e GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
erenpetnne MATHEMATICS AND DECISION SCIENCES

’/;ﬁ Volume 15 Issue 6 Version 1.0 Year 2015

| Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

On Non-Invariant Hypersurfaces of Jd—lorentzian Trans-
Sasakian Manifolds

By Shyam Kishor & Puneet Kumar Gupt

Abstract- The object of the present paper is to study non-invariant Hypersurfaces of §—Lorentzian
trans-Sasakian Manifolds equipped with ( f, g, u, v, X )— structure and some properties obeyed by
this structure are obtained also. The necessary and sufficient conditions have been otained for
totally umbilical non-invariant hypersurfaces with (f, g, u,v, ) —structure of §—Lorentzian trans-
Sasakian Manifold to be totally geodesic.

Keywords: § -Lorentzian trans-Sasakian, totally umbilical, totally geodesic.
GJSFR-F Classification : FOR Code : MSC 2000: 14J70, 53C20

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN

Strictly as per the compliance and regulations of :

- f E r
A I 4

© 2015. Shyam Kishor & Puneet Kumar Gupt. This is a research/review paper, distributed under the terms of the Creative
Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non
commercial use, distribution, and reproduction in any medium, provided the original work is properly cited.



epaper neten
$ = L

Print Journal standard

-
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d—lorentzian Trans-Sasakian Manifolds
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Absiract- The object of the present paper is to study non-invariant Hypersurfaces of §—Lorentzian trans-Sasakian
Manifolds equipped with (f, g, u, v, X)— structure and some properties obeyed by this structure are obtained also. The
necessary and sufficient conditions have been obtained for totally umbilical non-invariant hypersurfaces with (f, g, u, v, \)
—structure of §—Lorentzian trans-Sasakian Manifold to be totally geodesic.
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. INTRODUCTION

Recently, many authors have studied Lorentzian a—Sasakian manifold [1] and
Lorentzian S—Kenmotsu manifolds [7],[3]. S.S.Pujar and V.J.Khairnar [12] have
initiated the study of Lorentzian Trans-Sasakian manifolds and studied the basic
results with some of its properties. Earlier to this, S.S.Pujar [13] has initiated the
study of j—Lorentzian, a—Sasakian manifold [3] and §—Lorentzian S—Kenmotsu
manifolds [4] .

In 2010, S.S.Shukla and D.D. Singh [14] have introduced the notion of e—trans-
Sasakian manifolds and studied its basic results and using these results some of
its properties were studied. Earlier to this in 1969 Takahashi [16] had introduced
the notaion of almost contact metric manifold equipped with pseudo Riemannian
metric. In particular he studied the Sasakian manifolds equipped with Riemannian
metric g. These indefinite almost contact metric manifolds and indefinite Sasakian
manifolds are also known as e—almost contact metric manifolds and e—Sasakian
manifolds respectively.

Recently, it has been observed that there does not exists a light like surface in
the e—Sasakian manifolds ([8], [16]). On the other hand in almost para contact
manifold defined by Motsumoto [6] , the semi Riemannian manifold has the index
1 and the structure vector field £ is always a time like. This motivated Tripathi
et. al [8] to introduce e—almost para contact structure where the vector field ¢ is
space like or time like according as e =1 or ¢ = —1.

In 1970, S.I.Goldberg et. al [10] introduced the notion of a non-invariant hyper-
surfaces of an almost contact manifold in which the transform of a tangent vector
of the hypersurface by the (1, 1) structure tensor field ¢ defining the almost contact
structure is never tangent to the hypersurface.

