
© 2015. Mae-Wan Ho, Mohamed el Naschie  & Giuseppe Vitiello.  This is a research/review paper, distributed under the terms of 
the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), 
permitting all non commercial use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Global Journal of Science Frontier Research: A 
Physics and Space Science 
Volume 15  Issue 1 Version 1.0 Year  2015 
Type : Double Blind Peer Reviewed International Research Journal 
Publisher: Global Journals Inc. (USA) 
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
  
Is Spacetime Fractal and Quantum Coherent in the Golden 
Mean?          

By Mae-Wan Ho, Mohamed el Naschie  & Giuseppe Vitiello 
University of Salerno, Italy  

Abstract- We consider the fabric of spacetime from a wide perspective: from mathematics, 
quantum physics, far from equilibrium thermodynamics, biology and neurobiology. It appears 
likely that spacetime is fractal and quantum coherent in the golden mean. Mathematically, our 
fractal universe is non-differentiable and discontinuous, yet dense in the infinite dimensional 
spacetime. Physically, it appears to be a quantum coherent universe consisting of an infinite 
diversity of autonomous agents all participating in co-creating organic, fractal spacetime by their 
multitudinous coupled cycles of activities. Biologically, this fractal coherent spacetime is also the 
fabric of conscious awareness mirrored in the quantum coherent golden mean brain states.   

Keywords: whitehead's philosophy, discontinuous nondifferentiable spacetime, fractals, coupled 
activity cycles, deterministic chaos, quantum coherence and fractals, golden mean. 

GJSFR-A Classification : FOR Code:   020699, 020109 

IsSpacetimeFractalandQuantumCoherentintheGoldenMean?
 

Strictly as per the compliance and regulations of

 

:

 

 



Is Spacetime Fractal and Quantum Coherent in 
the Golden Mean? 

Mae-Wan Ho α, Mohamed el Naschie σ & Giuseppe Vitiello ρ

Abstract- We consider the fabric of spacetime from a wide 
perspective: from mathematics, quantum physics, far from 
equilibrium thermodynamics, biology and neurobiology. It 
appears likely that spacetime is fractal and quantum coherent 
in the golden mean. Mathematically, our fractal universe is 
non-differentiable and discontinuous, yet dense in the infinite 
dimensional spacetime. Physically, it appears to be a quantum 
coherent universe consisting of an infinite diversity of 
autonomous agents all participating in co-creating organic, 
fractal spacetime by their multitudinous coupled cycles of 
activities. Biologically, this fractal coherent spacetime is also 
the fabric of conscious awareness mirrored in the quantum 
coherent golden mean brain states. 
Keywords: Whitehead's philosophy, discontinuous 
nondifferentiable spacetime, fractals, coupled activity 
cycles, deterministic chaos, quantum coherence and 
fractals, golden mean.

I. Introduction 
s spacetime fractal and quantum coherent in the 
golden mean? This is too deep and fundamental a 
question to be answered definitively on the basis of 

our present knowledge. However, one could try to get a 
good idea on the properties of spacetime in a number of 
mathematical and physical features emerging from
research activities in many fields, including 
mathematics, quantum physics, far from equilibrium 
thermodynamics, biology and neurobiology, which also 
hark back to some basic problems in philosophy. Our 
attempt in this paper is to bring together the relevant 
observations and findings without claiming to be 
complete, that support our speculation concerning the 
basic “fabric” of spacetime. In so doing, we connect the 
ubiquitous recurrence of the golden mean and fractal 
self-similarity in microscopic and macroscopic 
phenomena with the coherent state dynamics at the 
quantum level and effects at the macroscopic level. 

We start with the nature of the spacetime as 
perceived by Alfred North Whitehead (1861-1947) and 
others. 
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II. Real Processes do not Happen at
Points in a Spacetime Continuum

As one of us (MWH) has commented [1], 
Whitehead lived through an exciting era in Western 

science when the fabric of physical reality - Newton's 
flat, smooth, and static absolute spacetime - was being 
thoroughly ruffled by Albert Einstein's theories of special 
and general relativity and by quantum mechanics. The 
modern observer no longer views nature from the 
outside, being irreducibly quantum-entangled with the 
known, possibly with all entities in the entire universe.

These surprising lessons from nature became
the basis of Whitehead's perennial philosophy (a 
cosmogony) [2], ushering in a new age of the organism 
that inspired generations of scientists. He saw the 
universe as a super-organism encompassing organisms 
on every scale from galaxies to elementary particles, 
and argued it is only possible to know and understand 
nature both as an organism and with the sensitivity of an 
organism.

Most important, though least understood was 
his rejection of the mechanical laws of classical physics 
and differential calculus for their failure to describe real
processes. Not only do they leave out of account the all-
important knowing experiencing organism, real 
processes occur in intervals of time associated with
volumes of space. Absolutely nothing can happen at a 
point in an instant.

Rather than a smooth, infinitely divisible 
continuum, spacetime is more likely discrete and 
discontinuous, and hence non-differentiable, as 
quantum physics has already discovered at the smallest 
scale. Unfortunately, mathematics had lagged behind 
physics. Both relativity theory and quantum theory
inherited the predominant mathematics of classical 
mechanics.

Roger Penrose's The Road to Reality, A 
Complete Guide to the Laws of The Universe [3] charts 
the heroic and ingenious efforts of mathematical
physicists to  grasp  hold  of  post  Newtonian  universe, 
which in the end they failed to do. The dream of uniting 
the two great theories of quantum physics and general 
relativity has remained unfulfilled; not least because 
these two modern theories are both based on the 
foundation of classical physics: a differentiable,
continuous, spacetime manifold.
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The issue of continuity versus discontinuity of 
spacetime did not originate in Newtonian mechanics. It 
can be traced back to ancient Greek philosophy,
especially in Zeno's paradox of Achilles and the tortoise 
[4] (see Appendix 1). It is generally thought that Newton 
and Leibniz had both resolved Zeno's paradox with 
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differential calculus, by inventing infinitesimal space and 
time intervals.

 

Whitehead [2] and Henri Bergson [5] 
were among those who would not have

 

accepted this 
‘resolution’.

 

Zeno's paradox was about the impossibility of 
motion as represented by an

 

infinite sequence of static 
configurations of matter at points in time. Whitehead

 

said in his Concept of Nature ([6] p. 15): “There is no 
holding nature still and

 

looking at it.”

 

The absolute, 
infinitely divisible time and space of Newtonian

 

physics 
are both abstractions from ever owing events of nature. 
He concurred

 

with Bergson [5] in using the concept of 
‘duration’([6], p. 53) for an interval

 

of time experienced 
by the knower as a simultaneity encompassing ‘a 
complex

 

of partial events’. We shall show later that 
‘duration’

 

and ‘simultaneity’

 

can

 

be given very specific 
meanings in terms of characteristic time of processes 
and

 

coherence time.

 

III.

 

Mathematics

 

of

 

Discontinuity

 

The Cantor set, discovered by Georg Cantor in 
1883 [7], is fundamental for

 

discontinuous mathematics. 
Its apparently paradoxical nature is that it is infinitely 
sub-divisible, but is completely discontinuous and 
nowhere dense. It is

 

also a fractal with self-similar 
patterns on every scale [8].

 

The mathematics of non-differentiable and 
discontinuous spaces is among the

 

most significant 
discoveries/inventions beginning with Cantor in the late 
19th

 

century, though it did not really take off until well into 
the 20th

 

century, reaching

 

its peak in the science and 
mathematics of complexity associated especially

 

with 
Benoit Mandelbrot's fractals [9] and Edward Lorenz' 
deterministic chaos

 

[10],[11].

 

We provide informal definitions of some 
mathematical terms that will be

 

used in this paper in 
Appendix 2 (from [1]); some, like deterministic chaos, 
have

 

no generally agreed definition.

 

IV.

 

Continuous

 

Non-Differentiable

 

Fractal

 

Spacetime

 

Garnet Ord was the first to propose a fractal 
spacetime and to coin the term for

 

it [12]. His starting 
point was Richard Feynman's observation [13] that 
when

 

they are looked at on a sufficiently fine scale, the 
the paths of quantum mechanical particles are non-
differentiable curves rather than straight lines. More-

 

over, relativistic interaction with particles at sufficiently 
high energies produces

 

non-conserved particle 
numbers. These and other anomalies have encouraged

 

quantum mechanics to abandon the concept of a point 
particle and its trajectory in favour of wavepackets or 
field excitations. Feynmans formulation in

 

terms of path 
integrals was an exception. In the same spirit, Ord set 
out to

 

construct a continuous trajectory in spacetime 
that exhibits features analogous

 

to those in relativistic 

quantum mechanics. He came up with a fractal trajec-

 

tory exemplified by a Peano-Moore curve (Figure 1). It is 
plane-filling with a

 

fractal (Hausdorff) dimension of 2 
instead of the classical linear path that has

 

a dimension 
of 1.

