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Zadeh, in his pioneering paper, introduced the notion of Fuzzy Subset of a set
X as a function µ from X to the closed interval [0,1] of real numbers. The
function µ, he called, the membership function which assigns to each memebr
x of X its membership value, µx in [0, 1].
In 1983, Atanassov[1] generalized the notion of Zadeh fuzzy subset of a set fur-
ther by introducing an additional function ν which he called a nonmembership
function with some natural conditions on µ and ν, calling these new generalized
fuzzy subsets of a set, intutionistic fuzzy subsets. Thus according to him an
intutionistic fuzzy subset of a set X, is a pair A = (µA, νA), where µA, νA are
functions from the set X to the closed interval [0, 1] of real numbers such that
for each x ∈ X, µx+ νx ≤ 1, where µA is called the membership function of A
and νA is called the nonmembership function of A.
Later on in 1984, Atanassov and Stoeva[3], further generalized the notion intu-
itionistic fuzzy subset to L-intuitionistic fuzzy subset, where L is any complete
lattice with a complete order reversing involution N. Thus an L-intutionistic
fuzzy subset A of a set X, is a pair (µA, νA) where µA, νA: X → L are such
that µA ≤ NνA. Let us recall that a complete order reversing involution is a
map N : L→ L such that (1) N0L = 1L and N1L = 0L (2) α ≤ β implies Nβ
≤ Nα (3) NNα = α (4) N(∨i∈Iαi) = ∧i∈INαi and N(∧i∈Iαi) = ∨i∈INαi.
Interestingly the same notion of intutionistic fuzzy subset of set was also in-
troduced by Gau and Buehrer[6] in 1993 under a different name called Vague
subset. Thus whether we called intutionistic fuzzy subset of a set or if-subset of
a set for short, or vague subset of a set, they are one and the same.

In order to make the document more readable, hereonwards we use the phrase
if-subset for intuitionistic fuzzy or vague subset of a set. Obviously, if/v-subset
only means intuitionistic fuzzy/vague subset, if/v-(normal)subgroup only means
intuitionistic fuzzy/vague (normal) subgroup.
Coming to generalizations of algebraic structures on to the intuitionitic fuzzy/vague
sets:
as early as 1989, Biswas[7] introduced the notion of if/v-subgroup of a group
and studied some properties of the same.
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In 2004, Hur-Jang-Kang[15] introduced and studied if/v-normal subgroup of
a group and Hur etal.[10,11,16] continued their studies of the same. In Hur
etal.[16], they established a one-one correspondence between, if/v-normal sub-
groups and if/v-congrunces.
In 2003, Banergee-Basnet[6] introduced and studied the notions of if/v-subrings
and if/v-ideals of a ring. The same year Hur-Jang-Kang[10] introduced and
studied the notion if/v-subring of a ring. In Hur etal.[17,18] continued their
studies of if/v-ideals. In Hur etal.[18], they introduced and studied the notions
of if/v-prime ideals, if/v-completely prime ideals and if/v-weakly completely
prime ideals.
Coming back to the studies of intuitionistic fuzzy/vague subgroups of a group,
Feng[8] and Palaniappan etal.[22] initiated the study intuitionistic L-fuzzy/L-
vague subgroups of a group.

In this paper we studied some propertities of intuitionistic fuzzy subgrups and
intuitionistic fuzzy normal subgrups of an intuitionistic fuzzy subset.
For any set X, the set of all if/v-subsets of X be denoted by A(X). By defining,
for any pair of if/v-subsets A = (µA, νA) and B = (µB , νB) of X, A ≤ B iff
µA ≤ µB and νB ≤ νA, A(X) becomes a complete infinitely distributive lattice.
In this case for any family (Ai)i∈I of if/v-subsets of X, (∨i∈IAi)x = ∨i∈IAix
and (∧i∈IAi)x = ∧i∈IAix.
For any set X, one can naturally associate, with X, the if/v-subset (µX , νX) =
(1X , 0X), where 1X is the constant map assuming the value 1 for each x ∈ X
and 0X is the constant map assuming the value 0 for each x ∈ X, which turns
out to be the largest element in A(X). Observe that then, the if/v-empty subset
φ of X gets naturally associated with the if/v-subset (µφ, νφ) = (0X , 1X), which
turns out to be the least element in A(X).
Let A = (µA, νA) be an if/v-subset of X. Then the if/v-complement of A, de-
noted by Ac is defined by (νA, µA). Observe that Ac = X −A = X ∧Ac.
Throughout this paper the capital letters X, Y Z stand for arbitrary but fixed
(crisp) sets, the small letters f, g stand for arbitrary but fixed (crisp) maps
f : X → Y and g : Y → Z, the capital letters A, B, C, D, E, F together with
their suffixes stand for if/v-subsets and the capital letters I and J stand for the
index sets. Ingeneral whenever P is an if-subset of a set X, always µP and νP
denote the membership and nonmembership function of the if-subset P respec-
tively. Also we frequently use the standard convention that ∨φ = 0 and ∧φ =
1.

II. Intuitionistic Fuzzy/Vague-subgroups

In this section, first we give some definitions and statements. In the Lemma
that follows this, we give equivalent statements which are quite frequently used
in several prepositions later on without an explicit mention. Then analogues of
some crisp theoretic results are established. In the end, Lagranges theorem is
generalized to fuzzy setup.

Definitions and Statements 2.1 (a) Let A, B be a pair of if/v-subsets of G.
Let C be defined by, µCx = ∨x=yz{µAy ∧ µBz} and νCx = ∧x=yz{νAy ∨ νBz},
for each x ∈ G. Then the if/v-subset C of G is called the if/v-product of A by
B and is denoted by A ◦B.
(b) For any if/v-subset A of G, the if/v-inverse of A, denoted by A−1, defined
by (µA−1 , νA−1) is in fact an if/v-subset of G, where for each x ∈ G µA−1(x) =
µA(x−1) and νA−1(x) = νA(x−1).
(c) For any y ∈ G and for any pair α, β of [0, 1], the if/v-point of G, denoted
by yα,β, is defined by the if/v-subset yα,β = (χαy , χ

β
y ) where χαy (x) = α, χβy (x)

= β when x = y and χαy (x) = χβy (x) = 0 when x 6= y.
(d) An if/v-subset A of G is called an if/v-subgroup of G iff:
(1) µA(xy) ≥ µA(x) ∧ µA(y) and νA(xy) ≤ νA(x) ∨ νA(y), for each x, y ∈ G.
(2) µA(x−1) ≥ µA(x) and νA(x−1) ≤ νA(x), for each x ∈ G.

© 2015    Global Journals Inc.  (US)
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(e) For any if/v-subgroup A of a group G, A∗ = {x ∈ G/µA(x) = µA(e) and
νA(x) = νA(e)} and A∗ = {x ∈ G/µA(x) > 0 and νA(x) < 1 }.
(f) For any if/v-subset A of G and for any α, β ∈ [0,1], the (α, β)-level subset
of A, denoted by Aα,β, is defined by Aα,β = {g ∈ G/µAg ≥ α, νAg ≤ β}.

The following Lemma, which provides alternative equivalent statements for some
of the above definitions and statements, is quite useful and is frequently used
without an explicit mention of it in several proofs in later chapters.

Let A,B, (Ai)i∈I be if/v-subsets of a group G. Let α = ∨µAG, β

= ∧νAG, yα,β = (χαy , χ
β
y ). Then the following are true:

1. (µA◦B)(x) = ∨y∈G(µA(y) ∧ µB(y−1x)) = ∨y∈G(µA(y−1) ∧ µB(yx))
= ∨y∈G (µA (xy−1) ∧µB(y)) = ∨y∈G(µA(xy) ∧ µB(y−1)) and
(νA◦B)(x) = ∧y∈G(νA(y) ∨ νB(y−1x)) = ∧y∈G(νA(y−1) ∨ νB(yx))
= ∧y∈G(νA(x y−1) ∨ νB(y)) = ∧y∈G(νA(xy) ∨ νB(y−1)), for each x ∈ G.
In particular, (µA◦B)(xy) = ∨z∈G(µA(xz)∧µB(z−1y)) = ∨z∈G(µA(xz−1)
∧µB (zy)) and (νA◦B)(xy) = ∧z∈G(νA(xz)∨νB(z−1y)) = ∧z∈G(νA(xz−1)
∨νB(zy)).

2. A ◦ (B ◦ C) = (A ◦B) ◦ C.

3. yα,β ◦A = (χαy ◦ µA, χβy ◦ νA), (χαy ◦ µA)x = µA(y−1x) and (χβy ◦ νA)x =
νA(y−1x), for each x, y ∈ G.
In particular eα,β ◦A = A.

4. A ◦ yα,β = (µA ◦ χαy , νA ◦ χβy ), (µA ◦ χαy )x = µA(xy−1) and (νA ◦ χβy )x =
νA(xy−1), for each x, y ∈ G. In particular A ◦ eα,β = A.

