Ba — dual of B.

Definition III.1 af — dual of class B
(nk)ew'iz‘lik l’ﬂk‘<°°,

B = k=1

Zzik an
‘v’(&k)eB

Now we show how af — dual of class B is connected with the a — dual of its first
idempotent sequence and 3 — dual of the second idempotent sequence.
Theorem III.1: A sequence (nk)belongs to aff - dual of the class B if and only if

<0,

its first idempotent sequence belongs to «- dual of the class B' and the second
idempotent sequence belongs to - dual of the class B, that is

(ﬂk)e B.s <:>(l771< e_l_)e(Bl)a and (277k eZ)E(B”)ﬂ
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Proof: We know that B’ and B” are the idempotent spaces of the class B.
Therefore every element of the class B can be written as a sum of elements from B’ and
B”.

That is

(fk ):(1§k el)+ (2§k ez)

where

(taakB g (Lol

and
and From def. III.1,

Z ng an

k>1

<00,

(nk)EBaB QZ‘l‘:k 1nk‘<°0'
V(&)=("¢c&)+(%¢ce,) B

(nk)EBaﬁQZ‘lak 1T]k‘<oo,V(1§k el)eB'

k>1

and

zzék Zﬂk

k>1

<0,9(%, &,) <B"

Hence, (7, )e B.s <:>(177k el)e(B')a and (znk %)G(B")ﬁ , from def. 4.6, 4.10.
Definition III.2 Ba — dual of class B

Zlak 1le

k>1

Z|2§k 21'1|<|<°O V(& )eB

k>1

(M )ew™: <o,

Bo

We get a similar result as theorem III.1:
Theorem II1.2: A sequence (nk)belongs to pPa - dual of the class B if and only if

its first idempotent sequence belongs to - dual of the class B' and the second
idempotent sequence belongs to « - dual of the class B'', that is

(77k )E Bs. <:>(177k el)e(B')ﬂ and (277k GZ)E(B”)a
Proof: similar as theorem III.1.
Theorem III.3: If a sequence (nk) belongs to af - dual of the class B, then the

sequence made up of i,- conjugates of these sequences will be contained in fa - dual of
B.

That is if (1, )e B,;. then (n.) e B, -

(177k €+ 277k 92)6 Baﬂ , then (277k e+ 177k %)e B,Ba
Proof: Given that (1, )e B.s
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That is, (177k €+ 277k ez) € Baﬂ

Then from def. III.1, Z‘lfk 177k‘<oo, <0,V(& )eB 0)

k>1

zzégk 277|<

k>1

As (i) holds for every sequence of B and if a sequence belongs to B then 1, —
conjugate of that sequence will also belong to the class B.

Thus (i) holds for (2£, &+, e,)

zlfk 277k

k>1

<00

That is ;‘Zék lﬂk‘«)o’

Hence from def. I11.2, (nk )# = (ziyk e+, %)e B,
Remark 1 : Converse of above statement is also true, that is, If a sequence (nk) belongs

to pPa- dual of the class B, then the sequence made up of i,- conjugates of these
sequences will be contained in af - dual of B.

That is if (lnk e +°n, ez)e B, . then (znk e+ g)e B.s

Remark 2 : From the above two remarks we can say that (1, )e B, = )e B, as iy -
conjugate is symmetric.
Remark 3 : Thus Bg, can be treated as i, - conjugate of B, .

Remark 4 : Due to the relation between convergence and absolute convergence of
complex sequences we get B,, B, and B,, B,

Remark 5 : B is not a KOthe — space, or not a perfect sequence space, since B, #B. In
fact, B,,=B,.
Theorem II1.4: ¢<=(B),=(B), =(B),<(B), (ii)

Proof: We know that the class B which is a class of bicomplex sequences, has
two subclasses B’ and B’ given by

B’ ={f  f ={1§kel}:wkpzi<k ‘1§k‘<oo}

B" ={f  f ={25ke2}:wkg<k\2§k\<oo}

Let B-A¢g, where A={(x):(x &)cB'}
and B'=Ae,, where A={(y,):(y, &)c8"
that is, A and A are complex sequence spaces and are idempotent components of the

class B. Therefore, B can be written as B=Ag+Ae,.
Define the mappings f,and f, as follows:

flzB_)Ai by fl(é:k):(xk) ’
f,=B— ALy fz(fk):(yk)

Such that (£ )=(x )& +(y,)e,. Here X, works as (lfk) and y, works as (sz).
We know that the relation (ii) holds for a sequence space in Cjand C; (Cf (K2]).
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Thus ¢gc(A),<(A), C(A&)ﬁ C(Ai)y

and gc(A,);<(A), <(A),

<\%),

=
Hence, we can say that ¢ (B), =(B), (B)ﬂc(B)y.
Remark 4.6:
¢c By B,,cByorB,, cB,cB,orB,cB,

B

ap

V. CONCLUSION

Present investigation confirmed that first idempotent sequence of the members of
is also the member of B’  and the second idempotent sequence belongs to B",.

Furthermore, i, — conjugate of B, is also associated with By,

10.

11.

12.

13.

14.
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Generalized Methods for Generating
Moments of Continuous Distribution

Oyeka ICA® & Okeh UM °

Abstract- We propose a method of obtaining the moment of some continuous bi-variate distributions with parameters
a,, f,and a,, B, in finding the nth moment of the variable X°y* (C >0,d > O)where X and Y are continuous

random variables having the joint pdf, f(xy)Here we find the so called @, (C,d) defined

n
g,(cd) = E( XY + /1) ,the nth moment of expected value of the t distribution of the cth power of X and dth

power of Y about the constant A .These moments are obtained by the use of bi-variate moment generating functions,
when they exist. The proposed J, (C, d) is illustrated with some continuous bi-variate distributions and is shown to
be easy to use even when the powers of the random variables being considered are non-negative real numbers that
need not be integers. The results obtained using g, (c,d) are the same as results obtained using other methods such

as moment generating functions when they exist.
Keywords: moment generating functions, bivariate distributions, continuous random variables, joint pdf.

l. [NTRODUCTION

The purpose of this paper is to enable the reader and researcher learn some novel
topics that may enable further studies in the areas of probability distributions and
applied statistics. The paper presents more generalized methods of estimating moments
of continuous random variables and of some continuous probability distributions
including the beta and gamma families of distributions and their properties using more
generalized methods. These moments are often tedious, cumbersome or impossible to
obtain using some of the existing traditional methods.

Now some of the traditional methods often used to estimate moments of random
variables and probability distributions are either based on the first principle definition
of expected values of random variables, the concept of factorial moments and more
generally on the theory of moment generating function. However moment generating
functions of probability distributions do not always exist, and even if they exist they
are sometimes difficult and tedious to evaluate in practical applications, especially if the
estimation of higher moments is of interest. Furthermore if the powers or order of the
random variables whose moments are to be determined are negative or fractional
instead of merely whole numbers, then the method of moment generating functions may
in general not be available.

The approach in estimation of moments of random variables and probability

distributions has often been divided into methods of moments about the ‘origin’ or zero
and moments about the mean of the distribution, an approach that is rather
unnecessary and time consuming.

In this chapter we develop and present generalized methods for generating all
conceivable moments of random variables and probability distributions about an
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arbitrarily chosen real valued constant. This approach homogenizes methods for
moments about the ‘origin’ and moments about the mean treating them in essentially

the same way. Moments about the ‘origin’ and moments about the mean are presented
as only special cases of the more generalized methods. Methods are presented for both
uni-variate and bi-variate random variables and probability distributions. Under
specified conditions the methods may be used to determine moments of reciprocals or
inverses and ratios of random variables. In the case of bi-variate distributions the
method would enable the researcher estimate all conceivable moments of marginal
probability distributions. The methods presented in this paper are available for use with
only continuous random variables and probability distributions. Similar methods may
also be developed as appropriate for discrete random variables and probability
distributions.

The generating nth moment of X about 1

Generally E(XC +1)nis interpreted as the nth moment or expected value of the

distribution of X®about some real number Awhere n and ¢ are usually non-negative
integers and Ais either 0 or —x where uis the mean of the random variable or

probability distribution.
However for the present methods while ‘n’ may still be any non-negative integer,

¢’ and Amay be any real numbers that are not necessarily integers or whole numbers.
We will here still base the generalized method on the definition of expected values of
random variables. To differentiate this method from the conventional moment
generating function(mgf) of the random variable X wusually designated by

M, (t) = E(etX), we here refer to the present method as the generalized moment
generating function (gmgf) designated by g, (c,A) (which is read as g,of ¢ about A1)

termed the nth moment of X‘about A,for n=0,12,...; —o<c<wand —o<A<w. TO
develop the method, suppose X is a continuous random variable with probability
density function (pdf), f(x)for —oo < x<o0. Now

n 1
0,(C;4) = E(X°+4) 1)
Expanding Equation 1 binomially and integrating we have

ngﬁp:E@G+1f:4?(XRhn”umdx

()" f(X)dx

%cl:iU}“” X)dx = i@}“fﬂu@m

r

SN n-r _ SN n-r !
;[r} dX—; r} :ur(C) (2)

14, (€)' = j x* £ (x)dx &)
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is the rth moment of X®about zero, or the (c,r)th moment of X about zero(Oyeka et al,
2013).

Note that g,(c;A)as defined in Equations 2 and 3 generates all conceivable

moments of the distribution of X°for all real values of ‘c’.
Properties of g,(c; 1)

Some of the properties of generalized moment generating function; g,(c;A) from
its definition include

g,(c;4) =1 (4)
0,(GA)=E(X°+4)=2+u (c) (5)

The first moment of the distribution of X‘about A,
If 2 =0, that is if the nth moment of X°is taken about the origin,zero,then

0,(c:0) = E(X° -0 = 4, (c) (6)

If A =—-u(c)" =—pthe nth moment or mean value of X®about the origin zero

9. (Ci—2) = E(X° — u)" = p,(0), (7)

the nth moment of X®about its mean u, u = 1,(C)".

Generalized moment generating functions, like the traditional moment generating
functions when they exist, uniquely determine and define probability distributions. In

particular, the moment generating function, g, (€)' of Equation 3 generates the same rth

moment of the distribution of X®about zero as would the corresponding traditional or
regular moment generating function M, (t) when it exists. The later however is often
more difficult to obtain and evaluate in practical applications.

Under specified conditions as illustrated later g, (C;4)may be used to obtain all
possible moments of the distribution of X°,where ‘c’ is some non-positive real number

thereby enabling one obtain moments of random variables with negative and fractional
values.

Note that the above properties of g,(C;A)are quite consistent with existing

theories of probability distributions. For example as can be seen from 4 the sum of all
probability values over its range of definition is always 1.0.Equation 5 in particular also
conforms with the known fact that first moments of distributions about then mean,

A=—-p(c)" is always zero. If in Equation 7, we let n=2,that is if the second moment of

a distribution is taken about its mean, the resulting value is the variance of that
distribution.

As noted above, generalized moment generating function g,(C;A) may be used to
obtain all conceivable moments of a continuous distribution. For example the variance,
third and fourth moments of the distribution of Y = X°are obtained from Equation 2 by
setting A =—g4 ()’ = —p where g is the mean of X°.Thus

4, (C) = 9, (c;—p), (8)
the variance of X°
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15 (€) = g;(c;—p), 9)
The third moment of X°about its mean; and
#,(C) = 9,(C;— 1), 10)

The fourth moment of the distribution of X®about its mean. Hence the Skewness
Sk(c) and Kurtosis, Ku(c) of the distribution of X°are obtained as respectively

K(c) = Ha (C)y _ g5 (C; _ﬂ)y (11)
(1, (€)) 2 (9,(c;—p))?

And

/14(0)2 _ 93(Ci—ﬂ)2 12)
(1,(€))"  (92(C;—41))

We now illustrate the use of g, (C;A) with some examples.

Ku(c) =

Example 1

Suppose the random variable X has the probability density function
(pdf),f(x)=2x,0ixj1.Interest is to find an expression for the estimation of all conceivable
moments of the random variable Y=X. Note that conventionally the mean and variance

2 1
of Y=Xis by definition. u= 4 = 3 and ¢° = m
Now to develop a more generalized expression for obtaining these moments and

more, we have from Equation 2 that

9,(C—4) = i[nji”r i,whereyr (c) = 2 i

| r [+2 CT+2 r+2

Since in the present example c=1.
The first moment (n=1) of Y=X about A is from the above expression
A+2 2

A+—
1+2 3

g, (1; ﬁ) =

If now A=0,theng,(30) = 0+§ = % = =pu the mean of Y=X as earlier obtained.

Hence if A= —%then as expected 0, (1;—%) = 0. If now we set n=2,that is if interest is in

determining the second moment of Y=X about A we have

92(1,—/1) 212 +2&.g+g:lz +%+£_
3 4 3 2

Ifwenowlet A=—-p () =-u= —%, then we would have that

2
(—gj +i(—g)+l =£—§+l =i = o, the variance of Y=X as obtained earlier. If we
3 3.3/, 2 9 9 2 1 8
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1 1
had chosen c= E' that is if interest is in determining the moments of Y = X2 about A 1is

2

1
954 =4+7
—+2
2
4

1
It A=—u(2) =—pu=—-—theng,(=;-
/11(2) H 91(2

5
Notes 1

The second moment of Y =

4

1
/1:— —’:— :——,
ul(z) 7

5

3 3 25

N B N AR
gz(Ea ,u)—gz(zi 5) ( 5) "’2( 5](5)"'

1

the distribution of Y =

corresponding moment generating
(€ -1) 1+te ¢
My () =M () = E ). 2

with respect to t, the resulting derivative do not exist at t=0.Hence the method of
moment generating function cannot possible be used to obtain the moments of the
distribution of the random variable Y=X and other similarly specified distributions.

Example 2.Beta family of Distributions

Suppose interest is in finding the gmgf of the distribution of the random variable
Y = X¢,where X has the beta distribution with parameters « and £ and pdf ,f(x) given

as

r x)’H
Jgp "

f(X) =

To obtain the required gmgf we have from Equation 3 that

g )2
AP

g

1, (C)

Or

Jatp o +a

1, () =

ﬁ r+a+ﬂ

=/”L+£so that if 4 =0, then, gl(%;O) =%.

4

)

X2 about Ais gz(%;/i):

2 2 16 50-48

75

A%+ 2/1(£) +3.
5 3

2
=—=0

75

X2 as obtained using the traditional method. If the researcher had

wanted to estimate these moments using moment generating function we would have that the
function

for

, which is fairly cumbersome even if differential

,0<x<La>0,>0.

J' xo a1 (1 X)ﬁ -1 dx

Hence, if
)
=
-

2 -

, the variance of

Y=X is

Frontier Research ( F) Volume XIV Issue VI Version I
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(13)

Hence from Equation 2,we have that the gmgf of the beta family of distributions

represented by the random variable Y = Xis

gn(C:i)=Zn:(rJ/1”rWﬂ Jor +a

T r+a+ﬂ

(14)
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All desired moments of the beta family of distributions may be obtained using
Equation 14.For instance, the first moment of X° about A is

Jarp Joa

g, (cA)=A+u(c) = .
1 T Jorvasp
If ¢c=1 that is if interest is in the first moment or mean of Y=X then we have

QLA =1+—2
o +

sothat if A =0thatisif the moment istaken about zero,

then g,(10) = 4, (1) = ——— =4,
a+pf

The mean of the beta distribution:If n=2 and c¢=1 then

a(a+1)

(04
a+ﬂ}+(a+ﬂ)(a+ﬂ+l)

Henceif A =—u (C)' = —u = ——— then we have
o+

% |_[__«@ 2+2 _«a a |, a(a+1)
o ‘a+B) \ a+p a+BN\a+B) (a+pB)la+B+1)
B a(a+1) _( a T _ a.p _ 5
C(a+B)a+p+1) \a+B) (a+B)(a+B+1)
Which is the variance of the beta distribution. Other moments such as the

skewness and kurtosis (Equation 11 and 12) of the various forms of the beta family of
distributions can be similarly obtained. This is left as an exercise for the reader. If in

Equation 14 we set a = f =1then we obtain the gmgf of the uniform distribution in a
generalized form as

n cr+1 oo
gn(c;ﬂ)zz(n L Z(n]‘(; (15)

r—o \ I W+2 r—o\ I cr +1)

Note that the moments of the beta family of distributions which are easily
obtained using the present method namely g,(C;A),cannot possibly be obtained using

the method of moment generating function because the usual or traditional moment
generating function do not exist for the better family of distributions.

g, A) = A +2/1(

Example 3. The Gamma family of distributions
Suppose the random variable X has the gamma distribution with parameters

a and g and pdff(x) given as

X‘H.efﬁ;xzo;a>0;ﬂ>0.

