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  I.

 

Introduction

 Definition:

 

Let 𝑓𝑓(𝑥𝑥) ∈ 𝐿𝐿(𝑎𝑎, 𝑏𝑏)
 
, 𝜂𝜂 ∈ 𝐶𝐶

 
,𝑅𝑅(

 
𝜂𝜂) > 0,𝑎𝑎 > 0  and let us take a “Pathway 

parameter”
 

𝛼𝛼 < 1.

 

Then the pathway fractional integration operator is defined by Nair 
[8]

 
                        �𝑃𝑃0+

(𝜂𝜂

 

,𝛼𝛼)𝑓𝑓� (𝑥𝑥) =
 
𝑥𝑥𝜂𝜂 ∫ �1 − 𝑎𝑎(1−𝛼𝛼)𝑡𝑡

𝑥𝑥
�

𝜂𝜂
(1−𝛼𝛼)� 𝑥𝑥

𝑎𝑎(1−𝛼𝛼)�

0
 
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑           ......(1.1)

 
when

 
𝛼𝛼 = 0

 
, 𝑎𝑎 = 1

 
𝑎𝑎𝑎𝑎𝑎𝑎

 
𝜂𝜂
 

is replaced by 𝜂𝜂 − 1
 
in (1.1) it yields

 
                                �𝐼𝐼0+

𝜂𝜂 𝑓𝑓�(𝑥𝑥) = 1
Г(𝜂𝜂)∫ (𝑥𝑥 − 𝑡𝑡)

 

𝜂𝜂−1𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑
                              

𝑥𝑥
0       …(1.2)

 
which is the left –

 

sided Riemann-Liouville fractional integral defined by Samko et. 
al.[9].

 The pathway model is introduced by Mathai [5] and studied further by Mathai 
and Houbold [6] [7].

 For  𝑅𝑅(𝛼𝛼) > 0, the pathway model for scalar random variables is represented by 
the following probability density function.

 
                                   𝑓𝑓(𝑥𝑥) =

 

𝑐𝑐|𝑥𝑥|𝛾𝛾−1

 

�1 − 𝑎𝑎(1 − 𝛼𝛼)|𝑥𝑥|𝛿𝛿 �
𝛽𝛽

1−𝛼𝛼                     .......(1.3)

 𝛾𝛾 > 0, 𝛿𝛿 > 0,𝛽𝛽 ≥ 0
 

, �1 − 𝑎𝑎(1 − 𝛼𝛼)|𝑥𝑥|𝛿𝛿� > 0,−∞ < 𝑥𝑥 < ∞,
 where c  is the normalizing constant and 𝛼𝛼

 

is  pathway parameter. For real 𝛼𝛼, the 
normalizing constant is as follows:

 

                                    𝑐𝑐 = 1
2

 

𝛿𝛿[𝑎𝑎(1−𝛼𝛼)]
𝛾𝛾
𝛿𝛿

  

𝛤𝛤(𝛾𝛾𝛿𝛿
 

+

 

𝛽𝛽
1−𝛼𝛼

 

+

 

1)

 𝛤𝛤�𝛾𝛾𝛿𝛿�

  

𝛤𝛤( 𝛽𝛽
1−𝛼𝛼

 

+

 

1)
    ,       𝛼𝛼 < 1               .......(1.4)
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= 1
2

 

𝛿𝛿[𝑎𝑎(1−𝛼𝛼)]
𝛾𝛾
𝛿𝛿

  

𝛤𝛤(

 

𝛽𝛽
1−𝛼𝛼

 

)

 𝛤𝛤�𝛾𝛾𝛿𝛿�

  

𝛤𝛤( 𝛽𝛽
1−𝛼𝛼−

 

𝛾𝛾
𝛿𝛿)

       , for 
1

1−𝛼𝛼
−

 

𝛾𝛾
𝛿𝛿

 
> 0,𝛼𝛼 > 1                    ......(1.5)

 

                                          

= 1
2

 

𝛿𝛿[𝑎𝑎𝑎𝑎 ]
𝛾𝛾
𝛿𝛿

   𝛤𝛤�𝛾𝛾𝛿𝛿�

  

  ,  for  𝛼𝛼 → 1                               ......(1.6)

 
For  𝛼𝛼 < 1, it is a finite range density with [

 
1 − 𝑎𝑎(1 − 𝛼𝛼)|𝑥𝑥|𝛿𝛿 ] > 0

 

and (1.3)  
remains in the extended generalized type-1 beta family. For 𝛼𝛼 < 1, the pathway density 

in (1.3) includes the extended type-1 beta density, the triangular density, the uniform 
density and many other p.d.f.

 
     

when  𝛼𝛼 > 1,  we write  1 − 𝛼𝛼 = −(𝛼𝛼 − 1)
 

, then

 

     �𝑃𝑃0+
(𝜂𝜂

 

,𝛼𝛼)𝑓𝑓� (𝑥𝑥) =
 

𝑥𝑥𝜂𝜂 ∫ �1 + 𝑎𝑎(𝛼𝛼−1)𝑡𝑡
𝑥𝑥

�
− 𝜂𝜂

(𝛼𝛼−1)�− 𝑥𝑥
𝑎𝑎(𝛼𝛼−1)�

0
 

𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑
 

                             𝑓𝑓(𝑥𝑥) =
 

𝑐𝑐
 

|𝑥𝑥|𝛾𝛾−1�1 + 𝑎𝑎(𝛼𝛼 − 1)|𝑥𝑥|𝛿𝛿 �−
𝛽𝛽

𝛼𝛼−1                         ...... (1.7)
 

  Where  𝛼𝛼 > 1, 𝛿𝛿 > 0,𝛽𝛽 ≥ 0,−∞ < 𝑥𝑥 < ∞,
  which is extended generalized type-2 beta model for real x, It includes the type-2 beta 

density, the F density, the student-t density,the Cauchy density and many more.

 Here, we consider only the case of pathway parameter  𝛼𝛼 < 1. For 𝛼𝛼 → 1
 

both 
(1.3) and (1.7) take the exponential form, since.

 𝑙𝑙𝑙𝑙𝑙𝑙
𝛼𝛼 → 1𝑐𝑐

 

|𝑥𝑥|𝛾𝛾−1�1 − 𝑎𝑎(1 − 𝛼𝛼)|𝑥𝑥|𝛿𝛿 �
𝜂𝜂

1−𝛼𝛼

 

 =  
𝑙𝑙𝑙𝑙𝑙𝑙
𝛼𝛼 → 1𝑐𝑐

 

|𝑥𝑥|𝛾𝛾−1�1 + 𝑎𝑎(𝛼𝛼 − 1)|𝑥𝑥|𝛿𝛿 �−
𝜂𝜂

𝛼𝛼−1

 

                                                  
= 𝑐𝑐|𝑥𝑥|𝛾𝛾−1𝑒𝑒−𝛼𝛼𝜂𝜂 |𝑥𝑥|𝛿𝛿

 

                              .........(1.8)

 
For 𝛼𝛼 → 1−

 

, �1 − 𝑎𝑎(1−𝛼𝛼)𝑡𝑡
𝑥𝑥

�
𝜂𝜂

1−𝛼𝛼 → 𝑒𝑒−
𝑎𝑎𝜂𝜂
𝑥𝑥 𝑡𝑡

 

, the operator (1.1) reduces to the following form 

 �𝑃𝑃0+
(𝜂𝜂

 

,1)𝑓𝑓� (𝑥𝑥) =

 

𝑥𝑥𝜂𝜂 � 𝑒𝑒−
𝑎𝑎𝜂𝜂
𝑥𝑥 𝑡𝑡

∞

0

 

𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑

 
                                                =

 

𝑥𝑥𝜂𝜂𝐿𝐿𝑓𝑓(𝑎𝑎𝜂𝜂
𝑥𝑥

)                                          ......(1.9)

 It reduces to the Laplace integral transform of f with parameter 
𝑎𝑎𝜂𝜂
𝑥𝑥

 

.

 In this paper we will integrate product of M-series, Fox’s H-function and 
generalized Mittag-Leffler function by means of pathway model.

 
The generalized M-series is defined and studied by Sharma and Jain [10] as follows
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𝛼𝛼′ ,𝛽𝛽′
𝑀𝑀𝜌𝜌 𝜎𝜎

(𝑧𝑧) = �
(𝑎𝑎1

′ )𝑘𝑘 … … . �𝑎𝑎𝜌𝜌′ �𝑘𝑘
(𝑏𝑏1

′ )𝑘𝑘 … … . (𝑏𝑏𝜎𝜎′ )𝑘𝑘

∞

𝑘𝑘=0

𝑧𝑧𝑘𝑘

𝛤𝛤(𝛼𝛼′𝑘𝑘 + 𝛽𝛽′)

10.S
h
arm

a, 
M

an
oj 

an
d
 
J
ain

, 
R

en
u
, 

A
 
n
ote 

on
 
a 

gen
eralized

 
M

-series 
a
s 

a
 
sp

ecia
l 

fu
n
ction

 of fraction
al calcu

lu
s, F

ract.
C

al.
A

p
p
l. A

n
al. 12(4) (2009), 449-452.

Ref



  

   
                                                   

   

Where 𝑧𝑧,

 

𝛼𝛼′ ,𝛽𝛽′ ∈ 𝐶𝐶,𝑅𝑅𝑅𝑅(𝛼𝛼′) > 0

 

Here  �𝑎𝑎𝑗𝑗′ �𝑘𝑘 , �𝑏𝑏𝑗𝑗′ �𝑘𝑘

 

are known as Pochammer symbols. The series (1.10) is defined 

when none of the parameters 𝑏𝑏𝑗𝑗𝑗𝑗′ , 𝑗𝑗 = 1,2, …𝜎𝜎   is negative integer or zero. The series in 

(1.10) is convergent for all z if 𝜌𝜌

 

≤

 

𝜎𝜎, it is convergent for |𝑧𝑧| < 𝛿𝛿 = 𝛼𝛼𝛼𝛼   if 𝜌𝜌 = 𝜎𝜎 + 1

 

and 

divergent, if  𝜌𝜌 > 𝜎𝜎 + 1. When 𝜌𝜌 > 𝜎𝜎 + 1

 

and |𝑧𝑧| < 𝛿𝛿, the series can converge on 
conditions depending on the parameters.

 

The series representation of Fox H-

 

function studied by Fox C [2] as follows: 

 

                                    

𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �𝑧𝑧|

 

(𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝)
(𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄) � =

 

∑ ∑ (−1)𝑣𝑣𝑋𝑋(𝜉𝜉)
𝑣𝑣!

 

𝐸𝐸ℎ

 

�1
𝑧𝑧
�
𝜉𝜉

∞
𝑣𝑣=0

𝑁𝑁
ℎ=1

 

,                       …(1.11)

 where  𝜉𝜉 = 𝑒𝑒ℎ−𝑣𝑣−1
𝐸𝐸ℎ

  

and (ℎ = 1,2, …

   

,𝑁𝑁)

 

and

 

                            

𝑋𝑋(𝜉𝜉) =
∏ 𝛤𝛤�𝑓𝑓𝑗𝑗+𝐹𝐹𝑗𝑗 𝜉𝜉�

 

∏ 𝛤𝛤�1−𝑒𝑒𝑗𝑗+𝐸𝐸𝑗𝑗 𝜉𝜉�

 

𝑁𝑁
𝑗𝑗=1
𝑗𝑗≠ℎ

𝑀𝑀
𝑗𝑗=1

∏ 𝛤𝛤�1−𝑓𝑓𝑗𝑗−𝐹𝐹𝑗𝑗 𝜉𝜉�

 

∏ 𝛤𝛤�𝑒𝑒𝑗𝑗+𝐸𝐸𝑗𝑗 𝜉𝜉�

 

𝑃𝑃
𝑗𝑗=𝑁𝑁+1

𝑄𝑄
𝑗𝑗=𝑚𝑚+1

                       …..(1.12)

 
Following are the convergence conditions :

                           𝑇𝑇1 =
 

∑ 𝐸𝐸𝑖𝑖 − ∑ 𝐸𝐸𝑖𝑖 +
 

∑ 𝐹𝐹𝑖𝑖 − ∑ 𝐹𝐹𝑖𝑖
𝑄𝑄
𝑖𝑖=𝑀𝑀+1

𝑀𝑀
𝑖𝑖=1

𝑃𝑃
𝑖𝑖=𝑁𝑁+1

𝑁𝑁
𝑖𝑖=1                   ….(1.13)

 

 

                          

𝑇𝑇2 =

 

∑ 𝛼𝛼𝑖𝑖 − ∑ 𝛼𝛼𝑖𝑖 +

 

∑ 𝛽𝛽𝑖𝑖 − ∑ 𝛽𝛽𝑖𝑖
𝑞𝑞
𝑖𝑖=𝑚𝑚+1

𝑚𝑚
𝑖𝑖=1

𝑞𝑞
𝑖𝑖=𝑛𝑛+1

𝑛𝑛
𝑖𝑖=1                    …(1.14)

 

 
Recently, a new generalization of Mittag-Leffler function was defined by Faraj 

and Salim [3] as follows:

 

                                   

𝐸𝐸𝛼𝛼 ,𝛽𝛽 ,𝑝𝑝
𝛾𝛾 ,𝛿𝛿 ,𝑞𝑞 (𝑧𝑧) =

 
∑ (𝛾𝛾)𝑞𝑞𝑞𝑞 𝑧𝑧𝑛𝑛

𝛤𝛤(𝛼𝛼𝛼𝛼+𝛽𝛽)

 

(𝛿𝛿)𝑝𝑝𝑝𝑝
∞
𝑛𝑛=0                               ……(1.15)

 
Where 𝑧𝑧,𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 ∈ 𝐶𝐶;𝑀𝑀𝑀𝑀𝑀𝑀{

 
𝑅𝑅𝑅𝑅(𝛼𝛼),𝑅𝑅𝑅𝑅(𝛽𝛽),𝑅𝑅𝑅𝑅(𝛾𝛾),𝑅𝑅𝑅𝑅(𝛿𝛿)} > 0,𝑝𝑝, 𝑞𝑞 > 0.

