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R Chebychev Polynomials of the first Kind and
Whittaker's Constant

A. Anjorin® & S. Akinbode°

Abstract- In this paper, we provide the conditions required for the Chebychev polynomials of the first kind {77, (2)},>0
to be a basic set. Then, we prove that the domain of effectiveness is a unit disc D(R) = (0,1) related to the radius R of
convergence of the associated basic series of {75.(2)}n>0. We then give the Cannon condition satisfied by
{T,(#)}n>0 and the corresponding Whittaker's constant which is better than that obtained in the previous works using
the Goncharov's polynomials. The order and type of the polynomials are also given.

I [NTRODUCTION

The basic sets of polynomials continue to be at the core of many investigations [1]-
[19] since the work of Whittaker [12]. The properties of series of the form CyPy(z) +
C1Pi(z)+- -+ where Py(z), Pi(z) - - - are prescribed polynomials differ widely according
to the particular polynomials choosen. For example, the region of convergence may be a
circle (Taylor Series), an ellipse (series of Legendre polynomials), a half-plane (Newton’s
interpolation series) etc. Whittaker [12], in his attempt to find common properties
exhibited by all these polynomials, introduced the subject of basic sets of polynomials.
In his work, he gave the definition of basic set, basic series and effectiveness of basic
sets. Cannon [13] obtained the necessary and sufficient conditions for the effectiveness
of basic sets for classes of functions of finite radii of regularity and of entire functions.
Nassif and Adepoju [18] investigated the zeros of polynomials belonging to simple sets.
Wakid and Maker [2] also contributed to the investigations of the zeros of polynomials
belonging to simple sets. Initially, the subject has been approached through the classical
treatment. Then Newns [19] laid down the treatment of the subject based on functional
analysis consideration. Over the years, this approach has received further advancement
through the works of Falgas [16], Adepoju [3] and Kishka and El-Sayed Ahmed [1].

Definition 1.1 [1] A sequence {P,,(2)}n>0 of polynomials is said to form a basic set if
and only if polynomial P;(z),i = 0,1,--- admits a unique finite linear combination of

the polynomials of the set:

composite sets of polynomials in complete Reinhardt domains, period. Math. Hung.,

1. Z.M.G. Kishka and A. El-Sayed Ahmed, On the order and type of basic and
46(1), 67-76 (2003).

P(z) = ZCkPk(z), where n < 0. (1.1)
k=0

Indeed, the polynomials { P, (2)}n>0 are linearly independent, i.e.,
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implies

Z CkPk(Z) =0
k=0

Co=C1=0Cy=---=C, =0.

The set of Polynomials {z"},,>¢ has a unique representation of the form

so that

can be written

Global Journal of Science Frontier Research (F) Volume XV Issue II Version I E Year 2015

where
H

© 2015 Global Journals Inc
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f(z) = Z anz"”
n=0

n
2" = Zﬂnkak(z), where m, , = C}
k=0

0 1 2
1= Zwo,kpk(z), z= ijkPk(z), 22 = ng,kpk(z), s 2"
k=0 k=0 k=0

In general, any polynomial of the form

so that the representation is unique.

a basic set, then the corresponding basic series can be written as

Z an{ (Zﬂ-n,kpk(z))

no:oo k=0

Z an, (Wn,OPO(Z) + 7rn,1P1 (Z) + - )
n=0

S maf (0)Pa(2).
n=0

o
an(o) = agmopn + A1 n + G272 0 + -+ = Zakﬂ'k,n-
k=0

To every basic set there corresponds an associated basic series. So, if {P,(z)}n>0 forms

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

Notes



Substituting a = f*(0)/k!, we have

= 0) 1 d*f(0
mf0) = Y k,( Zk, ki dk) (1.8)

k=0

so that the corresponding basic series takes the form

Ref f(Z) = 7LZO7rnf(0>Pn(Z)v (1'9)

where 7;,7 = 1,2,---,n can be regarded as the elements of the set of operators of the
basic set, {7, }n>0, given by

[e.e]