1
f(x)=
B e
Interest is in determining the gmgf of the random variable Y = X®where X has
the gamma distribution.To do this we have from Equation 3 that

© 2014 Global Journals Inc. (US)
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X
1e B dx = —— J' Xcr+a—1 ﬁ dx

1, (C) = ﬁ [ xxte’. T

X
Letting V = E, integrating and simplifying we have that

( ), chr Cr +o
#(Q) = 7 ——
o

Hence using Equation 16 in Equation 2 yields the gmgf of the gamma family of

(16)

distributions represented by the random variable Y = X°,as

gn(c;ﬁ,),—z(rjﬂr T;a (17)

As usual all conceivable moments of the gamma family of distributions are

<+
o
N
<
o
2

obtained using Equation 17.For example the variance of Y = X°is

C+a.ff ﬁ +a.f*

0y )
g,(c;A),= 1" +24. ﬁ + ﬁ

g, LA),= A%+ 2A.aB + a(a +1).5

Hence if 4 =—-y=-aff where y = aff is the mean of the usual gamma distribution,

then g,(LapB) = (—apf)’ +2(-apf)(af) + al(a +1).f° = aff? = 6°,the variance of the usual
gamma distribution. Note that the third moment of the gamma family of distributions
about A1is obtained from Equation 9 as

3 2 T+a 20%4'05 §+a
g,(nA) = A" +34°.5°. ﬁ +31.8 ﬁ + g —ﬁ

If in particular c=1and 1 =-a.f wherea.fis the mean of the gamma
distribution, then we have that

0;Lap) = (—aﬂ)3 +3(—aﬁ)2 .(aﬂ)+3(—aﬂ)a(a +1).ﬂ2 + a(a +1)(a + 2).,83 =2«

Hence the Skewness of the beta distribution is easily obtained using Equation 11 as

. (1— 2a3° 2
(L=ap) 205" 2 -

0,(L-aB): (af?) a

Similarly the fourth moment of the beta distribution about its mean is

Issue VI Version I

If c=1 then
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0, Lap) =(-ap)’ +4(-ap) (af)+6(-ap) a(a+1).5 +
4(-af)a(a+l)(a+2).f +a(a+l)(a+2)(ap) B =6ap’

Hence the corresponding Kurtosis is

Ku(t: —op) = S &ah) 6’ _ 6

(9,Lep)”  (ap?) @

Setting o =1 in Equation 17 gives the gmgf of all forms of the exponential distribution

g,(n4) =Z( Ji”f A Jer +1 Z[ jz”f cr).Jer (18)

Similarly setting ,B=2anda=gwhere k=1,2,...gives the gmgf of the chi-square

distribution with k degrees of freedom as

n Cr
g,(cA) = Z(?j A .2°f.%+l2( (19)
2

Now as noted earlier gmgf s’ can be used to obtain moments of powers of
random variables with negative indeces.This is possible for example with the gamma

distribution if in Equation 17, cr + « >0;that is if the real number c¢ is such that

'c'> i,for r=1,2,.. and some specified value of & > 0.For example if in Equation 19,we
r

choose 'C'=—g and k =10, and interest is in determining all possible moments of the

3
random variable Y =X 2 where X has the chi-square distribution with 10 degree of

freedom. Then it is possible to generate moments up to the third moment of this
3

random variable. Specifically the possible moments of Y =X 2, are obtained from
Equation 19 as

_§+5 7 _>
3 3/ 92 STZZ
gl(——;i):/1+22—=/1+22 =A+——-
2 ﬁ 24

Hence setting A =0we have that the mean of the random variable Y = X_E,Where X

5T22 5)2r

64 256

has the chi-square distribution with degrees of freedom is y =

3
If n=2 the the variance of Y = X 2, is obtained from the expression
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gz(—g;i):/12+2/1 5%22 +2’ar A +24 Tzz z _5T22 i

+— so that setting A = ives
64 5 2 A== 56 '
3\ 3\2
5)72 2 -5 22 5 22 3 5)72 2
gz(-ﬁ;-ﬂ - T +2 T T AN T :i-Mzooos 0.002 = 0.003
2 64 %1 | e 192 32768

Notes

Although the usual or traditional moment generating function about the origin
or zero and about the mean aff of the gamma family of distributions namely

M(t) =1~ At)" and M (t;zp) =" (L- pt)

Respectively exist they are often relatively difficult to differentiate in practical
applications and evaluate the required moments. Furthermore these moments cannot

possibly be used if ‘c’ is not a whole number.

Example 4: The Normal Distribution
To obtain the gmgf of the random variable Y = X°where X has the normal
distribution with parameters x and o with pdf,f(x) given by

f(X) :12e(”ﬁj | —00 < X<oo;—oo<y<oo;02 > 0.
T

We have from Equation 3 that the rth moment of X°about the origin or zero is

u (c) = #J‘w X7 .e_(:féjz dx
r O'Z\/E o

2
Now letting 'V' [ \/_] ,solving for x, expanding binomially and simplifying gives
o

,Ur (C)r:izr((;r}Jcr —t \/7'[ V2 2 —VdV

Or

)t 1
S
cr T 2 2
,Llr (C)I _ Z_ ((il‘ }Jcrt (20.2 )2 T (20)

For t=0,2,4;etc,that is for all even numbers. Hence the gmgf of the normal
distribution represented by the random variable Y =X° where X is normally

distributed with mean x and variance o’is from Equation 2
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(21)

n(n afcr fm o\ )2 2
-0 30

t
For all even numbers t,that is for t=0,2,3.That is provided we set (20‘2)2 =0 for

T

2
all odd values of t. Since with V :X_—ﬂ we have that 1 J: VteVZdV =0 for all odd

o N 27
values of t, that is for t=1,3,5...as may be easily verified. As with other gmgfs
Equation21 may be used to generate all conceivable moments of all forms of the normal

distribution represented by the random variable Y = X° for all real valued numbers ‘¢’
provided g, (c)' is evaluated for all even values of ‘s’that is for all s=0,2,4,...etc.

For example the fourth moment of the random variable Y = X®about A where X has the
normal distribution with parameters x and o is from Equation 21 with ‘c’=1

0L2) = A 1B (40 44 30 a0 +3°)

If the moment is now taken about the mean, that is if we set 4 =—u we obtain
the fourth moment of the normal distribution about its mean u as

0,G-p)=p* -4u +6u" +6u°c° —4u* -1 p’o? +u' +6u°c’ +30" = 30"
Hence from Equation 12 we obtain the Kurtosis of the normal distributions

qun =B _ 307

(94 & —ﬂ))z (62)

These results are relatively much more difficult to obtain using the usual
conventional moment generating function of the normal distribution. Thus even if one
uses the moment generating function of the normal distribution about its mean u

1
namely €?c°t?, differentiation and evaluation of this function at t=0 up to four times is

clearly tedious and cumbersome. The generalized moment generating functions (gmgf)
of some other continuous probability distributions are similarly obtained using Equation
2.The results are summarized in Table 1 below.

- = 3,exp ected.

Table 1 : Generalized Moment Generating Functions (gmgf) of Some Continuous
probability Distributions

S/No Distribution

Gmgf g, (C; A)

1 Beta(B(a;ﬁ)) Zn:(n e 5a+ﬂ.E+a
r 'Wﬁjtowﬁ

2 Uniform
(,B(l,l)) z(nJin—r W"‘l

o\l cr +2

Mgf about mean () ( M5 g )

r=0
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" (cap) (M) L e 1)
e o
4 Exponential n _pt -1
(G(ap)) Z[?ji”‘rﬁ“ cr.+1 e”.(1-pt)
r=1
5 S k
(zr(are()j " (1 cr.+I2< e"‘.(l—2t)tg
_’2 ﬂn—rzcr
2 Z[rj 3
2

Relationship between Generalized moment Generating Function and Factorial Moment

generating Function about A
The factorial moment generating function of the random variable X is usually

defined as F, (t) = Et* for some positive real value ‘t’. This expression is however only

able to provide estimates of the moments of the distribution of the random variable X
about zero or the origin. But just as is the case with generalized moment generating
functions, a generalized approach to factorial moment generating functions would be
more instructive and helpful in obtaining these moments about any desired real

number, such as Aas used above. This would enable easier and quicker calculation of
higher and more complicated moments of the distribution of the random variable X.
Thus, specifically suppose interest is in finding a generalized factorial moment

generating function of the random variable Y = X®about an arbitrary chosen real

number A which is not necessarily zero or the mean of X°®,where ‘c’ is any real number.
Furthermore suppose that X is for the present purposes a continuous random variable
with probability density function, f(x),for —oo < X <o.Then the generalized factorial

moment generating function for X “about 1 is given by
Fe(eti2) = B = [0 o @
Now Equation 22 can be alternatively expressed as
Fe (Gt A) = [t (k= j i f(x)dx -
where p = xX° + A.
= (lint)" % v & (lint) & (nY %
Fe(atia)=2 ~— [(r+2) =>—~ r AT XL (%)
o 0 el

That is

i

o
)

-

I

Fy (c,t;/l):im y (?Jﬂ“ryr (c)' (24)
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Hence the nth factorial moment of the distribution of X®about Ais the
(lint)"
n!
Equation, that is of F, (C,t;/i)with respect to t, evaluated at t=1.The result is seen to

coefficient of in the series expansion of Equation 23 or the nth derivative of this

actually be the same as the generalized moment generating function, g,(c;A)of the

distribution of the random variable X®about Aas already obtained above (Equation
2). Thus with the present approach, generalized moment generating functions are
essentially the same yielding the same results, and need not be treated as different
concepts.

II.  SUMMARY AND CONCLUSION

We have presented in this paper method of obtaining the moment of some
continuous bi-variate distributions with parameters ¢, £ and «,, £, in finding the nth

moment of the wvariable chd (CZO,d 20) where X and Y are continuous random
variables having the joint pdf, f(x,y).The proposed methods were the so called

g,(c,d) defined g,(c,d) = E(XCYd +/1)n ,the nth moment of expected value of the t

distribution of the cth power of X and dth power of Y about the constant A.These
moments are obtained by the use of bi-variate moment generating functions, when they
exist. The proposed g,(c,d) exists for all continuous probability distributions unlike
some of its competitors such as factorial moments of moment generating function which
do not always exist. The results obtained using g@,(c,d) are the same as results
obtained using such other methods as moment generating functions of available. The
proposed method is available and easy to use without the need for any modifications
even when the powers of the random variable being considered are non-negative real
numbers that do not need to be integers. The results obtained using g,(c,d) are the

same as results obtained using other methods such as moment generating functions
when they exist.
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[.  INTRODUCTION

In this paper we study some properties of mz-compact spaces and mz-Lindelof
spaces. Modifications of results about countably z-compact spaces [1] are proved. We relate
mz-compact spaces to pseudocompact spaces (Theorem III b). Then we give some
characterizations of mz-compact spaces. The collection of real valued continuous functions
on a topological space X forms a ring denoted by C(X) [2]. Characterizations of mz-
compact spaces in terms of z-filter bases and z-ideals are given. No separation property is
assumed unless otherwise is stated. Fordefinitions and notations not stated here see [2].

[I.  PRELIMINARIES

a) Definition

A space X is called m-compact if every open cover of X of cardinality at most m,
has a finite subcover. Recall that acozero set in a space X = (X, r)isanf —IR . {0}] with a
continuous function £+ X— R. Cozero sets constitute a base of a topology yronX. (X 7)is said to
be mz-compact, ( mz-Lindelof ) if X = (X z7) is m-compact (m-Lindelof). Filters and z-ideals
here are modifications of their respective definitions [2] by taking z-closed set (closed in zX)
instead of zero-set.
b) Definition

A multifunction « of a space X into a space Y'is a set valued function on X into ¥ such
thata (x) = @ for every xe X. The class of all multifunctions on X into Y is denoted by m
(X, V).
c) Definition

A multifunction on X into Y'is called closed graph if its graph G(a) = (x)) e XX Y:
yea(x)is closed in X XY,

[T1. SOME PROPERTIES OF MZ -COMPACT SPACES

We call a filter on X of cardinality at most m by m-filter. By mz-filter we mean a filter
of z-closed sets, of cardinality at most m. The proof of the following theorem is straight
forward.

a) Theorem
The following statements about a space X are equivalent.

Author: Irbid National University. e-mail: atairaqi@yahoo.com
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X is mz-compact.

Every family of subsets of X of cardinality at most m each is an intersection of zero sets,
with the finite intersection property has a non empty intersection.

Every mzfilter on X is fixed.

Every mz-ideal in ((X) is fixed.
zX is m-compact.

b)  Theorem
Every mz-compact space is pseudo compact.
c) BEampke (3], [4])

Let N be the set of positive integers. Topologize /V by taking a subbase the
collection={Ux(?) : & +np € N, p prime ,b is not divisible by p} This space is a Thcountably z-
compact Lindel of space which is not countably compact. For m =y, in this example the
space /Vis mz-compact but not m- compact.

N —

Rl

V. A CHARACTERIZATION OF MZ -COMPACTNESS IN TERMS OF MULTIFUNCTIONS

A space X is said to be of character m if every point of X has a local base of
cardinality at most m. We give here a characterization of mz-compact space X in terms
of multifunctions. Equivalently a characterization of m-compactness of zX. It is to be
noted that a space is m-compact if every family of closed sets with cardinality at most
m, satisfying the finite intersection property has a non-empty intersection. We shall use
this fact in the proof of the second part of the following theorem.

a) Theorem
A space X is mz-compact if for every space Y with character m and closed graph

multifunction a € m(zX, Y'), the image of every closed set in zX'is closed in Y.

Proof
Let X be m-compact space, Y be a space of character m, o es(3X Y) with closed graph.
Let A be closed in zX and y € Y — a(K).

Let {B:4 €A} be a local base of cardinality at most m at y.
For each x € K there exist open set 1/,.in zX and B) in Y such that
(%) € Vx XBy
and (I X B) N G(a) = .

For each A €A, let
Wi=U{lyixeK(x)) € VX By}
Then {IV,} is an open cover of K of cardinality at most m. So, it has a finite
subcover {W;:i=12...,n}
Now, let W=E{Bli:i=1, 2, ..., n} .Then Wis open in Y'with y € I"and W N(K) = D:
So,o(K) is closed n Y.

To prove the converse, let {K):4 €A} be a family of closed sets in zX of cardinality at
most m, with the finite intersection property, let yg zX. Topologize X U {j0} by taking open
sets all subsets of zX and sets containing joUA(Ky) for somel €A. Obviously, XU {jo} has

character m. Letf be the closure of the identity function of zX. Then £ has a closed graph and so,
by hypothesis, it maps closed sets in zX onto closed subsets in Y.

© 2014 Global Journals Inc. (US)
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So,AK)) is closed in zX'U {31}, for everyAd eA. So, y, €A K}) for every A eA.
Hence { K :A €A} has a non-empty intersection.
Therefore, zX is m-compact.

V. MZ-LINDEL OF SPACE
a Definition
A space X is a P(m)-space if every intersection of at most m open sets in X is
open.
The following result about mz-Lindelof space can be proved by the same
technique of Theorems IV b.

b) Theorem
A space X is mz-Lindelof if for every P(m)-space Y and z-closed graph multi-

functiona € m(X, Y') the image of every z-closed set in Xis closed in Y.
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Abstract-This paper proposes and presents a method that would enable the use of dummy variable multiple regression
techniques for the analysis of sample data appropriate for analysis with the traditional two factor analysis of variance
techniques with one, equal and unequal replications per treatment combination and with interaction.