 
Further,  generalization of Mittag- Leffler function was defined by  Khan and Ahmed 
[4]  as follows: 

                             𝐸𝐸𝛼𝛼 ,𝛽𝛽 ,𝑣𝑣,𝜎𝜎 ,𝛿𝛿 ,𝑝𝑝
𝜇𝜇 ,𝜌𝜌 ,𝛾𝛾 ,𝑞𝑞 (𝑧𝑧) = ∑ (𝜇𝜇 )𝜌𝜌𝜌𝜌 (𝛾𝛾)𝑞𝑞𝑞𝑞 𝑧𝑧𝑛𝑛

𝛤𝛤(𝛼𝛼𝛼𝛼+𝛽𝛽)(𝑣𝑣)𝜎𝜎𝜎𝜎 (𝛿𝛿)𝑝𝑝𝑝𝑝
∞
𝑛𝑛=0                            …(1.16) 

Where 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿, 𝜇𝜇, 𝑣𝑣, 𝜌𝜌,𝜎𝜎 ∈ 𝐶𝐶;𝑝𝑝, 𝑞𝑞 > 0 and 𝑞𝑞 ≤ 𝑅𝑅𝑅𝑅(𝛼𝛼) + 𝜌𝜌𝜌𝜌, and  

𝑀𝑀𝑀𝑀𝑀𝑀{𝑅𝑅𝑅𝑅(𝛼𝛼),𝑅𝑅𝑅𝑅(𝛽𝛽),𝑅𝑅𝑅𝑅(𝛾𝛾),𝑅𝑅𝑅𝑅(𝛿𝛿),𝑅𝑅𝑅𝑅( 𝜇𝜇),𝑅𝑅𝑅𝑅(𝑣𝑣),𝑅𝑅𝑅𝑅(𝜌𝜌),𝑅𝑅𝑅𝑅(𝜎𝜎)} > 0 

If we take 𝜇𝜇 = 𝑣𝑣, 𝜌𝜌 = 𝜎𝜎  in (1.16) it reduces to eq. (1.15). 

Write generalized hypergeometric function was defined by Srivastava and 
Manocha [11] as follows: 
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𝜓𝜓𝑞𝑞 [(𝑎𝑎1,𝐴𝐴1), … �𝑎𝑎𝑝𝑝 ,𝐴𝐴𝑝𝑝�; (𝑏𝑏1,𝐵𝐵1), … , �𝑏𝑏𝑞𝑞 ,𝐵𝐵𝑞𝑞�; 𝑧𝑧] = ∑ ∏ 𝛤𝛤(𝑎𝑎𝑖𝑖+𝐴𝐴𝑖𝑖𝑛𝑛)𝑝𝑝
𝑖𝑖=1 𝑧𝑧𝑛𝑛

∏ 𝛤𝛤�𝑏𝑏𝑗𝑗+𝐵𝐵𝑗𝑗𝑛𝑛�𝑛𝑛 !𝑞𝑞
𝑗𝑗=1

∞
𝑛𝑛=0    ….(1.17)  

II.  Main Results  
Theorem-1  Let 𝜂𝜂, 𝛾𝛾, 𝛿𝛿, 𝑞𝑞, 𝑝𝑝,𝜔𝜔,𝜌𝜌 ∈ 𝐶𝐶, 𝑐𝑐, 𝑏𝑏  ∈ 𝑅𝑅,𝑅𝑅𝑅𝑅(𝛽𝛽) > 0,𝑅𝑅𝑅𝑅(𝛿𝛿) > 0,𝑅𝑅𝑅𝑅(𝜂𝜂) > 0,𝑅𝑅𝑅𝑅(𝛾𝛾) >

0,𝑅𝑅𝑅𝑅(𝜔𝜔) > 0,𝑅𝑅𝑅𝑅 �1 + 𝜂𝜂
1−𝛼𝛼

� > 0,𝑅𝑅𝑅𝑅(𝜌𝜌) > 0,𝛼𝛼 < 1, 𝑏𝑏 ∈ 𝑅𝑅, 𝑐𝑐 ∈ 𝑅𝑅,𝑅𝑅𝑅𝑅 �𝜔𝜔 + 𝛿𝛿 𝑓𝑓𝑗𝑗
𝐹𝐹𝑗𝑗
� > 0, |arg 𝑐𝑐| <

1
2
𝑇𝑇1𝜋𝜋,𝑇𝑇1𝑇𝑇2 > 0,𝜌𝜌 ≤ 𝜎𝜎, |𝑑𝑑| < 𝛼𝛼′𝛼𝛼

′
,𝛽𝛽∗ > 0, 𝑗𝑗 = 1, … ,𝑄𝑄;  

Then  

𝑃𝑃0+
(𝜂𝜂 ,𝛼𝛼)

 
�𝑡𝑡𝜔𝜔−1 𝛼𝛼′ ,𝛽𝛽′

𝑀𝑀𝜌𝜌 𝜎𝜎  
�𝑑𝑑𝑡𝑡−𝛽𝛽∗�. 

 
𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �𝑐𝑐𝑡𝑡𝛿𝛿′ | 

�𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝�
�𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄�

� .𝐸𝐸𝛼𝛼 ,𝛽𝛽 ,𝑝𝑝
𝛾𝛾 ,𝛿𝛿 ,𝑞𝑞 (𝑏𝑏𝑡𝑡𝜌𝜌)�

= 𝜓𝜓1(𝑘𝑘)
𝑑𝑑𝑘𝑘𝑥𝑥𝜂𝜂+𝜔𝜔−𝛽𝛽∗𝑘𝑘  𝛤𝛤 �1 + 𝜂𝜂

1 − 𝛼𝛼�𝛤𝛤(𝛿𝛿)

𝛤𝛤(𝛾𝛾)[𝑎𝑎(1 − 𝛼𝛼)]𝜔𝜔−𝛽𝛽∗𝑘𝑘  𝜓𝜓3 �
𝑏𝑏𝑥𝑥𝜌𝜌

[𝑎𝑎(1 − 𝛼𝛼)]𝜌𝜌 �
(𝜔𝜔 − 𝛿𝛿𝛿𝛿 − 𝛽𝛽∗𝑘𝑘,𝜌𝜌)(𝛾𝛾, 𝑞𝑞)

(𝜔𝜔,𝜌𝜌)(𝛿𝛿,𝑝𝑝) �1 + 𝜔𝜔 +
𝜂𝜂

1 − 𝛼𝛼
− 𝛿𝛿𝛿𝛿 − 𝛽𝛽∗𝑘𝑘,𝜌𝜌�

��.  

                                                  𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �� 𝑐𝑐𝑥𝑥𝛿𝛿

′

[𝑎𝑎(1−𝛼𝛼)]𝛿𝛿′
�  

(𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝)
(𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄) �                                    ………..(2.1)  

Proof:  The theorem -1 can be evaluated by using the definitions (1.1),(1.10),(1.11) and 
(1.15) then by interchange the order of integrations and summations, evaluate the inner 
integral by making use of beta function formula, we arrive at the desired result (2.1). 

Theorem-2  Let  𝜂𝜂, 𝛾𝛾, 𝛿𝛿, 𝑞𝑞, 𝑝𝑝,𝛽𝛽,𝑇𝑇1,𝑇𝑇2 > 0, 𝜇𝜇, 𝜌𝜌, 𝛾𝛾,𝜗𝜗,𝛽𝛽, 𝑣𝑣,𝜎𝜎, 𝛿𝛿 ∈ 𝐶𝐶 ,𝑅𝑅𝑅𝑅(𝜂𝜂) > 0,𝑅𝑅𝑅𝑅(𝛾𝛾) >

0, 𝑅𝑅𝑅𝑅(𝛽𝛽) > 0, 𝑅𝑅𝑅𝑅 �1 + 𝜂𝜂
1−𝛼𝛼

� > 0, 𝑏𝑏, 𝑐𝑐 ∈ 𝑅𝑅, 𝛼𝛼 < 1, 𝑅𝑅𝑅𝑅 �𝜔𝜔 + 𝛿𝛿 𝑓𝑓𝑗𝑗
𝐹𝐹𝑗𝑗
� > 0, |arg 𝑐𝑐 | < 1

2
𝑇𝑇1𝜋𝜋, 𝜌𝜌 ≤

𝜎𝜎  𝑎𝑎𝑎𝑎𝑎𝑎  |𝑑𝑑| < 𝛼𝛼′𝛼𝛼
′
,𝛽𝛽∗ > 0, 𝑗𝑗 = 1, … ,𝑄𝑄

 
𝑎𝑎𝑎𝑎𝑎𝑎 min(𝑅𝑅𝑅𝑅(𝜗𝜗), 𝑅𝑅𝑅𝑅(𝛽𝛽), 𝑅𝑅𝑅𝑅(𝛾𝛾), 𝑅𝑅𝑅𝑅(𝛿𝛿), 𝑅𝑅𝑅𝑅(𝜇𝜇), 𝑅𝑅𝑅𝑅(𝑣𝑣),

𝑅𝑅𝑅𝑅(𝜌𝜌),𝑅𝑅𝑅𝑅(𝜎𝜎)) > 0  

Then
 

𝑃𝑃0+
(𝜂𝜂 ,𝛼𝛼)

 
�𝑡𝑡𝛽𝛽−1

′ ,𝛽𝛽′
𝑀𝑀𝜌𝜌 𝜎𝜎

 
�𝑑𝑑𝑡𝑡−𝛽𝛽∗�.

  
𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �𝑐𝑐𝑡𝑡𝛿𝛿′ |

 �𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝�
�𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄�

� .𝐸𝐸𝜗𝜗 ,𝛽𝛽 ,𝑣𝑣,𝜎𝜎 ,𝛿𝛿 ,𝑝𝑝
𝜇𝜇 ,𝜌𝜌 ,𝛾𝛾 ,𝑞𝑞 �𝑏𝑏𝑡𝑡𝜗𝜗��

 

= 𝜓𝜓1(𝑘𝑘)
𝑑𝑑𝑘𝑘𝑥𝑥𝜂𝜂+𝛽𝛽−𝛽𝛽∗𝑘𝑘

 

𝛤𝛤 �1 + 𝜂𝜂
1 − 𝛼𝛼�𝛤𝛤(𝑣𝑣)

[𝑎𝑎(1 − 𝛼𝛼)]𝛽𝛽−𝛽𝛽∗𝑘𝑘𝛤𝛤(𝜇𝜇)𝛤𝛤(𝛾𝛾)

 

.

 

𝜓𝜓3 �
𝑏𝑏𝑥𝑥𝜗𝜗

[𝑎𝑎(1 − 𝛼𝛼)]𝜗𝜗 �
(𝜇𝜇, 𝜌𝜌)

      

(𝛾𝛾, 𝑞𝑞)

  

(𝛽𝛽 − 𝛿𝛿′𝜉𝜉 − 𝛽𝛽∗𝑘𝑘,𝜗𝜗)

(𝛽𝛽,𝜗𝜗)(𝑣𝑣,𝜎𝜎) �1 + 𝛽𝛽 +
𝜂𝜂

1 − 𝛼𝛼
− 𝛿𝛿′𝜉𝜉 − 𝛽𝛽∗𝑘𝑘,𝜗𝜗�

��.

 

                                           

𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �� 𝑐𝑐𝑥𝑥𝛿𝛿

′

[𝑎𝑎(1−𝛼𝛼)]𝛿𝛿′
�

 

(𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝)
(𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄) �                           ……….(2.2)

 

Proof:

 

The theorem -2 can be evaluated by using the definitions (1.1),(1.10) (1.11) and 
(1.16) then by interchange the order of integrations and summations, evaluate the inner 
integral by making use of beta function formula, we arrive at the desired result (2.2).
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III. Special Cases 

1. If we take 𝛿𝛿 = 𝑝𝑝 = 𝑞𝑞 = 1,𝜌𝜌 = 𝛽𝛽,𝛼𝛼 = 𝛽𝛽, 𝛽𝛽 = 𝜔𝜔  and in H- function 𝛿𝛿′ = 𝛿𝛿 in theorem 
-1 then we at once arrive at the known result of [1,Theorem-2]. 