5. (A−1)−1 = A;

6. A ≤ A−1 iff A−1 ≤ A iff A = A−1;

7. A ≤ B iff A−1 ≤ B−1;

8. (∨i∈IAi)−1 = ∨i∈IA−1i ;

9. (∧i∈IAi)−1 = ∧i∈IA−1i ;

10. (A ◦B)−1 = B−1 ◦A−1;

11. gα,β ◦ hγ,δ = (gh)α∧γ,β∨δ.

Proof : (1): Since G is a group and hence for each x ∈ G, {(a, b) ∈ G×G/x = ab}
= {(a, a−1x) ∈ G × G/a ∈ G} = {(a−1, ax) ∈ G × G/a ∈ G} = {(xb−1, b) ∈
G×G/b ∈ G} = {(xb, b−1) ∈ G×G/b ∈ G}, this assertion follows.
(2): µA◦(B◦C)(x) = ∨y∈G(µA(xy−1) ∧ µ(B◦C)(y)) = ∨y∈G(µA(xy−1) ∧ (∨z∈G
(µB(yz−1) ∧ µCz))) = ∨y∈G ∨z∈G (µA(xy−1) ∧ µB(yz−1) ∧ µC(z)) and
µ(A◦B)◦C(x) = ∨z∈G(µ(A◦B)(xz

−1) ∧ µCz) = ∨z∈G(∨y∈G(µA(xy−1)∧µB(yz−1))
∧µC(z)) = ∨z∈G ∨y∈G (µA(xy−1) ∧ µB(yz−1) ∧ µC(z)), since αi ∧ (∨j∈Jβj) =
∨j∈J(αi ∧ βj), when [0,1] is a complete infinite meet distributive lattice. Hence

µA◦(B◦C)(x) = µ(A◦B)◦C(x).
Similarly, νA◦(B◦C)(x) = ∧y∈G(νA(xy−1)∨ν(B◦C)(y)) = ∧y∈G(νA(xy−1)∨(∧z∈G
(νB (yz−1) ∨νCz))) = ∧y∈G∧z∈G (νA(xy−1)∨νB(yz−1)∨νC(z)) = ν(A◦B)◦C(x),
since αi ∨ (∧j∈Jβj) = ∧j∈J(αi ∨ βj), when [0, 1] is a complete infinite join dis-
tributive lattice. Therefore A ◦ (B ◦ C) = (A ◦B) ◦ C.
(3): (χαy ◦ µA)x = ∨x=ba(χαy (b) ∧ µA(a)) = ∨b∈G(χαy (b) ∧ µA(b−1x)) = α ∧
µA(y−1x) = (∨µAG) ∧ (µA(y−1x)) = µA(y−1x).
Similarly (χβy ◦ νA)x = ∧x=ba(χβy (b) ∨ νA(a)) = ∧b∈G(χβy (b) ∨ νA(b−1x)) =
β ∨ νA(y−1x) = (∧νAG) ∨ (νA(y−1x)) = νA(y−1x).
Letting y = e, eα,β ◦A = A.

Lemma 2.2
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(4): (µA◦χαy )x = ∨x=ab(µA(a)∧χαy (b)) = ∨b∈G(µA(xb−1)∧χαy (b)) = µA(xy−1)∧
α = µA(xy−1) ∧ (∨µAG) = µA(xy−1).
Similarly (νA ◦ χβy )x = ∧x=ab(νA(a) ∨ χβy (b)) = ∧b∈G(νA(xb−1) ∨ χβy (b)) =
(νA(xy−1)) ∨β = (νA(xy−1)) ∨ (∧νAG) = νA(xy−1).
Letting y = e, A ◦ eα,β = A.

(5): For each x ∈ G, µA−1(x) = µA(x−1) and νA−1(x) = νA(x−1). µ(A−1)−1(x)
= µA−1(x−1) = µA(x−1)−1 = µAx and ν(A−1)−1(x) = νA−1(x−1) = νA(x−1)−1

= νAx. Hence (A−1)
−1 = A.

(6): Let A ≤ A−1. Then for each x ∈ G, µA(x) ≤ µA−1(x) = µA(x−1) and νA(x)
≥ νA−1(x) = νA(x−1). Hence µA−1(x−1) = µAx ≤ µA(x−1) and νA−1(x−1) =
νAx ≥ νA(x−1) implies µA−1 ≤ µA and νA−1 ≥ νA or A−1 ≤ A. Thus A ≤ A−1
implies A−1 ≤ A.
Similarly A−1 ≤ A implies for each x ∈ G, µA−1(x−1) ≤ µA(x−1) and νA−1(x−1)
≥ νA(x−1) which implies µA(x) = µA−1(x−1) ≤ µA(x−1) = µA−1(x) and νA(x)
= νA−1(x−1) ≥ νA(x−1) = νA−1(x). or A ≤ A−1. Thus A−1 ≤ A implies
A ≤ A−1. Now A ≤ A−1 iff A−1 ≤ A iff A = A−1 is clear.
(7): (⇒): Let A ≤ B. Then for each x ∈ G, µA(x−1) ≤ µB(x−1) and νA(x−1)
≥ νB(x−1). Hence µA−1(x) = µA(x−1) ≤ µB(x−1) = µB−1(x) and νA−1(x) =
νA(x−1) ≥ νB(x−1) = νB−1(x) or A−1 ≤ B−1.
(⇐): Let A−1 ≤ B−1. Then for each x ∈ G, µA−1(x) ≤ µB−1(x) and νA−1(x)
≥ νB−1(x). Hence µA(x−1) = µA−1(x) ≤ µB−1(x) = µB(x−1) and νA(x−1) =
νA−1(x) ≥ νB−1(x) = νB(x−1) or A ≤ B.

(8): LetAi = (µAi , νAi), A
−1
i = (µA−1

i
, νA−1

i
). Then for each x ∈ G, (∨i∈IµAi)

−1(x)

= (∨i∈IµAi)(x
−1) = ∨i∈IµAi(x

−1) = ∨i∈IµA−1
i

(x) = (∨i∈IµA−1
i

)(x) and (∧i∈IνAi)
−1

(x) = (∧i∈IνAi
)(x−1) = ∧i∈IνAi

(x−1) = ∧i∈IνA−1
i

(x) = (∧i∈I νA−1
i

)(x).

Hence (∨i∈IAi)−1 = ∨i∈IA−1i .
(9): LetAi = (µAi , νAi), A

−1
i = (µA−1

i
, νA−1

i
). Then for each x ∈ G, (∧i∈IµAi)

−1(x)

= (∧i∈IµAi
)(x−1) = ∧i∈IµAi

(x−1) = ∧i∈IµA−1
i

(x) = (∧i∈I µA−1
i

)(x) and (∨i∈IνAi
)−1(x)

= (∨i∈IνAi
)(x−1) = ∨i∈IνAi

(x−1) = ∨i∈IνA−1
i

(x) = (∨i∈I νA−1
i

)(x).

Hence (∧i∈IAi)−1=∧i∈IA−1i .

(10): Let (A◦B)−1 = (µ(A◦B)−1 , ν(A◦B)−1), B−1 ◦A−1 = (µB−1◦A−1 , νB−1◦A−1).
Then for each x ∈ G, µ(A◦B)−1(x) = µA◦B(x−1) = ∨y∈G(µA(x−1y) ∧ µB(y−1))
and ν(A◦B)−1(x) = νA◦B(x−1) = ∧y∈G (νA(x−1y) ∨ νB(y−1)).
On the other hand, µ(B−1◦A−1)(x) = ∨y∈G(µB−1(y) ∧ µA−1(y−1x))

=∨y∈G(µB (y−1) ∧ µA(y−1x)−1) = ∨y∈G(µB(y−1) ∧ µA(x−1y))
= ∨y∈G(µA(x−1y) ∧ µB(y−1)) = µ(A◦B)(x

−1) = µ(A◦B)−1(x) and
(νB−1◦A−1)(x) = ∧y∈G(νB−1(y)∨ νA−1(y−1x)) = ∧y∈G(νB(y−1)∨ νA(y−1x)−1)
= ∧y∈G(νB(y−1) ∨ νA(x−1y)) = ∧y∈G(νA(x−1y) ∨ νB(y−1)) = ν(A◦B)(x

−1) =
ν(A◦B)−1(x). Therefore (A ◦B)−1 = B−1 ◦A−1.

(11): (χαg ◦ χ
γ
h)(x) = ∨z∈G(χαg (xz−1) ∧ χγh(z)) = χαg (xh−1) ∧ γ = χαgh(x) ∧ γ =

α ∧ γ = χα∧γgh (x) where the third equality follows because g = xh−1 or gh = x

and χβg ◦χδh(x) = ∧z∈G(χβg (xz−1)∨χδh(z)) = χβg (xh−1)∨ δ = χβgh(x)∨ δ = β ∨ δ
= χβ∨δgh (x).
Hence gα,β ◦ hγ,δ = (gh)α∧γ,β∨δ.