The proposed method, applying the extra sum of squares principle develops F ratio-test statistics for testing

the significance of factor and interaction effects in analysis of variance models. The method also shows how using the
extra sum of squares principle to build more parsimonious explanatory models for dependent or criterion variables of
interest.

In addition, unlike the traditional approach with analysis of variance models the proposed method easily
enables the simultaneous estimation of total or absolute and the so-called direct and indirect effects of independent or
explanatory variables on given criterion variables. The proposed methods are illustrated with some sample data and
shown to yield essentially the same results as would the two factor analysis of variance techniques when the later
methods are equally applicable.

Keywords: dummy variable regression, Analysis of variance, degrees of freedom, treatment, regression
coefficient.

I. [NTRODUCTION

Analysis of variance and regression analysis whether single-factor or multi-factor,
sometimes both in theory and applications have often been treated and presented as
rather different concepts by various authors. In fact only limited attempts seem to have
been made to present analysis of variance as a regression problem (Draper and Smith,
1966; Neter and Wasserman, 1974).

Nonetheless analysis of variance and regression analysis are actually similar
concepts, especially when analysis of variance is presented from the perspective of
dummy variable regression models. This is the focus of the present paper, which
attempts to develop a method to use dummy variable multiple regression models and

apply the “extra sum of squares principle” in the analysis of two-factor analysis of
variance models with unequal replications per treatment combination as a multiple
regression problem.

[I. THE PROPOSED METHOD

Regression techniques can be used for the analysis of data appropriate for two

factor or two —way analysis of variance with replications and possible interactions. This
approach is a more efficient method than the method of unweighted means discussed in
Oyeka et al (2012).
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In a two factor analysis of variance involving factors A and B with interactions
between these two factors, as discussed in Oyeka (2013), the resulting model is

Vij =H+a + B + A4 +€ (1)

|th

Where Y, is the i™ observation or response at the level of factor A and

j™ level of factor B; u is the grand or overall mean, «,is the effect of the 1™ level of
factor A, B;is the effect of the j™ level of factor B; 4;is the interaction effect between
the 1™ level of factor A and ™ level of factor B;g; are independent and normally

distributed error terms with constant variance, for 1=12.nij,1=12..a, the ‘a’ levels

of factor A; j=12..b, the ‘b’ levels of factor B, subject to the constraints

a

Z“i :Zb:ﬂj =24 :Zb‘/lu =0 (2)

a
1=1 =1 =1 =

a b
Let n= ZZ n; be the total sample size or observations for use in the analysis.
=L j=1

To obtain a dummy variable regression model of 1s and 0Os equivalent to
equation 1 and also subject to the constraints imposed on the parameters by equation 2,
we would as usual use for each factor one dummy variable of 1s and Os less than the
number of levels, classes, or categories that factor has (Boyle 1974). Similarly the
interaction effects will be factored in by taking the cross-products of the set of dummy
variables representing one of the factors with the set of dummy variables representing

the other factor. Thus factor A with ‘a’ levels will be represented by a-1 dummy

variables of 1s and 0Os, factor B with ‘b’ levels will be represented by b-1 dummy
variables of 1s and Os and the factors A by B interaction effects will be represented by
(a-1)(b-1)dummy variables of 1s and O0s.Specifically to obtain the required dummy
variables for factors A and B. we may define

&)

« {lif thei ™ observation or response, y;; isat thel™ level of factor A
iA =

0, otherwise
for i=12.n;l=12..a-1,forallj=12..b
For factor B define

(4)

y _{lif thei "observation or response, y,; isat the J" level of factor B
ij;B

0, otherwise
for i=1,2 My =120 —1,foralll=12..a

Using these specifications we have that the dummy variable multiple regression
model equivalent to the two factor analysis of variance model of equation 1 is

yilj =ﬁ0 +ﬂl;A'Xil;A + IBZ;A.XiZ;A oot IBa—l;A'Xia—l;A + ﬂl;B'Xil;B +ﬂ2;B'Xi2;B oot le—l;B'Xib—l;B—l—ﬁl; l 'Xil ;I l

+ By L Xigs | 4+ ﬂ(a—l)(b—l) | Xi(a-1)(b-1)? I +e,

OR when more compactly expressed
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(a-1(b-1)

Yij = ﬁo"‘ZIBlA |IA+ZﬂJBX|JB+ Zﬁkl X s |+ € (5)

Where the Bsare partial regression coefficients and g, are independent and

normally distributed error terms with constant variance with E(e; j} = 0.
The expected value of y,, of Equation (5) is

l b-1 (a-1)(b-1)
E(y”i ):ﬁo * Z'BI:A'XM;A + Zﬂj;B-Xij;B + Zﬂk;l'xik; | (6)
1=1 j=1 1

Note that the interaction terms may be more completely represented as

|kI _XllAX _X|I X|J’and ﬁkl :ﬂij: AB:ﬂlj

Forl=12.a—-1:j=12,..b -1
Hence Equation 6 may alternatively be expressed as

(a-1)(b-1)

E(ym) ﬂO+ZIBlA IIA+ZﬂJB IJB+ZZ'BU Xip X (7)

=1 j=1
Now the mean value or mean response in the language of analysis of variance at
the 1" level factor A and j" level of factor B is obtained by setting Xi:a = X;. =1the

I"™and x;; = 0 for all ‘g’not equal to |J in Equation (7) to obtain

E(vy;) =y = Bo + By + Bj.5 + By; (®)

Forl=12,.a—-1;j=12,..b—1
Similarly the mean response or mean of the criterion variable at the [ level of
factor A is obtained by setting ¥*it;A=1 and all other Xi=0 (9#1) while the mean
response at the j™ level of factor B is obtained by setting %ijiB =1 4nq all other
Xigs =0 (g#j) in Equation (6) giving
Bj = Bo+ frzAsand pj = o + Bj:B (9)

Fori=12,.a-1;j=12,..b -1
These are the same results that are obtained using conventional two factor
analysis of variance methods. The partial regression parameter fi: A is as usual

interpreted as the change in the dependent variable ‘Y’ percent change in the 1" level
of factor A compared with all its other levels holding the levels of all other independent

variables in the model constant; i : B is similarly interpreted. The interaction effect A
is interpreted as the dependent variable Y per unit change at the ™ level of factor A

¢j"level of the change at the It level of factor B confounded by or in the presence of

the effect of the J™ level of factor B (1" level of factor A).
Now Equation 5 can be more compactly expressed in matrix form as

y=Xp+e (10)
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Where y is an nx1 column vector of response outcomes or values of the

criterion or dependent variable; X is an nxr design matrix of 1s and 0s; f is an rxl
column vector of partial regression parameters and € is an nx1 column vector of

normally distributed error terms with constant variance with E(§)= 0 ,where r=ab-1

representing the number of dummy variables of 1s and Os in the model.
The corresponding expected value of the criterion variable equivalent to Equation (6) is

Ey)= X (12)

Note that use of Equations 3-5 or 10 makes it unnecessary, at least for the fixed
effects model of primary interest here, to treat one observation per cell, equal and
unequal observations per cell in two factor analysis of variance problems differently.
The same dummy variable regression models can be used in all these cases except that
in the case of one observation per cell where it is not possible to calculate the error sum
of squares and hence the corresponding error mean square, the interaction mean square
is instead used in all tests.

Use of the usual least squares methods with either Equations (5) or (10) yields
unbiased estimates of the partial regression parameters which again expressed in matrix
form is

f=b=(X'X)"X"y (12)

Where (X'X)™ is the matrix inverse of the non singular variance-covariance

matrix X' X .
The resulting estimated or fitted value of the response or dependent variable is

y=Xb (13)

In the conventional two factor analysis of variance a null hypothesis that is
usually of interest first is that treatment means are equal for all treatment
combinations. In the dummy variable regression approach an equivalent null hypothesis
would be that the specified model that is either Equations (5) or (10) fits. This null
hypothesis when expressed in terms of the regression parameters would be

H,:B=0versusH,:f+0 (14)

This null hypothesis is tested using the usual F,, presented in the familiar

analysis of variance table where the required sums of squares are obtained as follows:-
The total sum of squares is as usual calculated as

SSipw = SSiq = Y'Y — 1Y’ (15)

Which has the chi-square distribution with n-1degrees of freedom where Yis

the mean of the criterion or dependent variable. The sum of squares regression or the
so-called treatment sum of squares in analysis of variance parlance is

SSR=SST =b' X'y - ny? (16)

Which has the chi-square distribution with r = ab—1degrees of freedom. Similarly the
error sum of squares is
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SSE =SSy - SR=y'y-b'X'y (17)

With (n-1)-( ab-1) =n-abdegrees of freedom.
These results may be summarized in an analysis of variance Table (Table 1)

Table 1: Analysis of variance table for regression model of Equation (10)

Source of Sum of Squares (SS) Degrees of Mean sum of F-Ratio
Variation Freedom (DF) Squares (MS)
Regression _ _hX'v_nv2 ab-1 55R M5R
(reameny | SSR=SST=b'Xy=ny MSR=a. b — 1 F=MSE
Error SE=yy-bX'y n-ab S5E
- - MSE=n — . b
Tore S =Y y-Ny’ n-1

The null hypothesis of Equation 4 is rejected at the & level of significance if the
calculated F —ratioof Table 1 is such that

F>F_ n—ab (18)

a;a.b-11
Otherwise the null hypothesis is accepted.

If the model fits, that is if the null hypothesis of Equation (14) is rejected, in
which case not all the regression parameters are equal to zero, then one can proceed to
test other null hypothesis concerning factors A and B level effects as well as factors A
by B interaction effects. Thus additional null hypothesis that may be tested are that
factor A has no effects on the criterion variable; factor B has no effects on the criterion
variable; and that there are no factors A by B interaction effects. Stated notation ally
the null hypotheses are

Hon: B, =0 Versus Hy, : f, #0 (19)
Hos : B, =0 Versus Hyg 1 §_#0 (20)
Hopg 1B, =0 Versus Hypg i, #0 (21)

To test these hypotheses one needs to calculate the contribution of each factor
separately to the treatment or regression sum of squares. The treatment or regression
sum of squares SST in analysis of variance parlance which is the regression sum of

squares SSR in regression models distributed as chi-square with a.b—1 degrees of
freedom is made up of three sums of squares each having the chi-square distribution,

namely the sum of squares due to row or factor A, SSA with @ =1 degrees of freedom,

the sum of squares due to column or factor B, SSB with 2 =1 degrees of freedom, and
the row by column of factors A by B interaction sum of squares, SSAB with

(@ —1)(b —1) degrees of freedom. Thus notationally we have that
SST = SSR=SSA+ SB + SSAB (22)

To obtain these sums of squares we note that the design matrix X of Equation
(10) with @2 =1 dummy variables 0s and 1s because of 0s and 1s of dummy variables

of 1s and Os can be partitioned into three sub matrices namely an nx (a-21)matrix X,

of @=1 dummy variables representing the (a — 1).included levels of factor A, the
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nx(b—l)matrix Xg comprising b—1 dummy variables of 1s and 0Os representing the

b-lincluded levels of factor B; and the nx(a-1)fb-1)matrix X,zof (a-1fb-1)
dummy variable of 1s and 0Os representing interaction between factors A and B .

The (ab-1)x1column vector of estimated partial regression coefficients b can be
similarly partitioned into the corresponding (a—l)xlcolumn vector b ,of effects due to
factor A; the (b—1)xlcolumn vector of bgof effects due to factor B and the
(a—1)b—1)x1column vector b,, of effects due to factors A by B interaction. Now the

sum of squares b".X".y of Equation (16) may hence equivalently be expressed as

N
D'XIX:(X-Q)I-X:((XA Xg Xag) bg )X
bAB
OR
DX'y=b', X 0y + b X gy + 0. X 5.y (23)

The sum of squares regression or the treatment sum of squares, SSR= SST of the
full model of Equation 10 is

SR=b.X'y-ny?= (DIA'XIA'X_ ny?)+ (D'B-X'B-X— ny?)+ (D'AB-X'AB-X— ny?)+2ny?  (24)
SSR(SST) = SA +SB + SSAB + mean
(adjustment factor )

Now to find the required sums of squares after fitting the full regression model of
Equation (10) one then proceeds to fit, that is regress the dependent variable y

separately as reduced models on X, X and X ,; to obtain using the usual least square
methods, the three terms of Equation (20) or (24). Now the sums of squares and the
corresponding estimated regression coefficients on the right hand side of Equation (24)
are obtained by fitting reduced regression models separately of X,,Xz and X,; as
reduced design matrices. That is the dependent variable yis separately fitted, that is

regressed on each of the reduced design matrices X ,, X and X 5.

These regression models would yield estimates of the corresponding reduced

partial regression parameters, f [, and 8 . as respectively
EA =b, :(X'A'XA)_l'XIA'X;éB =b, = (XIB'XB)_l'XlB'X;éAB =Dy = (X'AB'XAB )_l'x'AB 24 (25)

If the full model of Equation (10) fits, that is if the null hypothesis of Equation
(14) is rejected, then the additional null hypothesis of Equations 19-21 may be tested
using the extra sum of squares principle (Drapa and Smith, 1966). If we denote the sum
of squares due to the full model of Equation (10) and the reduced models due to the
fitting of the criterion variable y to any of the reduced design matrices by

SS(F)and SS(R), respectively then following the extra sum of squares principle (Draper
and Smith, 1966;Neter and Wasserman 1974), the extra sum of squares due to a given
factor is calculated as ESS=SS(F)-SS(R) Equation (26)with degrees of freedom

obtained as the difference between the degrees of freedom of SS(F)and SS(R). That is
as

© 2014 Global Journals Inc. (US)
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Edf =df (F) — df (R) (27)

Thus the extra sums of squares for factors A, B and A by B interaction are
obtained as respectively

ESSA = SSR - SSA; ESSB = SSR— SSB; ESSAB = SSR—- SSAB (28)

With degrees of freedom of respectively
(ab-1)—(a-D=a(b-1);(@b-1)-(b-1)=b(a-1);@-1)-(a-Yb-Y=a+b-2 (29)

Note that since each of the reduced models and the full model have the same
total sum of squares, SS;, ,the extra sum of squares may alternatively be obtained as the

difference between the error sum of squares of each reduced model and the error sum of
squares of the full model. In other words the extra sum of squares is equivalently
calculated as

ESS=SS(F) - SS(R) = (SS,,, - SS(F)) - (S5, - SS(R) =SE(R) - SE(F)  (30)
With the degrees of freedom similarly obtained as
Edf = df SSE(R) — df SSE(F) (31

Thus the extra sums of squares due to factors A, B and A by B interaction are
alternatively obtained as

ESSA= SSEA - SSE; ESSB = SSEA — SSE; ESAB = SSEAB — SSE (32)

Where SSR and SSE are respectively the regression sum of squares and the
error sum of squares for the full model. The null hypothesis of Equations (19) - (21) are
tested using the F ratios as summarized in Table 2 which for completeness also includes
the values of Table 1 for the full model.
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Note that the F ratios of Table 2 are each the ratio of the extra mean sum of
squares of the corresponding reduced model to the mean sum of squares of the full

model. Where SSR is the regression sum of Squares with ab—1degrees of freedom, SSE

is the error sum of Squares with n—ab degrees of freedom and MSE is the mean error
sum of Squares, all for the full model of Equation (10). The results of Table 2 are the
same as would be obtained using the conventional two factor or two way analysis of
variance with replications and interactions. Usually, the hypothesis of no interaction is
tested first using the corresponding F ratio of Table 2. If the hypothesis of no
interaction is accepted, then one may proceed to test the null hypotheses about factors
A and B effects again using the corresponding F ratios of Table 2. If however the null
hypothesis of no interaction is rejected, then one may use any of the familiar and
appropriate methods of treating interactions and proceed with further analysis.