1 d*
k=0

This set is called a basic set of operators if these operators are associated with a basic
set of polynomals {P,,(2)}n>0. Prior to the definition of the effectiveness of basic sets,
we recall that in the complex plane, a domain is an open connected set. A regular closed
curve is usually denoted by D(C), the domain interior to C'; its closure is denoted by
D(C) and the class of functions regular in D(C) is written as H(C). When C is a circle

of radius |z| = r, the above entities are referred to as D(r), D(r) and H(r), respectively.
Definition 1.2 Let f(z) be a function regular in the domain D(R). The basic series
[e.9]

Z Tnf(0)Pn(2) of (1.7) is said to represent f(z) in the domain if it converges uniformly

n=0
to f(z) in D(R). If the domain is a circle, we simply state that the basic set {Pp(z)}n>0
represents f(z) in |z| < R. We write this as

2) ~ > T f(0)Pu(2) (1.11)
n=0

Definition 1.3 [3] A basic series (or a basic set) {Py(2)}n>0 is effective in a domain
D(R) if every function f(z) regular in D(R) is represented by the basic series.

The following is relevant for the effectiveness in closed circle. Suppose the set { P, (2) }rn>0

is basic. We denote by

3. J. A. Adepoju, Basic set of Goncarov polynomials and Faber regions, Ph.D. Thesis

| Mi(R) = max Py () (1.12)

0 z

O

Eso the maximum value of Py(z) € {P,(2)}n>0 over |z| = R. The Cannon sum [13] W, (R)

. of the basic set {P,(2)}n>0 is defined by

2

2 o0

— Wa(R) = |mn k| Mi(R), (1.13)
k=0

and the Cannon function is denoted by

1

A(R) = Ty o0 {Wn(R)} 7 = lim sup (Wo(R)}" . (1.14)
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This definition is satisfied in both open and closed circles with the notation < and <

respectively. Let us now define the Cannon condition.

Definition 1.4 [3] A set {P,(2)}n>0 of polynomials in which the polynomial P,(z) is
of degree m, is necessarly basic and is called a simple set. Let {P,(z)}n>0 be a basic
set of polynomials. Then the number V() is defined as the number of polynomials of
the set whose degree is less than n. The polynomials of the set {P,(z)}n>0 are linearly
independent if Vi) < n for n > 1. The number Dy, is also defined as the degree of
polynomials of the highest degree in the representation (1.1).

For

n
2" = ZwmkPk(z), we have D, > n.
k=0

Definition 1.5 [1] [3] Let N,, be the number of non-zero terms in the representation.
Then the basic set { P,(z)}n>0 is called the Cannon set if N,ll/n — 1 asn — oco. This
condition is called the Cannon condition.

In this paper, we are interested in the investigation of properties of the Chebychev basic
set. In Section 2, we prove that the set of Chebychev polynomials {7},(2)},>0 is a basic
set. In Section 3, we provide the corresponding associated basic series. In section 4, we
show the effectiveness of the basic set. In section 5, we prove that {7,(2)},~, forms
a Cannon set. Finally, in section 6, we infer that the Chebychev basic set givgs better

improvement for the Whittaker constant than the other sets of classical polynomials.

[1. BAsiC SET OF CHEBYCHEV POLYNOMIALS

Let us prove the following

Theorem 2.1 The set of Chebychev polynomials {T(2)},,5 is a basic set.

(i) We first show that the representation
[n/2]

T(z) = Z (27; ) 2" (22— l)k is unique. (2.1)

k=0

Since

© 2015 Global Journals Inc. (US)



In general, given any polynomial

[n/2]

Z Ty (2 (2.2)

and using T, (z) representation, we can write

m/2 (/)2 / .
NOteS T.(z) = th Z( ! >Zi_2j(z2—1)j

25
[n/2

= Zm{( ) <; >zi—2(1)(22_1)+ <i>zi2(2)(z2_1)2+“'}
[n/2] [n/2] , [n/2] , _
= th< )Z +Ztl< >Zi Z _1 Zt@< >ZZ2(2)(Z2—1)2+"'

[n/2
) n=2k(;2 _1). (2.3)

Hence, the set{T},(z)}n>0 is well represented. To complete the proof, we state the

following

Lemma 2.2 The sequence {T),(z)}n>0 of Chebychev polynomials in which T, (z) is of

degree n s basic.