For any if/v-subset A of a group G such that µA(xy) ≥ µA(x) ∧
µA(y), νA(xy) ≤ νA(x) ∨ νA(y):

(1) µA(xn) ≥ µA(x) (2) νA(xn) ≤ νA(x)
for each x ∈ G and n ∈ N .

Proof: (1): µA(xn) = µA(xn−1x) ≥ µA(xn−1) ∧ µA(x) ≥ µA(x) ∧ µA(x)...∧
µA(x) = µA(x) for each x ∈ G.
(2): νA(xn) = νA(xn−1x) ≤ νA(xn−1) ∨ νA(x) ≤ νA(x) ∨ νA(x)...∨ νA(x) =
νA(x) for each x ∈ G.

Lemma 2.3

© 2015    Global Journals Inc.  (US)

40

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

15
  

 
F

)

)

X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

II
Note on Intuitionistic Fuzzy (Normal) Subgroups or Vague (Normal) Subgroups

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

Proof: Let A be an if/v-subgroup of G. Then for each x ∈ G, µA(x−1) ≥ µA(x),
νA(x−1) ≤ νA(x). µA(x) = µA((x−1)−1) ≥ µA(x−1) and νA(x) = νA((x−1)−1)
≤ νA(x−1).
Hence µA(x−1) = µA(x) and νA(x−1) = νA(x).

For any if/v-subgroup A of a group G, the following are true
for each x ∈ G:

1. µA(e) ≥ µA(x) and νA(e) ≤ νA(x);

2. µA◦A ≥ µA and νA◦A ≤ νA.

Proof: (1): µA(e) = µA(xx−1) ≥ µA(x) ∧ µA(x−1) = µA(x) ∧ µA(x) = µA(x)
and νA(e) = νA(xx−1) ≤ νA(x) ∨ νA(x−1) = νA(x) ∨ νA(x) = νA(x).
(2): µA◦A(x) = ∨y∈G(µA(xy−1)∧µA(y)) ≥ µA(xe)∧µA(e) ≥ µA(x) and νA◦A(x)
= ∧y∈G(νA(xy−1) ∨ νA(y)) ≤ νA(xe) ∨ νA(e) ≤ νAx for each x ∈ G.

For any if/v-subset A of a group G, A is an if/v-subgroup iff
µA(xy−1) ≥ µA(x) ∧ µA(y) and νA(xy−1) ≤ νA(x) ∨ νA(y) for each x, y ∈ G.

Proof: (⇒): Suppose A is an if/v-subgroup. Then by 2.4, µA(xy−1) ≥ µA(x) ∧
µA(y−1) = µA(x) ∧ µA(y) and νA(xy−1) ≤ νA(x) ∨ νA(y−1) = νA(x) ∨ νA(y)
for each x, y ∈ G.

(⇐): First, by hypothesis and 2.5(1), µA(x−1) = µA(ex−1) ≥ µA(e) ∧ µA(x) =
µA(x) and νA(x−1) = νA(ex−1) ≤ νA(e) ∨ νA(x) = νAx for each x ∈ G.

Letting x−1 inplace of x, µA(x) ≥ µA(x−1) and νA(x) ≤ νA(x−1) for each x ∈ G
or µA(x) = µA(x−1) and νA(x) = νA(x−1) for each x ∈ G.
Next, µA(xy) = µA(x(y−1)−1) ≥ µA(x) ∧ µA(y−1) = µA(x) ∧ µA(y).
Similarly νA(xy) ≤ νA(x) ∨ νA(y). Therefore A is an if/v-subgroup of G.

For any if/v-subgroup A of a group G,

1. A∗ = {x ∈ G/µA(x) = µA(e), νA(x) = νA(e)} is a subgroup of G;

2. A∗ = {x ∈ G/µA(x) > 0, νA(x) < 1} is a subgroup of G whenever L is
strongly regular.

Proof: (1): Let x, y ∈ A∗. Then µA(xy−1) ≥ µA(x) ∧ µA(y) = µA(e), νA(xy−1)
≤ νA(x) ∨ νA(y) = νA(e). By 2.5(1), µA(xy−1) ≤ µAe, νA(xy−1) ≥ νAe for
each x, y ∈ G. So, µA(xy−1) = µAe and νA(xy−1) = νAe or xy−1 ∈ A∗ implying
A∗ is a subgroup of G.

(2): Since L is strongly regular, by 2.1(f), for each x, y ∈ A∗, µA(xy−1) ≥ µA(x)
∧ µA(y) > 0 and νA(xy−1) ≤ νA(x) ∨ νA(y) < 1 or xy−1 ∈ A∗ implying, A∗ is
a subgroup of G.

For any if/v-subset A of a group G, A is an if/v-subgroup of G iff
A satisfies the following conditions:
(1) µA◦A = µA and νA◦A = νA or equivalently A ◦A = A.
(2) µA−1 = µA and νA−1 = νA or equivalently A−1 = A.

Proof: (⇒): Let A be an if/v-subgroup of G. Then for each x, y ∈ G, µAx
= µA(xy−1y) ≥ µA(xy−1) ∧ µA(y), νAx = νA(xy−1y) ≤ νA(xy−1) ∨ νA(y),
µA(x−1) = µA(x) and νA(x−1) = νA(x) .
(1): µA◦A(x) = ∨y∈G(µA(xy−1)∧µA(y)) ≤ ∨y∈GµA(x) = µA(x) or µA◦A ≤ µA
and (νA◦A)(x) = ∧y∈G(νA(xy−1)∨νA(y)) ≥ ∧y∈GνA(x) = νA(x) or νA◦A ≥ νA.
Now by 2.5(2), we get that µA◦A = µA and νA◦A = νA.
(2): 2.4 implies for each x ∈ G, µA−1(x) = µA(x−1) = µA(x) or µA = µA−1 and
νA−1(x) = νA(x−1) = νA(x) or νA−1 = νA.

Corollary 2.5

Lemma 2.6

Lemma 2.7

Lemma 2.8
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Whenever A is an if/v-subgroup of a group G, for each x ∈ G,

µA(x−1) = µA(x) and νA(x−1) = νA(x).

Lemma 2.4
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(⇐): 2.2(1) and the facts that µA−1 = µA, νA−1 = νA, µA◦A ≤ µA, νA◦A ≥ νA
imply, for each x ∈ G µA(xy−1) ≥ µA◦A(xy−1) ≥ µA(xy−1y) ∧ µA(y−1) =
µAx ∧ µAy and νA(xy−1) ≤ νA◦A(xy−1) ≤ νA(xy−1y) ∨ νA(y−1) = νAx ∨ νAy.

For any pair of if/v-subgroups A and B of a group G, A ◦B is an
if/v-subgroup of G iff A ◦B = B ◦A.

Proof: (⇒): Since A, B and A ◦ B are if/v-subgroups of G, A−1 = A, B−1 =
B, A ◦B = (A ◦B)−1 = B−1 ◦A−1 = B ◦A.
(⇐): Let A ◦ B = B ◦ A. Then (a) (A ◦ B) ◦ (A ◦ B) = A ◦ (B ◦ A) ◦ B =
A ◦ (A ◦B) ◦B = (A ◦A) ◦ (B ◦B) = A ◦B and (b) (A ◦B)−1 = (B ◦A)−1 =
A−1 ◦B−1 = A ◦B. By 2.8, A ◦B is an if/v-subgroup of G.

For any pair of groups G and H and for any crisp homomor-

phism f :G→H the following are true:

1. A is an if/v-subgroup of G implies f(A) is an if/v-subgroup of H, whenever
[0, 1] is a complete infinite distributive lattice;

2. B is an if/v-subgroup of H implies f−1(B) is an if/v-subgroup of G.

Proof: (1): Let fA = B. Then µBy = ∨µAf−1y, νBy = ∧νAf−1y. Now we
show that µB(xy−1) ≥ µB(x) ∧ µB(y) and νB(xy−1) ≤ νB(x) ∨ νB(y). Let us
recall that µB(x) = ∨µAf−1x = ∨a∈f−1xµAa, µBy = ∨µAf−1y = ∨b∈f−1yµAb
and νB(x) = ∧νAf−1x = ∧a∈f−1xνAa, νBy = ∧νAf−1y = ∧b∈f−1yνAb. If one
of f−1x or f−1y is empty, we are done because ∨φ = 0L and ∧φ = 1L. So, let
both of them be non-empty. a ∈ f−1x, b ∈ f−1y imply fa = x, fb = y which
implies fab−1 = fafb−1 = xy−1 which in turn implies c = ab−1 ∈ f−1(xy−1).
Since A is an if/v-subgroup of G, µB(xy−1) = ∨c∈f−1(xy−1)µAc ≥ µA(ab−1)
≥ µA(a) ∧ µA(b) and similarly νB(xy−1) ≤ νA(a) ∨ νA(b) for each a ∈ f−1x,
b ∈ f−1y.
Observe that in any complete infinite distributive lattice,
(1) γ ≥ α ∧ β for each α ∈ M ⊆ [0, 1], for each β ∈ N ⊆ [0, 1] implies
γ ≥ (∨α∈Mα) ∧ (∨β∈Nβ) = (∨M) ∧ (∨N),
(2) γ ≤ α ∨ β for each α ∈ M ⊆ [0, 1], for each β ∈ N ⊆[0, 1] implies
γ ≤ (∧α∈Mα) ∨ (∧β∈Nβ) = (∧M) ∨ (∧N).
So, we will get that µB(xy−1) ≥ µBx ∧ µBy and νB(xy−1) ≤ νBx ∨ νBy.
Hence fA = B is an if/v-subgroup of G.