 

Ord

 

showed that, among other things, such a 
fractal trajectory exhibits

 

both an uncertainty principle 
and a de Broglie relation. On a microscopic

 

scale, the 
presence of fractal time is interpreted in terms of the 
appearance of

 

particle-antiparticle pairs when

 

observation energies are of the order of mc2.

 

On a 
macroscopic scale greater than the fractal wavelength, 
the free ‘fractalons’ appear to move on a classical one-
dimensional trajectory.

 

A more elaborate scale-relativity theory of fractal 
spacetime was proposed

 

by Laurent Nottale [14], who 
was motivated by “the failure of a large number

 

of 
attempts to understand the quantum behavior in terms 
of standard differentiable geometry”

 

to look for a 
possible “quantum geometry”, i.e., fractals [15],

 

(pp.4-
5). His theory recovers quantum mechanics as 
mechanics on a nondifferentiable spacetime, and the 
Schrödinger equation is demonstrated as a geodesic

 

equation.

 

Ord and Nottale have both proposed fractal 
spacetimes that are continuous

 

and nondifferentiable.

 

A more radical cosmology proposed by one of 
us (MeN) is a fractal spacetime

 

that is based on the 
golden mean and is neither continuous nor differentiable 
(see

 

below). It is closest to our intuitive notion of organic 
(as opposed to mechanical)

 

spacetime, and more 
intimately connected to our emerging understanding of

 

biological spacetime [1].
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Figure 1 : A particle's fractal trajectory at increasing 
9. 

(from [13])
s = λ, (b): s = λ/3, (c): s = λ/resolution, at scale (a):

Is Spacetime Fractal and Quantum Coherent in the Golden Mean?



V. Spacetime and Our 4-Dimensional
Universe

MeN's work was first reviewed by MWH [1], who 
provided a simplified account that we recapitulate here.

(E-infinity) is an infinite dimensional fractal 
spacetime. Yet its Hausdorff dimension is 
4.236067977... This means that at ordinary scales, it 
looks and feels 4 dimensional (three of space and one 
of time), with the remaining dimensions ‘compacted’ in 
the    remaining    0.236067977   “fuzzy  tail”    [16]. One 
imagine  such  a  universe  as   a  four  dimensional 
hypercube with further four dimensional hypercubes 

nested inside like Russian dolls [17] (see figure 2).  The
exact Hausdorff dimension of the infinite dimensional 
hypercube is , where 2, the golden 
mean. The dimension can be expressed as the
following self-similar continued fraction which converges 
to precisely :

E

E∞

ϕ34+ ϕ = (
√
5− 1)/

ϕ34+

ϕ34+

4 + ϕ3 = 4 +
1

4 +
1

4 +
1

4 +
1

4 + . . .
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Figure 2 : A Euclidean representation of [einfinity-spacetime] fractal spacetime as an infinite sequence of nested 
four dimensional hypercubes (redrawn from [16])

The 4-dimensional hypercube is the Euclidean 
representation of the E-infinity universe. It is a challenge 
to represent in its proper non-Euclidean form.

Another mathematical property of the Cantor set 
is that its cardinality (number of points or elements) is 
exactly the same as the original continuous line. Thus, 
the Cantor set is a perfect compromise between the 
discrete and the continuum; it is a discrete structure that 
has the same number of elements as the continuum.

Figure 3 illustrates the steps involved in deriving 
universe. Recall that the standard Cantor set is 

obtained by dividing the unit interval into three parts and 
removing the middle part, leaving the end points. Then 
do the same to each of the two remaining parts. We 

E∞

E∞

Is Spacetime Fractal and Quantum Coherent in the Golden Mean?

E∞

 

∞

Mathematically, the universe is a random 
Cantor set extended to infinite dimensions. Remarkably, 
the Hausdorff dimension of this infinite extension is no 
larger than .

E∞

ϕ34+
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repeat the process infinitely often, and in the

 

end there 
remain only isolated points, or ‘Cantor dust’. The 
Menger-Urysohn

 

dimension is 0, but the Hausdorff 
dimension is log  2 log 3.

 

If however at each step we remove not 
necessarily the middle section but

 

any one of the three 

chosen at random, then again we are left with isolated

 

points but now the Hausdorff dimension is the golden 
mean 

      

0.61803398 …..
 result,   proven    by   Mauldin   and   Williams   in    1986

 

[18], is what makes it possible to derive the 

 

universe 
with all its remarkable

 

properties, as we shall see.
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ϕ = (
√
5− 1)/2 = This Important

E∞

Figure 3 : Fractals and dimensions in the derivation of E infinity spacetime

We now construct the higher dimensional 
random Cantor spaces [16] (see Fig. 3). The 2-
dimensional version is the Sierpinski gasket, with 
Hausdorff  dimension of 1 1.61803398; the 3-
dimensional version is the Menger sponge, with 
Hausdorff dimension 2 61803398. These are 
both well-known geometric shapes. The 4-dimensional 
version, with Hausdorff dimension 4.2360679, is 
given only an artist's representation. The 4-dimensional 
version is the same as the universe constructed from 
an infinite number of random Cantor sets, as will be 
made clear later. Note that the diagram representing the 
4-dimensional Cantorial spacetime is space-filling with 
smaller and smaller spheres. This space-filling property 
makes the Cantorian spacetime non-differentiable and 
discontinuous, yet dense everywhere in spacetime. It re-
calls the quasi-periodic Penrose tiling in 2 dimensions of 
Euclidean (flat) space where the golden mean is key 
(see [19] and references therein). Branching processes 
based on the golden mean are also space-filling [20], as 

/ϕ ≈

ϕ ≈ .2 +

ϕ34 + ≈

E∞

are spiral leave arrangement patterns with the golden 
angle between successive leaf primordial (see [21]).

MeN has presented several different formal 
derivations of spacetime; we give here the simplest 
[16],[17] which is based on the mathematical properties
of Borel sets to which Cantor sets belong.

E∞

The expectation value of the Hausdorff 
dimension of the Cantor set extended to infinity is simply 
a sum over , for = 0 to = , of multiplied by then n n n∞
Hausdorff dimension of the random Cantor set raised to 
the power .n

(1)< DimE −∞ > =
∞∑
0

n(d(0)c )n

where the superscript in refers to the Menger-
Urysohn dimension of the random Cantor set, which is 
0,  while the corresponding  Hausdorff dimension
is .. Summing up the infinite number of terms gives the 
answer 4 + exactly, as follows:

d
(0)
c

d
(0)
c

ϕ
ϕ3

(2)

< DimE −∞ > = (0) + (1)(ϕ)1 + (2)(ϕ)2 + (3)(ϕ)3 + . . .

= 4 + ϕ3

= 4.236067977 . . .

Is Spacetime Fractal and Quantum Coherent in the Golden Mean?
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The intersection rule of sets, the ‘bijection 
formula’, relates the Menger-Urysohn dimension to the 
Hausdorff dimension. It shows that we can lift to 

any Menger-Urysohn dimension to arrive at the correct 
Hausdorff dimension as follows:

(3)

Taking , and lifting to = 4 dimensions gives

(4)

Thus the expectation value of the Hausdorff 
dimension of universe is the same as that of a 
universe with a Menger-Urysohn dimension of 4. That is 
why is a hierarchical universe that looks and feels 4 
dimensional.

VI. How Relates to Penrose Tiling, 
and the Fi-Bonacci Sequence

universe connects with Penrose tiling and 
the Fibonacci sequence (see [19]) through [17],
[21] and the golden mean. The golden mean is an 
irrational number and like any irrational number it can be 
approximated by a fraction; for example is quite 
close to . The usual way of obtaining such an 
approximation, using continued fractions, converges 

more slowly for than for any other number, and in this 
sense is the most irrational number there is.

In Noncommutative Geometry [23], Alain 
Connes identified Penrose's fractal tiling as a 
mathematical quotient space (a space of points ‘glued 
together’ by an equivalence relationship), with the 
dimensional function:

(5)

where are integers and 2. Writing
where both and satisfy the Fibonacci 

recurrence relation and starting with 
and , the following 

dimensional hierarchy is obtained:

 (6)

It is notable that for    (dimension 4), the 
Fibonacci number is (1 exactly the 
Hausdorff dimension of a Menger-Urysohn 4-
dimensional space.
By induction,

 (7)

and we get back the bijection formula from algebra 
(see Eq (3) above):

Summing random Cantor sets to infinity in the 
creation of universe is evocative of spacetime being 
created by actions over all scales, from submicro-
scopic to macroscopic and beyond, as envisaged The 

d
(0)
c

d(n)c = (1/d(0)c )n−1

d(4)c = (1/d(0)c )4−1 = 4 + ϕ3 = 1/ϕ3 = 4.236067977 =< DimE −∞ >H

n

d
(n)
c

d
(0)
c = ϕ n

E∞

E∞

E∞

E∞

22
7

π

ϕ

ϕ

D(a, b) = a+ bϕ

a, b ϕ = (
√
5− 1)/

Dn(an, bn

( an bn
xn+2 = xn+ xn+1

D0 = D(0, 1) D1 = D (1, 0)

D0 = D(0, 1) = 0 + ϕ = ϕ

D1 = D(1, 0) = 1 + (0)ϕ = 1

D2 = D(0 + 1, 1 + 0) = 1 + ϕ = 1/ϕ

D3 = D(1 + 1, 0 + 1) = 2 + ϕ = (1/ϕ)2

D4 = D(1 + 2, 1 + 1) = 3 + 2ϕ = (1/ϕ)3

D5 = D(2 + 3, 1 + 2) = 5 + 3ϕ = (1/ϕ)4

Dn(an, bn) = D((an−1, a− n− 2 + (bn−1 + bn−2))ϕ = (1/ϕ)n−1

D4

/ϕ)3 = 4+ϕ3 ,)

Dn = (1/ϕ)n−1

E∞

d(n)c = (1/ϕ)n−1

E∞

Rainbow and the Worm, the Physics of Organisms by 
one of us (MWH) [24], following Whitehead [2] and 
Wolfram Schommers [25].

