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I. Introduction 

The Aleph function introduced by Südland et al [10] is defined as Mellin-Barnes 
type contour integrals as following: 
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The ∞= γiL 
 

L is a suitable contour of the Mellin-Barnes type which runs from 

γ−i∞
 
to γ+i∞

 
with γ

 
∈

 
R, the integers e, f, pi

 
, qi

 
satisfy the inequality 0 ≤

 
f ≤ pi, 1 ≤

 
e ≤

 qi, ci
 
> 0; i

 
= 1,…,r. The parameters Aj, Bj, Aji, Bji

 
are positive real numbers and aj, bj, 
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are complex numbers, such that the poles of ),Bb( jj ξ+Γ j = 1,2,…..,e

 
separating 

from those of  ),Aa1( jj ξ−−Γ j = 1,…,f. All the poles of the integrand (1.2) are 

supposed to be easy and empty products are considered as unity. The existence 
conditions [4] for the Aleph function (1.2) are given below:
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The generalized polynomial defined by Srivastava [5] is as follows:  
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Where fi
 = 0, 1, 2…  

s1 e,...,e    s),(1,..., i =∀ are arbitrary positive integers and the 

coefficients ],f;...;,f[ ss11 ββ are arbitrary constants, real or complex.  

II.  The Main Integral  

We derive the following result:  
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Where  

(i)  Where  λ>0, Re (δ, µ, a) >0   

(ii)  Re (δ) - Re (µ) – λ 0
b  Remin

j
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 and 

(iii)  e1,…,es  are arbitrary positive integers and the coefficients ],f;...;,f[ ss11 ββ
are arbitrary constants, real or complex.  

PROOF:  The integral in (2.1) can be obtained by using the Aleph function in terms of 
Mellin-Barnes contour integral given by (1.1) and the definition of a generalized 
polynomials given by (1.7), then interchanging the order of summation and integration 
(which is  permissible under the conditions stated with (2.1)) and evaluating the inner 
integral by using a result given by Oberthettinger F. [3] and we get the desired result.  

III.  Special Cases  
(1)  Taking general class of polynomials in our main integral(2.1), we have  

© 2015    Global Journals Inc.  (US)

12

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

15
  

 
F

)

)

X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
A Unified Integral Associated with the Aleph Function

Ref

3.
O

b
erth

ettin
g
er 

F
, 

T
a
b
les 

o
f 

M
ellin

 
tra

n
sfo

rm
s 

(B
erlin

, 
H

eid
elb

erg
, 

N
ew

 
Y

o
rk

; 
S
p
rin

g
er-v

erlag) p
.22, 1974. 



dzzzzxzzzx

zzztzzzz

s

s

aa

e
f




















+++








+++




















+++ℵ








+++

−−

−−

∫
∞

2
1

2
2

2
1

2
1

,...,e
'

2
1

2
r;c,q,p

-

2
1

2
1

)2(....)2(.S

 )2( .)2(

1

1

fe,

iii
0

αααα

αααα
λµδ

 

     
2

 )(22
δαδ 





Γ= ∑

≤++

=

fe ss

s

ββ

ββ

.....e

0,......,

11

,1
!!.......

)f'(

1

......e 11

s

e ss

ββ
ββ ++−

];...; ; A[f' s1 ββ s1
s1 x...x ββ 










−− ∑

=
ii

s

1i
a βµ

α  

                      
2fe,

iii r;c,2q,2p.
+

++ℵ












 ∑∑

∑∑

+
==

==
+











−−+










−−











−−










−−

−
r;ip1,fjijiif1,jjii

s

1i
ii

s

1i

ii

s

1i
ii

s

1i
r ;iq1,ejijiie1,jj

)]A,a(C[,)A,a(; a1,; a

; a1,; -a)]B,b(C[,)B,b(

λβµδλβµ

λβµλδβµ

λαt

                

… (3.1) 
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arbitrary constants, real or complex and valid sufficient conditions (i), (ii) and of (2.1). 