(2): Let f−1B = A. Then µAx = µBfx, νAx = νBfx. Now we show that
µA(xy−1) ≥ µA(x) ∧ µA(y) and νA(xy−1) ≤ νA(x) ∨ νA(y) .
Since f is a homomorphism and B is an if/v-subgroup of H, µA(xy−1) =
µBf(xy−1) = µB(fx)(fy)−1 ≥ µBfx ∧ µBfy = µAx ∧ µAy and
νA(xy−1) = νBf(xy−1) = νB(fx)(fy)−1 ≤ νBfx ∨ νBfy = νAx ∨ νAy.
Hence f−1B = A is an if/v-subgroup of G.

For any family of if/v-subgroups (Ai)i∈I of a group G, ∧i∈IAi is
an if/v-subgroup of G.

Proof: Let C = ∧i∈IAi. Then µC = ∧i∈IµAi
, νC = ∨i∈IνAi

. Now we show
that, µC(xy−1) ≥ µC(x) ∧ µC(y) and νC(xy−1) ≤ νC(x) ∨ νC(y).
Let us recall that in any complete lattice,
(1) ∧i∈I(αi ∧ βi) = (∧i∈Iαi) ∧ (∧i∈Iβi)
(2) ∨i∈I(αi ∨ βi) = (∨i∈Iαi) ∨ (∨i∈Iβi)
(3) αi ≤ βi for each i ∈ I implies ∧i∈I αi ≤ ∧i∈I βi
(4) αi ≤ βi for each i ∈ I implies ∨i∈I αi ≤ ∨i∈I βi
Now the above and Ai is an if/v-subgroup of G imply, µC(xy−1) = (∧i∈IµAi

)
(xy−1) = ∧i∈IµAi(xy

−1) ≥ ∧i∈I(µAi(x)∧µAi(y)) = (∧i∈IµAix) ∧ (∧i∈IµAiy) =
µCx∧µCy and νC(xy−1) = (∨i∈IνAi)(xy

−1) = ∨i∈IνAi(xy
−1) ≤ ∨i∈I(νAi(x)∨

νAi
(y)) = (∨i∈IνAi

x) ∨ (∨i∈IνAi
y) = νCx ∨ νCy. Hence C = ∧i∈IAi is an

if/v-subgroup of G.

Lemma 2.9

Lemma 2.10

Lemma 2.11
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It may so happen that the ∧i∈IAi may be the empty if/v-subset which is trivially
an if/v-subgroup of G as shown in the following example:

An = ( 1
n , 1−

1
n ), ∧∞n=1An = (0, 1) = φ, the empty subgroup of

G.

The A ∨ B of if/v-subgroups A, B of a group G need not be an if/v-subgroup
as shown in the following example:

Let A = (χ2z, 1−χ2z), B = (χ3z, 1−χ3z) be the I-if/v-subgroups
of Z, the additive group of integers, where I = [0,1], the closed interval of real
numbers. Then A ∨ B = (χ2z ∨ χ3z, (1 − χ2z) ∧ (1 − χ3z)) and µA∨B(5) =
(χ2z ∨ χ3z)5 = 0 ∨ 0 = 0.

If A∨B is an if/v-subgroup of G, then 0 = µA∨B(3 + 2) ≥ µA∨B(3) ∧ µA∨B(2)
= (χ2z ∨χ3z)3 ∧ (χ2z ∨χ3z)2 = (0∨ 1) ∧ (1∨ 0) = 1 ∧ 1 = 1, a contradiction.
So A ∨B is not an if/v-subgroup of G.

For any family of if/v-subgroups (Ai)i∈I of G, ∨i∈IAi is an if/v-
subgroup of G whenever (Ai)i∈I is a sup/inf assuming chain of if/v-subgroups.

Proof: Let A = ∨i∈IAi. Then µA = ∨i∈IµAi
, νA = ∧i∈IνAi

. Now we show that
µA(xy−1) ≥ µA(x) ∧ µA(y) and νA(xy−1) ≤ νA(x) ∨ νA(y) for each x, y ∈ G.
If one of µAx or µA(y) = 0 and one of νAx or νA(y) = 1 then anyway the
inequalities hold good.

Let µAx, µAy > 0 and νAx, νAy < 1. Then ∨i∈I(µAi
x), ∨i∈I(µAi

y) > 0
and ∧i∈I(νAi

x), ∧i∈I(νAi
y) < 1. Then there exists i0 ∈ I such that µAi0

x
= ∨i∈IµAi

x, νAi0
x = ∧i∈IνAi

x and there exists j0 ∈ I such that µAj0
y =

∨i∈IµAiy, νAj0
y = ∧i∈IνAiy because (Ai)i∈I is a sup/inf assuming chain.

Now (1) Ai0 ≤ Aj0 or (2) Aj0 ≤ Ai0 because (Ai)i∈I is a chain.

(1) Suppose Ai0 ≤ Aj0 or µAi0
≤ µAj0

and νAj0
≤ νAi0

. Then µA(xy−1) ≥
µAj0

(xy−1) ≥ µAj0
x ∧ µAj0

y ≥ µAi0
x ∧ µAj0

y = (∨i∈IµAi
x) ∧ (∨i∈IµAi

y) =

µAx ∧ µAy and νA(xy−1) ≤ νAj0
(xy−1) ≤ νAj0

x ∨ νAj0
y ≤ νAi0

x ∨ νAj0
y =

(∧i∈IνAi
x) ∨ (∧i∈IνAi

y) = νAx ∨ νAy.

2) Suppose Aj0 ≤ Ai0 or µAj0
≤ µAi0

and νAi0
≤ νAj0

. Then µA(xy−1) ≥
µAi0

(xy−1) ≥ µAi0
x ∧ µAi0

y ≥ µAi0
x ∧ µAj0

y = (∨i∈IµAix) ∧ (∨i∈IµAi
y) =

µAx ∧ µAy and νA(xy−1) ≤ νAi0
(xy−1) ≤ νAi0

x ∨ νAi0
y ≤ νAi0

x ∨ νAj0
y =

(∧i∈IνAix) ∨ (∧i∈IνAiy) = νAx ∨ νAy.

(1) For any if/v-subgroup A of a group G and for any g ∈ G,
the if/v-subset gA = (µgA, νgA) of G, where µgA, νgA : G→ [0, 1], are defined
by µgAx = µA(g−1x) and νgAx = νA(g−1x), is called the if/v-left coset of A by
g in G. The if/v-subset Ag = (µAg, νAg) of G, where µAgx = µA(xg−1) and
νAgx = νA(xg−1) is called the if/v-right coset of A by g in G.
(2) The set of all if/v-left cosets of A in G is denoted by (G/A)L. The set of
all if/v-right cosets of A in G is denoted by (G/A)R.
(3) (Later on we show, as in the crisp set up, that) The number of if/v-left
cosets of A in G is the same as the number of if/v-right cosets of A in G and
this common number, denoted by (G : A), is called the if/v-index of A in G.

For any if/v-subgroup A of a group G and for any pair of ele-
ments g, h of G, the following are true:

1. gA = gµAe,νAe ◦A and Ag = A ◦ gµAe,νAe.

2. gA = hA iff gA∗ = hA∗.

3. Ag = Ah iff A∗g = A∗h.

Example 2.12

Example 2.13

Lemma 2.14

Definitions 2.15 

Theorem 2.16
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Proof: (1): From 2.2(3) and 2.15(1), (χµAe
g ◦ µA)(x) = µA(g−1x) = µgAx and

(χνAeg ◦ νA)(x) = νA(g−1x) = νgAx or µgA = χµAe
g ◦ µA and νgA = χνAeg ◦ νA.