2. If we take 𝛿𝛿 = 𝑝𝑝 = 1 in theorem -1 then we get the following particular case of the 
solution (2.1)  
Corollary-1  

   The following formula holds 

𝑃𝑃0+
(𝜂𝜂 ,𝛼𝛼)  

�𝑡𝑡𝜔𝜔−1
′ ,𝛽𝛽′
𝑀𝑀𝜌𝜌 𝜎𝜎

 
�𝑑𝑑𝑡𝑡−𝛽𝛽∗�.

  
𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 �𝑐𝑐𝑡𝑡𝛿𝛿′ |

 �𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝�
�𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄�

� .𝐸𝐸𝜌𝜌 ,𝜔𝜔
𝛾𝛾 ,𝑞𝑞 (𝑏𝑏𝑡𝑡𝜌𝜌)�

= 𝜓𝜓1(𝑘𝑘)
𝑑𝑑𝑘𝑘𝑥𝑥𝜂𝜂+𝜔𝜔−𝛽𝛽∗𝑘𝑘

 

𝛤𝛤 �1 + 𝜂𝜂
1 − 𝛼𝛼�

𝛤𝛤(𝛾𝛾)[𝑎𝑎(1 − 𝛼𝛼)]𝜔𝜔−𝛽𝛽∗𝑘𝑘

 

𝜓𝜓2�
𝑏𝑏𝑥𝑥𝜌𝜌

[𝑎𝑎(1 − 𝛼𝛼)]𝜌𝜌 �
(𝜔𝜔 − 𝛿𝛿𝛿𝛿 − 𝛽𝛽∗𝑘𝑘,𝜌𝜌)(𝛾𝛾, 𝑞𝑞)

(𝜔𝜔,𝜌𝜌)�1 + 𝜔𝜔 +
𝜂𝜂

1 − 𝛼𝛼
− 𝛿𝛿𝛿𝛿 − 𝛽𝛽∗𝑘𝑘, 𝜌𝜌�

��

 

 

𝐻𝐻𝑃𝑃,𝑄𝑄
𝑀𝑀,𝑁𝑁 ��

𝑐𝑐𝑥𝑥𝛿𝛿′

[𝑎𝑎(1 − 𝛼𝛼)]𝛿𝛿′
�

 

(𝑒𝑒𝑝𝑝 ,𝐸𝐸𝑝𝑝)
(𝑓𝑓𝑄𝑄,𝐹𝐹𝑄𝑄) �

 

Where 𝜂𝜂, 𝛾𝛾, 𝑞𝑞,𝜔𝜔, 𝜌𝜌 ∈ 𝐶𝐶, 𝑐𝑐, 𝑏𝑏

 

∈ 𝑅𝑅,𝑅𝑅𝑅𝑅(𝛽𝛽) > 0,𝑅𝑅𝑅𝑅(𝛿𝛿) > 0,𝑅𝑅𝑅𝑅(𝜂𝜂) > 0,𝑅𝑅𝑅𝑅(𝛾𝛾) > 0,𝑅𝑅𝑅𝑅(𝜔𝜔) >

0,𝑅𝑅𝑅𝑅 �1 + 𝜂𝜂
1−𝛼𝛼

� > 0,𝑅𝑅𝑅𝑅(𝜌𝜌) > 0,𝛼𝛼 < 1, 𝑏𝑏 ∈ 𝑅𝑅, 𝑐𝑐 ∈ 𝑅𝑅,𝑅𝑅𝑅𝑅 �𝜔𝜔 + 𝛿𝛿 𝑓𝑓𝑗𝑗
𝐹𝐹𝑗𝑗
� > 0, |arg 𝑐𝑐| < 1

2
𝑇𝑇1𝜋𝜋,𝑇𝑇1𝑇𝑇2

> 0,𝜌𝜌 ≤ 𝜎𝜎, |𝑑𝑑| < 𝛼𝛼′𝛼𝛼
′
,𝛽𝛽∗ > 0, 𝑗𝑗 = 1, … ,𝑄𝑄;

 

3.

 

If we take 𝜇𝜇 = 𝑣𝑣, 𝜌𝜌 = 𝜎𝜎, 𝛿𝛿 = 𝑝𝑝 = 𝑞𝑞 = 1

 

and 𝜗𝜗 → 𝛽𝛽,𝛽𝛽 → 𝜔𝜔

 

in H function 𝛿𝛿′ = 𝛿𝛿

 

in 
theorem-2 then we at once arrive at the known result of [ 1, Theorem-1] .

 

4.

 

If we take 𝜇𝜇 = 𝑣𝑣, 𝜌𝜌 = 𝜎𝜎

 

then we at once arrive at the theorem-1.

 

5.

 

Making 𝛽𝛽∗, 𝛿𝛿′ → 0

 

and 𝛿𝛿 = 𝑝𝑝 = 𝑞𝑞 = 1,𝜌𝜌 = 𝛽𝛽

 

in the result (2.1) and 𝛽𝛽∗, 𝛿𝛿′ → 0, 𝜇𝜇 =
𝑣𝑣,𝜌𝜌 = 𝜎𝜎, 𝛿𝛿 = 𝑝𝑝 = 𝑞𝑞 = 1

 

in result (2.2) then we at once arrive at the known result of 
Nair in[8].
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In the present study, Sequential Probability Ratio Test (SPRT) is developed for the scale parameter of 
Nakagami Distribution and the robustness of scale parameter is studied when the shape parameter has undergone a 
change, for testing the hypothesis regarding the parameter of Nakagami Distribution. The expression for the Operating 
Characteristic (OC) and Average Sample Number (ASN) functions are derived and the results are presented through 
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I.

 
Introduction

 Nakagami distribution is a lifetime distribution,  given by M. Nakagami (1960) 
has the probability density function (pdf)

 

                   

( )
2

2 12; , ; 0, , 0
x

f x x e x
λλ

λ β
λ

λλ β λ β
λ β

−
−= > >

Γ
,           

 
           ...(1.1)

 

where λ
 
is a shape parameter and β

 
is scale parameter. Nakagami distribution is 

related to Rayleigh distribution and one-sided Gaussian distribution when 1λ = , and

1 2λ = , respectively. 
 In this paper, we have developed the SPRT for scale parameter of Nakagami 

distribution and studied the robustness of the scale parameter when there is change in 
the shape parameter. The robustness of SPRT has been studied by several authors. For 
a brief review, one may refer to Epstein and Sobel (1955), Johnson(1966), Barlow and 
Proschan (1967), Phatarfod (1971), Harter and Moore (1976), Montagne and 
Singpurwalla (1985), Joshi and Shah(1990), Chaturvedi, kumar and Kumar (1998),

 Chaturvedi, Kumar and Kumar (2000), Chaturvedi, Tiwari and Tomer (2002), Surinder 
and Naresh (2009).

 
In section 2, we state the problem, and develop SPRT for testing the simple null 

hypothesis against the simple alternative  hypothesis. The expressions for OC and ASN 
functions are obtained in section 3. In section 4, robustness of the SPRT is studied and 
the results are discussed in section 5. Finally, the conclusions are given in section 6. 
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II.  Set-up of the Problem  

Let the random variable X follows the Nakagami distribution given by the 
probability density function (pdf)  

                         
( )

2
2 12; , ; 0, , 0

x
f x x e x

λλ
λ β

λ

λλ β λ β
λ β

−
−= > >

Γ
                ...(2.1)  

Given a sequence of observations x1, x2, x3,...from (2.1), suppose one wish to test 

the simple null hypothesis 0 0:H β β= against the simple alternative ( )1 1 1 0:H β β β β= > . 

The expression for OC and ASN function is obtained and their behaviour is studied by 
plotting graph.  

III.  SPRT  for Testing  the Hypothesis Regarding ‘β  ’  

The SPRT for testing the null hypothesis 0 0:H β β= against the simple alternative 

1 1:H β β= is defined as  

                                             

( )
( )

1

0

; ,
ln

; ,
i

i
i

f x
z

f x
λ β
λ β

=                                          ...(3.1)  

Or,  

                                           

20

1 1 0

1 1lniz xβ
λ λ

β β β
  

= − −  
   

                             ...(3.2)  

Or,    

                                        

2

1 0

1 1
0

1

i
x

ze e
λ

λ
β ββ

β

 
− −  

  
=  
 

                                 ...(3.3)  

Now, we choose two numbers A and B such that 0 1B A< < < . At the nth stage,  

accept H0, if
1

ln
n

i
i

z B
=

≤∑ , reject H0
 if

1
ln

n

i
i

z A
=

≤∑ , otherwise continue sampling by taking the 

(n+1)th observation. 

If ( )0,1α ∈ and ( )0,1β ∈ are TYPE I and TYPE II errors respectively, then 

according to Wald (1947), A and B are approximately given by  

                                          

1A β
α
−

≈  and 
1

B β
α

≈
−

                                  ...(3.4)  

The Operating Characteristic (OC) function ( )L θ  is given by  

                                                 
( ) 1

h

h h

AL
A B

θ −
=

−
,                                      ...(3.5)  

where h is the non-zero solution of  

                                                     
zE 1he  =                                           ...(3.6)  

Or,  
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( )
( ) ( )1

00

; ,
; , 1

; ,

h

i
i

i

f x
f x dx

f x
λ β

λ β
λ β

∞  
= 

  
∫                             ...(3.7) 

From (2.1) and (3.3), since 

                                           

0

1

1 0

1 11

h

hzE e

h

λ

λ

β
β

β
β β

 
 
   =    

+ −  
  

,                             ...(3.8) 

we get from (3.6) that 

                                               

0

1

1 0

1

1 1

h

h

β
β

β

β β

 
−  
 =

 
− 

 

                                ...(3.9) 

The ASN function is approximately given by 

                                
( )

( ) ( ){ }
( )

ln 1 ln
|

L B L A
E N

E Z
θ θ

θ
+ −

= ,                     ...(3.10) 

Provided ( ) 0E Z ≠ , where 

                                    

( ) 0

1 1 0

1 1lnE Z
β

λ β
β β β

   
= − −   

     
                     ...(3.11) 

From (3.11) ASN function under H0 and H1 are given by 

                                       

( ) ( )
0

0

1 1 0

1 ln ln

1 1ln

B A
E N

α α

β
λ β

β β β

− +
=

   
− −   

    

                          

...(3.12)

 

and 

                                           

( ) ( )
1

0

1 1 0

ln 1 ln

1 1ln

B A
E N

β β

β
λ β

β β β

+ −
=

   
− −   

    

                    

  ...(3.13)

 

IV.
 
Robustness

 
of

 
SPRT for Parameter

 
of

 
Nakagami

 
Distribution

 

Let us suppose that the parameter ' 'λ
 

has undergone a change then the 

probability distribution in (2.1) becomes ( )*; ,f x λ β . To study the robustness of SPRT 

developed in section 3 with respect to OC function, consider 'h' as the solution of the 
equation

 

                                            * 1
hzE e

λ
  =                                          ...(4.1)
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Or,
                                

( )
( ) ( )1 *

00

; ,
; , 1

; ,

h

i
i

i

f x
f x dx

f x
λ β

λ β
λ β

∞  
= 

  
∫ .  

After solving, we get  

                                       

*

0

1

*
1 0

1

1 1

h

h

λ
λβ

β
β

λ
λ β β

 
 
  

−  
 =
 

− 
 

                                     ...(4.2)  

For different values of β , h is evaluated and the OC function is obtained. The 

Robustness of SPRT with respect to ASN can be studied by replacing denominator of 
(3.10) by  

( ) ( )*
*

0

; ,E z z f x dx
λ

λ β
∞

= ∫  

                                          

0

1 1 0

1 1ln
β

λ β
β β β

   
= − −   

     
                                 ...(4.3)  

We consider the cases *λ λ> and *λ λ< to study the robustness of SPRT.  

V.  Results and Discussions  
Consider the equation (4.2) and taking the logarithms of both sides, expanding 

and retaining the terms up to third degree in ‘h’, we get  

            

3 22
3 3 2 2 0

1 0 1 0 1 0 1

1 1 1 1 1 1 ln 0
3 2
h hP P P

β
β β β

β β β β β β β

                 − − − + − − =            
               

           ...(5.1)  

 where *P λ
λ

= ,  

For testing 0 : 13H β = verses 1 : 15H β =
 

and taking 0.05α β= = , the real roots of ‘h’  
are obtained by using (5.1) for the different values of β . The OC and ASN functions are 

evaluated by using the equations (3.5) and (3.10) by considering the cases *λ λ> ,
*λ λ=

and *λ λ< respectively. The results are presented in  and respectively. 

The graph for OC and ASN functions are plotted in  and , respectively.  