We have Ty(z) = 17y, since Tp(z) is a polynomial of degree zero. Dividing through by T,
1 0

we have 1 = ?To(z) = mo,0T0(z) with moo = ( 0 )= 1. Let also T (2) = Thp + 11,12
0

Tip

where 771 # 0. Dividing through by T} 1, we have LTl(z) T -1+ z so that
1,1
Thp —T1
= -1 —T = = . T —T = —m1 01 Ti(2).
o + T 1(2) Tia 00 0(z) + T 1(2) m1,0T0(2) + m117T1(2)
Hence the representation is true for n = 0, 1. Suppose it is true for 2,3, ---n—1 and let

THz) = Tno+Tpiz+ Tna(22% — 1) + Ty, 3(42% — 32) +

[n/2]
n—1
ATomr | D ( o ) ST -

k=n—1

[n/2)
n n—2%k
+ T n 2 _ 1)k
o3 ()

where 15, ,, # 0. Then

T(z) = Tuo ( 8 ) 20 + T {( (1) > 21_0(22 — 1)0}
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[n/2]
+T7L,7’L Z ( 277]1{ ) Zn72k(z2 _ 1)k , (24)

k=n

what we can write in a compact form as N
otes

TH(2) = Tno+Tpiz+Tna(22% —1) + Ty, 3(42° —32) + - -

[n/2]
+Tun§ D ( 27; > P G DL (2.5)

k=n

Let T, j; = o;. Then we get

Tho =00, Thy=a1, -, Thn = an,
so that
Tr(2) = apTo(z) + a1Thi(2) + aoTo(z) + - -+ + anTh(2)
where
To(2) = 1,T1(2) = 2, To(z) = (222 — 1), --.
Consequently,

[n/2]
Tond (;C)z"-%?—l)’f — Ti(2) - {aTo(2)

k=n

+a1Ti(z) + -+ ap-1Tn-1(2)}

from which we get on dividing by T, ,,:

[n/2]

[* 1
>, <2T;<: ) P Ca DL Tn(Z) = 7 taoTo(2) + anTi(2) + -+ anT(2)} (2.6)
k=n o o

The right hand side can be denoted by T;*(z). Hence, we obtain

(/2
Ti(z) =Y < 2’; ) 2R - )R (2.7)

k=n

For 0 < k < n, we have

[n/2]
Ti(z) =Y ( " ) Pl P DL (2.8)

P 2k

By unique representation T)¥(z) = T,(z). Furthermore, the polynomials are linearly

independent. Indeed, one can immediately prove that

© 2015 Global Journals Inc. (US)



Notes

aoTo(2) + arTi(2) + -+ anTn(2) = aol + a1z 4 a2(22% — 1) + az(42> — 32)

+a4(82 — 822 +1)

[n/2]
+otan Y <;€)z”_2k(22—1)k

k=0
=0

leads to a; = 0 fori = 0,1,2,---,n. Thus, the set {T,,(z)},>0 of Chebychev polynomials

is basic.

[1I.  ASSOCIATED BASIC SERIES OF {7T,.(2)}n>0

In this section, we are interested in the investigation of existence of basic series associated

with the basic set {T,(2) }n>0.
Theorem 3.1 The set {T,,(z)}n>0 has an associated basic series.

Proof- Consider the function

Expanding it, we get

oo [n/2]
flz) = Zan <27;€ )Zn—% (2271)k
k

where

Qi(z) = z”_Qj(z2—1)j.

fz) = ;}{an< 3>Q0(2)+an <Z>Q1(z)+...+an (2”] )Qj(z)+...}
Q

= a0<8>Qo(z)+a1<;)Qo(z)—i-'--—i-an(g) Q(Z)
" ao(S)Ql(Z)Jral(;>Q1(2)+~-+an<;)Q1(2)
+ao(2)@2(2)+a1<i>Q2(Z)+---+an(Z>Q2(z)+

(2.9)
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= Zak ( 2]; ) Qn(2) = Zﬂ'nf(o)Qn(z)v
k=0 n=0

k
2n

{Tn(2)} >0 8 f(2) = Z ag < 2]; ) Qn(z), where {Qn(2) }n>o forms a basis for {75, (2)},,5¢
k=0

where 7, f(0) = ag Hence, the basic series associated with the basic set

N———

[V.  EFFECTIVENESS OF CHEBYCHEV POLYNOMIALS D(R) OR D(r)

In this section, we investigate the effectiveness of {T,(2)},>0 in the domain D(R) or
D+(7").