The notion of (f, g, u,v,\) -structure was given by K.Yano [4]. It is well known
that a hypersurface of an almost contact metric manifold always admits a (f, g, u, v, A)
-structure ([5] [2]). Goldberg et. al [10] proved that there always exists a (f, g, u, v, A)
-structure on a non-invariant hypersurface of an almost contact metric manifold. N
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They also proved that there does not exist invariant hypersurface of a contact mani-
fold. R.Prasad [9] studied the non-invariant hypersurfaces of a trans-Sasakian man-
ifolds. Non-invariant hypersurfaces of nearly trans-Sasakian manifold have been
studied by S.Kishor et. al [11]. In the present paper, we study the non-invariant
hypersurfaces of §—Lorentzian trans-Sasakian manifolds.

[I. PRELIMINARIES
A (2n+ 1) dimensional manifold M, is said to be the d—almost contact metric

manifold if it admits a (1,1) tensor field ¢, a structure tensor field &, a 1—form 7,
and an indefinite metric g such that

@ =I+n®&n(E)=-1¢ol=010¢6=0 (2.1)
9(6.6) = =8,n(X) =dg(X,6) (2.2)
9(6X,¢Y) = g(X,Y) +dn(X)n(Y) (2:3)
9(X,9Y) =g (¢X,Y) (2.4)

for all X,Y € TM, where 0 is such that 8% =1.
The above structure (¢,&,7,9,d) on M is called the §—Lorentzian structure on
M

A §—Lorentzian manifold with structure (¢,&,7, g,9) is said to be §—Lorentzian
trans-Sasakian manifold M of type (o, 3) if it satisfies the condition

(Vx0) Y =a{g(X,Y)¢ - on(YV) X} +B{g(0X,Y)E —dn (V) ¢X}  (25)

for any vector fields X and Y on M. where ¥ is the operator of covariant differ-
entiation with respect to g. From above, we have

Vx€=0(-apX — B (X +1(X)¢)) (2.6)

and
(Vxn)Y = ag(¢X,Y) + B{g(X,Y) +dn(X)n(Y)} (2.7)

A hypersurface of an almost contact metric manifold M is called a non-invariant
hypersurface, if the transform of a tangent vector of the hypersurface under the
action of (1, 1) tensor field ¢ defining the contact structure is never tangent to the
hypersurface. Let X be a tangent vector on non-invariant hypersurface of an almost
contact metric manifold M, then ¢X is never tangent to the hypersurface.

Let M be a non-invariant hypersurface of an almost contact metric manifold.
Now, if we define the following

¢X = fX +u(X)N, (2.8)
oN = —U, (2.9)
E=V+AN =7 (N), (2.10)
n(X) =v(X), (2.11)
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where, f is a (1,1) tensor field, u,v are 1—form, N is a unit normal to the
hypersurface, X € TM and u (X) # 0, then we get an induced
(f,g,u,v,\) —structure on M satisfying the conditions

fP=-T+uU+v®V, (2.12)

fU ==XV, fV =\, (2.13)

Notes wo f=Av,vo f=—\u, (2.14)
wu(@)=1-Xu(V)=0v(U)=0,0(V)=1- N (2.15)

gUX, fY) =g (X, Y —u(X)u(Y) —v(X)v(Y)), (2.16)

g(X, fY) = =g (fX,Y),9(X,U) = u(X), (2.17)

g (X, V) =v(X), (2.18)

for all X,Y € TM, where A =7 (N)

The Gauss and Weingarten formulae are given by
VxY =VxY +0(X,Y)N, (2.19)

VxN = —ANX, (220)

for all X,Y € TM, where V and V are the Riemannian and induced Riemannian
connections on M and M respectively and N is the unit normal vector in the normal
bundle T+M. In this formula o is the second fundamental form on M related to
Ay by
N

c(X,Y)=g (ANX7Y) ,forall XY e TM.

[11. SOME PROPERTIES OF NON-INVARIANT HYPERSURFACES

Lemma 1. :Let M be a non-invariant hypersurface with (f,g,u,v,\) —structure
of 0— Lorentzian trans-Sasakian manifold M. Then

(7x0) Y= (Vx /) Y=u (V)(Ag X) +0 (X, V) U+ (@xw) Y + 0 (X, [Y) N (3.)