Table1  : Values of OC Function for Scale Parameter of Nakagami Distribution  

L(β) 

β 
P=0.5  P=1  P=1.5  

12.8 0.999316  0.97451 0.919019 
12.9 0.998652  0.964562 0.900481 
13 0.997371 0.951168  0.878632 

13.1 0.994931  0.933375 0.853186 
13.2 0.990337  0.910101 0.823936 
13.3 0.98182  0.880222 0.790789 
13.4 0.966332  0.842704 0.753801 
13.5 0.938946  0.796814 0.713205 
13.6 0.892517  0.742377 0.669422 
13.7 0.818716  0.680014 0.62306 
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Table 1. Table 2,

Fig.1 Fig.2

Notes



13.8 0.71206 0.611282 0.574883 
13.9 0.57676 0.538609 0.525768 
14 0.430317 0.464988 0.476637 

14.1 0.296256 0.393507 0.428397 
14.2 0.190791 0.326856 0.381868 
14.3 0.117107 0.266968 0.337742 
14.4 0.069694 0.214889 0.296546 
14.5 0.040728 0.170848 0.258633 
14.6 0.023563 0.134457 0.224191 
14.7 0.013561 0.104946 0.193261 
14.8 0.007784 0.081368 0.165766 
14.9 0.004462 0.062748 0.141541 
15 0.002555 0.048174 0.120358 

15.1 0.001461 0.036846 0.101959 
15.2 0.000834 0.028087 0.086067 

Figure 1
 
: Graph of OC Function for Nakagami Distribution

 

 
 

Table 2 : Values of ASN Function for Scale Parameter of Nakagami Distribution 

E(N) 

β P=0.5 P=1  P=1.5  

12.8 248.791298 236.431136  208.782162  
12.9 272.070729 253.470573  218.507593  
13 299.867491 272.011541  228.279256  

13.1 333.40532 291.938749  237.9207  
13.2 374.215811 312.981253  247.221902  
13.3 424.084893 334.661168  255.944863  
13.4 484.766036 356.250404  263.833837  
13.5 557.173848 376.759353  270.630404  
13.6 639.65168 394.980317  276.092553  
13.7 725.216594 409.609487  280.01483  
13.8 799.289775 419.441269  282.247663  
13.9 842.175927 423.598729  282.7132  
14 839.340213 421.72793  281.407782  

14.1 792.201008 414.068829  278.409715  
14.2 716.835926 401.397756  273.86376  
14.3 632.339526 384.846574  267.964957  
14.4 551.898184 365.674585  260.944299  
14.5 481.492999 345.077459  253.045105  
14.6 422.367225 324.058467  244.508307  
14.7 373.556718 303.37858  235.557736  
14.8 333.40091 283.559294  226.392386  

Robustness of the Sequential Test for the Scale Parameter of Nakagami Distribution
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14.9 300.232638 264.918963  217.180598  

15 272.620552 247.619408  208.059374  

15.1 249.413412 231.71082  199.13543  

15.2 229.711533 217.169974  190.488238  

Figure 2
 

:
 

Graph of ASN Function for Nakagami Distribution
 

 

VI.

 
Conclusions

 

The values of OC and ASN functions for the cases *λ λ< , 
*λ λ=

 
and *λ λ>   are 

plotted in and 
 

respectively. From the we observe that for *λ λ<             
( *λ λ> ), the OC curve shifts to the right side (left side) of the curve when *λ λ= . From  

the it is clear that SPRT is non-robust for * 0.5λ λ= ± as the deviation in OC 

function is significant. Again, from 
 

we observe that for *λ λ< ( *λ λ> ), the ASN 

curve shifts above (below) of the curve when *λ λ= . Both the curves are highly sensitive 
for the changes inλ . Thus we conclude that for the present model, the SPRT for testing 
the hypothesis regarding β , is highly non-robust for changes inλ .   

 

References  Références Referencias
 

1.
 

Barlow, R. E. and Proschan, E. (1967): Exponential Life Test Procedures When the 
Distribution under Test has Monotone Failure Rate. Journal of American Statistic 
Association. Vol. 62, No. 318, 548-560.

 

2.
 

Chaturvedi, A., kumar, A. and Kumar, S. (1998): Robustness of the Sequential 
Procedures for a Family of Life Testing Models. Metron. 56, 117-137.

 

3.
 

Chaturvedi, A., Kumar, A. and Kumar, S. (2000): Sequential Testing Procedures for 
a Class of Distributions Representing Various Life Testing Models. Statistical 
Papers. 41, 65-84.

 

4.
 

Chaturvedi, A., Tiwari, N. and Tomer, S. K. (2002): Robustness of the Sequential 
Testing Procedures for the Generalised Life Distributions. Brazillian Journal of 
Probability and Statistics. 16, 7-24.

 

5.
 

Epstein, B. and Sobel, M. (1955): Sequential Life Test in Exponential Case. Ann. 
Math. Statist.

 
26, 82-93.

 

6.
 

Harter, L. and Moore, A. H. (1976): An Evaluation Exponential and Weibull Test 
Plans. IEEE Transactions on Reliability. Vol.25, No. 2, 100-104.

 

0

200

400

600

800

1000

12 13 14 15 16

E (
N

)

β

ASN FUNCTION

P=0.5

P=1

P=1.5

Robustness of the Sequential Test for the Scale Parameter of Nakagami Distribution

© 2015    Global Journals Inc.  (US)

12

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

15
  

 
F

)

)

X
V
 I
ss
ue

  
  
  
  
er

sio
n 

I
V

V
III

Fig.1 Fig.2, Fig.1,

Fig.1,

Fig.2,

Notes



7. Johnson, N. L. (1966): Cumulative Sum Control Chart and the Weibull 
Distribution. Technometrics. 8, 481-491. 

8. Montagne, E. R. and Singpurwalla, N. D. (1985): Robustness of Sequential 
Exponential Life-Testing Procedures. Journal of American Statistic Association. Vol. 
80, No. 391, 715-719. 

9. Nakagami, M. (1960): The m-Distribution - A General Formula of Intensity 

Distribution of Rapid Fading. In W. C. Hoffman: Statistical Methods of Radio Wave 
Propagation. Oxford, England. 

10. Phatarfod, R. M. (1971): A Sequential Test for Gamma Distribution. Journal of 
American Statistic Association. 66, 876-878. 

11. Surinder, K. and Chandra, N. (2009): A Note on Sequential Testing of the   Mean of 
an Inverse Gaussian Distribution with known Coefficient of Variation. Journal of 
Indian Statistical Association. 47, 151-160. 

12. Wald, A. (1947): Sequential Analysis. John Wiley, New York. 
 

Robustness of the Sequential Test for the Scale Parameter of Nakagami Distribution

        

13

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V
 I
ss
ue

  
  
  
  
er

sio
n 

I
V

V
III

Y
ea

r
20

15

© 2015    Global Journals Inc.  (US)

  
 F
)

)

Notes



 
 

 
 

 

 
 
 
 
 
 
 
 
 
 

This page is intentionally left blank 

Robustness of the Sequential Test for the Scale Parameter of Nakagami Distribution

© 2015    Global Journals Inc.  (US)

14

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

15
  

 
F

)

)

X
V
 I
ss
ue

  
  
  
  
er

sio
n 

I
V

V
III



© 2015. Palwinder Singh, Sanjay K. Srivastava, Kanwalpreet Kaur. This is a research/review paper, distributed under the terms of 
the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), 
permitting all non commercial use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Global Journal of Science Frontier Research: F 
Mathematics and Decision Sciences 
Volume 15  Issue 8 Version 1.0  Year  2015 
Type : Double Blind Peer Reviewed International Research Journal 
Publisher: Global Journals Inc. (USA) 
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
 
Global Exponential Stability of Impulsive Functional 
Differential Equations with Effect of Delay at the Time of 
Impulses          

By Palwinder Singh, Sanjay K. Srivastava, Kanwalpreet Kaur 
Lyallpur Khalsa College, India    

Abstract- This paper studies the global exponential stability of impulsive functional differential 
system with the effect of delay at the time of impulses by using Lyapunov functions and 
Razumikhin technique. This result extends some results existing in the literature. The obtained 
result also shows that the derivative of  Lyapunov function may not be negative even then 
impulses can make the system globally exponentially stabilized.        

Keywords: impulsive delay differential systems, lyapunov function, razumikhin technique, global 
exponential stability.  

GJSFR-F Classification : MSC 2010: 35R50 
 
 GlobalExponentialStabilityofImpulsiveFunctionalDifferentialEquationswithEffectofDelayattheTimeofImpulses

 
 
 

 
 
 
 

Strictly as per the compliance and regulations of : 

 
 

 
 



 
 
 

Global Exponential Stability of Impulsive 
Functional Differential Equations with Effect 

of Delay at the Time of Impulses 
Palwinder Singh 

α, Sanjay K. Srivastava 
σ, Kanwalpreet Kaur 

ρ
 

Author

 

α:

 

Lyallpur Khalsa College, Jalandhar, Punjab, India.

 

e-mail: bolinapalwinder@gmail.com

 

Author

 

σ:

 

Beant College of Engineering and Technology, Gurdaspur, Punjab, India.

 

e-mail:

 

sks64_bcet@yahoo.co.in

 

,

 

Author

 

ρ:

 

CT Institute of Technology, Jalandhar, Punjab, India.

 

e-mail:

 

raftar.bal@gmail.com

 

 

This paper studies the global exponential stability of impulsive functional differential system with the effect of 
delay at the time of impulses by using Lyapunov functions and Razumikhin technique. This result extends some results 
existing in the literature. The obtained result also shows that the derivative of  Lyapunov function may not be negative 
even then impulses can make the system globally exponentially stabilized.

 

Keywords:  impulsive delay differential systems, lyapunov function, razumikhin technique, global

 

exponential 
stability.

  
I.

 

Introduction

 

The impulsive differential equations  represent  a framework for mathematical 
modeling of many real  life situations in the field of engineering, biology, chemistry, 
physics, control systems, population dynamics and many more  [1].  In last two decades 
the stability analysis of these have been extensively explored [4,5,7,15-19]. In [17] the 
criteria for global exponential stability for impulsive functional differential equations is 
obtained by using Lyapunov function and Razumikhin technique. Moreover, it has been 
shown that impulses may make the system  exponentially stable even if derivative of 
Lyapunov function is not negative. It is supposed that the state variables on impulses 
are related to present state variables but it is also possible that state variables on 
impulses are related to time delay. The aim of this paper is to get global exponential 
stability criteria for impulsive functional differential equation when state variables are 
dependent on both present and past state variables.

 

This paper organized as follows. In section II, some notations and definitions are 
given. We proved some criteria of global exponential stability for impulsive functional 
differential equations in section III, At last some concluding remarks are given in 
section IV.
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II. Preliminaries

Let Rn denotes the n-dimensional real space and N denotes the set of positive 

integers. For given constant  0>τ , the linear space [ ] ),0,( nRPC τ− with norm . defined 
by 
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Abstract-



  

 

 

 

)(sup
]0,[

r
r

ψψ
τ−∈

= .

 

Consider the differential system :

ψ

τ

=

=−+=∆

≠≥=
−−

0

,.....3,2,1)),(())(()(

,),,()(' 0

t

kkkkk

kt

x

ktxJtxItx

ttttxtftx

  (1)

 

   

 

Where 

                              
[ ]

[ ] );,0,(];,[,

;),0,(:

nnn
kk

nn

RPCRRCJI

RRPCRf

τψ

τ

−∈∈

→−×+

 

           
.......,.............0 210 <<<<<≤ ktttt     with   tk →∞

 

as k→∞

 

;  

        
nRtxtxtxtxtx ∈−=∆ −− )(),();()()(

 

Throughout in this paper, we assume that f, Ik, Jk, Nk ∈ satisfy all necessary 

conditions for the global existence and uniqueness of solutions for all 0tt ≥

 

[6]. For any 

)],0,([ nRPC τψ −∈ , there exists a unique solution of (1) denoted by ),,()( 0 ψttxtx = . We  

further assume that all solutions x(t) of (1) are continuous except at  Nktt k ∈= , ,at

 

which x(t) is right continuous  i.e. Nktxtx kk ∈=+ ),()(

 

and left limit i.e. )( −
ktx

 

exists. 

 

Definition 1:

 

The function V  : R+

 

×

 

𝑅𝑅𝑛𝑛

 

→  R+

 

is said to belong to the class 𝜈𝜈0

 

if the 

following conditions hold:

 

1)

 

V is continuous in each of the sets 

 

[𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘)

 

×

 

𝑅𝑅𝑛𝑛 ,and for each x

 

∈ 𝑅𝑅𝑛𝑛 ,t 

 

[𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘)

 

k  N, 

 

𝑙𝑙𝑙𝑙𝑙𝑙(𝑡𝑡 ,𝑤𝑤)→(𝑡𝑡𝑘𝑘
−,𝑥𝑥)V (t, w) = V (𝑡𝑡𝑘𝑘−

 

, x) exists.

 

2) V (t, x) is locally Lipschitzian in all x

 

∈ 𝑅𝑅𝑛𝑛 , and for all t ≥

 

𝑡𝑡0, V (t, 0) ≡

 

0. 