Theorem 4.1 Let {T,,(2)}n>0 be a basic set of polynomials and suppose that, for any
value R > 0,\(R) = o > R, then the basic series is effective in D(R) for the class
H(o).

Proof:

oo oo

Let f(z) = Z anT,(z) be any function regular in |z| < 0. Then Z anT,(z) converges
n=0 n=0

n—2k(z2 _

and lim a, 2" %%(22 — 1)¥ = 0. So, we can choose n large enough so that |a,z
n—oo

1)¥| — 0 as n — oco. Hence,

lim |a,2" (22 — 1)%| < lim |a,|o™ < 1

This implies that

1
; In o =
T}Lrgo|an\ < (4.1)
Now, consider the series
oo [n/2]
Z Qn Z Wn,Qka(Z)'
n=0 k=0
We have, for |z| < R,
I [n/2] [
:an Z 7Tn,2ka(z): < ‘an‘Wn(R)
k=0

By (4.1)
_ F— 1 o
limy, 00 {|an|Wh(R)}r <lim,oolan|™ - AM(R) < — = 1.
o

Thus, the series

Z |lan| W (R)
n=0

© 2015 Global Journals Inc. (US)
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is convergent and since

0o [n/2] oo

| Z Gnp Z Wn,Qka(z” < Z |an‘Wn(R)7
n=0 k=0

n=0

then by Weierstrass-M-test, the series

oo [n/2]

Z an Z Wn,Qka(Z)

n=0 k=0

is uniformly and absolutely convergent in |z| < R. Re-arranging the terms of the series,

we conclude that the resulting basic series
Z an(O)Qn(Z)
n=0

converges uniformly to f(z) in |z| > R. Thus, the basic series represents f(z) in |z| < R.

Corollary 4.2 If for any value of R > 0, \(R) = R, then the basic set {T),(z)}n>0 will
be effective in |z| < R.

Proof: Tf R > 0 and \(R) = R, from Theorem 4.1, the basic series represents in |z| < R
every function regular in |z| < R. That is to say, the basic series (or the basic set) will
be effective in |z| < R. Thus the condition that A(R) = R is a sufficient condition for

effectiveness in |z| < R.

Theorem 4.3 The necessary and sufficient condition for the set {T,,(z)}n>0 to be ef-
fective in |z| > R is that A\(R) = R.

Proof-

Necessity: 1f the set {T,,(2)}n>0 is effective in |2| < R, then A(R) = R. If on the
contrary, A\(R) > R, then for any number p for which R < p < A(R), there exists a
function f(z) of radius of regularity p, that is f(z) is regular in |z| < R and that the
basic series cannot represent in |z| < R. Thus, the set will not be effective in |z| < R.

Sufficienty: This follows directly from Corollary 4.2 since for any value of R >
0,A\(R) = R. Then the basic set {T},(2)}n>0 will be effective in |z|] < R. Since,
{T),(2)}n>0 is effective in D(R) (or D4 (r)), then it is represented in D(R) (or D4 (r))

by a basic series of the form
f(z) =Y mf(0)Qu(2),
n=0

where f(z) belongs to H(R) (or H(r)), the class of all holomorphic functions. Hence,
there exists f(z) € H(R) (or H(r)) denoted by f(z) = >_,2 7 f(0)Qn(2), representing
the {T),(2) }n>0 in D(R) (or D4(r)). Hence, {T,,(2)}n>0 is effective in D(R) (or Dy (r)).

Suppose by definition
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M, (R) =ﬁﬁyﬂkﬂ=ﬁg

[n/2] [n/2]
Wi(R) = |mn k| Ma(R) < ) |mn x| B*(R? = 1)°
k=0 k=0

and the Cannon function A(R) is

A(R) = Timy, o0 {Wn(R)}/™.
This implies that
[n/2] 1/n
AR) < Timy, oo Z ‘Wn,2k| {Rn}l/n (R2 . 1)k/n - R
k=0

Since A(R) is non-negative, i.e. A(R) > 0, we have that A(R) = R. Then the domain of
effectiveness D(R) = (0,1) is a disc.

