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[. INTRODUCTION

The impulsive differential equations represent a framework for mathematical
modeling of many real life situations in the field of engineering, biology, chemistry,
physics, control systems, population dynamics and many more [1]. In last two decades
the stability analysis of these have been extensively explored [4,5,7,15-19]. In [17] the
criteria for global exponential stability for impulsive functional differential equations is
obtained by using Lyapunov function and Razumikhin technique. Moreover, it has been
shown that impulses may make the system exponentially stable even if derivative of
Lyapunov function is not negative. It is supposed that the state variables on impulses
are related to present state variables but it is also possible that state variables on
impulses are related to time delay. The aim of this paper is to get global exponential
stability criteria for impulsive functional differential equation when state variables are
dependent on both present and past state variables.

This paper organized as follows. In section II, some notations and definitions are
given. We proved some criteria of global exponential stability for impulsive functional
differential equations in section III, At last some concluding remarks are given in
section IV.

II. PRELIMINARIES

Let R" denotes the n-dimensional real space and N denotes the set of positive

integers. For given constant 7 >0, the linear space PC([—T,O], R") with norm |||| defined
by
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lwl= sup Jy ()]
re[-z,0]

Consider the differential system :  X'(t) = f(t,x),t>t,,t =t,
AX(t) =1, (x(t )+ I, (x(t, —7)),k=123,.....
X, =V (1)

Where f:R x PC([—r,O], R") —> R";
l.,J, eC[R",R"];y € PC([- 7,0, R");
0<t, <t <t)<.vvorrrnee. <t <o , with t,—o0 as k—oo;
AX(t) = X(t) — x(t7); x(t),x(t") e R"

Throughout in this paper, we assume that f, I, J,, ke Nsatisfy all necessary
conditions for the global existence and uniqueness of solutions for all t>t; [6]. For any
w € PC([-7,0],R"), there exists a unique solution of (1) denoted by X(t) = X(t,t,,w). We
further assume that all solutions x(t) of (1) are continuous except at t=t,,ke N at
which x(t) is right continuous i.e. X(t,)=X(t, ),k e N and left limit i.e. x(t,) exists.

Definition 1: The function V' : R, X R* — R, is said to belong to the class v, if the

following conditions hold:

1) Vis continuous in each of the sets [t;_q, t;) X R",and for each x€ R™ ¢ € [t;_1, t;)
ke N, limgyysuon V(¢ w) = V(t , x) exists.

2) V (¢, x) is locally Lipschitzian in all x€ R", and for all ¢>t,, V(¢ 0) = 0.

Definition 2: Given a function V': R, x R" — R, the upper right-hand derivative of V'
with respect to system (1) is defined by

DV(t,¢(0) = lim SUID%[V(t +6,9(0) + & (t,y)) -V (£ 0(0))]

for (t,y)eR, xPC([-7,0,,R").

Definition 3: The trivial solution of the system (1) is said to be globally exponentially
stable if there exist some constants a >0 and M >1such that for any initial data X_ =y

||X(t,t0,t//)|| <M ||l//||e’a(t’t°) t>t, , where (t,,) eR, x PC([—T,O,], R").

I11. MAIN RESULTS

Now in this section, we shall establish criteria for global exponential stability of
impulsive functional differential equation in which state variables on impulses are
related to time delay. We have the followings results.
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Notes

Theorem 1: Assume that there exist a function V € vy and some constants p,b,b,,b, >0
and | >7,4>Db such that
(i) bellx|l? < V(t, x) < byl|x]||P, for any te R and x € R"
(ii) DTV (¢, (0)) < bV (¢, 9(0)), for all ¢ € [ty_q, t;) KEN
214 .
Whenever hV (6, 0(0)) >V (t + 1, (1)) for r € [—1,0], where h>€e"" is a constant
(iii) for all p € PC([-7,0]; R")

re[-7,0]

V(t,9(0) + I, ((0)) + I, ((r)) < Z{V(tk’,qo(O)H sup V(t, +r,(p(r))} where z,>0,keN
are constants.
~Al .e*l(tkﬂ*tk)

1+e*
Then the trivial solution of (1) is globally exponentially stable.