MeN has conjectured that spacetime can 
also resolve major paradoxes within quantum theory 
and produce new results as described elsewhere 
([26],[27],[28]).

Here, we move on to the role of cycles in the 
organization of spacetime and why the golden mean 
seems to be built into the fabric of life and the universe.

VII. Cycles Everywhere for Stability and
Autonomy

Nature abounds with cycles and oscillations, 
from subatomic vibrations to planetary motion, solar 
cycles and galactic rotations. Some, like Penrose and

E∞

Gurzadyan hold that the Universe cycles through deaths 
and rebirths, based on data collected by NASAs WMAP 
(Wilkinson Microwave Anisotropy Probe) and the 
BOOMERanG balloon experiment in Antarctica [29]. In a 
recent review, MWH [31]considers the importance of 
cycles and the golden mean for natural processes. We 
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provide a brief account here and in the following two 
sections.

 

Cycles are intimately tied to the study of 
dynamical systems, beginning with

 

celestial mechanics. 
Newton tried to describe the planetary cycles in terms of

 

his laws of motion more than 300 years ago.

 

Dynamical systems can be treated 
mathematically as oscillators. A harmonic

 

oscillator has 
a certain natural frequency. When perturbed by an 
external force

 

with the same frequency, resonance 
occurs and the motion of the oscillator

 

becomes 
unbounded or unstable. For a typical nonlinear 
oscillator, this happens

 

whenever the frequency of the 
perturbing force is a rational multiple of the

 

natural 
frequency of the oscillator.

 

Andrey Kolmogorov (1903-1987), Vladimir 
Arnold (1937-2010) and Jürgen

 

Moser (1928-1999) were 
responsible

 

for the the Kolmogorov Arnold and Moser

 

(KAM) theorem. The KAM theorem is very important for 
understanding how

 

cyclic activities (or oscillators) 
interact with one another [30].

 

They were investigating the behaviour of 
integrable Hamiltonian systems.

 

The trajectories of 
Hamiltonian systems in phase space are confined to a 
doughnut shaped surface, an invariant torus. Different 
initial conditions will trace different

 

invariant concentric 
tori in phase space, separated by unstable chaotic 
regions,

 

where the motion is irregular and unpredictable.

 

An important consequence of the KAM theorem 
is that for a large set of

 

initial conditions, the motion 
remains perpetually quasi-periodic, and hence

 

stable. 
KAM theory has been extended to non-Hamiltonian 
systems and to

 

systems with fast and slow frequencies.

 

 

 
 

 

 

 
 

 

  
   

 
 

  

where the variable is computed mod 1 (meaning 
counting only partial

 

circles, as full circles get back to 
the starting point), is the coupling strength

 

and 

 

is 
the external driving frequency. This map is used to 
describe oscillatory

 

systems from solid state physics to 
heart rhythms. The circle map tracks the

 

universal 
behaviour of dynamical systems associated with 
transition from cycles

 

to chaos via quasi-periodicity.

 

The most studied circle map involves a ratio of 
basic frequencies 

   

2, the golden mean 
critical point at = 1

 

and = 0.60666106347011

 

(

 

= 0.618033989 ... ), reported in many experiments.

 

Circle maps contain some key features. Arnold 
tongues are regions in the

 

phase space of circle maps 
with locally constant rational rotation (winding)

 

numbers 
between the driver and the natural oscillator frequencies,

 

.  They

 

were first investigated for a family of 
dynamical systems defined by Kolmogorov,

 

who 
proposed this family as a simplified model for driven 
mechanical rotors

 

described by equation (9). The circle 
map of the equation exhibits certain

 

regions in the 
parameters space when it is locked to the driving 
frequency (phase- locked, or synchronized). Here, is 
interpreted as the polar angle such that its

 

value lies 
between 0 and 1; the two parameters are , the 
coupling strength

 

between the driver and the rotor, and 
, the driver frequency. A typical map

 

with Arnold 
tongues is given in Figure 4.

 
 
 
 
 
 

      

The KAM theorem become increasingly difficult 
to satisfy for complex systems with more degrees of 
freedom; as the number of dimensions of the system
increases, the volume occupied by the tori decreases. 
Those KAM tori that are not destroyed by perturbation 
become invariant Cantor sets, or Cantori; and the 
frequencies of the invariant Cantori approximate the 
golden mean [32].

The golden mean effectively enables multiple 
oscillators within a complex system to co-exist without 
blowing up the system. But it also leaves the oscillators 
within the system free to interact globally (by 
resonance), which may have important applications 
even in the study of the brain (see later). To get a better 
picture, we look at the circle map.

VIII. Cycles, Quasi-Periodicity, Golden
Mean and Chaos

Cycles are often represented by the circle map, 
a graph that maps the circle onto itself. The simplest 
form is [33],[34]:

(9)θn+1 = θn +Ω(K/2π) sin 2πθn

θn+1

Ω

w= ϕ = (
√
5− 1)/

K

K

Ω Ω= c

≈ ϕ

p/q

θ

K

Ω
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Figure 4 : Some Arnold tongues in the standard circle map  versus  

For small to intermediate values of K, (0 < K < 
1), and certain values of , the map exhibits phase 
locking. In the phase-locked regions, advances 
essentially in rational multiples of ; although it may do 
so chaotically on the small scale. 

The phase-locked regions, called Arnold 
tongues, are shaded yellow in Figure 4; while the quasi-
periodic regions are white. Each yellow V region touches 
down to a rational value of  =  in the limit as  0. 
The values of ( ) in one of these regions will all result 
in a motion with rotation number   .  For  example, 
all values of ( ) in the middle V region correspond to 

 .  In  other words, the sequence stays locked on 
to the signal despite significant noise or perturbation. 
This ability to lock on in the presence of noise is central 
to the utility of phase-locked loop electronic circuits. 

The circle map in Figure 4 is invertible or 
symmetrical around the mid line. For 1, the circle 
map is no longer invertible. In Figure 5a [35], the circle 
map is extended to = 4. Arnold tongues of 
synchronization are in grey with winding numbers 
indicated inside the tongue. The white regions are 
quasiperiodic, and the stippled regions appearing 
beyond the line    = 1 represent chaos. This map also 
depicts fractal self-similarity on different scales. Fractal 
self-similarity and chaos are closely related. A chaotic 
system has a fractal dimension and exhibits self-
similarity over many scales. 

Chaos does not mean random. Mathematically, 
chaos is sensitive to initial conditions), but it is globally 
determined in the sense that tends toward a strange 
attractor (see Appendix 2) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5 : Extended circle map (see text for details)

ϵ = K/2π Ω

Ω
θn

n

Ω K→
K,Ω

w = p
q

K,Ω
w = 1

2

K >

K

K
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The golden mean critical point (GM) is where 
the curve of constant irrational winding number   

2 terminates on the line = 1 (see Fig 5b), and 
quasi-periodic behaviour undergoes transition to chaos. 
This point is marked by an infinite sequence of unstable 
orbits with periods given by the Fibonacci numbers. 

The golden mean is thus located at the edge of 
chaos, and has a role in keeping the system of 
oscillators active without interfering with one another as 
well as away from the state of chaos. 

There are claims that the planetary orbits 
around the sun exhibit golden ratios or ratios according 

to the Fibonacci sequence numbers, as many people 
have commented (see [36] [37] for example). So is our 
solar system stable? The question is whether it will 
remain stable as such, at least for billions of years, or 
transit to chaos much sooner than that. Some 
astrophysicists claim however, that the planetary orbits 
are chaotic the and sensitive to initial conditions but this 
means only that they are unpredictable for longer than 
100 million years into the future [38] so there is no 
immediate cause for alarm. 

 

IX. Chaos and Strange Attractors
 

 

 

 

 

 

 

 

 

Figure 6 :  The Lorenz attractor (from [40])  

Edward Lorenz is the generally acknowledged 
father of chaos theory [39]. According to one account, 
during the winter of 1961, Lorenz was running a climate

 

model on the computer described by 12 differential 
equations, when he decided

 
to repeat one of the runs 

with a small change. Instead of calculating to six 
decimal digits, he rounded that to three to save 
computing time, fully expecting to

 
get the same results. 