Hence gA = gµAe,νAe ◦A.
From 2.2(4) and 2.15(1), (µA ◦χµAe

g )(x) = µA(xg−1) = µAgx and (νA ◦χνAeg )(x)
= νA(xg−1) = νAgx or µAg = µA ◦ χµAe

g and νAg = νA ◦ χνAeg .
Hence Ag = A ◦ gµAe,νAe.
(2): (⇒): Suppose gA = hA. Then µgA = µhA and νgA = νhA or for each x ∈ G,
µgA(x) = µhA(x) and νgAx = νhAx which implies µA(g−1x) = µA(h−1x) and
νA(g−1x) = νA(h−1x).
Choosing x = h, µA(g−1h) = µA(h−1h) = µA(e) and νA(g−1h) = νA(h−1h) =
νA(e) implying g−1h ∈ A∗, whereA∗ = {x ∈ G/µA(x) = µA(e), νA(x) = νA(e)}.
Hence gA∗ = hA∗.
(⇐): From 2.7, A is an if/v-subgroup of G implies A∗ is a subgroup of G.
Suppose gA∗ = hA∗. Then g−1h ∈ A∗ or µA(g−1h) = µA(e), νA(g−1h) = νA(e).
Hence for each z ∈ G, µA(g−1z) = µA(g−1hh−1z) ≥ µA(g−1h) ∧µA(h−1z) =
µA(e) ∧ µA(h−1z) = µA(h−1z) and νA(g−1z) = νA(g−1hh−1z) ≤ νA(g−1h) ∨
νA(h−1z) = νA(e) ∧ νA(h−1z) = νA(h−1z) because, µAe is the largest of µAG
and νAe is the least of νAG.
Similarly, for each z ∈ G, µA(h−1z) ≥ µA(g−1z) and νA(h−1z) ≤ νA(g−1z).
Hence for each z ∈ G, µA(g−1z) = µA(h−1z), νA(g−1z) = νA(h−1z) or µgA(z)
= µhA(z), νgA(z) = νhA(z) for each z or µgA = µhA, νgA = νhA or gA = hA.
(3) (⇒): Suppose Ag = Ah. Then µAg = µAh, νAg = νAh or for each x ∈ G,
µAg(x) = µAh(x) and νAgx = νAhx which implies µA(xg−1) = µA(xh−1) and
νA(xg−1) = νA(xh−1).
Choosing x = h, µA(hg−1) = µA(hh−1) = µA(e) and νA(hg−1) = νA(hh−1) =
νA(e) implying hg−1 ∈ A∗ or A∗g = A∗h.
(⇐): Suppose A∗g = A∗h. Then hg−1 ∈ A∗ or µA(hg−1) = µA(e) and νA(hg−1)
= νA(e).
Hence for each z ∈ G, µA(zg−1) = µA(zh−1hg−1) ≥ µA(zh−1)∧µA(hg−1) =
µA(zh−1) ∧ µA(e) = µA(zh−1) and νA(zg−1) = νA(zh−1hg−1) ≤ νA(zh−1) ∨
νA(hg−1) = νA(zh−1).
Similarly, for each z ∈ G, µA(zh−1) ≥ µA(zg−1) and νA(zh−1) ≤ νA(zg−1).
Hence for each z ∈ G, µA(zg−1) = µA(zh−1), νA(zh−1) = νA(zg−1) or µAg(z)
= µAh(z), νAg(z) = νAh(z) for each z or Ag = Ah.

For any if/v-subgroup A of a group G, the following are true:
(1) The number of if/v-left(right) cosets of A in G is the same as the number
of left(right) cosets of A∗ in G.

(2) (G : A) = (G : A∗).

Proof : (1): Let = be the set of all if/v-left cosets of A in G and ℵ be the set
of all if/v-left cosets of B in G. Define φ : = → ℵ by φ(gA) = gA∗. Then by
2.16(2), φ is both well defined and one-one. But clearly, φ is onto. Thus φ is a
bijection implying our assertion.

(2): For any subgroup H of a group G, the number of left coset of H in G is the
same as the number of right coset of H in G. Now the assertion follows from (1).

In the crisp set up, when G is a finite group, for any subgroup H of G, |H|
= |G|

(G:H) . If one were to define the order for an if/v-subgroup of a finite group,

the preceeding equation suggests that |A| = |G|
(G:A) . But (G : A) = (G : A∗) and

consequently |A| = |A∗|. Thus the definition of if/v-order of an if/v-subgroup
is as follows:

For any if/v-subgroup A of a group G, the order of A, denoted
by |A|, is defined to be the order of A∗ or |A∗|. In other words |A| = |A∗|.

An if/v-subgroup A of a group G is finite or infinite according as its order |A|
is finite or infinite.

Corollary 2.17

Definition 2.18
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For any finite group G and for any if/v-subgroup A, order of
A, |A| divides the order of G, |G|.

In this section, we begin with equivalent conditions for if/v-normality for a sub-
group and several of these conditions will be used in some subsequent results,
sometimes, without an explicit mention. Later on we proceed to generalize var-
ious crisp theoretic results mentioned in the beginning of this chapter.

The following is a theorem which gives equivalent statements for an if/v-normal
subgroup, some what similarly as in crisp set up.

Let A be an if/v-subgroup of G. Then the following are equiva-
lent:

1. µA(xy) = µA(yx) and νA(xy) = νA(yx) for each x, y ∈ G,

2. µA(xyx−1) = µA(y) and νA(xyx−1) = νA(y) for each x, y ∈ G,

3. µA[xy] ≥ µAx and νA[xy] ≤ νAx for each x, y ∈ G, where [x, y] =
x−1y−1xy is the commutator of x, y,

4. µA(xyx−1) ≥ µA(y) and νA(xyx−1) ≤ νA(y) for each x, y ∈ G,

5. µA(xyx−1) ≤ µA(y) and νA(xyx−1) ≥ νA(y) for each x, y ∈ G,

III. Intuitionistic Fuzzy/Vague-Normal Subgroups

6. A ◦B = B ◦A for each if/v-subset B of G,

7. Ag ◦Ah = Agh, gA ◦ hA = ghA, Agh = ghA and Ag ◦Ah = Ah ◦Ag for
each g, h ∈ G,

8. gA = Ag for each g ∈ G,

9. A = gµAe,νAe ◦A ◦ g−1µAe,νAe for each g ∈ G.

Proof : Let x, y ∈ G.

(1)⇒(2): µA(xyx−1) = µA(x−1 · xy) = µA(y) and νA(xyx−1) = νA(x−1 · xy) =
νA(y).

(2)⇒(3): µA(x−1y−1xy) = µA(x−1(y−1xy)) ≥ µA(x−1)∧µA(y−1xy) = µA(x−1)
∧µA(x) = µA(x) and νA(x−1y−1xy) = νA(x−1(y−1xy)) ≤ νA(x−1)∨νA(y−1xy)
= νA(x−1) ∨ νA(x) = νA(x), by 2.4 and 2.6.

(3)⇒(4): µA(y−1xy) = µA(xx−1y−1xy) ≥ µA(x)∧µA(x−1y−1xy) ≥ µA(x) and
νA(y−1xy) = νA(xx−1y−1xy) ≤ νA(x) ∨ νA(x−1y−1xy) ≤ νA(x).

(4)⇒(5): µA(xyx−1) ≤ µA(x−1 · xyx−1 · (x−1)−1) = µA(y) and νA(xyx−1)
≥ νA(x−1 · xyx−1 · (x−1)−1) = νA(y).

(5)⇒(1): µA(xy) = µA(xyxx−1) = µA(x · yx · x−1) ≤ µA(yx) and µA(yx) =
µA(y · xy · y−1) ≤ µA(xy), implying µA(xy) = µA(yx).
νA(xy) = νA(xyxx−1) = νA(x ·yx ·x−1) ≥ νA(yx) and νA(yx) = νA(y ·xy ·y−1)
≥ νA(xy), implying νA(xy) = νA(yx).

(1)⇒(6): µA◦B(x) = ∨y∈G(µA(xy−1) ∧ µB(y)) = ∨y∈G(µA(y−1x) ∧ µB(y)) =
∨y∈G(µB(y)∧µA(y−1x)) = µB◦A(x) and νA◦B(x) = ∧y∈G(νA(xy−1)∨νB(y)) =
∧y∈G(νA(y−1x)∨νB(y)) = ∧y∈G(νB(y)∨νA(y−1x)) = νB◦A(x), implying A◦B
= B ◦A.

Lagranges Theorem

Theorem 2.19

Theorem 3.1
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(6)⇒(7): 2.16, 2.8, 2.2(11) imply Ag ◦ Ah = A ◦ gµAe,νAe ◦ A ◦ hµAe,νAe =
A ◦ A ◦ gµAe,νAe ◦ hµAe,νAe = A ◦ gµAe,νAe ◦ hµAe,νAe = A ◦ (gh)µAe,νAe = Agh.
Similarly gA ◦ hA = ghA.

Now letting B = (gh)µAe,νAe, by the hypothesis, the above implies Agh = ghA.
Again by hypothesis, Ag ◦Ah = A◦gµAe,νAe ◦hµAe,νAe = A◦hµAe,νAe ◦gµAe,νAe

= Ahg = Ah ◦Ag.

(7)⇒(8): h = e implies Ag = gA.

(8)⇒(9): By 2.16, 2.2(4) and 2.2(11), gµAe,νAe ◦A ◦ g−1µAe,νAe = gA ◦ g−1µAe,νAe =
Ag ◦ g−1µAe,νAe = A ◦ gµAe,νAe ◦ g−1µAe,νAe = A ◦ (gg−1)µAe,νAe = A ◦ (e)µAe,νAe =
Ae =A.