Definition 2: Given a function V : R+

 

×

 

𝑅𝑅𝑛𝑛

 

→ R+, the upper right-hand derivative of V 
with respect to system (1) is defined by

 

))]0(,()),()0(,([1suplim))0(,(
0

ϕψδϕδ
δ

ϕ
δ

tVtftVtVD −++=
+→

+

 

 for  [ ] ),,0,(),( nRPCRt τψ −×∈ + .  

Definition 3: The trivial solution of the system (1) is said to be globally exponentially 

stable if there exist some constants a >0 and M ≥1such that for any initial data ψ=
0t

x

 

0
)(

0 ,),,( 0 tteMttx tta ≥≤ −−ψψ

 

, where [ ] ),,0,(),( 0
nRPCRt τψ −×∈ + .  
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III. Main Results

Now in this section, we shall establish criteria for global exponential stability of 
impulsive functional differential equation in which state variables on impulses are 
related to time delay. We have the followings results.
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Theorem 1:

 

Assume that there exist a function V

 

∈ ν0

 

and some constants 0,,, 21 >bbbp
and bl >> λτ ,

 

such that

 

(i)

 

𝑏𝑏1‖𝑥𝑥‖𝑝𝑝 ≤ 𝑉𝑉(𝑡𝑡, 𝑥𝑥) ≤ 𝑏𝑏2‖𝑥𝑥‖𝑝𝑝 , for any +∈Rt and x

 

∈

 

𝑅𝑅𝑛𝑛

 

(ii)

 

𝐷𝐷+𝑉𝑉(𝑡𝑡, )0(ϕ ) ≤ 𝑏𝑏𝑉𝑉(𝑡𝑡, )0(ϕ ), for all t ∈

 

[𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘)

 

k ∈N 

 

 

Whenever  ))(,())0(,( rrtVthV ϕϕ +≥   for r

 

∈ [−𝜏𝜏, 0], where λleh 2≥

 

is a constant 

 

(iii)

 

for all )];0,([ nRPC τϕ −∈

  



 ++≤++ −

−∈

− ))(,(sup))0(,())(())0(()0(,(
]0,[

rrtVtVzrJItV k
r

kkkkk ϕϕϕϕϕ
τ

,

 

where     Nkzk ∈> ,0

are constants.

 

(iv)

 

ltt kk ≤−≤ −1τ  and λτ

λλ

e
eez

kk ttl

k +
<

−−− +

1
. )( 1

  

     Then the trivial solution of (1) is globally exponentially stable.

 

Proof :- Choose 1≥M such that

 

                          

pttplbttpp hbeMeeMb ψψψψ λλ
2

)()(
2

0101 ≤<< −−−−−                    (2) 

Let ),,()( 0 ψttxtx = be any solution of (1) with ψ=
0t

x and v(t) =V(t, x). We shall 

now show that 

 
                            

[ ) NkttteMtv kk
ttp

k ∈∈≤ −
−− ,,,)( 1

)( 0λψ                            (3)

 

We shall prove this by induction, so firstly we shall show that result is true for k 
= 1 i.e.

 
                                       

[ )10
)( ,,)( 01 ttteMtv ttp ∈≤ −−λψ      

 

             (4) 

From condition (i) and (2) for [ ]00 ,ttt τ−∈

 
lbttppp eeMbxbtv −−−<≤≤ )(

22
01)( λψψ

 
If (4) is not true,

 

then there exist some ( )10 ,ttt ∈
∧

 

such that 

 
  

(5) 

 
 where [ ]0,τ−∈r

 Which implies that there exist  





∈

^

0

#
,ttt such that 

 

)()( 02
)()( 0101 rtvbeeMeMtv plbttpttp +≥>>> −−−−−

∧

ψψψ λλ
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01)( ttp eMtv −−= λψ  and 
#

0
)( ,)( 01 ttteMtv ttp ≤≤−≤ −− τψ λ      (6) 

Notes



                     

 Then there exist  





∈

#

0

##
,ttt such that

 
                                       

pbtv ψ2

##
)( =  and 

###

2 ,)( tttbtv p ≤≤≥ ψ             (7) 

Then for any t 



∈

###
,tt , we got

 
  (8) 

 

And therefore from condition (ii),

 

we get 

 𝐷𝐷+𝑣𝑣(𝑡𝑡) ≤ 𝑏𝑏𝑣𝑣(𝑡𝑡), for  t 



∈

###
,tt and then we have lbetvtv −≥ )()(

###

 

i.e. 

 lbttpp eeMb −−−≥ )(
2

01λψψ

 

which contradicts (2) .Hence (4) holds that means result (3) 

is true for k=1

 
Now assume that result (3) holds for k =1,2,3,4….m

                                   i.e. [ ) mkttteMtv kk
ttp

k ,........3,2,1,,,)( 1
)( 0 =∈≤ −

−−λψ

  

(9)

 
from condition (iii) and (9) ,we get 

 
 
 
 
 
 
 
 
 
 
     

   

  

    (10) 

next we shall show that (3) holds for k = m+1  

                           
i.e.

 [ )1
)( ,,)( 01

+
−− ∈≤ +

mm
ttp ttteMtv mλψ                             (11)  

suppose that (11) is not true then we can define })(];,[inf{ ),(
1

01 ttp
mm

meMtvtttt +−
+

− >∈= λψ

from (11) we know that mtt ≠−
. By the continuity of v(t) in [ )1, +mm tt ,we have  

                      
)( 01)( ttp

meMtv −−−
+= λψ  and  ],[,)( )( 01

−
−− ∈≤ + ttteMtv m

ttp
mλψ             (12)  

From (10) we have since )()( )( 01
−

−−− << + tveMetv ttpl
m

mλλ ψ   which implies that 
there exist some  

)()( 2
)( 01 thvhbeMrtv pttp ≤≤≤+ −− ψψ λ

[ ]

)(

)(

)()(

)(

)(

)()(

]0,[

01

01

01

0

0

00

)1(

)1(

))(,(sup))0(,()(

ttp

ttpl

ttpttl
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r

mmm

m
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m

m

mm
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−−

−−−

−+−−−

−

−∈

−

+

+

+

<

<
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+≤
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λ
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τ

ψ
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





∈

−

ttt m ,
*

such that  

                         

)(
*

01)( ttpl meMetv −−− += λλ ψ   and ],[),()()(
** −−

∈≤≤ ttttvtvtv   
 

            (13)
 

Since ltt kk ≤−≤ −1τ  therefore ],[ 1

−

−∈+ ttrt m  for ]0,[],,[
*

τ−∈∈
−

rttt
 
.By (9), (12) 

and (13), we get for ],[
* −

∈ ttt
 

)(
)(

)(

*
2

)(

)()(

)(

01

101

0

thv
tve

eMe

eeM

eMrtv

l

ttpl

ttttp

ttp

m

mmm

m

≤
=

≤

=

≤+

−−

−−−

−−

+

++

λ

λ
λ

λλ

λ

ψ

ψ

ψ

 

Then from condition (ii), we get   𝐷𝐷+𝑣𝑣(𝑡𝑡) ≤ 𝑏𝑏𝑣𝑣(𝑡𝑡), since b>λ
 
from (13) we have 

 

)()()( )(*
01

−
−−−

−
<=≤ + tveeMeetvtv lbttpllb mλλ ψ

 
Which is contradiction

 Thus (3) also hold for k = m+1
 Hence by principle of mathematical induction (3) holds and we have

 

[ )kk
ttp ttteMtv ,,)( 1

)( 0
−

−− ∈≤ λψ  

Then by condition (i)  

)(
*

)(
1

1

)(
1

)(
1

0

0

0

0)(

tt
p

tt
p

p

ttpp

ttpp

eMx

e
b
Mx

eMxb

eMtvxb

−−

−−

−−

−−

≤⇒









≤⇒

≤⇒

≤≤

λ

λ

λ

λ

ψ

ψ

ψ

ψ

 

Where },1max{

1

1

*
p

b
MM 








≥  

Therefore the trivial solution of system (1) is globally exponentially stable with 

rate of convergence 
p
λ  

Remark 1: If we want to remove the restriction b>λ  in above theorem then we need to 
modify conditions (ii) and (iv) as follows: 
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Theorem  2: Assume that there exist a function V  ∈ ν0  and some constants 0,,, 21 >bbbp
and τ>l  such that  

(i)   𝑏𝑏1‖𝑥𝑥‖𝑝𝑝 ≤ 𝑉𝑉(𝑡𝑡, 𝑥𝑥) ≤ 𝑏𝑏2‖𝑥𝑥‖𝑝𝑝 , for any +∈Rt and x  ∈  𝑅𝑅𝑛𝑛  

(ii)   𝐷𝐷+𝑉𝑉(𝑡𝑡, )0(ϕ ) ≤ 𝑏𝑏𝑉𝑉(𝑡𝑡, )0(ϕ ), for all t  ∈  [𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘)  k ∈ N  

Whenever  ))(,())0(,( rrtVthV ϕϕ +≥   for r  ∈ [−𝜏𝜏, 0], where },max{ 2 lbl eeh λ≥  is a 

constant  

(iii) for all )];0,([ nRPC τϕ −∈   

            



 ++≤++ −

−∈

− ))(,(sup))0(,())(())0(()0(,(
]0,[

rrtVtVzrJItV k
r

kkkkk ϕϕϕϕϕ
τ

, where   

            Nkzk ∈> ,0 are constants .  

 (iv) ltt kk ≤−≤ −1τ  and λτ

λλ

e
eez

kk ttlb

k +
<

−−+− +

1
. )()( 1

  

Then the trivial solution of (1) is globally exponentially stable.  

Proof:- The  proof of this theorem is omitted as it is almost same as that of Theorem 1  

Remark 2:-  As we know that the derivative of the  Lyapunov function should be 
negative for a delay differential system to be stable but in these theorems derivative 
may be positive which does not ensure the stability of the differential system . So it is 
clear that the impulses can contribute to make a system exponentially stable.  

IV.  Conclusion  

In this paper, global exponential stability criteria for impulsive functional 
differential system have been extended to a system in which state variables on impulses 
are related to time delay. These results widen the scope of stability theory and are more 
general as compared to some existing results.  
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fi, j= 1, n U Kα1, .....αn ,β1.....βn

Kα1 , .....αn ,β1 .....βn

Let A be the class of functions f of the form

f(z) = z +
∞∑

k=2

akz
k

which are analytic in the open disk U = {z ∈ C : |z| < 1} with f(0) = f
′
(0)− 1 = 0. Let S

denote the subclass of A consisting of the functions f ∈ A , which are univalent in U .We
denote by P the class of functions p which are analytic in U , p(0) = 1 and Rep(z) > 0 , for
all z ∈ U . In this work, we introduce a new integral operator, which is given by

Kα1 , .....αn ,β1 .....βn(z) =

∫ z

0

n∏
j=1

(
Dmfi(u)

u

)αj [
(Dnfj(u))

′
]βj

du (1)

for αj, βj be complex numbers, fi ∈ A, f
′
j ∈ P, j = 1, n.

For m = 1 βj = 0 j = 1, n we obtain the integral operator, which is de�ned in [4].

For m = 1 αj = 0 j = 1, n we have the integral operator, which is de�ned in [5].

II. Preliminary Results

In order to prove our main results we will need the following lemmas .
[1] If the function f is analytic in U and

(1− |z|)2

∣∣∣∣zf ′′
(z)

f ′(z)
− 1

∣∣∣∣ ≤ 1 (2)

Lemma 2.1
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for all z ∈ U , then the function f is univalent in U .
[3] Let γ be a complex number Reγ > 0 and f ∈ A . If

1− |z|2Re γ

Re γ

∣∣∣∣zf ′′
(z)

f ′(z)

∣∣∣∣ ≤ 1 (3)

for all z ∈ U , then for any complex number δ, Re δ ≥ Re γ , the function

fδ(z) =

[
δ

∫ z

0

uδ−1f
′
(u)du

]1/δ

(4)

is regular and univalent in U .

(Schwarz [2]) Let f be the function regular in the disk UR = {z ∈ C : |z| < R}
with |f(z)| < M,M �xed .

If f has in z = 0 one zero multiply ≥ m then

|f(z)| ≤ M

Rm
|z|m (z ∈ UR) (5)

the equality (in the inequality (5)z 6= 0) can hold only if .

f(z) = eiθ M
Rm zm

where θ is constant.