(2) If we take s→1, e1= 2, 1

1
)1(A

1,f
β

β −= then by applying our results given in (2.1) to 

the case of Hermite polynomial [7] and [12] and by taking  






→
x2

1Hx x)(S
1

1

1 f
/2f2

f  

We have the following result          

dzzzzt

zzzx

zzzxzzzz

a

a




















+++ℵ































+++




















+++








+++

−

−

−−

∫
∞

λ

µδ

αα

αα

αααα

2
1

2
r;c,q,p

2
1

2
1

f

2
f

2
1

2
1

-

2
1

2
1

)2(

)2(2

1H.

)2( )2(

fe,

iii
1

1

1
1

0

 

!
)f(

2
 )(22

1

21
]2/f[

0

1
1

1
β

αδ β

β

δ −






Γ= ∑

=

11
1x)1( ββ− ( )11a βµα −−    

2fe,

iii r;c,2q,2p.
+

++ℵ
( ) ( )

( ) ( )





 +

+

−−+−−

−−−−

− r;ip1,fjijiif1,jj1111

1111r ;iq1,ejijiie1,jj

)]A,a(C[,)A,a(; a1,; a

; a1,; -a)]B,b(C[,)B,b(

λβµδλβµ

λβµλδβµ

λαt … (3.2) 

Valid under the set of sufficient conditions (i) and (ii) of (2.1)
 

 

(3) For the Laguerre polynomials ([7] and [12]) setting s→1, x)(L x)(S )'(
f

'
f 11

α→  in which 

case e1 = 1, 
'1

1
,f

1

11 1)'(
1

f
'f

A
β

β α
α

+






 +
=  the results (2.1) reduce to the following 

formulae: 

13

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

15

© 2015    Global Journals Inc.  (US)

  
 F
)

)
A Unified Integral Associated with the Aleph Function

Ref

7.
S
ri

v
a
st

a
v
a
 

H
.M

. 
a
n
d
 

D
a
o
u
st

 
M

.C
.,
 

C
er

ta
in

 
g
en

er
a
li
ze

d
 

N
eu

m
an

n
 

ex
p
a
n
si
o
n
s 

as
so

ci
at

ed
 
w

it
h
 
th

e 
K

am
p

é
d
e 

F
ér

ie
t 

fu
n
ct

io
n
, 

N
ed

er
a
l.
 
A

k
a
d
. 

W
et

en
sc

h
.

In
d
a
g.

 
M

at
h
. 
31

 (
19

69
),
 4

49
-4

57
. 



dzzzzt

zzzxzzzz
a




















+++ℵ






















+++








+++

−

−−

∫
∞

λ

α

µδ

αα

αααα

2
1

2
r;c,q,p

2
1

2
1

)'(
f

-

2
1

2
1

)2(.

)2(L )2(

fe,

iii

1

1
0

 

!
)f(

2
 )(22

1

21
]2/f[

0

1
1

1
β

αδ β

β

δ −






Γ= ∑

= '1

1

1
1)'(

1
f

'f

βα
α

+






 +
1

1x β ( )11a βµα −−  

                             
2fe,

iii r;c,2q,2p.
+

++ℵ
( ) ( )

( ) ( )





 +

+

−−+−−

−−−−

− r;ip1,fjijiif1,jj1111

1111r ;iq1,ejijiie1,jj

)]A,a(C[,)A,a(; a1,; a

; a1,; -a)]B,b(C[,)B,b(

λβµδλβµ

λβµλδβµ

λαt
 

              … (3.3) 

Valid under the set of sufficient conditions (i) and (ii) of (2.1)
 

(4)
 

Taking ci →1, Aleph function reduces to I-function given by Saxena
 

[5], then our 
main integral (2.1) reduces to the following form:

 

dzzzzxzzzx

zzztIzzzz

saa




















+++








+++




















+++








+++

−−

−−

∫
∞

2
1

2
2

2
1

2
1

e,...,e
f,...,f

2
1

2
r;q,p

-

2
1

2
1

)2(....)2(.S

 )2( .)2(

1

s1

s1

fe,

ii
0

αααα

αααα
λµδ

 

!
)f(

...
!

)f(
...

