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Annotation- In this paper we consider the spectral problem for the wave propagation in extended plates of variable
thickness. Describes how to solve problems and numerical results of wave propagation in infinitely large plates of
variable thickness. Viscous properties of the material are taken into account by means of an integral operator Voltaire.
The study is part of the spatial theory of visco elastic. The technique is based on the separation of spatial variables and
formulating boundary eigenvalues problem to be solved by the method of orthogonal sweep Godunov. Numerical
values obtained for the real and imaginary parts of phase velocity as a function of wave number. When this coincidence
numerical results obtained with the known data.
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[. INTRODUCTION

Known [1,2] that in normal wave deformable layer (Lamb wave) is not
orthogonal thickness, i.e. the integral of the scalar product of vectors of displacements
of two different waves, considered as functions of the coordinate perpendicular to the
surface layer is not zero. They also are not orthogonal conjugate waves is obtained by
considering the dual problem. This introduces additional difficulties in solving practical
problems [3,4,8]. In this paper, we present spectral problem formulation and methods of
its tasks.

[I. STATEMENT OF THE WAVE PROBLEM AND THE BASIC RELATIONS FOR THE PLATE
KIRCHHOFF - LOVE VARIABLE THICKNESS

Derive the fundamental relationships of the classical theory of plates with

variable thickness on the basis of the principle of virtual displacements. In the three-

dimensional formulation of the elasticity problem reduces to the solution of the
variation equation, which has the form:

For virtual work (64;) internal forces, we have:

O =011 =~ 0,06,V )
\Y

where [[ — potential energy; o, — components of the stress tensor;
&; — components the deformation tensor; V' — the volume occupied by the body.
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The physical properties of the plastic material describes the relationship

o, =20, +2ue, (i,j,k=123) (3)

Where o;,¢;- components of the stress and strain tensors.
Ev(l+in) El+in)
A= o u=—
Lev)a—2v)  “7 214 y) (4)

Integrated in the case the Young’s modulus of the viscoelastic material

E' =E'+iE"=E'(l+in,) an analogue of the classical Young modulus [85]. Using a
complex representation for the elastic modulus (Young’s modulus) for the polymeric
material can be written as

E'(0)=E(o)+ine] (5)

Where two functions of vibration frequency E(a)) and n(a)) may be
represented by analytical variety of ways [1,2].
For virtual work of inertial forces (0A4,;) we can write the following relation:

84, = [ pliduav (3)
\%

where p - body density; u, — displacement components; U, = 8°ui/ot?; t_ time. Here and
below, summation over repeated indices. Consider the wedge plate shown in Fig. 1,

along the axis of an infinite X,. In accordance with the hypotheses of Kirchhoff - Love
have:

O3 = Oy =035 = 0;

U= x. WV
VA (4)
W(x3) =W,

where W — deflection of the middle plane of the plate.
Neglecting in (3) members to take account of the inertia of rotation normal to the
median plane we obtain:

h/2
—[ds [ (04881, + 201,06, + 61,02, )iX, —
S -h/2
h/2 5
—IdsjpazvzvéWdz=0 ©)
S -h/2 ()

The expressions for the components of strain and stress tensors are determined
from the geometric relationships and relations generalized Hooke’s law, which, taking
into account the kinematic hypotheses (4) takes the form:
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o Afow  ou) o'W =12
" 2\ox, ox Xsaxiaxj’ ’
E
0'1125(511+V‘922)FK;
. Q
N . Gzz_m(‘gzz"'vgn)FK
otes =
Op :E‘glzrw

Where £ - Young’s modulus; v - Poisson’s ratio of the plate material.
Introducing the following notation:

Mn:—D[an;/ +V02v;/];
ox; 0x;
oW oW
Mzzz_D(az tV 2} (7)
X5 ox;
My, =-Dit-v)- T
0x,0x,
Eh’ Eh°

D= =DTI,; D = I =1+i
1A—2) " F R AT T ()

and integrating over the thickness of the plate, let (2.5) to the following form

2 2 2
| [Mlla()ﬂ+2Mlz 0"oW +M22‘)();‘\2’\/st—

s xlz X10X, X (8)
—jpha;’zv s =0

Converting the first integral (8) twice by parts and equating to zero the

coefficients of variation 0W inside the body and on its borders obtain the following
differential equation:

2 2 2
aM11+26M12+c)M22_ph02\N:0 o)

ox; 0x,0x, ox ot*
with natural boundary conditions
M](O; ]]) - 07'
oM oM
B4272 -0y _g
’ 1 2 41
ox, ox,

the main alternative, which will be the following:
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77 0,
0x,; )
W=0, x,=0, |,
Introducing new variables
ow oM oM
W, o, = , My, Q= T+ 22—
ox, ox, ox,

and express through them M,, with the help of (2.7). Then
0°W 0°W
MZZ = —D—2+VM11 +V2D—2,
X, ox,
or
Eh® 0AW

- — 27 W
212 ox H

We note that M, and M,, are bending
at M12 the torque.