Let αj, βj be the complex numbers Mj, Lj positive real numbers, j = 1, n

and the functions

fj ∈ A, f
′
j ∈ P, fj(z) = z + a2jz

2 + a3jz
3 + ....j = 1, n if .∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ ≤ Mj (j = 1, n : z ∈ U) (6)
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Lemma 2.2 

Lemma 2.3 

III. Main Results

∣∣∣∣z [Dnfj(z)]
′′

[Dnfj(z)]′

∣∣∣∣ ≤ Lj (j = 1, n : z ∈ U) (7)

and
n∑

j=1

[|αj|Mj + |βj|Lj] ≤
3
√

3

2
(8)

Then the integral operator Kα1 , .....αn ,β1 .....βn de�ned by (1) is in the class S .
The function Kα1 , .....αn ,β1 .....βn(z) is regular in U and

Kα1 , .....αn ,β1 .....βn(0) = K
′
α1

, .....αn ,β1 .....βn(0)− 1 = 0

Theorem 3.1 : 

Proof : 

2.
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we have

zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)
=

n∑
j=1

[
αj

(
Dm+1fj(z)

Dmfj(z)
− 1

)]
+

n∑
j=1

[
βjz

[Dnfj(z)]
′′

[Dnfj(z)]′

]
(9)

and hence we get

(1−|z|2)

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣ ≤ (1−|z|2)
n∑

j=1

[
|αj|

∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ + |βj|
∣∣∣∣z [Dnfj(z)]

′′

[Dnfj(z)]′

∣∣∣∣]
(10)

for all z ∈ U.

By (6), (7) and Lemma 2.3, we obtain

∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ ≤ Mj |z| (j = 1, n : z ∈ U) (11)

∣∣∣∣z [Dnfj(z)]
′′

[Dnfj(z)]′

∣∣∣∣ ≤ Lj |z| (j = 1, n : z ∈ U) (12)

and from (10) we have

(1− |z|2)

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣ ≤ (1− |z|2) |z|

{
n∑

j=1

[|αj|Mj + |βj|Lj]

}
(13)

for all z ∈ U .

Since

max|z|<1[(1− |z|2) |z|] =
2

3
√

3

from (8) and (13) we get

(1− |z|2)

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣ ≤ 1, (z ∈ U)

and by Lemma 2.1, it results that the integral operator Kα1 , .....αn ,β1 .....βn is in the class S.

Let αj, βj, γ be the complex numbers j = 1, n , 0 < Re γ ≤ 1 and the
functions

fj ∈ A, f
′
j ∈ P, fj(z) = z + a2jz

2 + a3jz
3 + ....j = 1, n

  if ∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ ≤ (2Re γ + 1)
2Re γ+1
2Re γ

2
(j = 1, n : z ∈ U) (14)

Theorem 3.2 : 

Notes

  The Univalence of a Generalized Integral Operator
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∣∣∣∣z [Dnfj(z)]
′′

[Dnfj(z)]′

∣∣∣∣ ≤ (2Re γ + 1)
2Re γ+1
2Re γ

2
(j = 1, n : z ∈ U) (15)

and
n∑

j=1

[|αj|+ |βj|] ≤ 1 (16)

then the integral operatorKα1 , .....αn ,β1 .....βn de�ned by (1) belong to the class S .

From (9) we obtain

zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)
=

n∑
j=1

[
αj

(
zDm+1fj(z)

Dmfj(z)
− 1

)]
+

n∑
j=1

[
βj

z[Dnfj(z)]
′′

[Dnfj(z)]′

]
and hence we get

1− |z|2Reγ

Re γ

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣≤1− |z|2Reγ

Re γ

n∑
j=1

[
|αj|

∣∣∣∣zDm+1fj(z)

Dmfj(z)
−1

∣∣∣∣+|βj|
∣∣∣∣z [Dnfj(z)]

′′

[Dnfj(z)]′

∣∣∣∣]
(17)

for all z ∈ U by (14), (15) and Lemma 2.3 we have

∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ ≤ (2Re γ + 1)
2Reγ+1
2Re γ

2
|z| (j = 1, n : z ∈ U) (18)

∣∣∣∣z [Dnfj(z)]
′′

[Dnfj(z)]′

∣∣∣∣ ≤ (2Re γ + 1)
2Reγ+1
2Re γ

2
|z| (j = 1, n : z ∈ U) (19)

and hence by (17) we get

1− |z|2Reγ

Re γ

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣ ≤ 1− |z|2Reγ

Re γ
|z| (2Re γ + 1)

2Reγ+1
2Re γ

2

n∑
j=1

[|αj|+|βj|] (20)

for all z ∈ U .

max|z|≤1

[
1− |z|2Reγ

Re γ
|z|

]
=

2

(2Re γ + 1)
2Reγ+1
2Re γ

From (16) and (20) we obtain that

1− |z|2Reγ

Re γ

∣∣∣∣∣zK
′′
α1

, .....αn ,β1 .....βn(z)

K ′
α1

, .....αn ,β1 .....βn(z)

∣∣∣∣∣ ≤ 1 (21)

Proof : 

Notes
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for all z ∈ U and by Lemma 2.2 for δ = 1 and f = Kα1 , .....αn ,β1 .....βn it results that the
integral operator Kα1 , .....αn ,β1 .....βn de�ned by (1) belongs to the class S .

Let αj be the complex numbers Mj positive real numbers, j = 1, n and
the functions

fj ∈ A, f
′
j ∈ P, fj(z) = z + a2jz

2 + a3jz
3 + ....j = 1, n if .

∣∣∣∣zDm+1fj(z)

Dmfj(z)
− 1

∣∣∣∣ ≤ Mj (j = 1, n : z ∈ U) (22)

and

n∑
j=1

[|αj|Mj] ≤
3
√

3

2
(23)

then the function

Gα1 , .....αn(z) =

∫ z

0

n∏
j=1

(
Dmfi(u)

u

)αj

du

is in the class S.

Let βj be the complex numbers Lj positive real numbers, j = 1, n and the
functions

fj ∈ A, f
′
j ∈ P, fj(z) = z + a2jz

2 + a3jz
3 + ....j = 1, n

and ∣∣∣∣z [Dnfj(z)]
′′

[Dnfj(z)]′

∣∣∣∣ ≤ Lj (j = 1, n : z ∈ U) (24)

and
n∑

j=1

[|βj|Lj] ≤
3
√

3

2
(25)

then the function

Hβ1 , .....βn(z) =

∫ z

0

n∏
j=1

[
(Dnfi(u))

′
]βj

du

belongs to the class S.

IV. Corollaries

Corollary 4.1 : 

Corollary 4.2 : 

Notes
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I.

 

Introduction

 

and

 

Results Required

 

Special functions and their applications are now incredible in their scope, variety 
and depth. Not only

 

in their expedicious growth in pure Mathematics and its 
applications to the traditional fields of Physics,

 

Engineering and Statistics but in new 
fields of applications like Behavioral Science, Optimization, Biology,

 

Environmental 
Science and Economics, etc. they are emerging. Summation formulae for hypergeometric

 

function has an important role in applied mathematics.

 

Prudnikov et al. [2; p.414] derived the following seven summation formulae

 

                                                                                                              (1)

 

                                                                                                              

(2)
 

                                                                                                              

(3) 

                                                                                                               

(4)

 

                                                                                                                  

(5)
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 F
)

)

2F1

[

a, − a ;
c ;

1

2

]

=

√
π Γ(c)

2c

[ 1

Γ( c+a+1

2
) Γ( c−a

2
)

+
1

Γ( c+a
2

) Γ( c−a+1

2
)

]

2F1

[

a, 1 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−1

[ 1

Γ( c+a
2

) Γ( c−a+1

2
)

]

2F1

[

a, 2 − a ;
c ;

1

2

]

=

√
π Γ(c)

(a − 1) 2c−2

[ 1

Γ( c+a−2

2
) Γ( c−a+1

2
)
− 1

Γ( c+a−1

2
) Γ( c−a

2
)

]

2F1

[

a, 3 − a ;
c ;

1

2

]

=

√
π Γ(c)

(a − 1)(a − 2) 2c−3

[ (c − 2)

Γ( c+a−2

2
) Γ( c−a+1

2
)
− 2

Γ( c+a−3

2
) Γ( c−a

2
)

]

2F1

[

a, 4 − a ;
c ;

1

2

]

=

√
π Γ(c)

(1 − a)(2 − a)(3 − a) 2c−4

[ (a − 2c + 3)

Γ( c+a−4

2
) Γ( c−a+1

2
)

+
(a + 2c − 7)

Γ( c+a−3

2
) Γ( c−a

2
)

]

Notes



  
 

        

                                                                                                                                               

(7) 

The contiguous relation is defined as Abramowitz et al. [1; p. 558]

 

                                                                                                                
(8)

 

Salahuddin et al. [3 ; 4] derived the following eleven summation formulae

 

 (9) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(10) 

 
 
 
 
 

(11) 
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(6)

2F1

[

a, 5 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−5{
4
∏

γ=1

(γ − a)}
×

×
[{2(c − 2)(c − 4) − (a − 1)(a − 4)}

Γ( c−a+1

2
) Γ( c+a−4

2
)

+
(12 − 4c)

Γ( c−a
2

) Γ( c+a−5

2
)

]

2F1

[

a, 6 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−6{
5
∏

δ=1

(δ − a)}
×

×
[(4c2 + 2ac − a2 − a − 34c + 62)

Γ( c−a
2

) Γ( c+a−5

2
)

− (4c2 − 2ac − a2 + 13a − 22c + 20)

Γ( c−a+1

2
) Γ( c+a−6

2
)

]

b 2F1

[

a, b + 1 ;
c ;

z

]

= (b − c + 1) 2F1

[

a, b ;
c ;

z

]

+ (c − 1) 2F1

[

a, b ;
c − 1 ;

z

]

2F1

[

a, 7 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−7{
6
∏

ς=1

(ς − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−6

2
)
(−3a2c + 12a2 + 21ac− 84a + 4c3 − 48c2 + 158c − 120)+

+
1

Γ( c−a
2

) Γ( c+a−7

2
)
(2a2 − 14a− 8c2 + 64c − 108)

]

2F1

[

a, 8 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−8{
7
∏

ξ=1

(ξ − a)}
×

×
[ 1

Γ( c−a
2

) Γ( c+a−7

2
)
(−a3 − 4a2c + 30a2 + 4ac2 − 4ac − 107a + 8c3 − 124c2 + 576c − 762)+

+
1

Γ( c−a+1

2
) Γ( c+a−8

2
)
(−a3 + 4a2c − 6a2 + 4ac2 − 68ac + 181a− 8c3 + 92c2 − 288c + 210)

]

2F1

[

a, 9 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−9{
8
∏

$=1

($ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−8

2
)
(a4 − 18a3 − 8a2c2 + 80a2c − 85a2 + 72ac2 − 720ac + 1494a + 8c4−

−160c3 + 1056c2 − 2560c + 1680) +
1

Γ( c−a
2

) Γ( c+a−9

2
)
×

×(8a2c − 40a2 − 72ac + 360a− 16c3 + 240c2 − 1072c + 1360)
]
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 (13) 

 
 
 
 
 

(14) 
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 F
)

)

  

 (12) 

2F1

[

a, 10 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−10{
9
∏

υ=1

(υ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−10

2
)
(−a4 − 4a3c + 42a3 + 12a2c2 − 72a2c − 107a2 + 8ac3 − 252ac2+

+1772ac− 3054a− 16c4 + 312c3 − 2000c2 + 4704c − 3024)+

+
1

Γ( c−a
2

) Γ( c+a−9

2
)
(a4 − 4a3c + 2a3 − 12a2c2 + 192a2c−

−553a2 + 8ac3 − 12ac2 − 868ac + 3406a + 16c4 − 392c3 + 3320c2 − 11224c + 12264)
]

2F1

[

a, 11 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−11{
10
∏

ϕ=1

(ϕ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−10

2
)
(5a4c − 30a4 − 110a3c + 660a3 − 20a2c3 + 360a2c2 − 1305a2c−

−810a2 + 220ac3 − 3960ac2 + 21010ac− 31020a + 16c5 − 480c4+

5240c3 − 25200c2 + 50544c− 30240) +
1

Γ( c−a
2

) Γ( c+a−11

2
)
×

×(−2a4 + 44a3 + 24a2c2 − 288a2c + 530a2 − 264ac2 + 3168ac − 8492a− 32c4+

768c3 − 6352c2 + 20928c− 22320)
]

2F1

[

a, 12 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−12{
11
∏

χ=1

(χ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−12

2
)
(a5 − 6a4c + 9a4 − 12a3c2 + 300a3c − 1103a3+

+32a2c3 − 408a2c2 + 46a2c + 6351a2 + 16ac4 − 800ac3 + 10364ac2 − 46852ac+

+62182a− 32c5 + 944c4 − 10112c3 + 47656c2 − 93776c + 55440)+

+
1

Γ( c−a
2

) Γ( c+a−11

2
)
(a5 + 6a4c − 69a4 − 12a3c2 + 12a3c + 769a3 − 32a2c3 + 840a2c2−

−5662a2c + 8301a2 + 16ac4 − 32ac3 − 4612ac2 + 42380ac− 96002a+

+32c5 − 1136c4 + 15104c3 − 92536c2 + 255392c− 245640)
]

2F1

[

a, 13− a ;
c ;

1

2

]

=

√
π Γ(c)

2c−13{
12
∏

β=1

(β − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−12

2
)
(−a6 + 39a5 + 18a4c2 − 252a4c + 275a4 − 468a3c2 + 6552a3c

−18135a3 − 48a2c4 + 1344a2c3 − 9834a2c2 + 5964a2c + 74246a2 + 624ac4 − 17472ac3+

Notes
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(15) 