But he didn't. That was the beginning of his discovery of
 

the sensitive dependence on initial conditions of chaotic 
systems, which he described  as the butterfly effect. It 
makes long term weather prediction impossible.

 
His toy 

equations produced the Lorenz attractor (Figure 6) (the 
prototype of

 
strange attractors associated with chaotic 

systems), which bears serendipitous
 

resemblance to 
butterfly wings, and became the emblem of the chaos era 
that

 
followed. Numerous strange attractors have been 

created, mostly as computer
 
artwork, beginning with the 

book by Clint Sprott [40]. But chaos theory has
 
found 

applications in meteorology, physics, engineering, 
economics, biology and

 
medicine.

 

The Lorenz attractor is a fractal, with self-similar 
structure on different

 
scales. It has a fractal dimension of 

2.06215 and lives in a space of at least
 
3 dimensions. It 

contains unstable periodic orbits that can be identified 
using

 
various mathematical procedures [41], and can 

also be regarded as twisted or

 

knotted periodic orbits [42].

 Chaos theory has been taken up 
enthusiastically in every field including

 

quantum physics, 
in the form of quantum chaos, which tries to build a 
bridge

 

between chaos in classical mechanics and the 
wavelike motion of electrons in

 

atoms and molecules. 
Martin Gutzwiller wrote [43]: “The phase space for a

 chaotic system can be organized at least partially 
around periodic orbits, even

 

though they are sometimes 
quite difficult to find.” 

Chaos is typically found in turbulent flows of 
fluids, gases, and the atmosphere. Turbulence is 
traditionally regarded as one of the most intractable

 problems in physics and mathematics. Mary Selvam first 
proposed a theory of

 

turbulent fluid flow based on fractal 
spacetime fluctuations in 1990 (see [44]).

 Selvam treats the fractal fluctuations on all 
spacetime scales as a superposition of a continuum of 
eddies or vortices. Large scale fluctuations result from

 the integration of smaller scale fluctuations within, and 
the growth trajectory

 

traces an overall logarithmic spiral 
ow path with the quasi-periodic Penrose

 

tiling pattern for 
internal structure.

 The ratio of radii or circulation speeds 
corresponding to the successive

 

growth steps of the 
large eddy generating the geometry of the quasi-

     

      

ϕ = (
√
5

− 1)/ K

periodic Penrose tiling pattern is, of course, equal to the 
golden mean = 1:618 …([31]).Φ
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Treating turbulence as a continuum of discrete 
eddies or cycles with Penrose

 

tiling pattern of growth 
captures key features of biological spacetime, as we 
shall

 

see.

 X.

 

Quantum

 

Coherence

 

and

 

Circular

 Thermody-Namics

 

of

 

Organisms 

In The Rainbow and the Worm, the Physics of 
Organisms [24], MWH presented empirical evidence 
and theoretical arguments suggesting that organisms

 are quantum coherent, and derived a circular 
thermodynamics of organisms

 

that enables organisms 
to transform and transfer energy with minimum 
dissipation, which is also implied by quantum 
coherence. Here, we concentrate on

 

the circular 
thermodynamic, which depends on a coherent fractal 
organization of biological spacetime.

 The first thing to note is that organisms do not 
make their living by heat

 

transfer. They are not heat 
engines, but isothermal systems far away from

 thermodynamic equilibrium, and depend on the direct 
transfer of molecular energy by proteins and other 
macromolecules acting as quantum molecular energy

 machines at close to 100% efficiency [24].

 (It is well-known that enzymes speed up 
chemical reactions in organisms by

 

a factor of 1010

 

to 
1023

 

[45], but they cannot do that without the water that

 constitutes 70 to 80% of cells and tissues. It is widely 
recognized that water

 

gives exibility to proteins, reduces 
the energy barrier between reactants and

 

products and 
increases the probability of quantum tunnelling by a 
transient

 

compression of the energy barriers. But there 
is more to how water actually

 

organizes enzyme 
reactions in living organisms. Findings within the past 
decade

 

suggests that interfacial water associated with 
macromolecules and membranes

 

in cells and tissues is 
in a quantum coherent liquid crystalline state, and plays

 a lead role in creating and maintaining the quantum 
coherence of organisms, as

 

elaborated in Living 
Rainbow H2O [46] and elsewhere [47],[48].)

 For isothermal processes, the change in Gibbs 
free energy G (thermodynamic potential for doing work 
at constant temperature and pressure) is,

 
(10)

 
where is the change in enthalpy (heat content), is 
temperature in deg K, and is the change in entropy. 

Thermodynamic efficiency requires that S 
approaches 0 (least dissipation) and = 0, or = 0 
via entropy-enthalpy compensation, i.e., entropy and 
enthalpy changes cancelling each other out. We shall 
see how the organism accomplishes that. 

XI. A Fractal Hierarchy of Coupled 
Cycles 

For a system to keep far away from 
thermodynamic equilibrium - death by another name - it 
must capture energy and material from the environment 
to develop, grow and recreate itself from moment to 
moment in a life-cycle, to reproduce and provide for 
future generations (Figure 7). The key to understanding 
the thermodynamics of the living system is not so much 
energy flow as energy capture and storage to create a 
reproducing life-cycle. The dynamic closure implied by 
the life-cycle is the beginning of a circular 
thermodynamics that transforms and transfers energy 
and materials with maximum efficiency (least 
dissipation) (see [24], [49]). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7 :

 

Life depends on energy capture and storage 
to form a self-reproducing

 

life-cycle coupled to energy 
flow

 

The life-cycle is a fractal hierarchy of self-similar 
cycles organised by the

 

characteristic spacetimes of the 
processes involved. All real processes have char-
acteristic spacetimes. In the organism, the heart 
(10 m) beats in a second,

 

nerve cells (10 m)

 

fire in a 
tenth of a second or faster, and protons (10 m) and 
electrons (10 m) move in 10

 

to 10 s . Cells 
divide in minutes, and

 

physiological processes have 
longer cycles of hours, a day, a month or a year.

 

The coherent fractal hierarchy of living activities 
arises because processes

 

with matching space times 
interact most strongly through resonance, and also

 

link 
up to the entire hierarchy. That is why biological ∆

∆H T
S∆

∆H ∆G

∆G = ∆H − T∆S

−1 −4

−15

17− −12 −15

activities come predominantly in cycles or biological 
rhythms. (In the language of quantum physics, the
organism is a superposition of coherent quantum 
activities over all spacetimes [24].) The possibility for 
cycles in the living world coupling and linking up to
cycles in the physical universe is surely why life is 
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The coupled cycles form a nested fractal self-
similar structure. The lifecycle consists of smaller cycles 
each with still smaller cycles within, spanning

 

characteristic spacetimes from sub-nanometre to 
metres and from 10 s

 

to

 

hours and years (Figure 8).

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8 :

 

The fractal structure of coupled activity cycles 
in living systems

 

XII.

 

Minimum

 

Entropy

 

Production

 

Cycles enable the activities to be coupled 
together, so that energy yielding processes can transfer 
energy directly to those requiring energy; and the 
direction

 

can be reversed when necessary. This 
cooperativity

 

and reciprocity resulting

 

from the fractal 
hierarchy of coupled cycles is an extended form of 
Onsager

 

reciprocity relation that conventionally applies 
strictly only to near-equilibrium

 

steady state (see [24] for 
details). What it means in practice is that

 

energy can

 

be 
concentrated to any local point where it is needed, and 
conversely spread

 

globally from any local point. In that 
way, the fractal hierarchy of coupled cycles maximizes 
both local autonomy and global cohesion, which is the 
hallmark

 

of quantum

 

coherence [24] according to the 
criterion of factorisability defined

 

by Glauber [50].

 

To get an idea of such coupled cycles, one 
needs to look no further than charts

 

of biochemical 
metabolic pathways [51]. Most if not all of the reactions 
go either

 

way, depending on the local concentrations of 
reactants and products. In further

 

accord with circular 
thermodynamics, biochemical recycling is ubiquitous; 
there

 

are numerous scavenging or salvaging pathways 
for the recovery of building

 

blocks of proteins, nucleic 
acids, glycolipids, and even entire proteins.

 

The fractal hierarchy of coupled cycles confers 
dynamic stability as well as

 

autonomy to the system on 
every scale. Thermodynamically, no net entropy is

 

generated in the case of perfect cycles; and the system

 

maintains its organization.

 

The fractal structure effectively partitions the 
organism into a hierarchy

 

of systems within systems 
defined by the extent of equilibration of (dissipated)

 

energies. Thus, energies equilibrated or evenly spread 
within a smaller spacetime

 

will still be out of equilibrium 
in the larger system encompassing the first, and

 

hence 
capable of doing work.  