Thus, we arrive at the following system of equations:

moments,

(oW .
ox. @i
dp M, oW,
ox, ox2 '’
oM Eh® 0o?
11 =Q1 +i()_?’
ox, 6(1+ V) ox’
a aZM ChK3 2
O _ oMy EWOW oW
ox, ox; 12 ox; ot
Or
oW
ox. Py 5
op _ 6(1—vVv) M11-2(1—v)_V02\N_
ox, B h® E ox? '’
<
2@+v)oM,, 21+ v)Q L h® oo,
E ox, E Y3 ox,
2(1;L V) 00, _ v 2(1;L v) o I\/I211 N @+wv)h® o V:/ N 2(1;L v)pha VZV
E ox, E Ox? 6 ox? E ot

© 2015 Global Journals Inc. (US)

(10)

(11)

Notes



Or

W _ .
ox; Yo
0y, 6(1_ V) a23/1 .
=3 s V—%
ox; h X,
Vs _y N0, -
Notes 0x; 3 ox,
Vs _ _V02y3 . (@+v)h® 0%y, .\ h Py,
0x, 0x? 6 ox; CZor*’ 2
21 21 < E
Where YI:VV; Vo=@ V5= Mﬂ[]b = M Q; NSZ = A N Q — shear wave -
E E 2(L+v)p
Velocity
Among the many solutions of (12) we choose those that describe harmonic plane -
waves propagating along the axis X, Z
i(66,-at g
yi =7 (x)e (Ep-at) (13) 7
Substituting the solution (13) in the system of differential equations (12), we &
obtain a system of ordinary differential equations of the first order, solved for the =
derivative: .
2, =2,; TE
' ( _V) 2 -
Z, =———=—>272,+VK"Z; ~
3 =
Z,=27,— h gk k%2, (14) =
., (@+vh o) 2
Z, = VK 23+TK Zl_hC_ I'z; .

The boundary conditions for this system can be written as follows:
a) free left edge of the plate:

2(0) = 2,(0) = 0 (15) -

6) free right edge of the plate: ‘o
zy(1,) = z,(1,) = 0 (16,a) £

B) pinched right edge of the plate: 2
z(1,) = z,(1,) = 0 (16,6) %

T Thus formed the spectral problem (14-16) in the parameter @, describing the
propagation of flexural waves in a flat edge plate Kirchhoff-Love.

[1I. BASIC RELATIONS FOR TIMOSHENKO PLATES OF VARIABLE THICKNESS. STATEMENT
OF THE WAVE PROBLEM

Applying the principle of virtual displacements (1-3), replacing the Kirchhoff-
Love hypotheses (2.4) on the hypothesis Timoshenko:
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7E (oW
Oy =0 0y =—F——| ——6 |, 17
33 . 2(1+v)( ] (a7)

ui(Xs) =%,0; W) —W: i=12,

where 6,— normal rotation angles (Fig. 2) y — correction factor that takes into account
the distribution of shear stresses across the thickness.

Figure 1 - Design scheme
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Figure 2 - shows the angle of rotation of the normal

B In this case, the tensor components of strain and stress take the form:

1_ (06, 00,
& =—=Xg| —+——
2 dxj ox;

Y
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o, = + v

1-v ox ox,
Notes ___Er, (06, 06,
22 1-v? ox, ox, )

El, 00, 00,
Op ="~ X TV ;

2(L+v) | ox, ox,

Oy = 25 [ OW -0, | L j=1,2
2(L+ )\ ox,

Substitute the expression for the work on virtual displacements, we obtain:

h/2 050
SA = _[ J- 056’ i 0oW W _ s
% 2 ()x- i ox

-h/ss i i
+ pPWOW + pxgééei}deXS =0

Or by introducing a notation for the corresponding moments:

