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[. INTRODUCTION AND MAIN RESULTS

By using some special functions and some particular integrals, we recall some integral rep-
resentations for certain integer (or real) sequences.

a) Some special functions
The Gamma function is defined by the definite integral

400
['(z) = / " le " dw, Re(z) > 0.
0

We can see directly, that I'(1) = 1, and using integration by parts, that I'(z + 1) = 2I'(2).
Notice that, for z =n € N\ {0}, the following formulas hold

n! = I'(n+1)
+oo
= /0 e dr, (1)
(2n)! B 1
22nn! ﬁ - F(” + 5)
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The Beéta function is given in terms of the integral

B(s,t) = /01 N1 —2) dz, Re(s), Re(t) > 0. N
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which is symmetric in s and ¢, i.e., B(s,t) = B(t, s). Notice that, after a change of variable

r =, we get
+o0 xsfl
B(s,t) = —d
(8’ ) /0 (1 —|—I‘)5+t z

1+y’
This function also admits the following representation in terms of the Gamma function [3]

['(s)I(2)
B(s, t) = ———.
(0 =TG50
In particular, if s and ¢ are non-zero integers, then we have
nlp!
———— = Bn+1l,p+1
(n+p+1) ( pt+1)

_ / (1= 2y do, 3)

+oo "
_ /0 Ty 4 mp=0 (4)

The monic Hermite polynomials H,(z) are orthogonal in the interval (—oo,400) with
respect to the weight function e=** and fulfil the following orthogonality relation 2]

+00
/ ¢ Hy(2)Hp(z) dz = E/—jnlén,m, n, m >0,

o0

where 9, ., is the Kronecker delta.
The canonical moments, (H),>o, of the Hermite polynomials have the representation [3]

(1+ (=1)™)n!

b) Some other integrals
The Wallis integral is given by

us

2
In:/ sin"x dx, n >0.
0

By a simple integration by parts, we can obtain

(2n)!mw 221 (n!)?

-[ N T Ao 117 1\0) n — T8 a0 Z
Y PR A T DT

Global Journal of Science Frontier Research (F) Volume XV Issue V Version I H Year 2015

By the change of variable ¢ = sin x, this gives the following formulas

(2n)!mw
22n+1 nl)? / m n =0, (6)
|
GO b >0 (7)
— n > 0.
(277, -+ 1) V13— ;pQ -

Now, let consider the following integral

2n+1
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Notes

s

4
Tn:/ tan" x dz, n>0.
0

It is easy to see that

1
2 n+1 "

We get by iteration the two following formulas

. (_1)n+k n
T2n+1:ZT+(—1) Tl, HZO

k=1

. (_1)n+k n+1
T2n+2:Z%—H+(_1) T(), nZO
k=0

Then, by the change of variable t = tanx, we get

2n+1

%(mﬂé%):/ﬁw de, n >0, ®)

(G Uy [ o )

1+ 22

with the convention 22:1 = Z]::lo =0.

We also consider the following integral

1
an/ dr, n>0.
0o 1+

It is easy to see that R, + R,41 = %, n > 1, and hence the following formula

n

(—U”(mué(_;)k) :/01 1:73 dz, n>0. (10)

Finally, we consider the integral

1 1
B,=— [ (1—2x)""dz, n>0.
n! Jo

For n > 1, integration by parts yields B,, = B,_1 — %, and we obtain the formula

~1 1 [
G—ZH: (1—2)"" dz, n>0.
k=0

n! Jo

This gives, after a change of variable t = 1 — x, the following relation

n

n!(l—%Z%) :/Ola:”e”” dz, n>0. (11)

k=0

In this paper, we introduce the following connection formula, between the monomial
{z"},>0 and the shifted Laguerre polynomials,
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1 +o00 .
n___ - m—t [ (m)
' _(n+m)!/o t"e 'L (e +1)) dt, n>0, meN\{0}.

As an application of our formula, we give the integral representations in terms of Laguerre
polynomials for the sequences given by the equations (1)—(11).