(9)⇒(1): By 2.15, µA(xy) = µA(y−1yxy) = µyAy−1(yx) = µA(yx) and νA(xy)
= νA(y−1yxy) = νyAy−1(yx) = νA(yx).

(1) For any if/v-subgroup A of a group G,
A is an L-if/v-normal subgroup of G iff it satisfies any one of the previous nine
equivalent conditions. In particular, A is an if/v-normal subgroup of G iff for
each g ∈ G, Ag = gA.

(2) The set of all if/v-cosets of G, denoted by G/A or G
A , whenever A is an

if/v-normal subgroup of G, is called the if/v-quotient set of G by A.
(3) Whenever G is a finite group and A is an if/v-normal subgroup of G, from

the generalized Lagranges Theorem 2.19, |(G/A)| = |G|
|A| .

The following are true for any group G:
(a) If G is abelian then every if/v-subgroup of G is if/v-normal subgroup of G,
but not conversely.

(b) For an if/v-subgroup A of G and for any z ∈ G, the if/v-subset zAz−1 =
(µzAz−1 , νzAz−1) where µzAz−1x = µA(z−1xz) and νzAz−1x = νA(z−1xz) for
each x ∈ G, is an if/v-subgroup of G.

(c) For any if/v-subgroup A of G, for each z ∈ G, zAz−1 = zµAe,νAe◦A◦z−1µAe,νAe.

Proof: (a): It follows from 3.1(1) and 3.2(1).

(b): Since µzAz−1x = µA(z−1xz) ≤ NνA(z−1xz) = NνzAz−1x, it follows that
zAz−1 is an if/v-subset of G.

µzAz−1(xy) = µA(z−1xyz) = µA(z−1xzz−1yz) ≥ µA(z−1xz) ∧ µA(z−1yz) =
µzAz−1(x) ∧ µzAz−1(y) and νzAz−1(xy) = νA(z−1xyz) = νA(z−1xzz−1yz) ≤
νA(z−1xz) ∨ νA(z−1yz) = νzAz−1(x) ∨ νzAz−1(y).
µzAz−1(x) = µA(z−1xz) = µA(z−1x−1z) = µzAz−1(x−1) and νzAz−1(x) = νA
(z−1xz) = νA(z−1x−1z) = νzAz−1(x−1) for each z ∈ G.Hence zAz−1 is an if/v-
subgroup of G.

(c): It follows from 2.16(1).

For any pair of if/v subgroups A and B of a group G, A is said
to be an -if/v-conjugate of B iff there exists y ∈ G such that A = yBy−1 or
simply A = By.
It is easy to see that being conjugate to an arbitrary but fixed if/v-subgroup A,
is an equivqlence relation on the set of all if/v-subgroups of G.

For any if/v-normal subgroup A of G, the following are true:
(1) A∗ = {x/µA(x) = µA(e), νA(x) = νA(e)} is a normal subgroup of G.
(2) A∗ = {x ∈ G/µA(x) > 0, νA(x) < 1} is a normal subgroup of G,

whenever L is a strongly regular complete lattice.

Proof: By 2.7, A∗ is subgroup of G and A∗ is a subgroup of G when L is a
strongly regular complete lattice. Since A is an if/v-normal subgroup of G, by
3.1(2),

Definition and Statements 3.2

Proposition 3.3

Definition 3.4

Theorem 3.5
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(1): For each y ∈ A∗, µA(xyx−1)= µAy = µA(e) and νA(xyx−1) = νAy = νA(e)
or xyx−1 ∈ A∗ or A∗ is a normal subgroup of G.
(2): For each y ∈ A∗, µA(xyx−1) = µAy > 0 and νA(xyx−1) = νA(y) < 1 or
xyx−1 ∈ A∗ or A∗ is a normal subgroup of G.

For any if/v-subgroup A of a group G, NG(A) = {x ∈ G/µA(xy)
= µA(yx), νA(xy) = νA(yx), for each y ∈ G} is a subgroup of G and the
restriction of A to NG(A), denoted by A|NG(A), defined by (µA|NG(A), νA|
NG(A)), is an if/v-normal subgroup of NG(A).

Proof: Since µA(ey) = µA(y) = µA(ye) and νA(ey) = νA(ye) for each y ∈ G,
e ∈ NG(A).
Let x, y ∈ NG(A) and z ∈ G. Then x ∈ NG(A) implies µA(x ·y−1z) = µA(y−1z ·
x), νA(x · y−1z) = νA(y−1z · x) and y ∈ NG(A) implies µA(x−1z−1 · y) =
µA(y · x−1z−1), νA(x−1z−1 · y) = νA(y · x−1z−1).
From the above, µA(xy−1 · z) = µA(x · y−1z) = µA(y−1z · x) = µA((y−1zx)−1)
= µA(x−1z−1 · y) = µA(y · x−1z−1) = µA((z · xy−1)−1) = µA(z · xy−1) and
νA(xy−1 · z) = νA(x · y−1z) = νA(y−1z · x) = νA((y−1zx)−1) = νA(x−1z−1 · y)
= νA(y · x−1z−1) = νA((z · xy−1)−1) = νA(z · xy−1).
Thus xy−1 ∈ NG(A) and NG(A) is a subgroup of G.
Now we show that A|NG(A) is an if/v-normal subgroup of NG(A).
But first A|NG(A) is an if/v-subgroup of NG(A) because for each x, y ∈ NG(A),
(µA|NG(A))(xy−1) = µA(xy−1) ≥ µAx ∧ µAy = (µA|NG(A))x∧ (µA|NG(A))y
and
(νA|NG(A))(xy−1) = νA(xy−1) ≤ νAx ∨ νAy = (νA|NG(A))x ∨ (νA|NG(A))y.
Next for each x, y ∈ NG(A),
(µA|NG(A))(xy) = µA(xy) = µA(yx) = (µA|NG(A))(yx) and (νA|N(A))(xy)
= νA(xy) = νA(yx) = (νA|NG(A))(yx) implying A|NG(A) is an if/v-normal
subgroup of NG(A).

For any if/v-subgroup A of a group G, the subgroup NG(A) of
G defined as above is called the normalizer of A in G and A|NG(A) is called the
if/v-normalizer of A.

For any if/v-subgroup A of a group G, A is an if/v-normal sub-
group of G iff NG(A) = G.

Proof: (⇒): Always NG(A) ⊆ G. On the other hand, x ∈ G implies for each
y ∈ G, by 3.1(1), µA(xy) = µA(yx) and νA(xy) = νA(yx). So, x ∈ NG(A).
(⇐): Again by 3.1(1), we get that A is an if/v-normal subgroup of G.

For any if/v-subgroup B of a group G, the number of if/v-
conjugates of B in G is equal to the index (G : NG(B)) of the normalizer
NG(B) in G.

Proof: Let u, v ∈ G. Then v−1Gu = G. Now uBu−1 = vBv−1 iff for each
x ∈ G, µB(u−1xu) = µB(v−1xv) and νB(u−1xu) = νB(v−1xv) iff (put x =
vxu−1) µB(u−1v ·x) = µB(x ·u−1v) and νB(u−1v ·x) = νB(x ·u−1v) iff u−1v ∈
NG(B) iff u−1NG(B) = v−1NG(B). Hence Bu→u−1NG(B) is a bijection from
{uBu−1/u ∈ G} onto {uNG(B)/u ∈ G}.

For any if/v-subgroup B of a group G, ∧u∈GuBu−1 is an if/v-
normal subgroup of G and is the largest if/v-normal subgroup of G that is con-
tained in B.

Proof: First observe that uBu−1 is an if/v-subgroup of G for each u ∈ G by
6.1.3(b). So ∧u∈GuBu−1 is an if/v-subgroup of G, by 2.11.
Since {uBu−1/u ∈ G} = {(xu)B(xu)−1/u ∈ G} for each x ∈ G,
∧u∈GµuBu−1(x−1yx) = ∧u∈GµB(u−1 x−1yx u) = ∧u∈GµB((xu)−1y(xu)) =
∧u∈G µ(xu)B(xu)−1(y) = ∧u∈GµuBu−1(y) and

Theorem 3.6

Definition 3.7

lemma 3.8

Theorem 3.9

Theorem 3.10
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∨u∈GνuBu−1(x−1yx) = ∨u∈GνB(u−1 x−1yx u) = ∨u∈GνB((xu)−1y(xu))
= ∨u∈Gν(xu)B(xu)−1(y) = ∨u∈GνuBu−1(y) for each x, y ∈ G.
Hence ∧u∈GuBu−1 is an if/v-normal subgroup of G.
Next, let A be an if/v-normal subgroup of G, with A ≤ B. Since A is an
if/v-normal subgroup of G, A = uAu−1 for each u ∈ G. Since A ≤ B, A =
uAu−1 ≤ uBu−1 for each u ∈ G or A ≤ ∧u∈GuBu−1 or ∧u∈GuBu−1 is the
largest if/v-normal subgroup of G that is contained in B.