__ 00 00
M,=D,T", dxl +V()x2 =I'M;
1 2
__ 00 00
|\/|22 =D1Fk ()x2 +V0x1 =Fk|\/|22,
2 1
__ 00, 00
M12:D2Fk 0xl+()x2}:FkM12
2 1
where [)2=%Dl
00 00
M_=-D 2 L
=0 G|
v — [P,
OX, OX,
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M, —p,[% , 2.
OX, OX
and integrating over x,we have
0 (- 0
A=—] | -—(M,56,)+——(hs, oW)|dS+
s axi Oxj
Notes
oM, o(ha,,
+[ | -—>56, +—( 3’)é\N+h53i549i =
s 0 i Oxj
.. ph3 ..
—phWé\N—EQiéé’ide=0 (21)

Integrating (21) by parts and equating to zero the coefficients of variation W

and 00, inside the body and on its borders obtain the following system of differential
equations

3
_W_lz_%_F ho—31 _ﬂél — O’
ox, ox, 127,
3
_%_%4_ hUsz_Aézz(); (22)
ox, ox, 127,
d(hoy,) + d(hoy,) _phw -0
ox, ox; I,
With natural boundary conditions:
M 12 — 0,
M 11 = O,

h0-31 :O, Xl :O, Il

The main alternative, which will be the following:

0120,
9220;
W:O, X1:O, Il

Equation (22) is a differential complex coefficients, it is possible to write in the
following form
oM,, oM, sh’

oM oM

+hr, ——6/ -—2—-——=+h
ox,  ox, * 1or ox,  ox,
[— 3 p—
Mz M, +hr,, — sh 0" |+il, My M, +hz, |=0
OX, OX, 125, OX, 0X,
a(hf32) + a(hT31) _ Sh3 W 8(h2'32) + a(hTCSl)
OX, OX, I, OX, OX,

© 2015 Global Journals Inc. (US)



The main variables in this system, we assume: W,, 6,, 6, M,,, M,,, Q,=h o ,.
Out of the equation variables M,, and @),.

Eh® 00, 7Eh (oW
=— +W 5 Q,=hoy,, =—F——|—-6,| .
2 12 ox, i Q 22+ V)(dxz ZJ

Thus we arrive at the following system of equations:

Notes

ow 2A+v
=0, + (+ )Ql;
ox, ZEh
00, 06, 24(1+v)
ox,  ox, Eh® 2
00, __ 00, _12(1—v2)M12;
ox, ox, En (23)
3
aM11=_aM12+Q1_ ph 6'51;
ox, ox, 1271,
oM, Eh® 0’0, oM, yEh (oW ph® ...
=— 2 v + -0, |-——6,;
ox, 12 ox? ox, 21+v)\ ox, 121,
00,  xEh (oW 06, +,ohv'\'/
ox, 20+v) oxZ ox, r, -
or
Wiy Y 00 B1-V)
_y2+ Y ==V 3 y57
ox, xh ox, ox, h
s _ %, 12
ox, ox, h*°%
0 0 0 h o?
il L R PR (24)
ox, ox, ox, ) I, ot
3 2
Ws_ Woy N 0V
ox; ox, 1277, ot
0 o ((@+v)h® o 0 h® o?
y6= ( ) : ys_vys +xh i_Y?, - ~y23'
ox, Ox, 6 ox, ox, 1277, ot
Where
201+v
=W, ¥, =0, y;=0Iv; y,= (E )Ql:
41+v hil-v?
y5:u|\/|12; y6: ( )M12
1-v Ev
M=o 2 T, -
X, 4
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3
= D)% oy, =B v2) %% -
X, 12(1-v2) B,
Eh® 06,
=- + 11
12 ox,

Finding, as before, the solutions described by a plane harmonic waves
propagating along the axis x,, we seek a solution of (24) in the form

Notes

Y, = (% )cos(kx, — ot

(25)

Yo = (% )sin(xx, — t),

Substituting relation (25) in the system of differential equations (24) we obtain a
system of ordinary differential equations of the first order, solved for the derivative:

2,=2,+—-,
6(1-v
z;:—was——L——)zg

, 12
Z, =Kz, — — Z,;

3 2 67
h3

z, = yhxz, +K2(;(h——

3

Z. =Kz, + 7, +
Kéh3 c’
2, =—yhxz, — {;{h + or (2(l+ V) - F—Hzg + VKZ,.

a

The boundary conditions for this system can be written as follows:
a) free left edge of the plate:

7, =25 = z; =0, x; = 0; (27)

0) free right edge of the plate:

Global Journal of Science Frontier Research (F) Volume XV Issue [ Version | E Year 2015

z, =75 = 75 =0, x, = 1; (28,a)
B) pinched right edge of the plate:
- z; =2, = z3 =0, x; =1 (28, 0)

Thus formulated spectral problem (26-28) in the parameter @, describing the
propagation of flexural waves in a flat edge plate Timoshenko.