Thus if the model of Equation (10) fits, that is if the null hypothesis of Equation
(14) is rejected then the null hypotheses of Equations 19-21 of no factors A, B and A by
B interaction are respectively tested using the corresponding test statistics (see Table
2), namely

EMSA EMSB EMSAB
= ; = ; FAB = (33)

FA T Mo ' B
MSE MSE MSE

With numerator degrees of freedom of a(b—1)b(a—1),and a+b— 2respectively

and common denominator degrees of freedom of n—abfor use to obtain the necessary
critical F —ratiosfor comparative purposes for rejection or acceptance of the
corresponding null hypothesis.

Note that in general whether or not the independent or explanatory variables
used in a regression model are dummy variables or numeric measurements, the extra
sum of squares principle is most useful in determining the contribution of an
independent variable or a subset of the independent variables among all the
independent variables in the model in explaining the variation of a specified dependent
on criterion variable. This would inform the inclusion or exclusion of the independent
variable or the subset of the independent variables in the hypothesized model depending
on the significance of the contribution.

Thus the extra sum of squares principle enables one select important variables
and formulate a more parsimonious statistical model of explanatory variables for a
dependent variable of interest. To do this, for example, for one independent variable

X, included in a regression model with say a total of 'r'independent variables, over fits

the full model with all the independent variables and reduced model with only one
independent variable X , .Suppose as discussed earlier that the regression sums of

squares for the full model and the reduced model are respectively SS(F)and SS(R)

which have degrees of freedom of 'r'and 1 respectively. Then from Equation (28) the
extra sum of squares regression with respect to X | Is

ESS(X ;) = SS(F) - SS(R) (34)
With r-1 degrees of freedom. The corresponding extra mean sum of squares is
ESS(X;)

EMS(X , )= —

(35)
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The significance of §,, the partial regression coefficient or effect X on the

criterion variable y is determined using the test statistic.

EMS(X
FX, =—MéE ) (36)

Which has r —1and n—r degrees of freedom for j=212,..r;where MSEis the error

mean square for the full model and ‘n’ is the total sample size.

An advantage of using dummy variable regression models in two factor and
multi factor analysis of variance is that the method enables the estimation of other
effects separately of several factors on a specified dependent or criterion variable. For
example it enables the estimation of the total or absolute effect, the partial regression
coefficient or the so-called direct effect of a given independent variable on the
dependent variable through the effects of its representative dummy variables as well as
the indirect effect of that parent independent variable through the meditation of other
parent independent variables in the model (Wright, 1934).

The total or absolute effect of a parent independent variable on a dependent
variable is estimated as the simple regression coefficient of that independent variable
represented by codes assigned to its various categories, when regressed on the
dependent variable. The direct effect of a parent independent variable on a dependent
variable is the weighted sum of the partial regression coefficients or effects of the
dummy variables representing that parent independent variable on the dependent
variable, where the weights are the simple regression coefficients of each representative
dummy variable regressing on the specified parent independent variable represented by
codes. The indirect effect of a given parent independent variable on a dependent
variable is then simply the difference between its total and direct effects (Wright 1973).
Now the direct effect or partial regression coefficient of a given parent independent
variable A say on a dependent variable Y is obtained by taking the partial derivative of
the expected value of the corresponding regression model with respect to that parent
independent variable. Thus the direct effect of the parent independent variable A on
the dependent variable Y is obtained from Equation 7 as

. i at dE CA dE(x,,;Z
,BAdII'— (y|J) Z X|| )+Zﬂg,z ( g ) OR
= d, 3 dA
B a-l ( )
Badir = Zﬁw (37)
dE(xig :Z)
Since Zﬂg;szo, for all other independent variables Z in the model
g
different from A.
dE(X, .
The weight, «,; A=%i$ estimated by fitting a simple regression line of the

dummy variable Xx,., regressing on its parent independent variable, A represented by

codes and taking the derivative of its expected value with respect to A, Thus if the
expected value of the dummy variable x;., regressing on its parent independent

variable A is expressed as
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Then the derivative of E(x“; A) with respect to A is

dE(x, »)
T (&)
Hence using Equation 39 in Equation 37 gives the direct effect of the parent
independent variable A on the dependent variable Y as

a-1
Pagr = Zam Biia (40)
1=1
Whose sample estimate is from Equation 12
R a-1
Bage =Bagie = ZaI;A'bI;A (41)
1=1

The total or absolute effect of A on Y is estimated as the simple regression
coefficient or effect of the parent independent variable A represented by codes on the
dependent variable Y as

ﬂA A =D4 (42)
Where b,is the estimated simple regression coefficient or effect of A on Y. The

indirect effect of A on Y is estimated as the difference between b, and b,y that is as

B Aind — bAind = bA - bAdir (43)

The total, direct and indirect effects of factor B are similarly estimated. These
results clearly give additional useful information on the effects of given factors on a
specified dependent or criterion variable than would the traditional two factor analysis
of variance model.

[1. [LLUSTRATIVE EXAMPLE

In a study of Encephalitic and Meningitic brain damage each of a random sample
of 36 patients is given a battery of tests on mental acuity recording a composite score
for each patient. Low scores on this composite measure indicate some degree of brain
damage. The patients are divided into 3 groups according to the predisposing factor of
initial infection and into 3crossed groups according to time to observed physical
recovery from the illness. A control group of other mental patients are similarly studied
with the following results. (Table 3)

Table 3 : Mental acuity of sample data of patients with diagnosed metal illness by
factor and time to recovery.

Time to Recovery (B)

Predisposing factor (A) |1 -2 years (1) | 3 -5 years (2) | 7 — 10 years (3)
Encephalitis (1) 76 73 69 53 59, 43

75 62 72 41 57, 55
Meningitis (2) 81 89 82 70 68 50

83 91, 74 75 75 47
Other (Control (3) 75 79 84 85 98 100

65 63 76 87 82 79

Do there seem to be significant differences in performance among the
encephalitic, meningitic and other (control) patients? Among patients according to time
to recovery? Is there any interaction between predisposing factor of illness and time to
recovery of patients?

To answer these questions using dummy variable multiple regression analysis or
model, we represent the predisposing factor here called factor A which has three levels
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with two dummy variables of Is and Os namely x; , for (1) Encephalitis and x,,, for (2)
Meningitis. Time to recovery here called factor B also with three levels is represented

by two dummy variables of Is and Os namely x;, 5 for (1) 1 — 2 years and x5 for (2) 3 —
5 years. The interaction terms are represented by the cross products of these dummy

variables namely Xi; =Xy a-Xip5: Xia:= Xiza-Xi251 Xis = Xipp-Xizg AN Xjg = X5 0 X fOr i=1,2..36
yielding the design matrix of Table 4.
Table 4 : Design Matrix X for the Data of Table 3

Notes

Yii Xic Xiza Xi2za Xz X2 X3 Xi4 X5 Xig
\ \ \ \
(XiL'A'Xil;B) (Xi];A'XiZ;B) (XiZ;A'Xil;B) (XiZ;A'XiZ;B)

76
73
75
62
69
53
72
59
43
10. 41
11. 57
12. 55
13. 81
14. 89
15. 83
16. 82
17. 70
18. 91
19. 74
20. 75
21. 68
22. 50
23. 75
24. 47
25. 75
26. 79
27. 84
28. 65
29. 63
30. 85
31. 76
32. 87
33. 98
34. 100
35. 82
36. 79

CoNoUA~AWDNE

PRRPRRPRRRPRRPRPRRPRPRRPRRPRPRRPRPRREPRPRPRRPEPRPRREPRPRREPRRREPRRERRRER
OO0 00000O0O00O0O0O0OO0O0O0O0O0OO0O0O0OO0ORRRERRRRERRERLRRER
OO0OO0O0O0OO0OO0OO0OO0OO0OO0OORRRRPRPRRREPRPRRREPRLRRPOOODODOOOOOOOOO
PR RPRRPRRPRRPRRPROOOOROO0OO0OO0OO0O0O0OO0OORRRPROO0OO0ODO0OO0OO0OOORRERER
OO0OO0OO0ORRPRROOO0OO0OO0OO0OO0OO0OORRRPRRLRRPROOO0OO0OO0OO0OO0OORRLRRPROOOO
locNeoNeoNoNoNoloNoNoloNeoNoloNoRoNoNoloNeoNoloNoRoNoNoloNeNoNoNoRo Ne W El SNy
lcNoNoNoNoNololoNoloNeRoloNoRoNoNoloNeNoloNoloNeNoloNeRoNao NSNS Yoo NoNo)
leNoNoNoNoNooloNoNoNoNoloNoNolcNoNoNoNo oSN oo NoRoNoNoNoNoNoloNo No)
lcNeoNeoNoNoNoNoloNoNoNeRoloNeRo N oW ryty YoloNeo oo oo NoNoNoNoNo o NoNo)

Fitting the full model of Eqn 10 using the design matrix X of table 4, we obtain
the fitted regression equation

§i; =83.642 — 32.642X,,,, —18.726X,,, —10.442X,,.5 + 7.168X 5 — 30.942x,,

a4
+6.499x,, + 29.860x,, + 2.383x,, (Pvalue=0.0000) 49
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A P-value of 0.0000 clearly shows that the model fits.
The expected score by patients on the mental acuity test by predisposing factor
(factor A), is obtained by setting x;,., = X;,, = 1, and all other x;;, = 0 in equation (44)

giving

Y, =83.642-32.642-18.726=32.274

The estimated response or score on the mental acuity test by length of time to

Table 5 : Anova Table for the Full Model of Equation (44)

observed physical recovery is similarly estimated by setting
X185 = Xi2g =1 and all other X, =0in Equation (44) yielding

§,, =83.64210.442 + 7.168 = 80.368

The corresponding analysis of variance table for the full model is presented in Table 5.

Source of | Sum of Squares | Degrees of freedom | Mean Sum of | F-Ratio | P-Value
Variation (8S) (Di) Squares (MS)

Regression 4597.321 8 574.665 5.468 0.0000
(treatment)

Error 2837.652 27 105.098

Total 7434.972 35

Having fitted the full model which is here

seen to fit, we now proceed to fit the

dependent variably y separately on each of the sub matrices X, and X3 each with two
dummy variables of Is and Os and X,; with four dummy variables of Is and 0Os as
reduced models to obtain the corresponding sum of squares due to each of these factors.
The sums of squares due to factor A, B and A by B interaction are calculated following
Equation (24). The results are summarized in a two factor analysis of variance Table
with extra sums of squares (Table 6)

Table 6 : Two factor Analysis of Variance Table with Extra Sums of Squares for the
Sample Data of Table 3

Source of Sum of Degrees Mean of F- Extra Degrees  Extra F- Critical
Variation = Squares  of sum of Ratio  Sum of of mean Ratio F
(SS) freedom  squares Squares freedom sum of value
(Df) MS (ESS) (Df) squares P-
(EMS) value
Full Model
Regression  4597.321 8 574.665  5.468 4597.321 8 574.665 5.468  3.030
Error 2837.652 27 105.098 2837.652 27 105.098
Factor A
Regression 2413.556 2 1206.778  7.931 2183.765 6 363.963 3.463  2.46
Error 5021.417 33 152.164 2837.652 6 472.942
Factor B
Regression  817.650 2 408.825  2.039 3779.671 6 629.945 1.096  2.46
Error 6617.322 33 200.525 -3779.67 6 -629.95
Factor A
by B
Interaction
Regression  624.201 4 156.050  0.710 3973.12 4 993.28 1.728  2.73
Error 6810.771 31 219.702 -3973.12 4 -993.23
Total 7434.972 35 7434.972 35

Note: * indicates statistical significance at the 5 percent level
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These analyses indicate that the hypothesized model fits, that is that not all the
factor level effects are zero. Furthermore, there does not seem to exist any significant
interaction between predisposing factor of illness A and time to observed physical
recovery B. However only the predisposing factor of illness A is seen to have significant
effect on the criterion variable Y namely patient composite score on mental acuity.

Finally to estimate the direct effect or partial regression coefficient of A, say,
represented by the dummy variables x;,, and x;,,, we first estimate the simple
regression coefficient resulting when theses dummy variables are each regressed on A
using Equation 39, yielding.

Qypp = —% =-05a,,=0

Using these results with Equation (44) in (41), we obtain an estimate of the direct effect
of Aon 'y as

b,dir = (- 0.5)-32.642) + (0)(— 10.442) = 16.321

The estimated simple regression coefficient or effect of A on y is b, = 9.917
Hence the estimated indirect effect of A on’y’ is from Equation (43)

b,ind =9.917 -16.321= -6.404

The absolute, direct and indirect effects of B on 'y’ are similarly estimated.

V. SUMMARY AND CONCLUSION

We have in this paper proposed and developed a method that enabled the use of
dummy variable multiple regression techniques for the analysis of data appropriate for
use with two factor analysis of variance models with unequal observations per
treatment combination and with interactions. The proposed model and method
employed the extra sum of squares principle to develop appropriate test statistics of F
ratios to test for the significance of factor and interaction effects.

The method which was illustrated with some sample data was shown to yield
essentially the same results as would the traditional two factor analysis of variance
model with unequal observations per cell and interaction. However the proposed
method is more generalized in its use than the traditional method since it can easily be
used in the analysis of two-factor models with one observation, equal, and unequal
observations per cell as a rather unified analysis of variance problem.

Furthermore unlike the traditional analysis of variance models the proposed
method is able to enable one using the extra sum of squares principle, to determine the
relative contributions of independent variables or some combinations of these variables
in explaining variations in a given dependent variable and hence build a more
parsimonious explanatory model for any variable of interest. In addition, the method
enables the simultaneous estimation of the total or absolute, direct and indirect effects
of a given independent variable on a dependent variable, which provide additional

useful information.
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[.  INTRODUCTION

Generalized Gaussian Hypergeometric function of one variable is defined by

ai,ag, - ,04 3
b A o= (a1)k(a2) -+ - (aa)kz®

AFp “ = G b5 )ik! e
bi.by, - bp = (b)k(b2)k -~ (bB) k!

where the parameters by, bo, - -+, bp are neither zero nor negative integers and A, B are non-

negative integers and | z |=1
Contiguous Relation is defined by
[ Andrews p.363(9.16), E. D. p.51(10)]

(a—b)2F1[a’Cbi Z]:CMFl[CH_Cl’bf Z]—b2F1[ a’,b—I—l; Z] (2)

I I I

Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.5)]

a, b ; 1] T(5) I(3)
2P1| a1 5| T mram rraey (3)
7 (%) I(%5)
o(b-1) (b a+b+1
I'(b) T(45H)
In a monograph of Prudnikov et al., a summation theorem is given in the form [Prudnikov.,
p.491(7.3.7.8)]
a, b 1 F(“*S“ 2 F(%)
F ’ oo = 5
F | B )=V [r(% ) " T 1) ©)

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

Author e : Department of Mathematics, P.D.M College of Engineering, Bahadurgarh, Haryana, India.
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) o(b—1) p(atb=1 r
PR L Y
o 2 I'(b) .