There are now two ways to mobilize energy 
efficiently with entropy change

 

approaching zero: very 
slowly with respect to the characteristic time so it is

 

reversible at every point, or very rapidly with respect to 
the characteristic time,

 

so that in both cases the energy 
remains stored (in a coherent non-degraded

 

form) as it 
is mobilized. Consequently, the organism 
simultaneously achieves

 

the most efficient equilibrium 
and far-from-equilibrium energy transfer.

 

The nested dynamical structure also optimises 
the kinetics of energy mobilisation. For example, 
biochemical reactions depend strictly on local 
concentrations of reactants, which are extremely high, 
as their extent of equilibration is

 

typically at nanometre 
dimensions (in nanospaces).

 

In the ideal - approached most closely by the 
healthy mature organism and

 

the healthy mature 
ecosystem - an overall internal conservation of energy 
and

 

compensation of entropy (

 

=

 

0) is achieved. In 
this state of balance, the

 

system organization is 
maintained and dissipation minimized; i.e., the entropy

 

exported to the environment also approaches zero, 

 

0

 

(Figure 9).

 
 
 
 
 
 
 
 
 
 
 
 

Figure 9 :

 

The zero-entropy ideal of circular 
thermodynamics

 

Internal entropy compensation (and energy 
conservation) implies that there

 

needs to be free 
variation in microscopic states within the macroscopic 
system;

 

i.e., the internal microscopic detailed balance at 
every point of classical steady

 

state theory is violated. 

      

possible, and indeed some would argue, as Whitehead 
did [2], that the entire universe is alive.

−15

Σ∆S

Σ∆S
≥

(This is also the basis of the extension of Onsagers
reciprocity relationship to far from equilibrium condition.)

For an organism, this means that detailed 
energy balance is not necessary at every point. Most 
often, parts of it are in deficit, and severely so, when one 
needs to run from a tiger knowing the energy can be 
replenished after a successful escape. The same 
applies to ecosystems: all species are in a sense storing 
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energy and resources (nutrients) for every other species 
via complex food webs and other symbiotic 
relationships.

The above considerations give rise to the 
prediction that a sustainable system maximizes cyclic, 
non-dissipative flows while minimizing dissipative flows, 
i.e., it tends towards minimum entropy production even
under far from equilibrium conditions, as conjectured by 
Ilya Prigogine [52].

Such a system has a hierarchy of coherent 
energy storage spacetimes so that within the coherence 
volume, there is no time separation, and within the
coherence time, there is no space separation. Thus, 
organic spacetime exists as a hierarchy of 
simultaneities, or durations, precisely as envisaged by 
Bergson [5] and Whitehead [2],[6]. (See [24] for a more 
detailed discussion).

The golden mean most likely enters into the 
fractal structure in the form of the golden fractal. As the 
most irrational of all numbers (see Section 6 above), it 
allows the maximum number of non-resonating activities 
to co-exist (representing maximum coherent energy 
storage). On the other hand, it is also arbitrarily close to 
a maximum number of rational numbers so specific 
resonances can easily be established for energy 
transfer.

We shall see more clearly how the golden 
fractal of neuronal activities are the key to optimum 
intercommunication and information processing in the 
final section. The next section shows how fractals are 
mathematically isomorphic to quantum coherent states.

XIII. Fractals and Quantum Coherence

The coherent fractal structure maximizes global 
connectivity and local autonomy, the hallmark of 
quantum coherence, as mentioned earlier. One of the
authors (GV) has shown that a functional representation 
of self-similarity – the most important property of fractal 
structures - is mathematically isomorphic with squeezed 
quantum coherent states [53, 54, 55], in which 
Heisenberg's uncertainty is minimum. Quantum 
coherence thus seems to underly the ubiquitous
recurrence of fractal self-similarity in Nature.

Let us see how this works with the logarithmic 
spiral, and the special case of the golden spiral, as an 
example. The golden spiral and its relation to the
Fibonacci sequence are of great interest because the 
Fibonacci sequence appears in many phenomena, 
ranging from botany to physiological and functional
properties in living systems, as the “natural” expression 
in which they manifest themselves.

The defining equation for the logarithmic spiral 
in polar coordinates ( ) is [56, 57]:

(11)

with and arbitrary real constants and 0 . In a 
log-log plot with abscissa = ln the spiral is 
represented by a straight line with slope 

(12)

The (fractal) self-similarity property of the 
logarithmic spiral is manifest in the constancy of the 
angular coefficient tan d : rescaling affects 
by the power ( ) . 

The logarithmic spiral is called the golden spiral 
when at 2 we have , where 

denotes the golden mean (1 +  5) 2. We may
introduce the subscript  (denoting golden) and put 

2). The polar equation for the golden 
spiral is thus .  The radius of the golden 
spiral increases in geometrical progression with the ratio 

as increases by 
and

The so called Fibonacci tiling provides a tool for 
a good approximate construction of the golden spiral. 
The Fibonacci tiling is obtained by drawing in  an 
appropriate way [56] squares whose sides are in the 
Fibonacci  progression, (the 
sequence is defined by the relation 
with  = 1). The Fibonacci spiral is then made 
from quarter-circles tangent to the interior of each 
square. It does not coincide exactly with the golden 
spiral because in the limit, but is not 
equal to for finite.

The golden ratio and its “conjugate” 
2 = are both solutions of the 

quadratic equation  

                                         (13)

and of the recurrence equation  = 0, 
which, for = 2  , is the relation (13). This is satisfied 
also by the geometric progression with ratio of the 
radii of the golden spiral. Eq. (13) is the 
characteristic   equation  of  the   differential    equation 

= 0  , which admits as solution
with 2   and   with 

and constants. By setting 
and .  

Consider now the parametric equations of the 
logarithmic spiral Eq. (11):

                                (14a)

r, θ

r0 e
d θ

r0 d r0 >

θ eθ

d

ln
r

r0
= d θ .

−1 θ→n θ r/r0
r/r0

n

θ = π/ r/r0 = ed (π/2) = Φ

Φ
√

/
g

dg ≡ (log Φ)/(π/

rg(θ) = r0 e
dg θ

Φ θ π/2: rg(θ+nπ/2) = r0 e
dg (θ+nπ/2)

= r0 e
dg θ Φn rg,n ≡ rg(θ = nπ/2) = r0 Φ

n, n = 0,

1, 2, 3, ....

1, 1, 2, 3, 5, 8, 13, ....
Fn = Fn−1+Fn−2,

F0 = 0; F1

Fn/Fn−1→Φ n→ ∞
Φ n

Φ ≡ 1−
Φ =−1/Φ = (1−

√
5)/ −ϕ

x2 − x− 1 = 0

xn − xn−1 − xn−2

n

Φ
rg,n = r0 Φ

n

r + ṙ − r r(t) = r0 e
i ω t

e+d θ(t) ω = ± i
√
5/ θ = −t/(2 d) + c

c, r0 d c= 0, r(t) = r0 e
∓
√
5 t/2

e−t/2, i.e. rΦ(t) = r0 e
−Φ t r (t) = r0 e

−ψ t

x = r(θ) cos θ = r0e
dθ cos θ

y = r(θ) sin θ = r0e
dθ sin θ

                    

(14b)               

The point on the spiral 
is completely specified in the complex z-plane only 
when the sign of is assigned. The completeness of

z = x + i y = r0 e
d θ ei θ

d θ

the (hyperbolic) basis requires that both {e− d θ, e+ d θ}

Is Spacetime Fractal and Quantum Coherent in the Golden Mean?

                

51

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

15

© 2015    Global Journals Inc.  (US)

  
 A
)

)

                

ψ



   

 
 

 
 

the factors 

 

must be considered. In many 
instances the so-called direct (q >

 

1) and indirect (q <

 

1)
 spirals  are both realized  in the same  system (e.g. in

 

phyllotaxis studies).

 

We thus consider the points 

   

and .  For

 

convenience (see below) 
opposite signs for the imaginary exponent   have been

 

chosen. Using the parametrization 

 

and 
are found to be solutions

 

of the equations

 

                                     

 

(15a)

 

                                    (15b)

 

respectively, provided the relation

 

                                            

 

(16)

 

holds

 

(where we have neglected an arbitrary additive 
constant). We see that

 

at . In

 

Eqs. (15) a dot denotes derivation with respect

 

to , 

 

and  

 

  are   positive

 

real constants.   The  

 

notations 

 
 

and   

  

,     with

 
 

, have  been  used. The

 

parametric 
expressions 

 

and for the logarithmic spiral 
are thus 

 

and

  

, solutions of Eqs. (15a) and (15b). At

 

, 

 
 

,  with the integer 

 

This suggests that can be interpreted as the 
time parameter and the time-evolution of the direct and 
indirect spirals is described by the equations (15a)

 

and 
(15b). The “two copies” ( ) can be viewed as the 
evolution forward in

 

time and backward in time, 
respectively. The “angular velocity” of (the growth

 

of) the 
spiral is given by 

 

. 
By   putting  

  

       and 

 

[

  

, we  reduce

 

eqs. (15a) and 
(15b) to the pair of damped and amplified harmonic 
oscillators:  

(17a)

 

 

 (17b)

 

respectively. The second of these is the time-reversed 
image (

 

           ) of

  

the  first and the global 

 

system 
( )

 

  is a closed system. We see that the oscillator

 

is a dissipative, open (non-hamiltonian) system and in 
order to set up the

 

canonical formalism we need to 
double the degrees of freedom by introducing its

 

time 
reversed image [58]: the physical meaning of the 
requirement to consider

 

both the elements of the basis 

 

is  that  we need to consider the

 

closed 
system (   ). Only then can we set up the canonical 
formalism.