© 2015 Global Journals Inc. (US)



[V. NUMERICAL ANALYSIS OF THE DISPERSION OF THE EDGE WAVES IN THE WEDGE-
SHAPED PLATES

The decision stated above spectral boundary-value problems (14), (15), (16) and
(26), (27), (28) was performed by the method of orthogonal sweep Godunov [4].
Numerical implementation of this method was carried out on a computer using software
package MAPLE. To test the method and the program was designed version of the
album with the boundary conditions can be solved analytically in terms of

Ref trigonometric functions.

For resolving the system of equations (14) Kirchhoff-Love plate, these boundary

conditions of the form:

Global Journal of Science Frontier Research (F) Volume XV Issue [ Version I E Year 2015

5 X,=0,1; Z,=2,=0 (29)
(<)
= Here and below we use the dimensionless system of units in which the bandwidth
< 1, shear modulus G and bulk density equal to unity.
;%j In this case, the waveform is given by the expression W
< z, = 7,08 21 1 X, (30)
=
2
% Z= —(27Zﬂ) Z=AZ
=
ke (K2 + (27 n) I’
= Z, = zZ=Az
- : 6(1—v) '
w0
=
=
= K2 +(2m)° h® (1+v o)
g Z, = sz( ( )) +( )k4—h_ Z =AzZ
Z 6(1—v) 6 g*
=
% b + (2’
2 . K+ (2m) pe .
& 3 61-v) ( )Zl 2 ( )Zz
2 &
iF 2 —-A (2m)z, —(2mlz,
§ g“ Where z, — arbitrary constant; ¢ ,- The real part of the complex frequency;
= successively substituting the expression (30) into equation (26) we obtain the dispersion
Qr equation
™
= Q% 27n 1 0 0
>
5 6(1l—v
98 vk® —(2mn) _(na) o | (31)
g () == 0
=8 n®
SN 0 -——k?* —(2m) 1
S 3
O X B, 0 v k? 2
<

Where g _ (1+6V)h K4 n[ @ )2
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Similarly, choosing the boundary conditions for the resolution of the system (22)
in the form of plates Timoshenko

x=0,1; z,=z2;=2,=0 (32)

Find the expression for the wave form

z,= A, cos2 w n x, z,= A, sin2 w n x,;
z,= A,cos2 & n x,; z; = A;SIn2 7 n x,
7z, = A,82 1w n x, z;=A;cos2 7w n x,

In (33) permanent A, (i=1,2, 3,45 , 6) are determined by solving the system of
equations

Ao
A3+zh ;
KA3*%AS:0;
6(1—v)

xhrx, + KZ(Zh— hCZ)AL =0;
_ZhKK1_|:(1g)h3,<2 + yh—

(34)

:_‘2(02:|A2 + VkKg = 0;

h
— KA — =0.
5+A4+12a) A

The system of equations (34) is obtained by substituting (33) in the resolution of
the system of differential equations (22). Condition vanishing of the determinant of the
system (34) is the dispersion equation boundary value problem (22), (33). The values of
the phase velocities found from the above dispersion equations and solving the
corresponding test problems (14). (29). (26) and (32) coincide with each other up to the
fourth decimal place in the wave number range from 0.1 to 15 for the first two modes
(n = 0.1). For the Kirchhoff-Love plates of variable thickness were investigated first

five modes with minimum phase velocity of the complexes. Where C=C, +iC,, C;- the
phase velocity of wave propagation; C,- speed damping. Figure 3a shows the dispersion

curves of the first mode, depending on the thickness varies linearly. Here we assume
that the two edges of the plate are free. The straight line I corresponds to a constant
thickness h,=h,=0,1. In this case, the plate varies as a rod. Curve Il - variant
h,=h,/2=0,05; curve 11l - variant h,=h,/100=0,001, curve IV h =h, /1000 = 0,0001 and
E. =6910°x/m* E . =69-10°«k/n° f= 10" Found that x>9 speed damping
increase depending on k. For plastics constant thickness C, on the segment
10 < C < 70 decreases in a straight line. It can be seen, the dependence of the damping
of the wave number starts on the wave number 3-6. With enthusiasm wave number
damping factor tends to reduce hand. It can be seen that for a plate of constant
thickness, the phase velocity tends to infinity, and for acute wedge plate there is a finite
limit as x —oo, i.e. the bending edge wave length sufficiently small (compared with the
width of the plate) are distributed without dispersion. This fact is evident physical,
since the edge of the wedge is no characteristic linear dimension. Land without
dispersive waveguide movement begins with a wave of 3-9, which corresponds to the
length of the waves, is less than 1.