Recurrence relation is defined by
I(¢+1)=¢T(C) (7)

II.  MAIN SUMMATION FORMULA

Notes

[a, b; 1 20 T(eHE5L)
2F1 | aybis : 9 = 25 25
R (a—b)r(b)[n{a—b—(2g—1)}][n{a_b+(2g_1)}]
o=1 s=1
-
(5) 16777216(a% 4 a?5(—625 + 1224b) + 25a%4(7396 — 9775b + 9163b?)
r(%t)
L 2

+100a3(—344425 4 752114b— 262395b° + 156604b%) +230a2(19709459 — 339073500+ 337269805
—53133506%+2265165b%)+17710a>! (—25320175+58459396b—308949500* 4190641400~ 1697875b"
+549712b°%) 4 230a2°(150530498030 — 292095255025b 4 300323641639b% — 76706596750b°
1332423310806 — 1893929625b° 4 483162491%) + 2300a'?(—929947187675 + 2221532039250b
—1430366003815b6% + 898110785264b> — 134850725625b" + 43814588818b° — 1725580325b%)
+354976524b" 4 2185a'®(49213453442791 — 102599357455300b + 1075374501880005
—348315837079006% + 15171737968030b" — 14941000375000° + 378247207240b° — 10846504900b"
+1824184915b%) 4 2185a!7(—2037048680061175 + 4974851454538832b — 3608737921763100b°
+22821713359074006% — 445423671139650b" + 1438791556690326° — 99551774091006°
+2009515142040b7 — 43458522975b° 4+ 60090797206°) 4 1955a6(78196640069934680
—170970567062484075b+1809989155560654115% — 678078655634457005°+29427554850189300b*
—3827247742614450b° + 9526261398049626° — 48449597307300b + 7889492452380b°
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—3434279618350952591870930176b° 4+ 3836295304998500964245562005°
—259050423772694377417526400' 4 2017371743113770211994468b'2
—90332805386560612351616b'3 + 50409987895456309518166* — 150474104398346449216b*
+608297992330903149356—118898404799065344b'"+3468572714833892b*%—42252260054816b*°

—+870877704046b20——5922304960b214—82152228b22——233376b234—1955b25)}] (8)
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[1I.  DERIVATION OF THE SUMMATION FORMULA

Substituting ¢ = C”rl’2—+51 and z = % in equation (2), we get
a, b 1 a+1,b; 1 a, b+1 ; 1
(a_b)ﬂﬂ[a+ﬂm” §]=a2fi[aﬂwm . 5]_b2F1[aM+M : 5]
2 2 ; 2 ;

Now involving the derived formula [Salahuddin et. al. p.12-41(8)], the summation formula is

N obtained.
otes
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Montreux, Tokyo, Melbourne, 1990.

5. Rainville, E. D.: The contiguous function relations for ,F, with applications to Bateman’s
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Method

Murat DUZ® & Kiibra HEREDAG®
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Abstract- In this study, using differential transform method second order complex differential equation system was
solved. Firstly we seperated real and imaginer parts these equations system. Thus from two unknown equation system
four equality was obtained. Later using two dimensional differential transform we obtained real and imaginer parts of
solutions.

Keywords: differential equation system, differential transform method.

[.  INTRODUCTION

The concept of differential transform (one dimension) was first proposed and applied to solve linear and
non linear initial value problems in electric circuit analysis by Zhou [1] :Solving partial differential equations by
two dimensional differential transform method was proposed by Chao Kuang Chen and Shing Huei Ho by [2] :
Partial differential equations was solved by using two dimensional DTM in [2]-[3]. System of differential
equation was solved using two dimensional DTM in [4]. The numerical solutions of differential transform
method and the Laplace transform method for a system of differential equations was compared in [5]. By using
differential transform method was solved that integral equations, fractional differential equations, difference
equations, integral and integro differential equations in [6], [7], [8],[9],[10] .

In this paper using [1] complex partial differential equations was solved. Let w = w (z; z) be a complex

function. Here z = x + iy, w(z,Z2) = u(x,y) + iv(x, y). Derivative according to z and Z of w(z, Z) is defined as

I.A. Salehbhai, A K. Shukla The Numerical Solutions of Differential Transform Method And The
Laplace Transform Method For A System of Differential Equations Nonlinear Analysis:Hybrid Systems

follows:
ow 1 <6W _6W> 1
S az 2 \ox lay M
v
g ow 1 <6W N _GW) @
s === s\lmz=+i—
§ 0z 2\0x dy
= Here
o= ow Ju N v 3
- ox ox  ox (3)
ow Jdu dv
T4 4
dy ayﬂay )

Similarly second order derivatives according to z and Z of w(z, Z) is defined as follows:

Author a o : Department of Mathematics Faculty of Science Karabiik University 78050 Karabuk/ Turkiye. e-mail: mduz@karabuk.edu.tr
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0w 1(09%w 5 ’w  0%w :
9z2 4\ 0x2 laxay dy? )
’w 1(0%*w Y ’w 9w
022 4\ 0x2 laxay dy? (6)
’w 1 62w+62w —1A
0207 4\oxz " ayz) 4" @
[I. Two DIMENSIONAL DIFFERENTIAL TRANSFORM
Definition 1: Two dimensional differential transform of function f (x,y) is defined as follows
9" f (x,¥)
Fllh) = kl.h!'| dxkoyh ®

x=0,y=0

In Equation(8) , f(x,y) is original function and F (k, h) is transformed function, which is called T-function is
brief.

Definition 2: Differential inverse transform of F (k, h)F(k, h) is defined as follows

fxy) =ii F(k, h)x*y"
k=0 h=0

[ee)

1 ak+h
flx,y) = z 2 k. h! [ xlj:a(; y)] xkyh €))
x=0,y=0

=0 h=0

Equation 9 implies that the concept of two dimensional differential transform is derived from two dimensional
Taylor series expansion.

Theorem 3 [2] : If w(x,y) = u(x,y) + v(x,y) then W(k,h) = AU(k, h)

Theorem 4 [2] : If w(x,y) = Au(x,y) then W(k, h) = AU(k, h)

Theorem 5 [2] : If w(x,y) = 252 then W (k, h) = (k + DU (k + 1, h)

Theorem 6 [2] : If w(x,y) = "’%’;” then W(k,h) = (h + 1)Uk, h + 1)

T f(xy)

70y then

Theorem 7 [2] : If w(x,y) =

W,h)=Uk+Dk+2)..(k+r)h+ 1D +2)..(h+s)U(k+7,h+5)
Theorem 8 [2] : If w(x,y) = u(x,y).v(x,y) then W(k,h) = Y*k_Sr_ UG k—s)V(k—71,5)
Theorem 9 [2] : If w(x,y) = x™y™ then W (k,h) = §(k — m,h —n)

Example 1 : Solve the following complex differential equation system

dw, dw,

¥ + i 2z+3 (10)

dw; 0w,

7t T b
with initial conditions

w;(x,0) = x? + 2x (12)

w,(x,0) = 8x (13)

Since w; = u; + iv, ,w, = u, + iv, and from (1),(2), system (10)-(11) is equivalent that :

6u1+6v1+6u2 av, C4xt6
ox dy odx dy x a4

© 2014 Global Journals Inc. (US)
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Notes

vy OJu;  OJuy  0vy

9x dy 9y | ox
Ju; 0vy  Oduy  0vy
Jdx Jdy 0x Oy

vy  Ouy  Ov, Oup

ax a9y  ox ady
From (12) and (13) initial conditions we have that:

U,(00)=0, U;(1,0) =2, U, (20)=1 U,G0)=0@>2), ,(L0)=0  (ieN)

4y

14

U,(0,0) =0, U, (1,0) =8, Up(i,0) =0 (i =2) V,(i,0) =0 (ieN)

From differential transform of (14)- (17) is get that:

k+DUk+1L,AD)+ M+ kA+1D)+k+1DU,(k+1,h) — (h+ DV (k,h+ 1)
=46(k—1,h) +66(k, h)

k+1D)Vk+1L,0D-(+DU KA+ + G+ DK+DUR+1D) + (k+DVo(k+1,h)
=46(k,h—1)

k+DU,k+1,h)—(h+DVik,h+ D)+ (k+DU,(k+ 1)+ (h+ DV (k,bh+ 1)
= 146(k, h)

k+1D)Vk+1L,D+G+DU KA+ D)+ k+ 1DV (k+1,h) —(h+ DU, (k,h+ 1)
=0

In (19) equality if we write = 0, h = 0 than by using (18) is obtained

,(0,1) = V,(0,1) = -4, V;(0,1) = a, V,(0,1) =a+4 (a €ER)
By sum of (19) with (21) we get that:

46(k,h — 1) + 206 (k, h

2(k+1)
By mines of (20) with (22) we get that:
Uy(k,h+1) — Uy (kb + 1) = 46(k,h — 1)
2(h+1)

By mines of (19) with (21) we get that:

485(k —1,h) —85(k, h)

2(h+1)
By sum of (20) with (22) we get that:
Vitk+1,h) +V,(k+1,h) = w
2(k+1)

If we write in place of h, h + 1 in (24) than we get
48(k,h) + 206(k,h + 1)

Uk +1L,h+1) +Uy(k+1,h+1) =

2(k+1)

If we write in place of k, k + 1 in (25) than we get
46(k+1,h—1)
Uy(k+1L,h+1)-U;(k+1,h+1) = 2 D

If we write in place of k, k + 1 in (26) than we get
45(k,h) —88(k + 1,h)
2(h+1)

(15)

(16)

17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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If we write in place of h, h + 1 in (27) than we get
Vl(k+1,h+1)+V2(k+1,h+1)=i6—(k—'Q
2(k+1)
By sum of (28) with (29) we get that:
6(k,h) +58(k,h+1) Sk+1,h-1)

Uy(k+1,h+1) = P 1

By mines of (29) from (28) we get that:
6(k,h) +58(k,h+1) &k+1,h-1)

U(k+1Lh+1) = P T

By sum of (30) with (31) we get that:
6(k,h) —28(k+1,h) &(k, h)

Vi(k+1,h+1) = P )

By mines of (30) from (31) we get that
6(k,h) &(k,h) —28(k+1,h)
k+1 h+1
In (34) equality if we write k = 0, h = 0 than is obtained
(1) =2

Vy(k+1,h+1) =

In (20) equality if we write k = 0, h = 1 than by using (31) is obtained
-U,(0,2) + U,(0,2) = 1,U,(0,2) = b,U,(0,2) =b,b ER
If we write k = 0,h = 0 in (25) than we get
U,(0,1) = U,(0,1) = ¢, ceR

(D

(32)

(33)

(34)

(35

(36)

(37)

(38)

By using (32),(33),(34) and (35) it is seen that all the other components of u,, v;,u, [and v, [lis zero. Thus it

is obtained

Wy = ). ) Uil hxty"

k=0 h=0

=x%+by?+2x+cy

n(y) = ). ) Vilk Hrky

k=0 h=0

= 2xy + ay

w,(0y) = ) Uy(e yxkyt

=0 h=0
=8x+ b+ Dy*+cy

v2(6) = D0 Y V(e k"

k=0 h=0
=(a+4)y
From (39)_(42) we get
wi(%,y) = u (x,y) + vy (x,y)
=x%2+by?+2x+cy +i(2xy + ay)
wy(x,y) = u(x,¥) + v2(x, )

© 2014 Global Journals Inc. (US)
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(41)
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Example 2 : Solve the following complex differential equation system

Q0 W ooy 43
oz oz 0™ (43)
ow, ow, B
—+3——=12z7-2 (44)
0z 0z
with initial conditions
Notes W1(X, 0) =x3-2x (45)
w,(x,0) = 4x? (46)
If we write system in (43)-(44) system w; = u; + iv; ,w, = u, + iv, [1[1[1[] we get following equations.
Juy v, du; Jv, Jdu, v, Ju, 6172)
<ax+lax lay+6y) <6x+lax+L6y dy (x4 (x+ )
Ju,; 0Jv, Juy dvy Ju, dav, Ju, dav,
— ———+i—+i=—+3— | — —3i——+3— 47
0x 6y+16x+16x+ 6x+3lax lay+ dy (47)

=24(x—1iy) — 4
If (47) equalities is seperated into real and imaginary parts then it is get following egualities.

ou, dv, Odu, Jv, 5 5

ZW—ZW—W—WZZL}X}/—S}/ (49)
du, dv, du, av,
W—W+3W+3W—24X—4 (50)

toy tigy 3G, T (51)

From (45)-(46) initial conditions we have that:
U,(0,0) =0, U,(1,0) = -2, U, (20)=0, U;(3,0) =1, U(i,0) =0( >3), V1(i,0) =0 (ieN)
U;(0,0) =0, U; (1,0) =0, Uy(20) =4, U,(i,0) =4(=3), V,(i,0)=0 (ieN) (52)
From differential transform of (48)- (51) is get following equalities:
2k + DU (k+ 1L, +2h+ D)V (k,h+ 1) — (k+ DU, (k+ 1L, h) + (h+ DVy(k,h + 1)

=126k —2,h) — 128(k,h — 2)

—88(k—1,h) (53)
2k + DV (k+1,h) —2(h+ DU (k,h+ 1) — (k+ DVo(k + 1,h) — (h+ DU, (k,h + 1)

=246(k—1,h—1)—-6k,h—1) (54)
k+1DU;(k+1,h)—(h+DVi(k,h+ 1) +3(k+ DU,k +1,h) +3h+ DV, (k,h + 1)

=246k —1,h) —46(k, h) (55)

(h+ DU,k h+ 1)+ (k+ DVy(k+ 1L,R) + 3k + DVy(k + 1, 1) — 3(h + DU, (k, h + 1)

=-2468(,h—1) (56)
If we write h = 0 in (54) and (56) from (52) we get that:
Up(k,1) = Up(k,1) =0 (57)

© 2014 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XIV Issue VI Version I E



Global ]()urnal of Science Frontier Research ( F) Volume XIV Issue VI Version I E Year 2014

If we write k = 0,h = 0 in (53) and (55) from (52) we get that:
V1(0,1) = 2,V2(0,1) = 0

If we write h = 0 in (54) and (56) from (52) we get that:
Ui(k, 1) = U2(k,1) = 0

If we write k = 1,h = 00 in (53) and (55) from (52) we get that:
71(1,1) =0,V,(1,1) =0

If we write k = 0,h = 1 in (54) and (56) from (52) we get that:
U;(0,2) =0,U,(02) =4

If we write h = 1 in (53) and (55) from (52) and (57) we get that:
Vi(k,2) =V,(k,2)=0

If we write h = 2 in (54) and (56) from (62) we get that:
U;(k,3) =Uy(k,3) =0

If we write k=2,h=0 1 in (53) and (55) we get that

V1(2,1) =3,1,(21) =0

If we write k=1,h=1 1 in (54) and (56) we get that

U;(1,2) =-3,U,(1,2) =0

By using equalities (57)-(65) we see other components of U,, U,,V; and V, ! lare equal zero.

wy) = ) D Uk hxty"

Thus it is obtained

k=0 h=0

=x3 —3xy? — 2x

DI RACHISL

k=0 h=0

=3x%y —y3+2y

w,(0y) = ) Uy(e yxky"

k=0 h=0

= 4x? + 4y?

By = ) Y Vol byt

k=0 h=0
=0
Therefore

W1(x'J’) = u1(x:}’) + V1(X'Y)
=x*—3xy* —2x +i(3x%*y —y3 + 2y)

=z3-27

WZ(x!y) = uz(xd’) + Vz(x,}’)

= 4x? + 4y?