[I. INTEGRAL REPRESENTATIONS IN TERMS OF LAGUERRE POLYNOMIALS

Let {L%m)}nzo be the monic Laguerre polynomial sequence, with parameter m € N\ {0}, [4]

LM (x) = zn:(—l)"—” (n> (ntm)! z’, n>0. (12)

—~ v) (v+m)!

For any ¢ € C and any polynomial p, let introduce in the space of polynomials the linear
isomorphism &, called intertwining operator, and given by [1]:

“+oo
S.(p)(x) = / te 'p(t(x — c) +¢) dt.
0
The operator &, can be characterized taking into account its linearity as well as the fact
Sc((z—0)")=(n+1)z—c)", n=>0. (13)
By (13) and (12), it is easy to prove that
So (:L‘m_lLSLm)(iL')) =m+m)lz™ Hx—-1)", n>0.

Hence, we can obtain the following result.
Theorem 2.1 For every integer m € N\ {0}, the following formula holds

1 oo
P s [P ) o (1)
n+m) Jo

Now, as an application of the above formula, we can express the sequences given by the
equations (1)—(11) by integral representations in terms of Laguerre polynomials. Indeed,
substituting expression (14) into (1)—(11), we can state the following theorem.

Theorem 2.2 For every integers m > 1, and n, p > 0, the following formulas hold

+00 +00
n!(n+m)! = / / tme” T LI (¢ + 1)) dide
0

2n)!m! I
0 oV

4n n

| l
nlpl(n +m)! _/ (1 — 2)Pt"e ™ LI (t(x + 1)) dtda
m+p+1)!  Jo Jo

n!p! (TL + m too oo et -
m - /0 (14 ) n+p+2 L; )(t(l’ + 1)) dtdx
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(1 +( ) )nl(n—)l—m)! _ /+oo /+00 tme,(agut)LT(Im) (t(x—i— 1)) dtdx

270 (2 4+ 1

22)1(2 +oo tm —t
(2n)!(2n + m)! / / — LI (Ha + 1)) dtde

(nl 222n+1 m
Notes (n)?(2n +m + 1) 122n +oo  ym—t L
(2n+1)! \/1_7 Loyt (t(x +1)) dtdx
: D=L et
(n+m—i2- N(=1) <1n2+z / / S Ly (ta + 1)) dtde

DT e k“ o gme! i
(2n 4+ m)!(—1) (Z + 2k+ 1 / / (t(z +1)) dtdz

k=0
n +oc0 tme —t
(n+m)!(_1)n(1n2+ 3 / / T Lt + 1) ded
1 n 1 1 400
nl(n + m)!(l - —|) = / / tme R LI (t(z + 1)) dtdw
=0 o Jo

with the convention 22:1 = E,::lo =0.

Corollary 2.3 For m =1 and p = 0 we have, for every integer n > 0, the following special
cases

+oo +oo
nl(n+1)! = / / te” LD (#(x + 1)) dtda
0 0

2n)!(n+1)y/7 _ /+oo /+oo % ef(acht)L?(ll) (t(a: + 1)) dtdx

92n
1 +o00
n! = / / te t LW (t(z +1)) didz
o Jo

+o0o +o0 —t 1)
nl = / / e LV (t(x + 1)) dtdz

(1 +2£L - 1111()_71(11 )+ 1)! /+oo /+<>o te—(@*+D) L(l)( (v +1)) dtdz

(2n+ 1)l (2n /1 /+°° te™
S e = — L 1
el O | e e (t(x+1)) dtda
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1 +o0 —t
t
0 0 -

(2n+22)( " (1 2+Z // 5 L5) (t(e + 1)) dide
—_— ( +n 1 k+1 / /+<><> te™? 1)(t(x+1)) dtde Notes

ok
/ /m L0 (e +1)) dida

k=0
1 1 “+o0
g) — / / te” LD (#(z + 1)) dtdz
: 0 0

n

(n+ 1)!(—1)"<ln2

PTA

1 n
nl(n + 1)!(1 — -
=0

with the convention Y p_, =31y = 0.

Remark 2.1 Note that, if we take n even in the fifth formula, we obtain

(2n) (2n + 1 /+oo /+00 (@2+1) Lgl)( (:L’ n 1)) dtdr.

22np)
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