It should be noted one fundamental point. Strictly speaking, this study did not
consider the case of theoretical #,=0 or xk —»co. All the numerical results obtained by the

© 2015 Global Journals Inc. (US)
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simulation of wave processes on a computer that can not operate with an infinitely
small and infinitely large numbers. However, the numerical stability can check the
result in sufficiently large range of parameters A, or x. Despite the lack of theoretical
basis, this verification sufficiently suggests that a known controlled precision found the
limit value of any quantity at A,—0 or x —co. Physically, it is obvious that the
parameters A, and x must be coordinated so that the wavelength was substantially
greater than the width edge 4,.

The numerical experiments show that the maximum dimensionless phase velocity
(the real part of the complex frequency) during the first mode A—oo largest coincides
with the dimensionless thickness 4, In dimensional terms, this corresponds to the
following changes in the law (the actual number of complex frequency) limit the phase

velocity Cjo the angle of the wedge ¢,.

Py
C, =C.tg >

(35)

Coincides with the results of (Cp, =C,) [6]. Numerical experiment also showed
that the family of the dispersion curves with different angles at the vertex of the wedge
has a certain similarity property, namely: the ratio of the phase velocity to the speed C,

(35) does not depend on the angle ¢,. For constant thickness form varies only slightly,
while the wedge-shaped plate with increasing K, observed near the localization own
form an acute angle. Figure 4 shows the dispersion curves and the second oscillation
mode, depending on wavelength in distinguishing values of the thickness of the plate.
When K =0, the phase velocity is finite. Localization waveform and a limited range of
the phase velocity with valid for this mode. Figure 4 b shows the imaginary part of the
complex, depending on the speed of the wave hours for different thicknesses. It is seen

that the rate of 3-4 imaginary second mode at K> 5 does not tolerate dispersion. Figure
4 b shows the evolution of the dispersion curves as a function of the wedge angle and
thickness 4, For small to form close to the line that corresponds to the torsion
vibration at large to the observed localization. In contrast to the first mode is available
hotspot. Fig. 5 a, b shows the dispersion curves and mode shapes for III and IV of
fashion. With integrated small wave numbers phase velocity tends to infinity, and for
large - to a finite limit. Also observed localization forms. The number of nodal points
two and three, respectively modes (Figure 5).

Figure 6 shows the dependence of the real part of the phase velocities of the first
four vibration modes acute wedge plate with different Poisson’s ratio. As can be seen

from the figure, the maximum phase velocity C, the first mode is virtually independent

of Poisson’s ratio. In the last phase velocity modes C, increases with increasing v, where
the effect of Poisson’s ratio is more pronounced at the higher-order modes (real part of
complex velocity). Fig. 7 shows the dispersion curves of phase velocities of the four
vibration modes for two variants of the legal termination edge of the plate: the free edge
(dashed) and fixed (solid). Unlike these options significantly at small wave numbers and
virtually absent at large, that is, as one would expect, the maximum phase velocity is
independent of the conditions of securing the plate away from the edge of the wedge.

In [7], the distribution of the bending edge waves in the wedge-shaped
waveguides in the framework of the linear theory of elasticity. We used the finite
element method, based on which the empirical relation for the phase velocities of the

normal modes of oscillation depending on the angle of the wedge ¢:
@ - Q~Sjﬂ (HQ(D), m=12,.., m(p/’gOO’ (36)