V. CANNON CONDITION

In this section, we investigate the condition for the set {T,(2)},>0 to be a Cannon set.

This can be stated in the following result.

Theorem 5.1 The set {T,,(z)}n>0 forms a Cannon set.

Proof: 1t suffices to show that if N, = C%, is the number of non-zero terms in the
unique representation of {77,(2)}n>0, N 1/n 41 asn —» co. Using Stirling formula,
ie. n!l =v2mn" e ", we have

| \/ ne—N -1
N, = i - 2mnte X <\/27r(n — 2k)(n—2k) e_(”_%)> .
(2k)!(n — 2k)! 27 (2k)2k e—2k

As n approaches infinity, we have that , N&/™ — 1. Hence {T,(2) }n>0 is a Cannon set.

VI. IMPROVED WHITTAKER'S CONSTANT USING CHEBYCHEV POLYNOMIALS OF
THE FIrsT KIND

a) Generalities

Over the years there has been intensive investigation [3]-[12] [18], on the best approxi-
mation of the so called Whittaker’s constant noted W. This constant was introduced by
Whittaker in his work [12] on interpolation of function. The problem is the following:
given a function f(z) in a complex plane C, what is the upper bound for which this
function is entire and is of exponential type ¢ such that in a domain D(R) which could
be a disc, one has f(z) = f'(z) = f"(z) = --- = f™(2) = 0. In other words, what
range does the constant W lie? Ever since there remains the question of the range

which best approximates this constant. To this question tackle many others since the

© 2015 Global Journals Inc. (US)
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Ref

University Press,

”Interpolatory Function Theory”, The

12.J. M. Whittaker,
Cambridge, 1935.

historical work by Whittaker. Up till now, to our best knowledge of the literature, the
best range is obtained using Goncharov polynomials and this has been computed to
be 0.7259 < W < 0.7380. In this section, we state this range can be improved using
Chebychev polynomials of the first kind instead of the other classical polynomials. The
Chebychev polynomials are of considerable interest in interpolation theory [12]. The
degree of accuracy of the interpolation result obtained depends on the bound which can
be found for these polynomials. With |z;| < 1 k=0,1,--- the maximum value of

these polynomials will be denoted by M, as follows:
Mn = ‘Tn(z7 20,215y Zn)‘
We claim that for n > 1, there exists r such that

M, <"t (6.1)

where r is some positive number, » > 0. This leads to an improved value of the
Whittaker’s constant W defined as the least upper bound of a number ¢ such that
the function f(z) is an entire function of exponential type ¢ and if f(z) and each of its
derivatives have at least one zero in the unit circle, then f(z) = f'(z) = --- = f™(2) =0
or equivalently f(z) = 0. Let now the set {7, (z)}n>0 be a basic set of Chebychev
polynomial, effective in the circle |z| < 1. Then {7}, (z)}n>0 is said to be of order 1 if
its zeros lie in |z| < 1. In this case, the polynomial {7},(z)}»>0 can be expanded in the

power series
o

Tn(Z) _ ZGWM/QH'
k=0
Let W; be the Whittaker’s constant, 0.7259 < W < 0.7380 with j = 0,1,2,---,n and
Wi # Wy # --- # Wy,. Then the polynomial corresponding to W is of the type o = Wij,
where W; is the modulos of the zeros of {T},(2)},>0. Assume f(z) be an entire function

exponential type c. Then if

fe) =3

n=0

it follows that a,, = O(c+¢€)"™, € > 0. That is, for any b > ¢, it follows that for sufficiently

large n
lan| < b". (6.2)

Denote by {zi,k = 0,1,---,n} the points, inside the unit circle where f(z) and its

derivative vanish. Then {7},(2)}n>0 will be represented by the power series

() =3 kT (2),
k=0

For large n and |z| < 1, we get from (6.1) and (6.2)

n+k, n+k+1 _ (b?’)n’f’
|f(Z)‘ S b+r++_(1—b’l”)‘
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Thus as n — oo we obtain

r

1—0br

F(z)] <

1
In this case the Whittaker’s constant W > —.
T

b) Main result
Here, we aim at proving that the Levinson method [9] applied to Chebychev polynomials Ref

instead of Goncharov one’s, provides a better approximation of the range of the Whit-
taker’s constant. Furthermore, the Chebychev polynomials reveal to be the best set
for the computation of the closest boundary value of this range than the other classical
polynomials (Lagauerre, Legendry, Jacobi, Bessel etc.) commonly used in Mathematical

Physics. Following Levinson method, we get the following statement.