 

If we did not close the system with the 
system , we would not be able

 

to define the conjugate 
momenta because the Lagrangian would not exist.

 

We now remark that classical, deterministic 
systems presenting loss of information (dissipation) 
might, providing some constraints are imposed, behave

 

according to quantum evolution

 

[59, 60, 61]. In the 
present case, this means that

 

the logarithmic spiral and 
its time-reversed double (the direct and the indirect

 

spiral) manifest themselves as macroscopic quantum 
systems. The quantization

 

of the system described by 
Eqs. (15a) and (15b) (or (17a) and (17b)), can be

 

performed in the usual way and the result is that the 
system ground state 

 

is a coherent squeezed 
state, which is produced by condensation of couples of

 

(entangled) A and

 

B modes (related to the ( ) 
couple, see Ref. [58, 54, 55])

 

for details): (
.

 

The operator which generates   

 

is

 

recognized to be the two mode squeezing generator 
with squeezing parameter

  

.  It must be stressed 
that the correct mathematical framework to study

 

quantum dissipation is the one of quantum 

 

field theory 
(QFT). The realization

 

of the logarithmic spiral (and in 
general of fractals) in the many cases observed

 

in 
nature involves indeed an infinite number of elementary 
degrees of freedom.

 

We may define the fractal Hamiltonian, which 
turns out to be actually the

 

fractal free energy for the 
coherent boson condensation process out of which the

 

fractal is formed. We indeed find that time evolution is 
controlled by the entropy

 

operator. This is to be 
expected because entropy controls time irreversibility

 

and the breakdown of time-reversal symmetry that is 
characteristic of dissipation is clearly manifest in the 
formation process of fractals. In the case of the

 

logarithmic spiral, the breakdown of time-reversal 
symmetry is associated with

 

the chirality of the spiral: 
the indirect (right-handed) spiral is the time-reversed,

 

but distinct, image of the direct (left-handed) spiral.

 

These results can be also extended to other 
examples of deterministic fractals [54], such as the 
Koch curve, the Sierpinski gasket and carpet, the Cantor

 

set, etc..We do not consider these cases here. We only 
recall that by resorting to the results reported above the 
isomorphism can be shown [55] to exist

 

between 
classical and quantum electrodynamics, from one side, 
and the fractal self-similarity structure and squeezed 
coherent states, from the other side,

 

provided some 
quite general conditions are satisfied.

 

As suggested also in the discussion above (see 
also [24] and below), the

 

paradigm of coherence seems 
to extend to large part, if not the whole of the

 

universe 
[62, 54, 55].

 

     

      

q = e± d θ

z1 = r0 e
− d θ e− i θ

z2 = r0 e
+ d θ e+ i θ

i θ
θ = θ(t), z1 z2

m z̈1 + γ ż1 + κ z1 = 0 ,

m z̈2 − γ ż2 + κ z2 = 0

θ(t) =
γ

2md
t ≡ Γ

d
t

θ(T ) = 2π T = 2π d/Γ
t; m γ

κ
≡ γ/2m Ω2= (1/m)(κ − γ2/4m) = Γ2/d2Γ

κ > γ2/4m
z1(t

( z2(t

(

z1(t) = r0 e
− iΩ t e−Γt z2(t) = r0 e

+ iΩ t

e+Γ t t = nT z1 =
r0 (e− 2π d)n, z2 = r0 (e

2π d)n n = 1,
2, 3...

t

z1, z2

| d θ/dt | = |Γ/d |
z1(t)+ z

∗
2 (−t)]/2 = x(t (

z∗1(−t)+z2(t)]/2 = y(t (

]

mẍ+ γẋ+ kx = 0 ,

mÿ − γẏ + ky = 0

γ → −γ
x− y x

y

{e− d θ, e+ d θ}
z1, z2

z1
z2

|0(t)⟩

z1, z2
AB)n, n = 0,

1, 2 ....∞ |0(t)⟩

ζ= −Γ t

XIV. Topology of Quantum Spacetime

The isomorphism between quantum coherence 
and fractals goes considerably deeper than we have 
presented so far. In a series of earlier papers (see [63]-
[66]), MeN showed that theory gives predictions of E∞
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the mass spectrum of elementary particles and quarks 
in high energy physics based on the golden mean that

 

are in remarkable agreement with those generally 
accepted experimentally and

 

theoretically in the 
literature. Further, the same predictions are provided by

 

a physical interpretation of four-dimensional fusion 
algebra, of Conne's non-commutative geometry and 
related theories such as Freedmann topological the-ory 
of four manifolds (wild topology), and Penrose space X 
(of which     

 

is

 

a higher dimensional space). The 
fascinating details are beyond the scope of

 

the present 
paper. We cite the results because they so strongly 
suggest that

 

the mass spectrum based on the golden 
mean is a reflection of the quantum

 

topology of 
spacetime [65].

 

This conjecture is reinforced, as MeN pointed 
out, in the simplest mechanical model for 

 

theory, 
which is two golden mean coupled-oscillators, with

 

frequencies of vibrations 

 

. That is 
because at least in the

 

case of quarks, what we 
consider to be a particle can be thought of as a highly

 

localized vibration, a standing wave simulating a particle 
(as in string theory).

 

Generalizing to 

 

such nested oscillators, Leila 
Marek-Crnjac

 

was able to use

 

Southwell and Dunkerley 
summation theorems for structural stability to obtain

 

the 
masses of the elementary particles of the standard 
model, as well as the

 

current quarks and constituent 
quarks [67]. The results are again very close to

 

the 
theoretical and experimental masses found previously.

 

Marek-Crnjac also noted that the golden mean 
plays a central role in dynamic stability in KAM theory 
(see above), pointing out that string theory

 

eliminates 
the wave-particle duality by using the highly

 

localized 
vibration of a

 

Planck length string that gives rise to a 
particle when perceived on lower energy

 

levels [67]. In 
this way, the golden mean enters into the mass 
spectrum via the

 

KAM theory. As it is the most irrational 
number (see sections 6 and 12) it plays

 

the key role in 
the stability of periodic orbits and the onset of global 
chaos. The

 

ratio of 

 

(driver to oscillator frequency) is 
decisive as to whether the motion is localized (regular) 
or dissipative (stochastic). If the ratio is rational, the

 

torus is destroyed. However, if it is irrational, the torus 
persists. A well-known

 

application of this theory is the 
Kirkwood gaps - dips in the distribution of the

 

main belt 
asteroids, which coincide with orbital resonances with 
Jupiter. What

 

this means is that a particle is observed 
only when the energy is localized in

 

a highly coherent 
vibration in an irrational frequency, and the most 
irrational

 

frequency is . 
Marek-Crnjac's argument applies also to the 

circular thermodynamics of

 

organisms and the fractal 
hierarchy of living activities developed in Sections 7-12. 
The mass spectrum of elementary particle and living 
activities are both a

 

reflection of the universal quantum 
topology of spacetime.

 

XV.

 

Coherent

 

Brain

 

Waves, Scale-Free

 

Laws

 

and Fractals

 

Laboratory observations on the brain have 
consistently detected spatially extended regions of 
coherent neuronal activities, most thoroughly described 
in

 

recent years by Walter Freeman and colleagues 
[68],[69],[70]. These phenomena have been observed 
by Lashley since the 1940s, who introduced the notion

 

of field. Karl Pribram proposed his holographic 
hypothesis of memory formation in the early 1960s that 
introduced the notion of coherence in analogy to

 

laser 
theory [58]. Hiroomi Umezawa proposed the first 
quantum field theory

 

of memory in 1967 (see [71],[72]), 
that includes both the notions of field and

 

coherence.

 

Observations clearly show that the coherent 
cortical activities cannot be

 

fully accounted for by the 
electric field of the extracellular dendritic current

 

or the 
extracellular magnetic field from the high-density electric 
current inside

 

the dendritic shafts, nor by chemical 
diffusion. Spatially extended patterns of

 

phase-locked 
oscillations are intermittently present in resting, awake 
subjects,

 

and in the same subjects actively engaged in 
cognitive tasks. They are best

 

described as properties 
of the brain modulated upon engagement with the en-
vironment. These packets of waves extend over spatial 
domains covering much

 

of the hemisphere in rabbits 
and cats [73]-[76] and over regions of 19 cm linear

 

dimension in the human cortex with near zero phase 
dispersion [68], [77]-[79].