(Vxn)Y = (Vxv)Y — Ao (X,Y) (3.2)
Vx€=VxV = MgX + (0 (X,V)+ X\ N (3.3)
Proof. Consider
(Vxo)Y = (VxoY)—¢(VxY)

= Tx (Y +u)N) =6 (vaY +0 (X, V) V)

= Tx(fY)+Vx (u (Y) N) —H(VxY) — o (X,Y) (N)
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= V() + o (X )N +u(V) (TxV) + (Txu¥) N = f(7xY)
—u(VxY)N+0(X,Y)U
which gives
(Vx0) Y = (vx )Y —u(Y) (AgX) + o (X, V) U+ ((Vxu)Y +0 (X, [Y) N
Also we have,
(Vxn)Y = Yxn)-n(VxY) Notes
= Ix @) -n(vxY +o(X,7)N)
(0(V) + 0 (X, 0(V) N =5 (7xY) =0 (X,Y) 5 ()
(W (Y)) = v (VxY) = Ao (X,Y)

(§X77) Y = (VXv) Y — )Xo (X,Y)
Further, consider

Vx
Vx

Vxé+o (XN
VxV +VxAN +0(X,V)N
VxV +AVxN + (XA N +0(X,V)N

Vx¢

which gives
Vx€=VxV = MgX + (0 (X,V)+ X\ N
0

Theorem 1.: Let M be a non-invariant hypersurface with (f, g,u,v, \) —structure
of 6— Lorentzian trans-Sasakian manifold M. Then

o (X, U =adf?X — adu (X)U +56f (X) + f (Vx&) (3.4)

u(Vx§) = —adu (fX) — Bou (X) (3.5)
Proof. :Consider
(Vx9) & = Vxo&—¢(VxE)
—¢ (0 (X — B(X +n(X)¢)))

or
(Vx¢) € = adf>X + adu (fX) N — adu (X) U + 5Bf (X) + Bou (X) N
and we know that the relation
(Vxo) & = Vxo€—¢(VxE)

= o (VxE+a(X.ON)

= —0(Vx8 +o (XU

= —f(Vx&) —u(Vx N +0 (X, U
from above two equation,we have
—f(Vx8) —u(VxE) N+0 (X, U = abf’X +adu(fX)N —adu(X)U

+68f (X) + Bou (X) N
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Euating tangential and normal parts on both side, we get
o (X, U =abf*X —adu(X)U +63f (X)+ f(Vx¢)

and
uw(Vx€) = —adu(fX)— Béu(X)
O
Theorem 2.: Let M be a non-invariant hypersurface with (f, g, u, v, \) —structure

of 6— Lorentzian trans-Sasakian manifold M. Then
Notes (Vxf)Y = u(Y)(AgX) -0 (X,Y)U+a(g(X,Y)V —sv(Y)X)  (3.6)
+B (g (fX,Y)V = v (Y) fX)
(Vxu)Y = adg (X,Y) + B (Ag (fX,Y) = du(X)v (Y)) —o (X, fY) (3.7)
VxV =My X —dafX -6 (X +v(X)V) (3.8)
o (X,V)==bau(X)—0Apv(X)— XA\ (3.9)
(Vx0)Y = Ao (X,Y) +ag (fX,Y) + B{g(X,Y) —dv(X)v(Y)} (3.10)
Proof. : Using (2.8), (2.10) in (2.5) and (3.1) we obtain
(Vx /)Y —u(Y) (AgX) + o (X, Y)U + (Vxu)Y + 0 (X, fY)) N
= ag(X,Y)V+arg(X,Y)N —adv (V)X + B9 (fX,Y)V
+8Xg (fX,Y)N — Bov (V) fX — Bov (V) u(X)N
Equating tangential and normal parts in the above equation, we get (3.6) and
(3.7) respectively.
Using equation (2.6),(2.8) and (2.11) we get,
Vxé=—0afX —dou (X)N — 68X —68v(X)V — Aofv (X)N
and also we have,

Vx€=VxV = MgX + (0 (X,V)+ X\ N

Equating the tangential and normal part of the above two equation, we get
(3.8) and (3.9).