Example: =42z

Solve the following complex diferential equation system

2 2
0°wy  0°wy

9z2  0z07 3

© 2014 Global Journals Inc. (US)

(58)

(59

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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with initial conditions

’w, 0wy 0w,
922 9z o0z
wy (x,0) = x?
6 Wy
(x 0) = 2ix

w, (x, 0) = x2

0W2
—2(x,0)=0
S (1,0)

(67)

(68)
(69)
(70)

(71)

Since w; = uy +ivy ,w, = Uy + iv, and from (2),(5) and (7) system (66)-(67) is equivalent that :
10w ,0%w 2%w 1/0%°w %w
e R e B (72)
4\ 9x2 0xdy dy? 4\ 0x2 ay?
1 E)ZWZ . 62W2 aZWZ) 1 (awl . an) 1 (aWZ . aWZ) _
4 ( 0x2 2 0xdy dy? + 2\ 0x ! oy 2\ d0x ti ay ) z (73)
%u, . 621)1) . (62u1 . azvl) (62u1 . 62171) (azuz . azvz) (azuz a2 vz)
(6x2 +1 0x? 2 0x0y + laxay ay? +1 dy? + dx2 ti 0x2 + dy? ti ay2) — 12 (74)
%u, . 62v2> . (62u2 . azvz) (azuz 62172) (au1 avl) . (au1 .61;1)
(6x2 +1 0x? 2 0x0y + laxay ay? +i dy? +2 0x ¢ 0x 21 ay +i ay
Jdu . Ov Jdu . 0v,
—2(F2+ i) - 2i(52 4 i%2) = 4z (75)
dy
9%u 0%y 9%u 9%u 0%u
1 1 _ 1 2 2 — 12 (76)
dx2 0xdy  0y? dx2 dy?
9%y 0%u %v 9%y 2%y
1_ 1 1 2 2 — 0 (77)
dx2 dxdy  0y? dx2 dy?
0%u, 2%v, 0%u, 6u1 6171 auz avz
2 S 2T 4 2T 2 4 2 = (78)
9%y o%u 0%v v ou v ou
-2 Sy pfn_pfu_p2_ —2=4y (79)
dx2 dxdy dy? ay d0x ay

From (68)-(71) initial conditions we have that:

U.(0,00=0, U;(1,0) =0, U,(2,0)=1, Uy(i0)=0(@>2i€N),V(i0) = 0(ieN)
U,(i,1) = 0(i € N), V,(0,1) =0, V(L) =2, V,(G,1)=0,3>1)
U,(0,00=0, U, (1,0)=0, Uy,(20)=1  V,(i,0)=0=U,(i,1) =V,(i,1) = 0(ieN) (80)

From diferential transform of (76)- (79) is get that:

(k+2)(k+ DU Gk +2,0) + 20k + D(h+ DVy(k + L,h+1) — (h + 2)(h + DU, (k, h + 2)

+ (k+2)(k + DUy(k + 2,h) + (h+ 2)(h + DU, (k, h + 2) = 128(k,h)  (81)

(k+2)(k + DVy(k +2,h) —2(k + D(h+ DUk + Lh+ 1) — (h+ 2)(h + DV, (k, h + 2)

+ e+ 2)k+ DV +2,R) + (h+2)(h+ DVy(k,h+2) =0 (82)

(k +2)(k + DUy (k + 2,h) + 2(k + D(h+ DVy(k + 1,h+ 1) — (h + 2)(h + DU, (k, h + 2) +
20k + DU (k + 1, 1) + 2(h + DV, (k, h + 1) — 2(k + DU,k + 1, k) + 2(h + DVy(k, h + 1) =
48(k — 1, h) (83)
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(k+2)(k+ DVy(k +2,h) — 2(k + D(h+ DVo(k + Lh+ 1) — (h + 2)(h + DVy(k, h + 2) +
20k + DVy(k + 1,h) — 2(h + DU, (k, h + 1) — 2(k + DV, (k + 1,h) — 2(h + DUy (k, h + 1) =

48(k,h — 1)

(84)

When h = 0 is written in the equality (80),(81),(82), (83)
U;(0,2) = —-1,U,(0,2) =1, U,(i,2) =0, U;(i,2) =00 =1), V1(i,2) = V,(i,2) =0 = 0) (85)

are obtained.

It is clear that all of the other components U;[] and V; are zero. Thus

ul(x' y) = Z Z Ul(kl h)xkyh
h=0

k=0

|
NgE
NgE

vi(x,y) = Vi(k, h)xkyh

uy(x,y) =

|
N5

I
[]s
[1s

o
=
=

=

=

<

=

v (x,y) =

are obtained.
Therefore

and

wy(z) = u(x, y) + vy (x, y)
wi(z) = x% —y? + i2xy = z°

WZ(Z) = uZ(ny) + ivz(x'Y)
wy(2) =x2+y?=(x+iy)(x—iy)=2z2

REFERENCES REFERENCES REFERENCIAS

Zhou, J.K., Differential Transformation and Its Application for Electrical Circuits, Huazhang University
Press, Wuhan, China, 1986.

C.K Chen, S.H. Ho, Solving Partial Differential Equations By Two Dimensional Differential Transform,
Appl. Math. Comput.106, 171-179, 1999.

Ayaz, F., On The Two-Dimensional Differential Transform Method, Appl. Math. Comput. 143, 361-374,
2003
Ayaz, F.Solutions of The System of Differential Equations By Differential Transform Method,
Appl.Math. Comput. 147(2004),547-567

I.A. Salehbhai, A.K. Shukla The Numerical Solutions of Differential Transform Method And The
Laplace Transform Method For A System of Differential Equations Nonlinear Analysis:Hybrid Systems
(2010) 425-431
J.Biazar, M.Eslami, M.R.Islam Differential Transform Method For Special Systems of Integral

Equations , Journal of King Saud University - Science Volume 24, Issue 3, July 2012, Pages 211-214

© 2014 Global Journals Inc. (US)

Notes



Notes

[91 A. Arikhoglu, I. Ozkol “Solutions of Integral and Integro-differential equations system by usin differential
transform method” Computers and Mathematics with Applications 56 (2008) 2411-2417

[10] A. Arikoglu, 1. Ozkol, Solution of boundary value problems for integro -differential equations by
using differential transform method, Appl. Math.Comput. 168 (2005) 1145-1158.

© 2014 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XIV Issue VI Version I E Year 2014



Il | Global Journal of Science Frontier Research (F) Volume XIV Issue VI Version I E Year 2014

SOLUTION OF SECOND ORDER COMPLEX DIFFERENTIAL EQUATION SYSTEM BY USING DIFFERENTIAL TRANSFORM METHOD

This page is intentionally left blank

© 2014 Global Journals Inc. (US)



S% GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
arnpenangee MATHEMATICS AND DECISION SCIENCES

/;ﬁ Volume 14 Issue 6 Version 1.0 Year 2014

Ca Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

An Wonderful Summation Formula of Half Argument
Involving Contiguous Relation

By Salahuddin, M. P. Chaudhary & Gedefa Negassa Feyissa

Abstract- In this paper we have developed a summation formula of half argument involving
recurrence relation of Gamma function and contiguous relation.

Keywords. gauss second summation theorem, recurrence relation, contiguous relation.

GJSFR-F Classification . MSC 2010: 40A25

ANWONDERFULSUMMAT I ONFORMULAOFHALFARGUMENT INVOLVINGCONT IGUOUSRELATION

Strictly as per the compliance and regulations of :

© 2014. Salahuddin, M. P. Chaudhary & Gedefa Negassa Feyissa. This is a research/review paper, distributed under the terms of
the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/),
permitting all non commercial use, distribution, and reproduction in any medium, provided the original work is properly cited.



Notes

C Print Journal

An Wonderful Summation Formula of Half
Argument Involving Contiguous Relation

Salahuddin® M. P. Chaudhary® & Gedefa Negassa Feyissa®

Abstract- In this paper we have developed a summation formula of half argument involving recurrence
relation of Gamma function and contiguous relation.

2010 MSC NO : 33C05 , 33C20, 33D15, 33D50 , 33D60

Keywords: gauss second summation theorem, recurrence relation, contiguous relation.

l. INTRODUCTION

Generalized Gaussian Hypergeometric function of one variable is defined by

a ’a ’- .. ’a .
b A0 o (a)k(ag)g - - (aa)pz"
4Fs “ =2 G bp) k! )
bi.by, - bp = (b)k(b2)k - - (bB) k!
where the parameters by, bo, - -+, bp are neither zero nor negative integers and A, B are non-

negative integers and | z |= 1
Contiguous Relation is defined by
[ Andrews p.363(9.16), E. D. p.51(10)]

a+1,b ;

(a—b)gFl[ajcbi z:|:a2F1|: c . Z:|—b2F1|: aj'b—’_l ; Z:| (2)
Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.8)]
nfah ] P(2:45) T(d) 5
241 +b+1 =
2] T It
9(b-1) (b atbt1
— (2) (1 2 ) (4)
L(b) I(%5)
In a monograph of Prudnikov et al., a summation theorem is given in the form [Prudnikov.,
p.491(7.3.7.8)]
a, b 5 1 (e 2 D(=)
2P| e S| = VT e (5)
25 2 (et 0% - Ta) T(b)

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form
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p[ab 5 1] 200 [ 1) 2t ng) g | TR
2471 a+g—1; 9 F(b) a—1

Recurrence relation is defined by
L¢+1)=¢T(Q) (7)

[I.  MAIN SUMMATION FORMULA

a, b; 1 2b T(a4bih2)
2 F1 a+b+52 . 5 = 25 25
(a=b) T(b)|

[ {o-b- 2r}| [vnl {a—b+20}]

T= =

(b
lrgzs{33554432C—520469842636666622693081088000000%—a25
2

+1364009155068468067713291386880000b — 1422743599044869675233377779712000b*
+897138976290180907385572923801600b% — 346869302630338134364227895296000b*
+105376534094283873384116219019264b% — 214547220116939053871754588979205°
+3874217504689761765837326254080b" — 4780378331014982220020973568006°
+566545881510868874354176819206° — 45460707106105853664801587205°
+373181829933472199021690880b' — 20194930448705937178009600"
+1182641581542335852359680b'3 — 43795287670944443576320b™ + 1853638447567267092480b'°
—468022761057968512006° + 143011191927350400067 — 240344433987635206'°
+5212824867340800'% — 55212318616006%° + 816285069600?" — 485121520672 4 44818805
—110506%44516% +25a%4(—26 +51b) +100a2*(2002 — 26520+ 2499b2) + 46042 (—84500 + 185198
—64974b% + 391516%) + 2530a21(2110264 — 3645616+ 36571086 — 581672b° + 251685b*)
+17710a°(—31163600 + 72380152b — 38575992b7 4 24139388b° — 2181270b" + 721497°)
+230062(19390040384 — 37869421408 + 39415220936b% — 10203690224 + 4514501810b*
—262624908b° + 69023213b°) + 8740a'®(—330455840000 + 796316947392b — 518916043856b*

+332176816104b° — 508767245006 + 17020114230b° — 6902321306° + 147906885b")
+2185a!7(69789853509376 — 146863394961408b + 156544599068928b> — 51655821883008b°

+23139727485168b* — 2344230332640b° + 617895802776b° — 18458779248b" 4 328353284 7b°)
+37145a'5(—178814098777600 + 442041296102656b — 326043316343808b2 + 2116361607897605°
—42441185113824b" + 14259524785296b° — 1026870520368b° 4 219152761464b7 — 50218737665
+751134965b%) + 15640a°(15383673087527680 — 34078827668715520b 4 36908462651058432h°

—141836941443133445° + 6392060676118656b* — 8642207592009606° + 22724007328478415

—12234189336096b" 4 215438384561456° — 39059018180b° + 495749076951°)
+109480a*(—66546397551296000 + 167579244365076736b — 134688825529456128b°

+88134640433903872b — 20988432423037440b* + 7047385998698880b° — 6871496345112006°
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+145430620473840b7 — 607646725686006° + 8947703654500 — 1315252653060 + 142562350561 1)
+340a13(543875878273439405056 — 1251340620867819517952b + 1369634637875538754048b°
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—888687861460172067840b° + 185865876600461680896b" — 10734954527661484848b°
+1551008942251917512b° — 42304119528430760b6'° + 4467234591872052b ! — 45648274546966b"
+364645980108956%3) + 13641 (516122352488702370611200 — 1222665035084907763814400b
+1347127778676226885524480b%— 624384680472188982900736b°+281174089484815331587328b*
—52343935058412888963072b° + 135407410491834602867206° — 1227811867433180510208b"
+209649585286086114624b° — 9747684004211325536b° + 11827168352449450005°
—26860074374807856b + 2419358550989198b'2 — 21068434406292b3 + 1447007857575b1)
+14960'°(—698335459257875445760000 + 1800988475513078748282880b
—16215539192339819404800006°41065534475796573110279168b°—314457416256610890658304b*
+1043183526233462073474560° — 142968599895925917568006° + 2945599991971444231424b7
—210849048023648116992b° 4 297964353165705233286" — 11398541717565402400'°
+116878471781424808b" — 2244635844964604b% + 172785378722866b"3 — 12973173895500
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+14213431085476704989107206° — 824524505861736492933120° + 9733792240058435028480"
—311885299252958342912b'" + 27127086010213084896b' — 446352585997782464b"3
1293622263266332000** — 1919918139339206'° + 9691894453395b'°)
+7a%(—18750211068729592083906560000 4 48715214312117462420433141760b
—456523687360030605154025472006% + 29924735769246499429843206144b°
—9503555389843284963782664192b* + 31195532801058196611951943685°
—4772291371669479061783142400° + 96565086727541027651008512b
—8089542881324122750811136b%4-11145154306016774751319046°—535098976707059469619206°
+5308977943764198173184b' " — 144618581171963825472b'% + 10685144436609403488b*>
—15232777953354000001 + 85461291202404006%° — 49088816062650b'6 + 2110152726675b'7)
+44"(271611186593602986117483724800 — 671009535743013145612176588800b
+7425372625056469168241508352006% — 3859624497343864951534395064320°
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+171518199003453816671172427776b* — 38366813415135487548897705984h°
+96439523331958249393863270406° — 1142480222425883380596350976b"
+186774351185946338965882368b° — 127558956146156273047429120°
+14599589837019929360819206'° — 59026338952069918420992b* 4+ 4937735270104755279616b"2
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—77454091656669790577715206'94+74051680800440189976 72960 1 —25580811078935767036928b"2
+18055754541382548856320% — 36862244056695744960b'* + 19565461206083083206'°
—215299124834921406'¢ + 86566449209877067 — 39212087305306'8 + 119065042425b%)
+2a°(18753968220881607367780007411712 — 47053273644557609628 7168030310400
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—22855149849902748006'¢ 4 85196618367004200b'7 — 74583891388580068 + 206573008565006
—755046610506% + 15211561756%) + 44 (107310775640255025038047051776000
—272728648667635698920985722880000b + 300139438350810593564809557442560b°
—169021755790313032483730677039104b> 4 732681266166104264997180926853125*
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+185865876600461680896b'2 — 4147446806337045120b™ + 2341432989628824000
—2813863547302080b6"° 4 1197121959497106'6 — 5931240096606 7 + 19010384925b'%)
+340a5(—63102123563805604079927820288 + 127161517516186168240027729920b
—94439367266024933949895081984b% + 52690958804435649897131147264b°
—15023526383468920561775476736b" + 4305975627128026181658345472b°
—63851393496295905491313459205 4 113458262743480293404545024b"
—9825305765201868656612352b%411849145617023557760619526°—62906183954207403729920b'°
+5416296419673384114688b' — 177737572292034413568b'% + 11250117922841403648b™3
—221262182312606400b'* + 10453043371100064b"° — 112185604350204b'¢ + 3970889203134b""
—17743025930b'® 4 466921735b) + 344°(3099309826302466864238712324096
—5427111899453179276608248217600b + 4919282391795397669657346310144b>
—2186124036495735935616006750208b° + 834590174206342019775985614848b"
—174603900663017490511347056640b° 4 38199594732014863200694566912°
—4513742754721822064576200704b7 4 642260969433551106716657664b°
—46398244495092672393236480b° + 4590007515427233123288064b*°
—209375740233651555852288b'! + 14959735718859412336128b'% — 4306345658157376512005'°
+22692582915810393600b'* — 397541549232441600b'° + 15578530827935880b16
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—150651272847600b'7 4 43751705403006*% — 177658026006 + 3758150556%°)
+34a*(—10202038312657003951889055744000 4 203221536369754169939464500019200
—15767878157546409440927155224576b% + 86197796019541678234962461982725°
—2620412724520483834854367035392b* 4 7295246508741309682563835494400°
—11795308276406211207451233484855 + 20178611647465154902490873856b"
—19566143449677351396023132165° + 2250562825937882320536268800"
—13836126315290879188965376b'°+1124696357939261326349312b' 1 —44751083205509401 75667262
+26436920516136977638400% — 675827524021805568006'* + 29403479110145817606'°

—463669947368527200'¢ + 14870677810321206'7 — 130783109450006'8 + 3053927695006
—11361850506%° + 18728325b21) + 47643 (1884745748508783418877254041600
—3409881826829937982772493680640b + 3034403938024543695565328744448b>
—1420350888994227163728829218816b° 4 5272922414752365700619131944965*
—1185378300065471428713408102405° + 24977810818874032385052114944p5
—3243381930541062984482684928b" + 440069643665389697497694208b°
—35884810234258085681684480b” + 3348822638217801203734528b'°
—178395622992053995114496b! + 11880923884963039868416b% — 4184214441362937856000*°
+20270967299797890560b* — 466035664741724160b° + 165151789759152005'°
—237117585744480b' 4609921296 796008 —493035452006'9+8981272306%°—3091660b>! +37835b°%)
+2380a(—597791428170113308921587302400 + 1171751479300626757897798287360b
—948055964740340596452876091392b% + 504436030841698476579511861248b°
—162969704620543235289167953920b* + 43687683006375599326447534080b°
—7660084442701710525175169024b° + 1247961785723776330796892160b7
—134271672752950177986478080b° + 14536163456732426647437312b°
—10192624635185029340160006'° 4 76978730210070107744256b — 3617608077354064661504b"2
+195662091125076964864b'3 — 6195685974354981888b'4 + 242541325992669696b*
—5088604615794432b'54-143718465951936b' "—1905599253488b84-38090339560b67—2870507645%°
1388759821 — 12558b?% + 105b6%3) + 5a(272801831013693613542658277376000
—510259198375701400342220085657600b + 442172562800528763129828810424320b>
—2181829189341085591367885783040005% + 77875061943785647981894758825984b%
—18821309457823043851486721212416b° + 37642361801386986290648407080965°
—53680762859441051648974127104067 + 68201300036964447388606398464b°
—6258043140275689339905376256b° 4+ 538855751873513161486237696b°
—33256488954309491175751680b6! + 2009985288142112547876864b"2
—85091162219011727220736b'3 + 3669315134617720211456b' — 106598572947742146560b'°
+3283924788746631424b'° —64179303598135296b' 7 +13919620240412166° —17419933847680b"°

-+256370498384b20—-1844681696b21+-17038216b22—-53040b234—255b@5)}] (8)
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[11. DERIVATION OF THE SUMMATION FORMULA

1

a+b2+52 and z = 5 in equation (2), we get

Substituting ¢ =

a, b ; 1 a+1,b; 1 a, b+1 ; 1
(a— b) 2 F1 [ a+b+52 . 5] =a 2k [ a+b+52 . 5] —boFy [ a+b+52 . 5]
2 2 2

? ? ?