Theorem 6.1 For an entire function T, (z) of Chebychev polynomials, there exists a
positive number r such that |T,,(z)| = M,, < r"*1. Then, for Chebychev polynomials of
the first kind, the Whittaker’s constant has an upper bound not exceeding 0.7380 and a
lower bound not exceeding 0.73778.

Proof: Using Chebychev polynomial representation, we obtain

orT,

Do = —T(2, 21, 22, + s Zn) T k—1 (Zks 215+ Zh—1)
2k

Using Euler’s formula for homogeneous function of degree n allows us to write

20T, 29071, o1,
T, — . g
nTn(2) 0z + 0z + t -1 0%p—1
nTn(z) - ZT’I’L*].(Zv 21yt 7277,71) . (63)

n—1
=Y Th(z 2 T k1 2k, 2n1)
k=0

Taking absolute value of both sides of the relation (6.3), we obtain

n—1
My, < Mp—1 + Z Manfkfl' (64>
k=0
To get M, we will make the use of the Taylor series expansion of the function T}, (z, 2o, 21, - -, 2n)-

First, let us define the new function H,, such that

"g8T-T8T (TF61)8 "I "UIBIN 9N(J ‘SIRO( JO WIAIOA], Y ‘UOSUIAT "N 6

H, (20,21, ,2n-1) = Tn(0,20, -+, 2p—1)

o0H,

s = —Tp_1(20,21.*  Zn—1) (6.5)
0’H

8Z§n = —Th-2(20,22. ", 2n-1)
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Thus, by Taylor’s theorem, we get

2

2
Hn(ZO,Zh“',Zn,l) - _ZOanl(zla'”aznfl) - %an2(227"',2n71)
2871 .
e Y H (), 6.6
=1 Gn-1) (6.6)
so that
Notes (z — 2)2
Tn(za 205 %1, " 7zn71) = (Z - ZO)anl(zl7 22y, anl) + TanQ(z% T anl)
)3 " (2 — )"
+& 32!0) Hp_3(23,24,+,2n-1) + - + (n,O)Ho, (6.7)
with
2 2 2 3
2 202 2521 %
Hi(2) = —20, Ha(20,21) = 2021 — =2, Ha(20,21,22) = —2021 + ok 4 702 70,
2! 2! 2! 3!
Now, as |z| < 1, assuming z = —1, zp = 1 and using (6.4), we obtain
M <|1—(-1)|=2.
Similarly

2|z — zo|

M2<< 5

) ,Hi1(z0) = 2sinf.1 = f(0)

which attains its maximum at § = 7/2. Hence M, < 2. By the same way, we find
M3 < 3, My < 5.06759, etc. so that by (6.4), we get

M, <3M,_1+4M, o+ 4M,_ 3+ 6M,_4 + 10.13518M,, 5.

Then, assuming the existence of a number ry such that M; < r§+1, we obtain

M, <3r" + 4"t 4 472 4 6973 4 10.13518 77 . . (6.8)
As the right side of (6.8) is not greater than nr"*!, for ro < r, we have

nr" > M,
so that for n = 10

107! > 3010 4+ 499 + 4 4+ 607 +10.13518/° - - (6.9)

Dividing by r°, (6.9) gives four complex roots with one real root stated below

(i) —0.75884 — 0.49888895i; (ii) — 0.75884 + 0.49888895;
(iii) 0.231357 — 0.923815i;  (iv) 0.231357 + 0.923815i; (6.10)
(v) 1.35497 = 1.3550.

The inverse of the real root gives the Whittaker’s constant W such that

1 1
L 0.7380. 11
> = 1m0 0780 (6:-11)
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By Newton Ralpson iteration there exists r* such that

1 1 1
1.354967 < 1* < 1.35542 and —— — > — >
== ANC 1354967 ~ 7 = 1.35542

which gives
0.7380 > W > 0.73778.