2
 )(22

s

es

1

e1
]e/f[

0

]e/f[

0

ss11
ss

s

11

1
ββ

αδ ββ

ββ

δ −−






Γ= ∑∑

==

s1
s1ss11 x...x],f;...;,A[f ββββ

 

                    
 











−− ∑

=
ii

s

1i
a

.
βµ

α
2fe,

ii r;2q,2p.
+

++I












 ∑∑

∑∑

+
==

==
+











−−+










−−











−−










−−

−
r;ip1,fjijif1,jjii

s

1i
ii

s

1i

ii

s

1i
ii

s

1i
r ;iq1,ejijie1,jj

]A,a[,)A,a(; a1,; a

; a1,; -a]B,b[,)B,b(

λβµδλβµ

λβµλδβµ

λαt … (3.4) 

Valid under the set of sufficient conditions (i), (ii) and (iii) of (2.1)
 

(5)
 

Taking ci →1 and r=1
 

Aleph function reduces to Fox’s H-function[1], then our main 
integral (2.1) reduces to the following form:

 

dzzzzxzzzx

zzztHzzzz

saa




















+++








+++




















+++








+++

−−

−−

∫
∞

2
1

2
2

2
1

2
1

e,...,e
f,...,f

2
1

2
q,p

-

2
1

2
1

)2(....)2(.S

 )2( .)2(

1

s1

s1

fe,

0

αααα

αααα
λµδ

 

               

!
)f(

...
!

)f(
...

2

 
)(22

s

es

1

e1
]e/f[

0

]e/f[

0

ss11
ss

s

11

1
ββ

αδ ββ

ββ

δ −−






Γ= ∑∑

==

s1
s1ss11 x...x],f;...;,A[f ββββ

 

                    
 

© 2015    Global Journals Inc.  (US)

14

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

15
  

 
F

)

)

X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
A Unified Integral Associated with the Aleph Function

5.
S
ax

en
a V

.P
., T

h
e I-fu

n
ctio

n
, A

n
am

aya P
u
b
lish

ers ,
N

ew
 D

elh
i, (2008). 

Ref



                            










−− ∑

=
ii

s

1i
a

.
βµ

α
2fe,

2q,2p.
+

++H












 ∑∑

∑∑











−−+










−−











−−










−−

− ==

==

p1,jjii

s

1i
ii

s

1i

ii

s

1i
ii

s

1i
q1,jj

)A,a(; a1,; a

; a1,; -a)B,b(

λβµδλβµ

λβµλδβµ

λαt
 
               

 
… (3.5) 

Valid under the set of sufficient conditions (i), (ii) and (iii) of (2.1)
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[2] . 

dzzzzx

zzztHzzzz

a




















+++




















+++








+++

−

−−

∫
∞

2
1

2e
f

2
1

2
q,p

-

2
1

2
1

)2(S

 )2( .)2(
fe,

0

αα

αααα
λµδ

 

!

)f(

2
 )(22

e
]e/f[

0 β
αδ

β

β

δ −






Γ= ∑

=

ββ x],A[f ( )βµα a−−  

                                    
2fe,

2q,2p.
+

++H
( ) ( )

( ) ( )





 −−+−−

−−−−

− )A,a(),A,a(,; a1,; a

; a1,; -a),B,b(),B,b(

PP11

qq11

λβµδλβµ

λβµλδβµ

λαt
                                

… (3.6) 
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(iii)  e is are arbitrary positive integers and the coefficients ],f[ β is arbitrary 
real or complex.  

(7)  If we take s1
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e,...,e
f,...,fS →1 and reduce Aleph function to Gauss hypergeometric function 

[9] in the integral (2.1), we arrive at the following result after some simplifications:               
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Where 0<Re (δ) < Re (µ);     |𝑡𝑡|<|𝛼𝛼|

 

IV.

 

Conclusion

 

The result so established may be found useful in several interesting situation 
appearing in the literature on mathematical analysis. The result (3.1) not only gives the 
value of the integral but also ‘augments’

 

the coefficients in the series in the integrand to 

give a 34 F   series as the integrated series. 
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