Now involving the derived formula [Salahuddin et. al. ], the summation formula is obtained.
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R Modification of Earth’s Gravity Sphere

V.A. VUJIC IC

Abstract- The standard radius of the Earth’s gravity sphere is 917 000 km. Here we present that the radius is 1400000
km.
Keywords: celestial mechanics, gravitation, earth, sun.

I. [NTRODUCTION

Earth’s gravity sphere is a space around the Earth (as a material point) where
in the Earth’s force of attraction is stronger than the gravitational forces of other
bodies, including the gravitational force of Sun. The formula that determines the
radius p of the so called sphere of influences (gravy sphere) of the Earth’s gravity
in this case is ([1], p. 196),

p=ry/(mi/M)?, (1)
where r is the distance between the Earth and Sun, m; = Mg is the mass of the
Earth, and Mg ~ 333000m; is the mass of the Sun. The size of this radius of the
Earth’s sphere amounts approximately to p = 917000 km or ([2], p.108) 923 000km.
mimso

o 3)

Verification of the formula (1) with the use of the Newton’s formula of ”universal
gravitational force”

F=k

mimsa

= (2)
led to a paradoxical result. According to formula (2), at the boundary of the Earth’s
gravity sphere, it should be Fg = Fi;. However, the calculation shows the opposite.
And indeed, let us show this with some more details.

Let it be assumed that: m; = Mg is the mass of the Earth, my = My is
the mass of the Sun, and m is the mass of any body at the boundary pg = = =
917000 km. For the above mentioned assertions of the book the mass of the Sun
is Mg =~ 333000Mg, whereas a tabulated distance of the Earth from the Sun is
po = a = 149600000 km.

First. The Sun and the Earth act at the same time on a body having the mass
m in a critical boundary point at the distance pg = x with the forces according to
Newton’s formula (2):

F=k

[1] T. Andjeli¢ and R. Stojanovi¢, Racionalna mehanika, Zavod za udzbenike,
Beograd, 1966.

M@m M@ m
F@:Iﬁ',?, F@ :K/m. (3)
Therefore, in a critical point pg = x = 917000, it should be

Mg m —11
Fo = =1,5063 - 10 Mgom. 4
© = 149600000 — 2)2 ~ rom )

and
Mgm _

Fo=r ;‘; =0,11892- 10~k Mgm. (5)

Author: Mathematical institute, Serbian Academy of Sciences, Kneza Mihaila, Serbia. e-mail: vwujicic@turing.mi.sanu.ac.rs
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This shows that, according to Newton’s formula, the gravitational force of the
Sun at the distance of 917000 km from the center of the Earth is more than 12
times greater than the value of the Earth’s gravitational force, i.e.

However, this is not in compliance either with the definition of gravity sphere,
or with the phenomena in the nature. The Moon moves around the Earth at an
average distance of 384400 km, under the dominant attraction of the Earth, not
the Sun.[7]

The second. Let’s determine the boundary of the Earth’s gravity sphere I :,ef
with the use of a strict procedure, by means of the universal gravity formula (2).
According to the Newton’s gravity theory (2) would follow, so that it should be:

M@m M@m

2 (r—ux)?’

or for Mg = 333000Mg, follow (p — z)/x)? = Mg /Mg = 333 000.
Further calculation gives: (p —x)? = (577,6152x)2%, i.e. p—x = 577,6152x, or
p = 578,0652 x, and from there, for p = 149600 000 km, it follows that

x = 258795,993 km.

‘GCELIE

“(9002) ‘(¥)gg ‘swouerq 2y I0[AR], ‘suoijoesued], [edIsAydorisy pue [esrwou

This is contradictory to the fundamental laws of dynamics, as well as the actual
state of the motion of the Moon around the Earth at an average distance of 384 400
km, and particularly the formula (1), which demonstrates the radius of the sphere of
the Earth’s gravity. Doubt about the validity of the Newton’s formula is increased
by a fact from the above mentioned book. According to the Newton’s formula (1)
it follows that the acceleration of gravity depends not only on the distance, but
it is asserted that at the first cosmic velocity of 7,91 km/s, a body will escape
from the Earth’s attraction and will rotate around the planet Earth under an
assumption that the resistance of the medium is ignored. At the second cosmic
velocity v, = 11,19 km/s, a missile will leave the area of the Earth’s gravity
sphere.

I1. ONE MODIFICATION THEORY OF GRAVITY

In the papers [1, 2, 3, 4] author is demonstrated that our formula of mutual
action of two bodies has the form

= [.)2+p,5—11§,o mima :M*p2+pﬁ_’ugr — F* 4 F** (8)
my + mo P P

where we introduced notations:

v2
, , FY =M,
my + m2 p p
For the escaping boundary of the attraction of a body having a mass of m and
the body having a mass of M, it will be

.2 .
M- mame Y

-OI)SY ‘SpUDISU0D UOUDYADLE 21952.4079D40YD 21} [0 U0DIYLPOTY IWIMA Y * A [1]

M* p2 + pp - Ugr
p

pr— 0’
or in Simié’s form

d
%(pp) - vgr =0.

For the purpose of clearer and more straightforward comprehension of this
assertion, let us mention that formula (6), in relation to the natural coordinate
system, can be reduced to a simpler form. It is sufficient to observe that it is

v? = p? + p?02 so as to reduce the formula (6) to a form
F, = M*(j — pf?).
In the state of motion where F, = 0, the known formula for normal acceleration
follows 5
. ) v
p=pd°=—,
P

© 2014 Global Journals Inc. (US)
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as well as formula for the force of mutual attraction

2
v
F** = M"—, 7
P (7)
where p = R = const.

Table. It has been shown what the radial accelerations of the satellites are
at different altitudes H above the Earth according to the standard formula v =
gR?/p?, as well as the formula v* = v?/p, which follows from the formula (6).

Altitude Velocity Acceleration Acceleration
H km v km/s ~y ~*

0 7,91 981,0 982,3

100 7,84 948, 9 950, 0

1000 7,35 732,1 733,0

10000 4,93 148, 4 148, 4
100000 1,94 3,5 3,5

384400 1,02 0,002693 0.002706

Let’s note that the last type of table refers to the average speed of the Moon’s
motion around the Earth and its average distance from the center of the Earth.

By the application of formula (8) to the motion of the Moon in relation to the
Sun and in relation to the Earth, it has been proven that the gravitational force
of the Earth, which acts on the Moon, is greater than the corresponding force of
the Sun. In this way, dynamical paradox in the theory of the Moon’s motion has
been removed, [8]. It is logical that it is possible to determine the boundary of the
Earth’s gravity sphere in the same way.

Using this procedure, we obtain a significant modification of the Earth’s gravi-
tation sphere . Starting from the aforementioned definitional of the gravity sphere
of two bodies, let us find the boundary x of the gravity sphere of the Earth in
relation to the gravitational force of the Sun for that same body. By the very na-
ture of things and by mathematical logics, initial relation of that task is that the
gravitational force of the Earth is greater than, and at the boundary of the sphere
p = x is equal to, the Sun’s gravitational force, i.e.,

F@ = F®7
where : )
Fp = %”7@ Vore < 1km/s,
N M@ m Ug')"@
- My +ma—z

Fy . Vore = 29,8 — (19,54 0,3) = 10km/s.

Ratio of the gravitational forces Fg and Fp at the boundary of the Earth’s
gravity sphere is:

From here, it follows that

(8)

T = .
L+ (Vore /Vore)?

Value of the fraction which is derived, depends, as we can see, on the ratio of the
orbital speeds of bodies in relation to the Sun and the Earth at the boundary x of
the Earth’s gravity sphere. Let us analyze that for our needs.

First: v,r0 # Uorg, because it iS vVore = Vg £ Vorg — Vo)  Vorg 7# V-
The second: For vg = 1is z = a/(1+v%).

The third: for v,, > 1 the value of the fraction is decreased, and already for
Vo > 1 the fraction (10) is decreased, and for v,, < 1 it is increased. In view of the
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sphere depends on the ratio of the speeds of two bodies in relation to the Earth v,.q
and in relation to the Sun v,,o. Usually the velocity vo,q is not known, so that
we are left only with a hypothetical analysis on the basis of the average standard
data. The velocity of the Sun v,,.ois even less known. Speeds of the Sun in relation
to various groups of stars [4]. The standard velocity of the Sun is usually taken to
be vy = 20000 km/s. Since the mean velocity of the Earth’s motion around the
Sun is vg ~ 30000km/s. In this state of motion, it is

Vor@ R Vg — Vg = 10km/s.
For this logical choice and numerical values of the standard quantities (see for
example [3]):
M, M
Me™m _ 0, 987; _Mom
M@ + m M@ + m
a = 149600 000km, Mg = 333000 Mg,

it is obtained that the radius of the gravitation sphere of the Earth is z = 1481 188
km, or

=0,999;

z ~ 1481000 km. (9)

Therefore, for the standard data which are taken, the radius of the gravitation
sphere of the Earth is significantly greater than the radius x = 917000km, and
expressly than x = 258 795km.

[1I.  CONCLUSION

In the first part of this paper it is proven that the formula of the gravitational
sphere of the Earth (1) has not been derived on the basis of the Newton’s formula
(3). By direct calculation with the use of the formula (3) it is shown that the
formula leads to the results, which are not in accordance with the nature of the
motion between the Sun and the Earth. Convincing example is the motion of
the Moon, for which the formula (3) leads to paradoxical dynamic result of the
Newton’s gravity theory.

With the use of the formula (6) for the mutual attraction of two bodies, the
above mentioned paradox in the theory of the Moon’s motion is removed and one
solution to the problem of three bodies (Sun-Earth-Moon) is obtained. That was
a reason to consider the boundary (2) of the gravity sphere of the Earth in this
paper. Approximately correct result for the radius of the Earth’s gravity sphere
on the basis of the formula (11) amounts to 1400000 km, which is considerably
different from the value (2).
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AUXILIARY MEMBERSHIPS

Institutional Fellow of Global Journals Incorporation (USA)-OARS (USA)

Global Journals Incorporation (USA) is accredited by Open Association of Research
Society, U.S.A (OARS) and in turn, affiliates research institutions as “Institutional
Fellow of Open Association of Research Society” (IFOARS).

The “FARSC” is a dignified title which is accorded to a person’s name viz. Dr. John E.
Hall, Ph.D., FARSC or William Walldroff, M.S., FARSC.

The IFOARS institution is entitled to form a Board comprised of one Chairperson and three to five
board members preferably from different streams. The Board will be recognized as “Institutional
Board of Open Association of Research Society”-(IBOARS).

The Institute will be entitled to following benefits:

The IBOARS can initially review research papers of their institute and recommend
them to publish with respective journal of Global Journals. It can also review the
papers of other institutions after obtaining our consent. The second review will be
done by peer reviewer of Global Journals Incorporation  (USA)
The Board is at liberty to appoint a peer reviewer with the approval of chairperson
after consulting us.

The author fees of such paper may be waived off up to 40%.

The Global Journals Incorporation (USA) at its discretion can also refer double blind ——
peer reviewed paper at their end to the board for the verification and to get ‘fafsssa
recommendation for final stage of acceptance of publication. ;

2 The IBOARS can organize symposium/seminar/conference in their counuy uii veiian v
Global Journals Incorporation (USA)-OARS (USA). The terms and conditions can be
discussed separately.

The Board can also play vital role by exploring and giving valuable suggestions .
regarding the Standards of “Open Association of Research Society, U.S.A (OARS)” so VA
that proper amendment can take place for the benefit of entire research community.\/@/
We shall provide details of particular standard only on receipt of request from the{']

Board.

The board members can also join us as Individual Fellow with 40% discount on total

fees applicable to Individual Fellow. They will be entitled to avail all the benefits as

declared. Please visit Individual Fellow-sub menu of Globallournals.org to have more
.1, relevant details.
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time. This may be utilized in your library for the enrichment of knowledge of your students as well as it
can also be helpful for the concerned faculty members.

After nomination of your institution as “Institutional Fellow” and constantly
functioning successfully for one year, we can consider giving recognition to your
ﬁ. meminstitute to function as Regional/Zonal office on our behalf.
“F®The board can also take up the additional allied activities for betterment after our
consultation.

The following entitlements are applicable to individual Fellows:
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In addition to above, if one is single author, then entitled to 40% discount on publishing
research paper and can get 10%discount if one is co-author or main author among group of
authors.

The Fellow can organize symposium/seminar/conference on behalf of Global Journals
Incorporation (USA) and he/she can also attend the same organized by other institutes on
behalf of Global Journals.

The Fellow can become member of Editorial Board Member after completing 3yrs.

The Fellow can earn 60% of sales proceeds from the sale of reference/review
books/literature/publishing of research paper.

Fellow can also join as paid peer reviewer and earn 15% remuneration of author charges and
can also get an opportunity to join as member of the Editorial Board of Global Journals
Incorporation (USA)

e This individual has learned the basic methods of applying those concepts and techniques to
common challenging situations. This individual has further demonstrated an in—depth
understanding of the application of suitable techniques to a particular area of research
practice.
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In future, if the board feels the necessity to change any board member, the same can be done with
the consent of the chairperson along with anyone board member without our approval.

In case, the chairperson needs to be replaced then consent of 2/3rd board members are required
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case, it will be compulsory to obtain our approval before replacement.

In case of “Difference of Opinion [if any]” among the Board members, our decision will be final and
binding to everyone. Z

© Copyright by Global Journals Inc.(US) | Guidelines Handbook .



PROCESS OF SUBMISSION OF RESEARCH PAPER

The Area or field of specialization may or may not be of any category as mentioned in
‘Scope of Journal’ menu of the Globallournals.org website. There are 37 Research
Journal categorized with Six parental Journals GJCST, GIMR, GJRE, GJMBR, GISFR,
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used systems UDC, DDC and LCC. The details are available as ‘Knowledge Abstract’ at
Home page. The major advantage of this coding is that, the research work will be
exposed to and shared with all over the world as we are being abstracted and indexed
worldwide.