For any if/v-normal subgroup A of a group G and for any x, y ∈
G such that xA = yA, µA(x) = µA(y) and νA(x) = νA(y).

Proof: By 2.16(2), xA = yA implies xA∗ = yA∗ which implies x−1y ∈ A∗ and
y−1x ∈ A∗ or µA(x−1y) = µAe = µA(y−1x) and νA(x−1y) = νAe = νA(y−1x).
Since A is an if/v-normal subgroup of G, µA(x) = µA(y−1xy) ≥ µA(y−1x) ∧
µA(y) = µA(e) ∧ µA(y) = µA(y) and νA(x) = νA(y−1xy) ≤ νA(y−1x) ∨ νA(y)
= νA(e) ∨ νA(y) = νA(y). Similarly, µA(y) = µA(x−1yx) ≥ µA(x−1y) ∧ µA(x)
= µA(e) ∧ µA(x) = µA(x) and νA(y) = νA(x−1yx) ≤ νA(x−1y) ∨ νA(x) = νA(e)
∨ νA(x) = νA(x). Hence µA(x) = µA(y) and νA(x) = νA(y).

For any if/v-normal subgroup A of a group G. The following
are true in G/A:

1. (xA) ◦ (yA) = (xy)A for each x, y ∈ G;

2. (G/A, ◦) is a group;

3. G/A ∼= G/A∗;

4. Let A(∗) be an if/v-subset of G/A be defined by µA(∗)(xA) = µA(x) and
νA(∗)(xA) = νA(x) for each x ∈ G. Then A(∗) is an if/v-normal subgroup
of G/A.

Proof: (1): Since A is an if/v-normal subgroup, by 3.1(7), this follows.

(2): By (1), G/A is closed under the operation ◦.
For each x, y, z ∈ G, xA ◦ (yA ◦ zA) = xA ◦ (yz)A = (xyz)A = (xy)A ◦zA =
(xA ◦ yA) ◦ zA. So G/A is associative under the operation ◦.
By 2.2(3), eA = A. Further by (1), for each x ∈ G, A ◦ xA = eA ◦ xA = exA =
xA and xA ◦A = xA ◦ eA = xeA = xA or A is the identity element for G/A.
(x−1A) ◦ (xA) = (x−1x)A = eA = A = (xA) ◦ (x−1A) or x−1A is the inverse of
xA in G/A. Hence (G/A, ◦) is a group.
(3): Let η : G/A→ G/A∗, defined by η(xA) = xA∗. Then η is well defined and
1-1 because xA = yA iff xA∗ = yA∗.

Now we show that η is a homomorphism or xyA∗ = xA∗ yA∗. But by 3.5(1),
A∗ is a normal subgroup of G and so it follows that η is a homomorphism.

Now we show that η is onto. β ∈ G/A∗ implies β = gA∗, g ∈ G. Then gA ∈ G
A

such that η(gA) = gA∗ = β or η is onto.
(4): First we show that A(∗) is an if/v-subgroup of G/A.
Since A be an if/v-subgroup of G,
(a): µA(∗)(gA ◦ hA) = µA(∗)(ghA) = µA(gh) ≥ µA(g) ∧µA(h) = µA(∗)(gA)
∧µA(∗)(hA) and νA(∗)(gA ◦ hA) = νA(∗)(ghA) = νA(gh) ≤ νA(g)∨νA(h) =
νA(∗)(gA)∨νA(∗)(hA).
(b): µA(∗)((gA)−1) = µA(∗)(g−1A) = µA(g−1) = µA(g) = µA(∗)(gA) and
νA(∗)((gA)−1) = νA(∗)(g−1A) = νA(g−1) = νA(g) = νA(∗)(gA).
Therefore A(∗) is an if/v-subgroup of G/A.
Now we show that A(∗) is an if/v-normal subgroup of G/A.

Since A is an if/v-normal subgroup of G, for each g, h ∈ G, µA(∗)((gA)−1 ◦
(hA)◦(gA)) = µA(∗)(g−1A◦hA◦gA) = µA(∗)(g−1hgA) = µA(g−1hg) ≥ µA(h) =
µA(∗)(hA) and νA(∗)((gA)−1◦(hA)◦(gA)) = νA(∗)(g−1A◦hA◦gA) = νA(∗)(g−1hgA)
= νA(g−1hg) ≤ νA(h) = νA(∗)(hA). Hence A(∗) is an if/v-normal subgroup of
G/A.

lemma 3.11

 Theorem 3.12
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For any if/v-subgroup B of a group G and for any normal
subgroup N of G, the if/v-subset C: G/N → L where for each x ∈ G, µC(xN)
= ∨µB(xN) and νC(xN) = ∧νB(xN), is an if/v-subgroup of G/N when L is a
complete infinite distributive lattice.

Proof: Since B is an if/v-subgroup of G and N is a normal subgroup of G and
hence for each x ∈ G, (xN)−1 = x−1N ,

µC((xN)−1) = µC(x−1N) = ∨ µB(x−1N) = ∨z∈x−1NµBz
= ∨w−1∈x−1N(=(xN)−1)µBw

−1 = ∨w∈xNµBw = ∨ µB(xN) = µC(xN)
and νC((xN)−1) = νC(x−1N) = ∧ νB(x−1N) = ∧z∈x−1NνBz
= ∧w−1∈x−1N(=(xN)−1) νBw

−1 = ∧w∈xNνBw = ∧ νB(xN) = νC(xN)

where the 5th equality in both cases is due to the fact that w ∈ xN iff w−1 ∈
(xN)−1. Hence C(xN)−1 = C(xN).

Since [0,1] is a complete infinite distributive lattice and N is a normal sub-
group of G, for each x, y ∈ G

µC((xN)(yN)) = ∨µB(xyN) = ∨z∈xyNµBz = ∨u∈xN,v∈yNµB(uv)
≥ ∨u∈xN,v∈yN (µB(u) ∧ µB(v)) = (∨u∈xNµB(u)) ∧ (∨v∈yN µB(v))
= (∨µB(xN)) ∧ (∨µB(yN)) = (µC(xN)) ∧ (µC(yN)) and
νC((xN)(yN)) = ∧νB(xyN) = ∧z∈xyNνBz = ∧u∈xN,v∈yNνB(uv)
≤ ∧u∈xN,v∈yN (νB(u) ∨ νB(v)) = (∧u∈xNνB(u)) ∨ (∧v∈yNνB(v))
= (∧νB(xN)) ∨ (∧νB(yN)) = (νC(xN)) ∨ (νC(yN)).

Hence C is an if/v-subgroup of G/N .

For any if/v-subgroup B of a group G and for any normal
subgroup N of G, the if/v-subgroup C:G/N → L, where L is a complete infinite
distributive lattice, defined by µC(xN) = ∨µB(xN) and νC(xN) = ∧νB(xN)
for each x ∈ G, is called the if/v-quotient subgroup of G/N relative to B and is
denoted by B/N or B

N .
In other words when N is a normal subgroup of G and B is any if/v-subgroup of

G, and [0,1] is a complete infinite distributive lattice, B
N : G

N → [0, 1] is defined
by µB

N
(gN) = ∨µB(gN) and νB

N
(gN) = ∧νB(gN) for each g ∈ G.

For any pair of groups G and H and for any crisp homomor-
phism f : G→ H, the following are true:

1. A is an if/v-normal subgroup of G implies f(A) is an if/v-normal subgroup
of H when f is onto.

2. B is an if/v-normal subgroup of H implies f−1(B) is an if/v-normal sub-
group of G.

Proof: (1): A is an if/v-normal subgroup of G implies µA(g−1hg) ≥ µA(h) and
νA(g−1hg) ≤ νA(h) for each h, g ∈ G.

Let fA = B. Then µBy = ∨µAf−1y and νBy = ∧νAf−1y. Since the if/v-image
of an if/v-subgroup is an if/v-subgroup, we only show that µB(g−1hg) ≥ µB(h)
and νB(g−1hg) ≤ νB(h) for each g, h ∈ G.
Since f is onto, for each y ∈ H, f−1y 6= φ. Let a ∈ f−1g, b ∈ f−1h. Then
fa = g, fb = h and fa−1 = g−1. Since f is a homomorphism, g−1hg = f(a−1ba)
and a−1ba ∈ f−1(g−1hg). So, for each b ∈ f−1h, µB(g−1hg) = ∨µAf−1(g−1hg)
= ∨c∈f−1(g−1hg)µAc ≥ µA(a−1ba) ≥ µA(b) and νB(g−1hg) = ∧νAf−1(g−1hg) =
∧c∈f−1(g−1hg)νAc ≤ νA(a−1ba) ≤ νA(b) implying µB(g−1hg) ≥ ∨b∈f−1h µA(b)
= µB(h) and νB(g−1hg) ≤ ∧b∈f−1h νA(b) = νB(h)
or B = f(A) is an if/v-normal subgroup of H when f is onto.

(2): Let f−1B = A. Then for each g ∈ G, µAg = µBfg and νAg = νBfg. Since
the if/v-inverse image of an if/v-subgroup is an if/v-subgroup we only show that
µA(g−1hg) ≥ µA(h) and νA(g−1hg) ≤ νA(h).