So taking into account (6.11), we obtain the Whittaker constant W = 0.7380 which
improves the earlier known result by Levinson [9] and Macintyre [6]. So, the new range

of the Whittaker’s constant becomes

0.73778 < W < 0.7380. (6.12)

Theorem 6.2 Let {T,,(z)} be the set of Chebychev polynomials associated with the

points af™ where a and B are complex numbers. If 5 > 1, the set will be of infinite

order and if 8 =1, the set will be of order 1 and type o = La! where T is the modulo of
T
a zero of the function

£6) =3 8" ot

t=0

of the least modulo.
Proof: The Chebychev polynomial of the first kind can be written as
f(2) = cos(ncos™1(2)).
Let cos™1(2) = 6 so that
5 — 5 — o (_1)n92n
f(8) = cos(n )—ZW

n=0

or equivalently, putting ¢t = 2n and replacing the exponential function e by 3,

o it /o t
o) =350

t!
=0

~+

Hence, the Chebychev polynomial is of order 1. Suppose f(6) has no zero on the finite
plane —1 < § < 1. Then f(0) is constant. It follows that 7 is the modulo of a zero of
f(0) nearest to the origin. Thus there should exist a function h(f) = ﬁ regular on
the |0] < 7, where

o0
ne)=>"p"" 1o,

t=0
which can be written as

(e}

h(O) = ab™, (6.13)

t=0
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Notes

—mit/2

with ¢; = t!8 . We assume that

11
li f = .
Aplal=2>0
. 1 e
Suppose now there exist a number ¢ < — and a positive integer m such that
T

e >¢q"0<m<t. (6.14)

The Cannon function A(h(#) : [r]) is defined as

=

Ah(9) = [r]) = Tim {Wi(h(0) : [F])} ",

where Wi (h(0) : [r]) is the Cannon sum expressed as

Wilh(0) : 7)) = > ]uﬁ*t“’”
t=0

My(0) = |ed] My(6),
t=0

where
My(60) = max |6"].
|0]=r
Hence

Wi(h(0) = [r]) > |™| v,

that ensures that the order of the set {17,(2)}n>0 is infinite in the case 5 > 1.
Now, let us examine the case § = 1. Then, by similar arguments, an integral function
defined by

ooet

fO =% 4

t=0
is of order 1.
By analogy, following step by step the previous development, the case |a] = 1and § — 1
as n — oo leads to the same conclusion as above. Therefore, the order and type of the
Chebychev set of polynomials are well defined.
To complete the full analysis regarding the better approximation of the lower and upper
bounds of the Whittaker’s constant, we achieve the computation of range on which lies
this constant for all classical commonly used polynomials in Mathematical Physics i.e.
Laguerre, Jacobi and Bessel polynomials. These sets of polynomials can be categorised

into two groups: A-basic set and B-basic set. A-basic set contains those polynomials of

n no k
the form Zakzk, (e.g. monomials (z"), Laguerre polynomials Z (n)kz>’ ete),

12
k=0 k=0 (k1)
[n/2]
while B-basic set is the set of the polynomials of the form Z apz” (such as Chebychev
k=0

polynomials of the first kind, Hermite, Legendre Jacobi, Gaugenbauer polynomials, etc).
Hence, the polynomials belonging to B-basic set have a better Whittaker’s constant than

those polynomials of A-basic set. See data provided in the table.
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Range of Order Type

Polynomials Whittaker’s
constant
A-basic set | 0.7220 < W < 0.7378 | 1 if of the form 1.35538 < o < 1.3589
0 l@m‘t/29t
|
P t!

or otherwise oo.

B-basic set | 0.7230 < W < 0.7380 | 1 if ultraspherical or | 1.35542 < o < 1.38408
> Bm’t/2‘9t

the form Z 0
t=0

or otherwise co

VII. CONCLUDING REMARKS

In this paper, we have shown that the set of Chebychev polynomials of the first

kind {Tn(2)}n>0 forms a basic sets and provides the best improved Whittaker’s
constant than other classical basic sets. The classical basic sets can be splited into two
classes denoted, respectively, A-basic sets and B-basic sets of polynomials. In general,
the Whittaker’s constant is best improved upon by the B-basic sets.
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