The paper should be in proper format. The format can be downloaded from first page of
‘Author Guideline’” Menu. The Author is expected to follow the general rules as
mentioned in this menu. The paper should be written in MS-Word Format
(*.DOC,*.DOCX).

The Author can submit the paper either online or offline. The authors should prefer
online submission.Online Submission: There are three ways to submit your paper:

(A) (1) First, register yourself using top right corner of Home page then Login. If you
are already registered, then login using your username and password.

(1) Choose corresponding Journal.
() Click ‘Submit Manuscript’. Fill required information and Upload the paper.

(B) If you are using Internet Explorer, then Direct Submission through Homepage is
also available.

(C) If these two are not conveninet , and then email the paper directly to
dean@globaljournals.org.

Offline Submission: Author can send the typed form of paper by Post. However, online
submission should be preferred.
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PREFERRED AUTHOR GUIDELINES

MANUSCRIPT STYLE INSTRUCTION (Must be strictly followed)

Page Size: 8.27" X 11"

e  Left Margin: 0.65

e  Right Margin: 0.65

e  Top Margin: 0.75

. Bottom Margin: 0.75

e  Font type of all text should be Swis 721 Lt BT.

e  Paper Title should be of Font Size 24 with one Column section.

e Author Name in Font Size of 11 with one column as of Title.

e  Abstract Font size of 9 Bold, “Abstract” word in Italic Bold.

e Main Text: Font size 10 with justified two columns section

e  Two Column with Equal Column with of 3.38 and Gaping of .2

e  First Character must be three lines Drop capped.

e  Paragraph before Spacing of 1 pt and After of O pt.

e Line Spacing of 1 pt

e large Images must be in One Column

e Numbering of First Main Headings (Heading 1) must be in Roman Letters, Capital Letter, and Font Size of 10.
e Numbering of Second Main Headings (Heading 2) must be in Alphabets, Italic, and Font Size of 10.

You can use your own standard format also.
Author Guidelines:

1. General,

2. Ethical Guidelines,

3. Submission of Manuscripts,

4. Manuscript’s Category,

5. Structure and Format of Manuscript,
6. After Acceptance.

1. GENERAL

Before submitting your research paper, one is advised to go through the details as mentioned in following heads. It will be beneficial,
while peer reviewer justify your paper for publication.

Scope

The Global Journals Inc. (US) welcome the submission of original paper, review paper, survey article relevant to the all the streams of
Philosophy and knowledge. The Global Journals Inc. (US) is parental platform for Global Journal of Computer Science and Technology,
Researches in Engineering, Medical Research, Science Frontier Research, Human Social Science, Management, and Business organization.
The choice of specific field can be done otherwise as following in Abstracting and Indexing Page on this Website. As the all Global

© Copyright by Global Journals Inc.(US) | Guidelines Handbook .



Journals Inc. (US) are being abstracted and indexed (in process) by most of the reputed organizations. Topics of only narrow interest will
not be accepted unless they have wider potential or consequences.

2. ETHICAL GUIDELINES
Authors should follow the ethical guidelines as mentioned below for publication of research paper and research activities.

Papers are accepted on strict understanding that the material in whole or in part has not been, nor is being, considered for publication
elsewhere. If the paper once accepted by Global Journals Inc. (US) and Editorial Board, will become the copyright of the Global Journals
Inc. (US).

Authorship: The authors and coauthors should have active contribution to conception design, analysis and interpretation of findings.
They should critically review the contents and drafting of the paper. All should approve the final version of the paper before
submission

The Global Journals Inc. (US) follows the definition of authorship set up by the Global Academy of Research and Development. According
to the Global Academy of R&D authorship, criteria must be based on:

1) Substantial contributions to conception and acquisition of data, analysis and interpretation of the findings.
2) Drafting the paper and revising it critically regarding important academic content.
3) Final approval of the version of the paper to be published.

All authors should have been credited according to their appropriate contribution in research activity and preparing paper. Contributors
who do not match the criteria as authors may be mentioned under Acknowledgement.

Acknowledgements: Contributors to the research other than authors credited should be mentioned under acknowledgement. The
specifications of the source of funding for the research if appropriate can be included. Suppliers of resources may be mentioned along
with address.

Appeal of Decision: The Editorial Board’s decision on publication of the paper is final and cannot be appealed elsewhere.

Permissions: It is the author's responsibility to have prior permission if all or parts of earlier published illustrations are used in this
paper.

Please mention proper reference and appropriate acknowledgements wherever expected.

If all or parts of previously published illustrations are used, permission must be taken from the copyright holder concerned. It is the
author's responsibility to take these in writing.

Approval for reproduction/modification of any information (including figures and tables) published elsewhere must be obtained by the
authors/copyright holders before submission of the manuscript. Contributors (Authors) are responsible for any copyright fee involved.

3. SUBMISSION OF MANUSCRIPTS

Manuscripts should be uploaded via this online submission page. The online submission is most efficient method for submission of
papers, as it enables rapid distribution of manuscripts and consequently speeds up the review procedure. It also enables authors to
know the status of their own manuscripts by emailing us. Complete instructions for submitting a paper is available below.

Manuscript submission is a systematic procedure and little preparation is required beyond having all parts of your manuscript in a given
format and a computer with an Internet connection and a Web browser. Full help and instructions are provided on-screen. As an author,
you will be prompted for login and manuscript details as Field of Paper and then to upload your manuscript file(s) according to the
instructions.
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To avoid postal delays, all transaction is preferred by e-mail. A finished manuscript submission is confirmed by e-mail immediately and
your paper enters the editorial process with no postal delays. When a conclusion is made about the publication of your paper by our
Editorial Board, revisions can be submitted online with the same procedure, with an occasion to view and respond to all comments.

Complete support for both authors and co-author is provided.

4. MANUSCRIPT’S CATEGORY

Based on potential and nature, the manuscript can be categorized under the following heads:
Original research paper: Such papers are reports of high-level significant original research work.
Review papers: These are concise, significant but helpful and decisive topics for young researchers.
Research articles: These are handled with small investigation and applications

Research letters: The letters are small and concise comments on previously published matters.

5.STRUCTURE AND FORMAT OF MANUSCRIPT

The recommended size of original research paper is less than seven thousand words, review papers fewer than seven thousands words
also.Preparation of research paper or how to write research paper, are major hurdle, while writing manuscript. The research articles and
research letters should be fewer than three thousand words, the structure original research paper; sometime review paper should be as
follows:

Papers: These are reports of significant research (typically less than 7000 words equivalent, including tables, figures, references), and
comprise:

(a)Title should be relevant and commensurate with the theme of the paper.

(b) A brief Summary, “Abstract” (less than 150 words) containing the major results and conclusions.

(c) Up to ten keywords, that precisely identifies the paper's subject, purpose, and focus.

(d) An Introduction, giving necessary background excluding subheadings; objectives must be clearly declared.

(e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit repetition;
sources of information must be given and numerical methods must be specified by reference, unless non-standard.

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to
have adequate numerical treatments of the data will be returned un-refereed;

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing.
(h) Brief Acknowledgements.
(i) References in the proper form.

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial
correction.
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness.
It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines.
Format

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable,
that manuscripts should be professionally edited.

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary.
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater.

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed
by the conventional abbreviation in parentheses.

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration,
1.4 | rather than 1.4 x 10-3 m3, or 4 mm somewhat than 4 x 10-3 m. Chemical formula and solutions must identify the form used, e.g.
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear.

Structure
All manuscripts submitted to Global Journals Inc. (US), ought to include:

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces),
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining
and indexing.

Abstract, used in Original Papers and Reviews:
Optimizing Abstract for Search Engines

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most
public part of your paper.

Key Words

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and
Internet resources.

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible
keywords and phrases to try.

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing

research paper are very helpful guideline of research paper.

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as
possible about keyword search:

. © Copyright by Global Journals Inc.(US)| Guidelines Handbook

Xl



e One should start brainstorming lists of possible keywords before even begin searching. Think about the most
important concepts related to research work. Ask, "What words would a source have to include to be truly
valuable in research paper?" Then consider synonyms for the important words.

e It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most
databases, the keywords under which a research paper is abstracted are listed with the paper.

e One should avoid outdated words.

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are
bound to improve with experience and time.

Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references.
Acknowledgements: Please make these as concise as possible.

References

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions
will cause delays.

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the
Editorial Board.

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not
being noticeable.

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management
and formatting.

Tables, Figures and Figure Legends

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used.

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers,
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them.

Preparation of Electronic Figures for Publication

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible).

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi;
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi.
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork.
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to
complete and return a color work agreement form before your paper can be published.

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore,
the first 100 characters of any legend should notify the reader, about the key aspects of the figure.

6. AFTER ACCEPTANCE

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the
Global Journals Inc. (US).

6.1 Proof Corrections

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must
therefore be provided for the related author.

Acrobat Reader will be required in order to read this file. This software can be downloaded
(Free of charge) from the following website:

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for
any corrections to be added. Further instructions will be sent with the proof.

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt.

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please
note that the authors are responsible for all statements made in their work, including changes made by the copy editor.

6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print)

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles
cannot be cited in the conventional way.

6.3 Author Services

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article -
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is
provided when submitting the manuscript.

6.4 Author Material Archive Policy

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as
possible.

6.5 Offprint and Extra Copies

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org .
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Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper?
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about this field
from your supervisor or guide.

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:

1. Choosing the topic: In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can
have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can be done by
asking several questions to yourself, like Will | be able to carry our search in this area? Will | find all necessary recourses to accomplish
the search? Will | be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper.
They are here to evaluate your paper. So, present your Best.

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and
automatically you will have your answer.

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper
logical. But remember that all points of your outline must be related to the topic you have chosen.

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the
supervisor to help you with the alternative. He might also provide you the list of essential readings.

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious.
7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose

quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet.

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model
research paper. From the internet library you can download books. If you have all required books make important reading selecting and
analyzing the specified information. Then put together research paper sketch out.

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth.

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier.

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it.
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and
always give an evaluator, what he wants.

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it
either in your computer or in paper. This will help you to not to lose any of your important.

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those
diagrams, which are made by your own to improve readability and understandability of your paper.

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but
if study is relevant to science then use of quotes is not preferable.

16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will
confuse the evaluator. Avoid the sentences that are incomplete.

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be
possible that evaluator has already seen it or maybe it is outdated version.

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that
suits you choose it and proceed further.

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your
target.

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use
language that is simple and straight forward. put together a neat summary.

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with

records.

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute
will degrade your paper and spoil your work.

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot.

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in
trouble.

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also
improve your memory.

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have
several ideas, which will be helpful for your research.

29.Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits.

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their
descriptions, and page sequence is maintained.

31. Adding unnecessary information: Do not add unnecessary information, like, | have used MS Excel to draw graph. Do not add
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be
sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers.
Amplification is a billion times of inferior quality than sarcasm.

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way
to put onward earth-shaking thoughts. Give a detailed literary review.

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical
remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples.

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING

Key points to remember:

®  Submit all work in its final form.
®  Write your paper in the form, which is presented in the guidelines using the template.
®  Please note the criterion for grading the final paper by peer-reviewers.

Final Points:

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections,
submitted in the order listed, each section to start on a new page.

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness
of prior workings.
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Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation,
and controlled record keeping are the only means to make straightforward the progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines.

To make a paper clear

- Adhere to recommended page limits
Mistakes to evade

e |[nsertion a title at the foot of a page with the subsequent text on the next page
e  Separating a table/chart or figure - impound each figure/table to a single page
e  Submitting a manuscript with pages out of sequence

In every sections of your document
- Use standard writing style including articles ("a", "the," etc.)

- Keep on paying attention on the research topic of the paper

- Use paragraphs to split each significant point (excluding for the abstract)

- Align the primary line of each section

- Present your points in sound order

- Use present tense to report well accepted

- Use past tense to describe specific results

- Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives
- Shun use of extra pictures - include only those figures essential to presenting results

Title Page:

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed
lines. It should include the name(s) and address (es) of all authors.
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Abstract:

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references
at this point.

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written?
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to
shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no
more than one ruling each.

®  Reason of the study - theory, overall issue, purpose

®  Fundamental goal

®  To the point depiction of the research

®  Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results
of any numerical analysis should be reported

e  Significant conclusions or questions that track from the research(es)

Approach:
®  Single section, and succinct
®  Asaoutline of job done, it is always written in past tense
® A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table
®  Center on shortening results - bound background information to a verdict or two, if completely necessary
¢  What you account in an conceptual must be regular with what you reported in the manuscript

Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics)
are just as significant in an abstract as they are anywhere else

Introduction:

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction,
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the
protocols here. Following approach can create a valuable beginning:

e  Explain the value (significance) of the study

®  Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its
appropriateness from a abstract point of vision as well as point out sensible reasons for using it.

®  Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them.

e Very for a short time explain the tentative propose and how it skilled the declared objectives.

Approach:

e  Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is
done.

®  Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a
least of four paragraphs.
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®  Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the
whole thing you know about a topic.

e  Shape the theory/purpose specifically - do not take a broad view.

®  Asalways, give awareness to spelling, simplicity and correctness of sentences and phrases.

Procedures (Methods and Materials):

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section.
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic
principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the
whole thing you did, nor is a methods section a set of orders.

Materials:

®  Explain materials individually only if the study is so complex that it saves liberty this way.
®  Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.
® Do not take in frequently found.

e |[f use of a definite type of tools.
®  Materials may be reported in a part section or else they may be recognized along with your measures.
Methods:

®  Report the method (not particulars of each process that engaged the same methodology)

®  Describe the method entirely

®  To be succinct, present methods under headings dedicated to specific dealings or groups of measures

e  Simplify - details how procedures were completed not how they were exclusively performed on a particular day.

e If well known procedures were used, account the procedure by name, possibly with reference, and that's all.
Approach:

e |t is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use
third person passive voice.

e  Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences.

What to keep away from

®  Resources and methods are not a set of information.
®  Skip all descriptive information and surroundings - save it for the argument.
® leave out information that is immaterial to a third party.

Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the
outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated

in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not
be submitted at all except requested by the instructor.
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Content

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate.
Present a background, such as by describing the question that was addressed by creation an exacting study.
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if
appropriate.

e  Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form.
What to stay away from

® Do not discuss or infer your outcome, report surroundings information, or try to explain anything.
L] Not at all, take in raw data or intermediate calculations in a research manuscript.

® Do not present the similar data more than once.
®  Manuscript should complement any figures or tables, not duplicate the identical information.

®  Never confuse figures with tables - there is a difference.
Approach

e Asforever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
e  Put figures and tables, appropriately numbered, in order at the end of the report

e |f you desire, you may place your figures and tables properly within the text of your results part.
Figures and tables

e |f you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix
materials, such as raw facts

®  Despite of position, each figure must be numbered one after the other and complete with subtitle
®  |n spite of position, each table must be titled, numbered one after the other and complete with heading

e Allfigure and table must be adequately complete that it could situate on its own, divide from text
Discussion:

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally  accepted information, if  suitable.  The implication of  result  should be  visibly  described.
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that.

®  Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain."

®  Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work

®  You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea.

®  Give details all of your remarks as much as possible, focus on mechanisms.

®  Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted.
®  Tryto present substitute explanations if sensible alternatives be present.

®  One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain?

e  Recommendations for detailed papers will offer supplementary suggestions.
Approach:

®  When you refer to information, differentiate data generated by your own studies from available information
®  Submit to work done by specific persons (including you) in past tense.
= Submit to generally acknowledged facts and main beliefs in present tense.
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THE ADMINISTRATION RULES

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get

rejected.

. The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis.

e Do not give permission to anyone else to "PROOFREAD" your manuscript.

®  Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.)
®  To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XXIII

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

E-F

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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