 

Umezawa's many-body model [80] is based on 
the quantum field theoretic

 

notion of spontaneous 
breakdown of symmetry [81],[61], which requires the ex- 
istence of Nambu-Goldstone (NG) massless particles. 
Examples are the phonon

 

modes in crystals, the 
magnon modes in ferromagnets, etc. They can be de- 
scribed, as customary in quantum theory, as the quanta 
associated with certain

 

waves such as the elastic wave 
in crystals, the spin wave in ferromagnets. The

 

role of 
such waves is that of establishing long range 
correlation. The mechanism

 

of spontaneous breakdown 
of symmetry generates the change of scale: from the

 

microscopic scale of the elementary constituent 
dynamics to the macroscopic

 

scale of the system 
observable ordered patterns. In ferromagnets, for exam- 
ple, the ordered patterns is described by magnetization, 
which for this reason

 

is called the order parameter. The 
phase transition from zero magnetization

 

to the 
magnetic phase is induced by some external weak 
magnetic field. The

 

mathematical structure of the theory 

E∞

E∞

ω1 = ϕ, ω2 = 1/ϕ

n

/ωΩ

ϕ
must be adequate to allow for physically distinct phases. 
Quantum field theory possesses such a mathematical 
structure. The ground states corresponding to physically 
distinct phases are characterized by distinct degrees of 
ordering described by different densities of NG modes
condensed in them. Such a condensation of NG modes 

Is Spacetime Fractal and Quantum Coherent in the Golden Mean?

                

53

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V

X
 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

15

© 2015    Global Journals Inc.  (US)

  
 A
)

)

                



 

 
 

 

in the ground states is a

 

coherent condensation, which 
physically expresses the in phase synchronized os-
cillations. In quantum mechanics, on the contrary, all the 
state representations

 

are physically equivalent and 
therefore not useful to describe phase transitions

 

[82].

 

The quantum variables relevant to the many-
body model of the brain have

 

been identified to be the 
electric dipole vibration modes of the water molecules

 

that constitute the matrix in which neurons and glia cells 
are embedded [83],[84].

 

The spontaneous breakdown 
of the rotational symmetry of electrical dipoles of

 

water 
and other molecules implies the existence of NG 
modes. These modes have

 

been called the dipole wave 
quanta (DWQ). The system ground state is thus

 

obtained in terms of coherent condensation of the DWQ, 
which are the agents

 

responsible for neuronal 
coordination [83]-[85]. In particular, it is found that the

 

memory state is a squeezed coherent state for

 

the basic 
quantum variables expressed mesoscopically as 
amplitude and phase modulation of the carrier signal

 

observed in electroencephalograms (EEGs) and 
electrocorticograms (ECoGs).

 

Laboratory observations show that self-similarity 
characterizes the brain

 

ground state. Measurements of 
the durations, recurrence intervals and diameters of 
neocortical EEG phase patterns have power-law 
distribution with no

 

detectable minima. The power 
spectral densities in both time and space conform to 
power law distribution [73],[74], a hallmark of fractals. It 
is therefore

 

consistent with the squeezed coherent state 
for memory found earlier.

 

Coherent signals are obtained when the 
electrodes are closely spaced. A lot

 

of data have been 
collected by Freeman's group on ECoG spatial imaging 
coming

 

from small, high-density electrode arrays fixed 
on the surfaces of the olfactory,

 

visual, auditory, or 
somatic modules. Spectral analysis of the ECoG shows 
broad

 

distribution of the frequency components, where 
the temporal power spectral

 

density in log-log 
coordinates is power-law, 

 

, in segments. Below an 
inflection in the theta-alpha range the power spectral 
density is at, = 0

 

. Above,

 

the 

  

power decreases 
linearly with increasing log10 frequency in the beta- 
gamma range (12.5 -

 

80 Hz) with the exponent 

 

between 2 and 3. One can

 

show that in slow-wave 
sleep, the exponent averages near 3; in seizures it aver- 
ages near 4. On the basis of what was said above, such 
values of the slope provide corresponding values of 
the fractal dimension , with deformation

 

parameter 

 

and coherent strength corresponding to the 
power spectral

 

density. Brief epochs of narrow band 
oscillation create multiple peaks, indicating a departure 
from the scale free regime (the straight line) and 
therefore the

 

presence of structures emergent from the 
background activity.

 

The observed power law signals the scale free 
(“spatial similarity”) property of the brain ground states. 

The spatial similarities reveal the long spatial

 

distances 
across which synaptic interactions can sustain 
coherence, namely the

 

high-density coordination of 
neuron firing by synaptic interaction, in agreement

 

with 
the dissipative model prediction.

 

A confirmation of the brain scale-free behaviour 
comes also from the group

 

of Dietmar Plenz at the US 
National Institute of Mental Health. They have

 

identified 
neuronal avalanches - cascades of neuronal activities 
that follow precise power laws - in the excitatory 
neurons of the superficial layers in isolated

 

neocortex 
preparations        as well as in awake animals and 
humans 

 

[86]. They showed that the neuronal 
avalanche of the default state with the 

  

signature of 
self-organized criticality gives the optimum response to 
inputs as

 

well as maximum information capacity 
(reviewed elsewhere in more detail by

 

MWH [87]).

 

Most significantly, the avalanche dynamics give

 

rise to coherence potentials

 

consisting of subsets of 
avalanches in which the precise waveform of the local 
field

 

potential is replicated with high fidelity in distant 
network sites. The process

 

is independent of spatial 
distance and includes near instantaneous neuronal

 

activities as well as sequential activities over many time 
scales.

 

Most coherence potentials are spatially disjunct. 
Local Field Potentials

 

(LFPs) of successive coherence 
potentials are

 

not similar, but they are practically 
identical

 

within a coherence potential among all the 
participating sites,

 

there being no growth or dissipation 
during propagation. This suggests that the

 

waveform of 
a coherence potential is a high-dimensional coding 
space in information processing of the brain. For 
decades, phase-locked neuronal activity has

 

been 
reliably recorded using the LFPs or EEG and was found 
to correlate with

 

the presentation of stimulus in animals 
and visual perception in humans.

 

XVI.

 

Golden

 

Music

 

of

 

the

 

Brain

 

In living systems, fractals must satisfy the state 
of quantum coherence which

 

maximizes global 
cohesion as well as local autonomy, and enables energy 
from

 

any local level to spread to the global and 
conversely concentrate energy to any

 

domain from the 
entire system. Our discussion suggests

 

that fractals with 
fractal dimension in the golden mean (golden fractals) 
might be the most effective

 

in giving autonomy to the 
greatest number of cycles. On the other hand, global

 

cohesion is also ensured, because cycles in a fractal

 

hierarchy are quantum coherent; energy can be shared 

/fα1

α

α

α

d ≡ α
q ≡ 1/fα

1/f

1/f

between global and local. The golden mean is also 
close to an infinite number of rational ratios, so special 
resonances or correlations can be easily established. 
Thus, one would expect biological rhythms in general to 
conform to the golden mean, although no such survey 
has yet been carried out. The golden mean figures 
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log10

in vitro
in vivo



 

 

 

prominently in the EEG frequencies

 

of the resting brain 
(see Table 1). Belinda Pletzer, Hubert Kerschbaum and

 

Wolfgang Klimesch

 

proposed that brain frequencies that 
never synchronize in

 

the resting brain may play an 
important role in the organization of groups of

 

cells in 

keeping their rhythms distinct and free from mutual 
interference. They

 

suggested that this can be achieved 
via

 

frequencies in irrational multiples in

 

the resting 
(default) brain [88] (see also [87]). Table 1 lists the 
typical EEG

 

frequency bands.

 
Table 1

 

: Typical EEG frequency bands and subbands and corresponding

 

periods (from [88]).

 

 

 

 

 

 

 

 

 

  

The classical EEG frequency bands can indeed 
be described as a geometric series with a ratio between 
neighbouring frequencies approximating = 1.618, and 
the successive frequencies are the sum of two previous 
ones, as in the Fibonacci sequence. Intuitively at least, 
one can see that the golden mean provides the highest 
physiologically possible desynchronized frequencies, 
and at the same time, the potential for spontaneous 
diverse coupling and uncoupling between rhythms and 
a rapid transition from resting state to activity. 

A team of researchers led by Miles Whittington 
have been studying the intricacies in the golden music 
of the brain by recording from multiple layers of the 
neocortex simultaneously. They found multiple local 
neuron assemblies supporting different discrete 
frequencies in the neocortex network, and the rela-
tionships between different frequencies appear 
designed to minimize interference and to allow diverse 
coupling of activities via stable phase interactions and 
the control of the amplitude of one frequency in relation 
to the phase of another [89]. 