Theorem 3.13

Definition 3.14

Lemma 3.15
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Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

For any pair of if/v-subgroups A and B of a group G such
that A ≤ B, A is called an if/v-normal subgroup of B iff for each x, y ∈ G,
µA(xyx−1) ≥ µA(y) ∧ µB(x) and νA(xyx−1) ≤ νA(y) ∨ νB(x).

For any pair of if/v-subgroups A and B of a group G such that
A ≤ B, the following are equivalent:

1. A is an if/v-normal subgroup of B.

2. µA(yx) ≥ µA(xy) ∧ µB(x) and νA(yx) ≤ νA(xy) ∨ νB(x) for each x, y ∈
G.

3. (χµAe
x ◦ µA) ≥ (µA ◦ χµAe

x ) ∧ µB and (χνAex ◦ νA) ≤ (νA ◦ χνAex ) ∨ νB for
each x ∈ G.

Proof: (1)⇒(2): Since A is an if/v-normal subgroup of B, for each x, y ∈
G, µA(yx) = µA(x−1xyx) = µA(x−1(xy)x) ≥ µA(xy) ∧ µB(x) and νA(yx) =
νA(x−1xyx) = νA(x−1(xy)x) ≤ νA(xy) ∨ νB(x).
(2)⇒(3): By 2.2(3) and 2.2(4), we have (χµAe

x ◦µA)y = µA(x−1y) ≥ µA(yx−1) ∧
µB(y) = (µA ◦χµAe

x )y∧µBy = ((µA ◦χµAe
x )∧µB)y and (χνAex ◦νA)y = νA(x−1y)

≤ νA(yx−1) ∨ νB(y) = (νA ◦ χνAex )y ∨ νBy = ((νA ◦ χνAex ) ∨ νB)y or for each
x ∈ G, (χµAe

x ◦ µA) ≥ (µA ◦ χµAe
x ) ∧ µB and (χνAex ◦ νA) ≤ (νA ◦ χνAex ) ∨ νB .

(3)⇒(1): Letting z−1 = x−1y and by 2.2(3) and 2.2(4), we have
µA(x−1yx) = µA(z−1x ) = (χµAe

z ◦ µA)x ≥ (µA ◦ χµAe
z )x ∧µBx = µA(xz−1) ∧

µB(x) =µA(xx−1y) ∧ µB(x) = µA(y) ∧ µB(x) and
νA(x−1yx) = νA(z−1x)=(χνAez ◦νA)x ≤ (νA ◦χνAez )x ∨νBx = νA(xz−1) ∨ νB(x)
= νA(xx−1y) ∨ νB(x) = νA(y)∨νB(x) or for each x, y ∈ G, µA(x−1yx) ≥ µA(y)
∧ µB(x) and νA(x−1yx) ≤ νA(y) ∨ νB(x) or A is an if/v-normal subgroup of
B.

For any pair of if/v-subgroups A and B of a group G such that
A is an if/v-normal subgroup of B:

1. A∗ is a normal subgroup of B∗.

2. A∗ is a normal subgroup of B∗ whenever [0, 1] is strongly regular.

Proof: (1): Since µAe is the largest of µAG, νAe is the smallest of νAG and A
is an if/v-subgroup of G, we get for each x, y ∈ A∗, µA(xy−1) ≥ µAx ∧µAy =
µAe and νA(xy−1) ≤ νAx ∨νAy = νAe, so we have µAxy

−1 = µAe and νAxy
−1

= νAe or xy−1 ∈ A∗. Hence A∗ is a subgroup of B∗.

Again since µAe is the largest of µAG, νAe is the smallest of νAG, A is an
if/v-normal subgroup of B; we get for each b ∈ B∗ and a ∈ A∗, µA(bab−1) ≥
µAa∧µBb = µAe∧µBe = µAe and νA(bab−1) ≤ νAa∨ νBb = νAe∨ νBe = νAe,
so we have µA(bab−1) = µAe and νA(bab−1) = νAe or bab−1 ∈ A∗. Therefore
A∗ is a normal subgroup of B∗.

(2): Since [0, 1] is strongly regular, for each x, y ∈ A∗, µA(xy−1) ≥ µAx ∧µAy
> 0 and νA(xy−1) ≤ νAx ∨ νAy < 1 or xy−1 ∈ A∗. Hence A∗ is a subgroup of
B∗.

Again, since [0,1] is strongly regular, for each b ∈ B∗ and a ∈ A∗, we get
µA(bab−1) ≥ µAa ∧ µBb > 0 and νA(bab−1) ≤ νAa ∨ νBb < 1 or bab−1 ∈ A∗.
Hence A∗ is a normal subgroup of B∗ when [0,1] is strongly regular.

For any pair of if/v-subgroups A and B of a group G such that
A is an if/v normal subgroup of B, the if/v-subset C: B∗

A∗ →[0, 1] defined by,
for each b ∈ B∗ µCbA∗ = ∨µBbA∗ and νCbA

∗ = ∧νBbA∗, is an if/v-subgroup
of B∗

A∗ , whenever [0,1] is a strongly regular complete infinite distributive lattice.

Definition 3.16

Theorem 3.17

Theorem 3.18

Lemma 3.19
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Since f is a homomorphism and B is an if/v-normal subgroup of H, for each
g, h ∈ G, µA(g−1hg) = µBf(g−1hg) = µB((fg)−1(fh)(fg)) ≥ µBfh = µAh and
νA(g−1hg) = νBf(g−1hg) = νB((fg)−1(fh)(fg)) ≤ νBfh = νAh or A = f−1B
is an if/v-normal subgroup of G.

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

For any pair of if/v-subgroups A and B of a group G such that
A is an if/v normal subgroup of B and L is a strongly regular complete infinite

distributive lattice, the if/v-quotient subgroup of B|B∗ relative to A∗, denoted by
B/A or B

A , is defined by B/A: B∗/A∗ → L with µB/A(bA∗) = ∨µB(bA∗) and
νB/A(bA∗) = ∧νB(bA∗) for each b ∈ B∗ and is called L-if/v-quotient subgroup
of B relative to A.

In what follows we prove a natural relation between (BA )∗ and B∗

A∗ which is used
in the Third Isomorphism Theorem.

For any pair of if/v-subgroups A and B of a group G such that
A is an if/v-normal subgroup of B, (B/A)∗ = B∗/A∗.

Proof: Let us recall that (B/A)∗ = {bA∗ ∈ (B∗/A∗) /b ∈ B∗, µB/A(bA∗) > 0
and νB/A(bA∗) < 1}. So always, (B/A)∗ ⊆ B∗/A∗.
α ∈ B∗/A∗ implies α = bA∗ for some b ∈ B∗. Now as e ∈ A∗ and b ∈ B∗,
µB/A(bA∗) = ∨µB(bA∗) ≥ µBb > 0 and νB/A(bA∗) = ∧νB(bA∗) ≤ νBb < 1
implying α ∈ (B/A)∗. Hence (B/A)∗ = B∗/A∗.

For any if/v-normal subgroup A of G and an if/v-subgroup B
of G, A ∧B is an if/v-normal subgroup of B.

Proof: By 3.11, if A,B are if/v-subgroups of G then A ∧B is an if/v-subgroup
of G and A∧B ≤ B. Now we show that C = A∧B is an if/v-normal subgroup
of B or for each x, y ∈ G, µC(xyx−1) ≥ µC(y) ∧ µB(x) and νC(xyx−1) ≤ νC(y)
∨ νB(x). Since A is an if/v-normal subgroup of G, for each x, y ∈ G,

µC(xyx−1) = (µA ∧ µB)(xyx−1) = µA(xyx−1) ∧ µB(xyx−1)
≥ µA(y) ∧ µB(xyx−1) ≥ µA(y) ∧ µB(x) ∧ µB(y) ∧ µB(x−1)
= (µA(y) ∧ µB(y)) ∧ µB(x) = µA∧B(y) ∧µB(x) = µC(y) ∧ µB(x) and
νC(xyx−1) = (νA ∨ νB)(xyx−1) = νA(xyx−1) ∨ νB(xyx−1)
≤ νA(y) ∨ νB(xyx−1) ≤ νA(y) ∨ νB(x) ∨ νB(y) ∨ νB(x−1)
= (νA(y) ∨ νB(y)) ∨ νB(x) = νA∧B(y) ∨νB(x) = νC(y) ∨ νB(x).

Therefore µC(xyx−1) ≥ µC(y) ∧ µB(x) and νC(xyx−1) ≤ νC(y) ∨ νB(x) or C
= A ∧B is an if/v-normal subgroup of B.
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Proof: Since [0,1] is strongly regular, by 3.18, A∗ is a normal subgroup of B∗.
Now in 3.13 set G = B∗, N = A∗, B = B. Then since [0,1] is a complete infinite
distributive lattice, C is an if/v-subgroup of B∗

A∗ .
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