In last using (2.7), (2.8) and (3.2) we get (3.10) 0

Theorem 3. :Let M be a non-invariant hypersurface with (f,g,u, v, \) —structure
of 6— Lorentzian trans-Sasakian manifold M. Then

(Vx0)Y = a(@(X,Y)V—=6u(Y)X)+B(9(fX,Y)V —dv(Y)fX)
+{a(Ag (X, V) + B (Ag (fX,Y) = du(X) v (Y))} N (3.11)
Proof. :Consider
(Vxo) Y (VxoY) — ¢ (VxY)
= Ux (1Y +u()N) =6 (vxY + 0 (X,¥)N)
— Tx (fY)+Vx (u (Y) N) G (VxY) — 0 (X,Y)o (N)
= I (U)o (X V)N +u (V) (TxN) + (Txu (V) N = f(7xY)
—u(VxY)N 40 (X,Y)U
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which gives
(Tx3)Y = (Vxf)Y —u(Y) (AgX) + o (X,Y)U + ((Vxu)Y + o (X, fY))N (3.12)

and we have also from (3.6) and (3.7)
N

(
(Vxf)Y = uY)(AxX) - o (X, Y)U+a(g(X,Y)V —dv(Y)X) (3.13)
+B (g (fX,Y)V = dv(Y) fX)

d
- Notes

(314)  (Vxu)Y =arg(X,Y) + B (\g (FX,Y) - 6u(X)o (V) - o (X, fY)
now equation (3.12), (3.13), and (3.14) enables us to deduce (3.11) O

Theorem 4. :Let M be a totally umbilical noninvariant hypersurface with (f, g, u, v, \) —structure
of §— Lorentzian trans-Sasakian manifold. Then it is totally geodesic if and only if

(3.15) dou (X) +dABv (X)+ XA =0
Proof. :From equation (2.6) we have,
Vxé=6(—apX - B(X +1(X)¢))
Using (2.8) and (2.11) in above equation we get
Vx¢é = —dafX —dau(X)N — 68X —64v(X)V
—0XBv (X)N

Equating the normal parts of above equation and equation (3.3) we obtain

(3.16) o (X,V)=—=bau(X)—0Av(X)— XA\

If M is totally umbilical, then Ag = (I
where ( is Kahlerian metric

o (X,Y)=g(AgX,Y) =g (CX,Y) = (g (X,Y)
o (X,V)=(g(X,V) = (o (X) (3.17)
Then, from (3.13) and (3.14) we get
Sau (X) 4+ 0A3v (X) + XA +Cv(X) =0

If M is totally geodesic, i.e. ( =0
then,

dau (X)+d\0v(X)+XA=0 0

Theorem b. :Let M be a non-invariant hypersurface with (f, g, u,v, \) —structure
of 06— Lorentzian trans-Sasakian manifold M. If U is parallel, then we have

f(AxX) +6XaX +5ABfX =0 (3.18)
Proof. :Consider
(Fx0) N =Tx (o8) -6 (IxN)
Using (2.9), (2.19) and (2.20) we get
(Vx¢) N = —vxU + f (AgX) (3.19)

and from (2.5) we write

(Fxo) N =afg (X, 0)e—an (V) x}+8{g (63, V)¢ —on (V) o}
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10.

11.

12.

13.

14.

15.

16.

Using (2.10) in above equation we get,
(Vx¢) N = —0arX — BorpX (3.20)
Using (3.19) and (3.20), we get
VxU = b6arX +BorgX + [ (AgX)
SaAX + f (AgX) + BONFX + Bodu (X) N
If U is parallel,then VxU =0
SaAX + f (AgX) + BONFX + Bodu(X)N =0

Now, equating the tangential part, we have the result. (Il
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