Where: C, — Rayleigh wave speed for a half; m — mode number. It is easy to see that

the relations (35) and (36) do not agree with each other at small angles ¢@. It is
therefore of interest to find out what the limiting phase velocities obtained in the
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framework of a more general theory of plates Timoshenko. The spectral problem (26-
28), which describes the distribution of edge waves plate Timoshenko was solved
numerically orthogonal sweep method of Godunov. To control the numerical
convergence of the method, the number of points equal to the orthogonalization taken
from 10 to 100. In parallel redundant calculations were carried out in double precision.
The result is considered satisfactory if the doubling of the number of points did not
change the orthogonalization four significant digits in the phase velocity. Limiting the
phase velocity of the first mode for thickness A,=0, 2 equal to 0.1945 and is independent
of Poisson’s ratio. Compared with the same result obtained in the theory of Kirchhoff-
Love, in this case the difference is less than 3%. Figure 8 shows the first three modes
indeed part of the complex phase velocity of the plate Timoshenko (b) compared to the
corresponding modes of Kirchhoff-Love plate (a) in the Poisson’s ratio of 0.25. In the
case of the Kirchhoff-Love plate limit above the phase II and III modes, and with
increasing mode number increases contrast. The comparative analysis of the
propagation of the edge waves on the basis of these theories plates shows a satisfactory
agreement for the first vibration mode. The resulting discrepancy with the results in [5]
indicates the need for more detailed research into the general theory of elasticity.
Overall, however, conducted a numerical analysis of edge waves in the Kirchhoff-Love
plates and Timoshenko suggests that the Kirchhoff-Love hypotheses are justified in the
calculation of wave processes in the wedge-shaped plates, including frequencies with a
wavelength of the order of the thickness of the plate. This discrepancy with the classical
results of the theory of Kirchhoff-Love plates of constant thickness above phenomenon
is explained by established localization waveforms with increasing frequency, which
occurs only in the plates of variable thickness. At the same time, the relative simplicity
of the mathematical apparatus of the theory of Kirchhoff-Love plates, allows us to
investigate the dispersion characteristics of the waveguides with a more complex
configuration section, which is very difficult to build as part of three-dimensional
theory. Consider a plate, whose Thickness varies in accordance

h(x,) = h, /x,/, -b < x; <h.

It is clear that such a plate vibrations are reduced to fluctuations in the wedge
plate with boundary conditions at x1=0, corresponds to the case of symmetry

¢ =0, Q=0 (37)
and of ant symmetry W =0, M=0 (38)

Figure 9.a. and 9.b. (solid lines) shows the dispersion curves of phase velocities of
the first three modes in the Kirchhoff-Love plate with a linear variation of thickness.

h(x,)=h,x?, 0< x, <D,

where the parameter p taken equal to 1.5; 2; 2.5; 3 in accordance with designations of
curves 1, 2, 3 and 4. For comparison, the dashed lines indicate similar curves discussed
above relating to the wedge plate with a thickness 4 (1) =h,=0, 2. Note the qualitative
difference in the behavior of solid and dotted lines. When p = 1, as mentioned above,
the phase velocities approaching asymptoticity nonzero limits, the curve of the first

mode increases monotonically. For p>1, the curve of the first mode is not monotonic
and has a characteristic maximum in the medium range. Starting with a certain wave
number of the phase velocities of all modes decrease monotonically without entering the
asymptote nonzero. With increasing p the maximum curve of the first mode is shifted
to lower frequencies, and shortwave phase velocities decrease more rapidly. Thus,
summarizing the results obtained earlier in the event of a non-linear law of variation of
the thickness of the plate, it can be argued that the phase velocity of the first mode in
the wedge plate at high frequencies is determined by the rate of change of the thickness
in the vicinity of the sharp edge.

© 2015 Global Journals Inc. (US)
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Figure 3 - The dispersion curves of the first mode
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Fligure 4a : The dispersion curves of the second mode

1. h,=0,002, h,=0,2: 2. h,=0,001, h,=0,1; 3. h,=0,0002, h,=0,02
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On the basis of these results the following conclusions:

- With increasing wave number of the velocity of propagation is real and the
imaginary part of the normal modes in a wedge-shaped (plate) band Kirchhoff-
Love and Timoshenko tend to constant values. At the same time there is the
localization movement near the sharp edge of the waveguide.

- For small wedge angles comparison of the results obtained by the Kirchhoff-
Love theory and Timoshenko, shows satisfactory agreement.

- Valid and imaginary parts of the complex phase velocity of the first mode in the
wedge plate practically does not depend on the Poisson ratio (change within

0.5%).

- In the short-range limit value is valid and the imaginary part of the phase
velocity of the first mode in the tapered waveguide is determined by the rate of
change of the thickness in the vicinity of the sharp edge.

- In wedge-shaped plates with a small angle at the apex of a no dispersive waves
propagate with a length not exceeding bandwidth.
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