The  pattern of EEG is really a time-
averaged smoothed collection of multiple, discrete 
frequencies, and does not represent all the frequencies 
and combination of frequencies present in the brain. (It 
is like a recording of a Mozart symphony that averages 
out all the sounds made in discrete periods of time, so 
the music is completely buried.) Detailed observations 
made by the team have shown that at least three 
discrete frequencies (1-3 Hz), (6-9 Hz), and   (30-50 
Hz) are often expressed simultaneously, and can be 
associated with further much slower rhythms both in vivo 
and in vitro.  

Discrete frequencies ranging from low  to high                     
can      be produced from a single area of the isolated 
neocortex in vitro, with peak frequencies distributed 
according to the golden mean. 

To keep simultaneously occurring frequencies 
apart and minimize interferences, the solution is indeed 
to have ratios of frequencies that are irrational numbers. 
Coexistent     and  rhythms  in the cortex, for 
example, are generated in two different layers and 
survive physical separation of the layers. The ratio of 
peak frequencies is approximately , resulting in a 
periodic pattern of change in low-level synchrony 
between the layers with a period equal to the sum of the 
two periods of oscillation present. This phenomenon 
can occur to some extent with any pair of co-expressed 
frequencies. But using as a common ratio between 
adjacent frequencies in the EEG spectrum enables the 
neocortex to pack the available frequency space 
(thereby maximising the information processing 
capacity, or the capacity to produce the most music). If 
the cortex uses different frequency bands to process 
different aspects of incoming information, then it must 
also have the ability to combine information held in 
these bands to reconstruct the input; hence the 
importance of keeping them separate, as the golden 
mean does. 

It is also possible for a local neuron assembly 
generating a single frequency rhythm to switch 
frequencies. Such changes are facilitated by a range of 
mechanisms including changes in neuronal intrinsic 
conductances and non-reciprocal interactions with other 
regions oscillating at a similar frequency. After stimula- 
tion,  frequencies can transform to frequencies 

Band (Hz) Subband (Hz) Peak (Hz) Period (ms)

delta 1.5-4 delta 1 1-2 1.5 667

delta2 2-3 2.5 400

theta 4-10 theta1 3-5 4 250

theta2 5-8 6.5 154

alpha 8-12 alpha 8-12 10 100

beta 10-30 beta1 12-20 16 62.5

beta2 20-30 25 40

gamma 30-80 gamma1 30-50 40 25

gamma2 50-80 65 15

fast 80-200 ripples1 80-120 100 10

ripples ripples2 120-200 160 6.25

Φ

1/f

δ θ γ

δ
γ

γ1 β2

Φ

Φ

γ β
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(approximately halved) due to inhibitory postsynaptic 
potentials on the principal cells generating the action 
potentials. 

Can interactions between multiple 
spatiotemporal scales of activity tell us anything about 
how the cortex processes sensory information? 

In the time domain, the ability to distinguish 
rapidly changing features of an input from more slowly 
changing features provides an efficient means of recog-
nizing objects. Feature detection over a range of time 
scales can reproduce many properties of individual 
neurons in the visual cortex. Thus, from a computa-
tional perspective, it is an advantage for the cortex to 
process different temporal scales of information 
separately, using different frequencies. It has been 
shown that rhythms with larger temporal scales (slower 
frequencies) facilitate interactions over greater distances 
in cortical networks, i.e., they may synchronize over 
larger areas of the visual map in the retina of the eyes. 
Thus, different frequencies may have a role for 
processing sensory information on different spatial 
scales. In a visual task designed to test perception 
shifting from features of an object with low spatial 
frequency to those with high spatial frequency, a direct 
correlation was found between the spatial scale of the 
sensory object and the temporal scale (frequency) of 
associated cortical rhythms. Thus cross-frequency 
phase synchronization is a possible means of 
combining information from different frequency channels 
to fully represent a sensory object. 

XVII. Conclusion 

We have considered the fabric of spacetime 
from the widest perspectives, drawing on findings from 
mathematics, quantum physics, far from equilibrium 
thermodynamics, biology, and neurobiology. Although a 
definite answer cannot be given to the question asked in 
the title of this paper, the totality of findings obtained by 
different authors discussed in previous Sections seem 
to converge and justify our speculation that spacetime is 
fractal and quantum coherent in the golden mean. 
Mathematically, the fractal universe is non-differentiable 
and discontinuous, yet dense in infinite dimensional 
spacetime. Physically, it is a quantum coherent universe 
consisting of an infinite diversity of autonomous agents 
all participating in co-creating organic, fractal space-
time by their multitudinous coupled activity cycles. 
Biologically, this fractal coherent space-time could also 
provide the fabric of conscious awareness mirrored in 
the quantum coherence of our brain states. This view 
depicts a new organic cosmogony consonant with that 
of Alfred North Whitehead [1], resolving major 
paradoxes associated with the classical mechanics, and 
paving the way to reconciling or transcending quantum
theory and general relativity. Much work remains to be
done in order to provide a definitive answer to our 

question of whether fractal self-similarity, golden ratio 
and coherence are characterizing features of the fabric 
of spacetime. 
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Appendix 1. Zeno's Paradox

Achilles is running a race with the tortoise. 
Achilles gives the tortoise a head start of 100 metres, 
say. If we suppose that both run at constant speed – 
Achilles very fast and the tortoise very slow - then after 
some time, Achilles will have run 100 metres, bringing 
him to the tortoise's starting point. But during that time, 
the tortoise has run a much shorter distance, say 10 
metres. It will then take Achilles some further time to run 
that distance, by which time the tortoise will have gone 
ahead farther; and then he would need more time still to 
reach that third point, while the tortoise moves ahead, 
and so on. Thus, whenever Achilles reaches somewhere 
the tortoise has been, he still has farther to go. 
Therefore, because there are an infinite number of 
points where the tortoise has already been for Achilles to 
reach, he can never overtake the tortoise [4]. 

Appendix 2. Some Informal Definitions

We provide here informal definitions (from [8]) 
of some mathematical terms that will be used in this 
paper; some, like deterministic chaos, have no generally
agreed definition.

Set theory is the branch of mathematical logic 
about collections of mathematical objects. The modern 
study of set theory was initiated by German mathemati-
cians Georg Cantor (1845-1918) and Richard Dedekind 
(1831-1916) in the 1870s. A closed set contains its own 
boundary, its complement is an open set which is a set 
that does not contain its boundary.

A Borel set is any set in a topological space that 
can be formed from open sets (or equivalently from 
closed sets) through the operations of countable union,
countable intersection, and relative complement.

     

     

As this manuscript is going to press, the first 
ever observation is reported that the brightness of some 
stars pulsate at primary and secondary frequencies 
whose ratios are near the golden mean [John F. 
Lindner, Vivek Kohar, Behnam Kia, Michael Hippke,
John G. Learned, and William L. Ditto, Strange 
Nonchaotic Stars, Phys. Rev. Lett. 114, 054101 (2015).
arxiv.org/abs/1501.01747]. This evidence of strange 
nonchaotic dynamics recorded by the Kepler space 
telescope lends support to our vision of the fractal 
golden mean structure of spacetime. 

http://www.foxitsoftware.com/shopping
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A bijection is a mapping from a set A to a set B 
that is both an injection (one-to-one) and a surjection 
(onto); it relates each member of A (the domain) to a
unique member of B (the range). Each element of B also 
has a unique corresponding element in A.

The classical triadic Cantor set is obtained by 
dividing the unit line into three equal parts, discarding 
the middle part except for its end points, and repeating
the operation with the two remaining parts ad infinitum. 
In the random version, it could be any of the three parts 
that is discarded at random after each division. A 
topological space is a set of points and a set of 
neighbourhoods for each point that satisfy a set of 
axioms relating to points and neighbourhoods. The
definition of a topological space relies only on set theory 
and is the most general notion of a mathematical space.

For our purposes, the topological dimension is
what one ordinarily understands by the concept of 
dimension. A point has topological dimension 0, a curve 
has topological dimension 1 (whether it is closed up into 
a circle or not); a at sheet has a topological dimension 
of 2, as do the surface of a cylinder, sphere or
doughnut, and so on.

The Menger-Urysohn dimension is a 
generalized topological dimension of topological 
spaces, arrived at by mathematical induction. It is based 
on the observation that, in n-dimensional Euclidean 
space Rn, the boundaries of n-dimensional balls have 
dimension n-1. Therefore it should be possible to define 
the dimension of a space inductively in terms of the 
dimensions of the boundaries of suitable open sets.

The Hausdorff dimension generalizes the notion 
of dimension to irregular sets such as fractals. For 
example,  a Cantor  set has  a Hausdorff dimension of  
log 2/ log 3, the ratio of the logarithm to the base 2 of 
the parts remaining to the whole after each iteration.

A fractal is a mathematical set that typically 
displays self-similar patterns, and has dimensions that 
are fractions rather than integers. Geometric examples 
are branching trees, blood vessels, frond leaves etc.

Deterministic Chaos describes dynamical 
systems with unpredictable behavior that is highly 
sensitive to initial conditions, but nevertheless globally 
determined in the sense that the trajectories are 

confined within a region of phase space called strange 
attractors.
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