(17) 

+167388ac2 − 631176ac + 752856a + 32c6 − 1344c5+

+21824c4 − 172032c3 + 674384c2 − 1187424c + 665280)+

+
1

Γ( c−a
2

) Γ( c+a−13

2
)
(−12a4c + 84a4 + 312a3c − 2184a3 + 64a2c3 − 1344a2c2+

+6620a2c − 2436a2 − 832ac3 + 17472ac2 − 112424ac + 216216a− 64c5+

+2240c4 − 29312c3 + 176512c2 − 478752c + 453600)
]

(16) 

2F1

[

a, 14 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−14{
13
∏

γ=1

(γ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−14

2
)
(a6 + 6a5c − 87a5 − 24a4c2 + 150a4c + 925a4 − 32a3c3 + 1392a3c2−

−12706a3c + 24615a3 + 80a2c4 − 1728a2c3 + 5368a2c2 + 58986a2c − 242486a2 + 32ac5−

−2320ac4 + 47328ac3 − 391568ac2 + 1344076ac− 1496568a− 64c6 + 2656c5 − 42560c4+

+330752c3 − 1278144c2 + 2222160c− 1235520) +
1

Γ( c−a
2

) Γ( c+a−13

2
)
(−a6 + 6a5c−

−3a5 + 24a4c2 − 570a4c + 2225a4 − 32a3c3 + 48a3c2 + 7454a3c − 39225a3 − 80a2c4+

+3072a2c3 − 35608a2c2 + 133626a2c − 68104a2+

+32ac5 − 80ac4 − 19872ac3 + 313808ac2 − 1676564ac+

+2856228a + 64c6 − 3104c5 + 59360c4 − 566848c3 + 2810304c2 − 6724560c + 5897520)
]

2F1

[

a, 15 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−15{
14
∏

ε=1

(ε − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−14

2
)
(−7a6c + 56a6 + 315a5c − 2520a5 + 56a4c3 − 1344a4c2 + 5103a4c+

+16520a4 − 1680a3c3 + 40320a3c2 − 271215a3c + 449400a3 − 112a2c5 + 4480a2c4 − 54040a2c3+

+150080a2c2 + 845824a2c − 3383296a2 + 1680ac5 − 67200ac4 + 999600ac3 − 6787200ac2+

+20482140ac− 21070560a + 64c7 − 3584c6 + 80864c5−

−940800c4 + 5987520c3 − 20296192c2 + 32464368c− 17297280)+

+
1

Γ( c−a
2

) Γ( c+a−15

2
)
(2a6 − 90a5 − 48a4c2 + 768a4c−

−1474a4 + 1440a3c2 − 23040a3c + 77970a3 + 160a2c4 − 5120a2c3 + 46640a2c2−

−90880a2c − 226192a2 − 2400ac4 + 76800ac3 − 861600ac2 + 3955200ac− 6138120a− 128c6+

+6144c5 − 116160c4 + 1095680c3 − 5363584c2 + 12679168c− 11009376)
]

Notes
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 F
)

)

  

2F1

[

a, 16− a ;
c ;

1

2

]

=

√
π Γ(c)

2c−16{
15
∏

ζ=1

(ζ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−16

2
)
(−a7 + 8a6c − 12a6 + 24a5c2 − 792a5c + 3710a5 − 80a4c3 + 1080a4c2+

+6280a4c − 66600a4 − 80a3c4 + 5280a3c3 − 85480a3c2 + 435480a3c − 458929a3 + 192a2c5−

6240a2c4 + 45200a2c3 + 271560a2c2 − 3746640a2c + 8942052a2 + 64ac6 − 6336ac5+

+186000ac4 − 2408160ac3 + 15005072ac2 − 42553152ac + 41722740a− 128c7 + 7104c6−

−158720c5 + 1827360c4 − 11505152c3 + 38596416c2 − 61194240c + 32432400)+

 (18) 

(19) 

+
1

Γ( c−a
2

) Γ( c+a−15

2
)
(−a7 − 8a6c + 124a6 + 24a5c2 − 24a5c − 2818a5+

+80a4c3 − 3000a4c2 + 26360a4c − 40760a4 − 80a3c4 + 160a3c3 + 45080a3c2 − 534760a3c+

+1499471a3 − 192a2c5 + 10080a2c4 − 175760a2c3 + 1189560a2c2 − 2226480a2c−

−2760884a2 + 64ac6 − 192ac5 − 75120ac4 + 1782560ac3−

−16394608ac2 + 65703616ac− 93008652a + 128c7 − 8128c6+

+210944c5 − 2878240c4 + 22080512c3 − 94015552c2 + 202146816c− 165145680)
]

2F1

[

a, 17− a ;
c ;

1

2

]

=

√
π Γ(c)

2c−17{
16
∏

ϑ=1

(ϑ− a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−16

2
)
(a8 − 68a7 − 32a6c2 + 576a6c − 638a6+

+1632a5c2 − 29376a5c + 101320a5 + 160a4c4 − 5760a4c3 + 44640a4c2 + 129600a4c − 1341071a4−

−5440a3c4 + 195840a3c3 − 2303840a3c2 + 9743040a3c − 9832052a3 − 256a2c6+

+13824a2c5 − 246560a2c4 + 1411200a2c3 + 4297408a2c2 − 64103040a2c+

+143207628a2 + 4352ac6 − 235008ac5 + 4977600ac4 − 52289280ac3+

+282566656ac2 − 727036416ac + 670152240a + 128c8 − 9216c7 + 275456c6 − 4423680c5+

+41249792c4 − 224907264c3 + 683065344c2 − 1014128640c + 518918400+

+
1

Γ( c−a
2

) Γ( c+a−17

2
)
(16a6c − 144a6 − 816a5c+

+7344a5 − 160a4c3 + 4320a4c2 − 22480a4c − 30960a4 + 5440a3c3−

−146880a3c2 + 1157360a3c − 2484720a3 + 384a2c5 − 17280a2c4 + 247840a2c3−

−1092960a2c2 − 1901760a2c + 15669504a2 − 6528ac5 + 293760ac4 − 4999360ac3+

+39804480ac2 − 146267456ac + 194890176a− 256c7 + 16128c6 − 414976c5+

+5610240c4 − 42628864c3 + 179788032c2 − 383195904c + 310867200)
]

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

II. Main Summation Formulae

(20) 

2F1

[

a, 18 − a ;
c ;

1

2

]

=

√
π Γ(c)

2c−18{
17
∏

η=1

(η − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−18

2
)
(−a8 − 8a7c + 148a7 + 40a6c2 − 256a6c − 3362a6 + 80a5c3 − 4440a5c2+

+49664a5c − 103400a5 − 240a4c4 + 5520a4c3 + 18760a4c2 − 849520a4c + 3240271a4 − 192a3c5+

+17760a3c4 − 440560a3c3 + 4091160a3c2 − 12923320a3c + 3622852a3 + 448a2c6 − 20352a2c5+

+253360a2c4+576240a2c3−31091248a2c2+192701168a2c−344444908a2+128ac7−16576ac6+660032ac5−

−12228640ac4 + 118499872ac3 − 604789504ac2 + 1488844864ac− 1324543920a− 256c8 + 18304c7−

−542976c6 + 8650240c5 − 79993344c4 + 432549376c3 − 1303568384c2 + 1923025920c− 980179200)+

+
1

Γ( c−a
2

) Γ( c+a−17

2
)
(a8 − 8a7c + 4a7 − 40a6c2 + 1264a6c − 6214a6 + 80a5c3 − 120a5c2−

−32416a5c + 213904a5 + 240a4c4 − 12720a4c3 + 186440a4c2 − 743120a4c − 456391a4−

−192a3c5 + 480a3c4 + 216080a3c3 − 4278120a3c2 + 27569480a3c − 52277444a3 − 448a2c6+

+30720a2c5 − 745840a2c4 + 7817520a2c3 − 30345632a2c2 − 19224224a2c + 253516684a2+

+128ac7 − 448ac6 − 259264ac5 + 8556320ac4 − 118218848ac3 + 813195488ac2−

−2692403360ac + 3335839536a + 256c8 − 20608c7 + 696192c6 − 12817024c5+

+139638144c4 − 913535872c3 + 3463541888c2 − 6848013696c+ 5284782720)
]

2F1

[

a, 19− a ;
c ;

1

2

]

=

√
π Γ(c)

2c−19{
18
∏

λ=1

(λ − a)}
×

×
[ 1

Γ( c−a+1

2
) Γ( c+a−18

2
)
(9a8c − 90a8 − 684a7c + 6840a7 − 120a6c3 + 3600a6c2 − 14046a6c − 99540a6+

+6840a5c3 − 205200a5c2 + 1664856a5c − 2968560a5 + 432a4c5 − 21600a4c4 + 277080a4c3+

+327600a4c2 − 20793831a4c + 70898310a4 − 16416a3c5 + 820800a3c4 − 14644440a3c3+

+111013200a3c2 − 315518940a3c + 131909400a3 − 576a2c7 + 40320a2c6 − 992880a2c5 + 9324000a2c4+

+4429536a2c3 − 636886080a2c2 + 3695816316a2c − 6211091160a2 + 10944ac7−

−766080ac6 + 21827808ac5 − 325310400ac4 + 2707726176ac3 − 12394025280ac2+

+28254838896ac− 23908836960a + 256c9 − 23040c8 + 880512c7 − 18627840c6 + 238347264c5−

−1891123200c4 + 9158978048c3 − 25507261440c2 + 35661692160c− 17643225600)+

+
1

Γ( c−a
2

) Γ( c+a−19

2
)
(−2a8 + 152a7 + 80a6c2 − 1600a6c + 3148a6−

Notes
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III. Derivation of the Main Formulae

Involving the contiguous relation (8) and the formula of Salahuddin et al. (19), 
one can established the result(20) and on the same way result(21) can be established.

References  Références Referencias

1. Abramowitz, Milton., A and Stegun, Irene ; Handbook of Mathematical Functions 
with Formulas, Graphs , and Mathematical Tables. National Bureau of Standards, 
1970. 

2. Prudnikov, A.P., Brychkov, Yu. A. and Marichev, O.I.; Integral and Series Vol 3: 
More Special Functions, Nauka, Moscow, 2003. 

3. Salahuddin, Khola, R. K.;New hypergeometric summation formulae arising from the 
summation formulae of Prudnikov, South Asian Journal of Mathematics,
4(2014),192-196. 

4. Salahuddin, Khola, R. K.;Certain new Hypergeometric Summation formulae arising 
from the sum-mation formulae of Salahuddin et al, (communicated).

 (21) 

−4560a5c2 + 91200a5c − 371488a5 − 480a4c4 + 19200a4c3 − 185680a4c2 − 126400a4c + 4559182a4+

+18240a3c4 − 729600a3c3 + 9799440a3c2 − 50068800a3c + 73373288a3 + 896a2c6 − 53760a2c5+

+1107680a2c4 − 8467200a2c3 − 743936a2c2 + 274718720a2c − 822056088a2−

−17024ac6 + 1021440ac5 − 24338240ac4 + 292569600ac3 − 1853708096ac2+

+5798641920ac− 6885423072a− 512c8 + 40960c7 − 1374464c6 + 25123840c5 − 271685888c4+

+1764075520c3 − 6639757056c2 + 13042437120c− 10013310720)
]
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 Abstract-
 
In this paper we introduce the definition of fuzzy distance space on fuzzy set then we study and discuss 

several properties of this space after some illustrative examples
 
are given. Furthermore we introduce the definition of 

fuzzy convergence, fuzzy
 
Cauchy sequence of fuzzy point and fuzzy bounded fuzzy distance space. 
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fuzzy distance space on fuzzy, fuzzy convergence, fuzzy cauchy sequence of fuzzy point and fuzzy 
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Introduction

 
In 1965 fuzzy sets was introduced by Zadeh [20] many authors used this concept 

to formulate the notion of fuzzy metric on ordinary set [1,2,3,7,8,9,10,13,15,16]. In 1975 
Kramosil and Michalek [14] introduce the definition of fuzzy metric on ordinary set 
which was called later the KM-

 
fuzzy metric space. In 1994 George and Veermani [5] 

modified the KM-fuzzy metric space by taking instead of minimum function the binary 
operation t-norm which was called later GV-fuzzy metric space on ordinary set. In this 
paper we modified the definition of GV-fuzzy metric to a fuzzy space on fuzzy set 

A�.
 
This paper consist of three sections. 

 In section two we introduce basic properties of fuzzy set and explain the 
difference between continuous and discrete fuzzy sets by example. After that we 
introduce the definition of fuzzy distance on fuzzy set then we give some examples to 
illustrate this notion. In section three we define fuzzy open fuzzy ball, fuzzy convergence 
of sequence of fuzzy points, fuzzy closed fuzzy set, fuzzy bounded fuzzy set, fuzzy dense 

fuzzy set and fuzzy Cauchy fuzzy sequence. It was proved that, let(Ã,
 
M�, )

 
be a fuzzy 

distance space on the fuzzy set
 
Ã

 
and let

 
B�
 
be a subset of Ã. then

 
B�
 
is a fuzzy dense in

 Ã
 
if and only if for every aα∈

 
Ã

 
there is

 
bβ

 
∈

 
B�
 
such that M� (aα,

 
bβ) >

 
(1-

 
ε
 
) for some 0 

<
 
ε
 
<
 
1. (see Theorem 3.12). 