Proof - Choose M >1such that

(iv) <t —t,, <I and z <

bl [* < My |"e e <My "e ) < hi | (2)

Let X(t) = X(t,t;,) be any solution of (1) with X =y and v(t) =V(t, x). We shall

now show that

v(t) M|y ["e "™ telt, .t ke N (3)

We shall prove this by induction, so firstly we shall show that result is true for k

= 1lie.
v(t) <My [Pe* ) ety t,) (4)
From condition (i) and (2) for telt, —7,t,]
V(D) <b X" <byy|" <My e e ™
If (4) is not true, then there exist some t & (t,,t,) such that
v(t) > M " e > My | e e™ > b,|y|” = v(t, +1) (5)

where r e[-7,0]
# N
Which implies that there exist te (to,tj such that

V(?) =M ||1//||pe"w1_t°) and v(t) <M|y/|| Pelit) t —r<t< ? (6)
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#H #
Then there exist t e (to,tj such that
#i#t p p # #
V(t) =b,|y|" and v(t) =b,y|", t <t<t (7)
# #
Then for any te [t ,t}, we got
V(t+1) < My |"e 7 < by | < h(t) ® Notes
And therefore from condition (ii), we get
#H # # #
D*v(t) < bu(t), for te {t ,t}and then we have v(t)>v(t)e™ i.e.

b2||1,//||p > M||ly||pe"’1(t1"t°)e_'b which contradicts (2) .Hence (4) holds that means result (3)

is true for k=1
Now assume that result (3) holds for k =1,2,34....m

ie. v(t)<My| e *“ ) teft b, ) k=123.....m (9)

from condition (iii) and (9) ,we get

v(t,) < Zm|:V(tm’§0(0)) + sup V(t, + f,(o(r))}

<z, [Mlp]e 0 ey e

<z,M|y[ e (1 e™)

<z, M|y["e ) (1+e*)

<e ey [P

<& Mlye

<M (10)
next we shall show that (3) holds for k = m+1

ie. v(t) <My [Pt et t,) (11)

M+l

Global Journal of Science Frontier Research (F) Volume XV Issue VIII Version [ E Year 2015

suppose that (11) is not true then we can define t=inf{t e[t,,t,,.1;v(t) > M|y|" e *m*)}
from (11) we know that f =t _. By the continuity of v(t) in [t,,t,,,),we have

H V(t) = My| e and v(t) < My| e telt, 1] (12)

From (10) we have since V(t,)<e M |y|®e ™t <v(t) which implies that
there exist some

© 2015 Global Journals Inc. (US)
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te (tm ,Ej such that

v(t) =€ My e and v(t) < v(t) <v(t),te[t,t] (13)

Since 7 <t, —t, , <I| therefore t+r e[t E] for te[t,E],r e[-7,00] .By (9), (12)

m-1
and (13), we get for te[E,f]
V(t+r) < My e *tn

=M ||‘//|| pefﬂ(tmu*to)el(tmuftm)
”p —A(tmia—to)

V| €

— e2).I V(;)

< hv(t)

<e''M|

Then from condition (ii), we get D*v(t) < bv(t), since 1 >b from (13) we have

V(t) < V(t)e® = &7 My e im0 < y(t)

Which is contradiction
Thus (3) also hold for k = m+1
Hence by principle of mathematical induction (3) holds and we have

v(it)<M ”W” Pt te [tk—l’tk)
Then by condition (i)

bl* <V <My e

= bl <My]e

1
o e
=< e

A
S <My] e

1

. P
Where M Zmax{],(%] }
Therefore the trivial solution of system (1) is globally exponentially stable with

rate of convergence —

Remark 1:1f we want to remove the restriction A >b in above theorem then we need to
modify conditions (ii) and (iv) as follows:
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Theorem 2: Assume that there exist a function V € vy and some constants p,b,b,,b, >0
and | >7 such that
(i) billx||P < V(t,x) < by||x]||P, for any te R, and x € R"
(ii) DTV (¢, (0)) < bV(t, ¢(0)), for all t€ [ty_q, t;) kE N
Whenever  hV(t,@(0) >V (t+r,p(r)) for r€[-7,0], where h> max{e®*,e’} is a

constant

(iii) for all ¥ € PC([-7,0];R")
re[-z,0]

V(t, 0(0) + 1, (¢(0)) + Iy (o(r)) < Zk|:V(tk’¢(o))+ sup V(t, + Mﬁ(r))} » Where

z, >0,k e N are constants .

—(4+b)l .e*l(tku*tk)

iv) 7<t, —t,_, <l and z <
( ) k k-1 k 1+eﬂ,r

Then the trivial solution of (1) is globally exponentially stable.
Proof:- The proof of this theorem is omitted as it is almost same as that of Theorem 1

Remark 2-- As we know that the derivative of the Lyapunov function should be
negative for a delay differential system to be stable but in these theorems derivative
may be positive which does not ensure the stability of the differential system . So it is
clear that the impulses can contribute to make a system exponentially stable.

V. CONCLUSION

In this paper, global exponential stability criteria for impulsive functional
differential system have been extended to a system in which state variables on impulses
are related to time delay. These results widen the scope of stability theory and are more
general as compared to some existing results.
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