 
Fuzzy

 
Distance

 
Space

 
on

 
Fuzzy

 
Set

 
Definition 2.1:[20]

 Let X be a nonempty set of elements, a fuzzy set A�
 
in X is characterized

 
by a 

membership function, μA�(x): X→
 
[0,1]. Then we can write

 
A�
 
= {(x, μA�(x)): x∈X, 0 ≤ μA�(x) ≤

 
1}.

 
We now recall an example of a continuous fuzzy set.
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II.



Example 2.2:[17]  

Let X = ℝ  and let A�  be a fuzzy set in ℝ  with membership function by:  

μA�(x) = 
1

1+10x2  . 

Definition 2.3:[4]  

Let Ã  and B�  be two fuzzy sets in X. then  

1- Ã  ⊆ B�  if and only if μÃ(x)  ≤  μB�(x)  for all x∈X 

2- Ã = B�  if and only if μÃ(x)  = μB�(x)  for all x∈X 

3- C� =  Ã∪B�  if and only if  μC�(x) =  μÃ(x)  ˅  μB�(x)  for all x∈X 

4- D� =  Ã∩B�  if and only if  μD�(x) =  μÃ(x)  ˄  μB�(x)  for all x∈X 

5- μA�c (x)  = 1-  μÃ(x)  for all x∈X 

Definition 2.4:[17]  

If  Ã and B�  are fuzzy sets  in a nonempty sets X and Y respectively then the  

Cartesian product Ã  ×  B�  of Ã and B�  is defined by:  

μÃ × B�(x, y) =  μÃ(x)  ˄  μB�(y)  for all (x, y)  ∈X× Y  

Definition 2.5:[19]
 

A fuzzy point p in X is a fuzzy set with member 
 

                           
α    if y=x

 

p(y) =
 

                         
0   Otherwise

 

For all y in X where 0<
 

α
 

<1. We denote this fuzzy point by xα . Two fuzzy 

points  xα  and yβare said to be distinct if and
 

only if x≠
 

y.
 

Definition 2.6:[20]
 

Let xα
 

be a fuzzy point and
 

Ã
 

be a fuzzy set in X. then xα
 

is said to be in Ã or 

belongs to Ã
 

which is denoted by xα∈
 

Ã
 

if and only if 
 

μÃÃ(x)>
 

α. 

Definition 2.7:[11]
 

Let f be a function from a nonempty set X into a nonempty set Y. If B�
 

is a fuzzy
 

 
set in Y then f−1(B�)

 
is a fuzzy set in X defined by:

 

 
μf−1(B�) (x) = (μB�ₒ f)(x) for all x in X. Also if Ã

 
is a fuzzy set in X then f(Ã) is

 

 
a fuzzy set in Y defined by:

 

                                                           ˅ {

 
μÃ(x): x∈f−1(y) }       if

 

  f−1(y)≠
 

Ø

 

 
μf(Ã) (y) =

 

                                                            0                                    Otherwise

 

Proposition 2.8:[12]

 

Let f: X→

 

Y be a function. Then for a fuzzy point xα

 

in X, f(xα) is a fuzzy point

 

in Y and  f(xα)=(f(x))α .  
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Definition 2.9:[5] 

A binary operation ∗: [0, 1] × [0, 1]→ [0, 1] is a continuous triangular norm (or 

simply t-norm ) if for all a, b, c, e∈[0, 1] the following conditions hold:  

1- a∗b = b∗a                           (commutatively) 

2- a∗1 = a  

3-
 

(a∗b)
 ∗c = a∗(b∗c)               (associativity)

 

4-
 

If a ≤
 
c and b ≤

 
e then a∗b ≤ c∗e.

 

Example 2.10:[6]
 

Define a∗b = a.b, for all a, b∈[0,1], where a.b is the usual multiplication in [0,1]
 

then ∗ is a continuous t-norm. 

Example 2.11:[8] 
 

Define a∗b = min{a,b}
 
for all a, b∈[0,1], it follows that ∗

 
is a continuous t-norm. 

Example 2.12:[10]
 

Define a∗b = max {0, a + b – 1}
 
for all a, b∈[0,1], it follows that ∗

 
is a 

 

continuous t-norm. 

Remark 2.13:[5]

 

For any a >
 

b, we can find c such that a∗c ≥
 

b and for any d we can find q such

 

that q∗q ≥
 
d , where a, b, c, d and q belong to (0,1).

 

Now we introduce the definition of fuzzy distance space on fuzzy set

 

Definition 2.14:
 

 be  any  set. The triple (Ã, M�, ∗) is said to be a fuzzy distance space, 
where Ã

 
is an arbitrary fuzzy set in X, ∗

 
is continuous t-norm and M�

 
is a fuzzy  set on

 

Ã
 
× Ã →

 
[0, 1] satisfying the following  conditions :  

(FM1)  M� (xα , yβ) >
 
0 for all

 
xα , yβ∈ Ã. 

(FM2)  M� (xα , yβ
 

) = 1 if and only if xα=.yβ
 

(FM3)  M� (xα , yβ) = M�  (yβ , xα) for all xα , yβ∈
 

Ã.

 

(FM4) M� (xα , yβ)∗M� (yβ , zσ)≤ M� (xα , zσ) for all xα , yβ

 

, zσ∈
 

Ã.

 

(FM5)  M� (xα , yβ): is a continuous fuzzy set for all xα , yβ .
  

Remark 2.15:

 

Condition (FM2) means that M� (xα , xα) =1 for all xα∈ Ã and M� (xα , yβ) <1 for all

 

 

xα

 

≠
 

yβ

 

in Ã.

 

Remark 2.16: 

 

M� (xα , yβ) can be considered as the degree of nearness between xα and yβ .  

Definition 2.17: 

 

Let (Ã, M� , ∗)  be a fuzzy

 

distance space then M�
 

is continuous fuzzy  set if 

whenever (xn ,αn)→  xα

 
and (yn , βn)→ yβ

 

in Ã
 

then M� ((xn ,

 
αn),( yn ,

 
βn)) → M�(xα , yβ)  

that is limn→∞M� ((xn ,

 
αn),( yn ,

 
βn)) = M� (xα , yβ).  
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Lemma 2.18:  

Let (ℝ,|. |) be an ordinary metric space. Let Ã  be a fuzzy set in ℝ. Define 

|xα |=|x|  for all xα∈  Ã. Then (Ã, d) is a metric space where d(xα , yβ)=  �xα − yβ�=|x − y|.  

Example 2.19:  

Let X =  ℝ  and let a∗b =a.b for all a, b ∈  [0,1]. let Ã  be a fuzzy set in ℝ. Define 

M� (xα , yβ)= 
1

exp �xα−yβ �
  for all xα , yβ∈Ã. Then (Ã,M� ,.) is a fuzzy distance space  on the 

fuzzy set Ã. 

Proof: 

(FM1)  It is clear that M� (xα , yβ) >0 for all xα , yβ∈Ã.  

(FM2)  Assume that xα  = yβ . Then this implies that |xα −  yβ |  = 0  

    Hence   
1

exp �xα−yβ �
= 1  implies that   M� (xα , yβ) = 1  

    Conversely, assume that  M� (xα , yβ) = 1.  So    
1

exp �xα−yβ �
  =1, which implies  

    that  exp�xα − yβ�  =e0= 1. Hence�xα − yβ�= 0     it follows  xα  =yβ .  

    Therefore  M� (xα , yβ)  = 1 if and only if xα  = yβ  

(FM3)  Since |  xα − yβ  |  = |  yβ-  xα |  for all xα , yβ∈ Ã  it follows that  

M� (xα , yβ  ) = M� (yβ , xα)  for all  xα , yβ∈ Ã.  

(FM4)  To prove M�  (xα , yβ)  ∗ M� (yβ ,zσ)≤ M� (xα ,  zσ).  

          We know that for all xα , yβ , and zσ  ∈Ã.  

|xα − zσ|  ≤  �xα − yβ�  + �yβ − zσ�  

         Thus   exp|xα − zσ| ≤ exp�xα − yβ� ∙ exp�yβ − zσ�  

         Since  exp⁡(xα)  is an increasing function for all xα>  0 

         Therefore  
1

exp |xα−zσ |
≥ 1

exp �xα−yβ �
∗ 1

exp �yβ−zσ �
 

         Thus M� (xα , zσ) ≥ M� (xα , yβ)  ∗ M� (yβ , zσ)  

(FM5)  Let {xn ,  αn)}  and {(yn ,  βn)}  be two sequences  in Ã  such  that  

(xn ,
 

αn)→ xα  and (yn ,
 

βn)→ yβ
 

Therefore limn→∞M� ((xα ,
 

αn), ( yn ,
 

βn))
 

= limn→∞
1

exp |(xn ,αn )−(yn ,βn )|

 

= 
1

lim n→∞ exp |(xn ,αn )−(yn ,βn )|

 
= 

1
exp⁡(lim n→∞ |(xn ,αn )−(yn ,βn )|)

 
= 

1
exp �xα−yβ �

 

= M� (xα , yβ). That is
 

M� ((xn ,
 

αn),( yn ,
 

βn))→
 

M� (xα , yβ).
 

          Hence M�
 

is a continuous fuzzy
 

set∎
 

Remark 2.20: 

1-
 

In
 

example 2.19 we can
 

replace ℝ
 

by any nonempty  set X and the usual  metric on 

ℝ by any metric d. 
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2- Example 2.19 is also a fuzzy metric space with the t-norm defined by a∗b = 

min{a,b} for all a, b ∈[0,1]. 

Example 2.21: 

Let X = ℕ and a∗b = a.b for all a, b ∈[0,1] and let Ã be a fuzzy set in X 

𝑥𝑥
𝑦𝑦
       if  x≤
 

y 

                 
Define M� (xα , yβ) = 

𝑦𝑦
𝑥𝑥
       if  y≤x 

 

for all xα , yβ ∈ Ã. Then (Ã, M� , ∗)  is a fuzzy distance space. 

In the following example we show that not every fuzzy set on Ã2 is a fuzzy metric 

space on the fuzzy set Ã. 

Example 2.22: 

 Let X= ℝ  and let Ã =[2,∞]  be a fuzzy set in X, consider the mapping  

 M�  : Ã × Ã → [0, 1]  is  defined by : 

                                   1           if a = b  

M� (aα ,bβ) =  

                                             �1
a
� .𝛼𝛼  + (

1
b
).𝛽𝛽      if a ≠ b 

 
Where  α∗  

β
 
= α. β

 
for all α, β

 
∈[0,1] 

Proof:  

(FM4)  We show that M� (aα ,cσ) ≥ M� (aα ,bβ)
 ∗ M� (bβ , cσ) is not satisfied for all    aα , bβ , 

cσ∈
 A�. Let aα

 =10, bβ
 = 3 and cσ= 100 where α=1

𝑎𝑎
 , β = 1

b
, σ = 1

c
  Since a ≠ b ≠ c 

Then M� (aα , bβ)=( 
1
a
).α + �1

b
� . β = 1

a2 + 1
b2 = 1

100
 
+ 

1
9
 
=0.01+0.111= 0.121

 

And M� (bβ ,cσ)= �1
b
� . β

 
+ �1

c
� .𝜎𝜎=

1
b2 + 1

c2 =
 1

9
  + 

1
10000

 
=0.111+0.0001= 0.1112

 

M� (aα ,cσ)= ( 
1
a
).α + �1

c
� .𝜎𝜎  =

1
a2 + 1

c2

 
= 1

100

 
+ 

1
10000

 
=0.01+0.0001= 0.0101 

 

There fore  M� (aα , bβ) ∗ M� (bβ ,cσ) > M� (aα ,cσ) 
Thus M�

 

is not a fuzzy distance space ∎
 

Lemma 2.23:

 

Let (X, d) be an ordinary metric space and let Ã

 

be a fuzzy set in X. define d(xα , yβ) =
 

d(x, y) for all xα , yβ∈
 

Ã. Then (Ã, d) is a metric space. 

 

Proposition 2.24: 

 

Let (X, d) be an ordinary metric space and let a∗b = a.b for all a, b∈[0,1]. Then 

by lemma 2.23, (Ã, d) is a metric space. Define M� d(xα , yβ) = 
t

t+d(xα ,yβ )

 

,  then (Ã, M� d , ∗) 
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is a fuzzy distance space and it is called the fuzzy metric on the fuzzy set  Ã induced by 

the metric d, where t=𝛼𝛼 ∧ 𝛽𝛽. 

Proof:  

(FM1)  It is clear that M� d(xα , yβ) >  0 for all xα , yβ∈ Ã.  

(FM2)  Assume that xα  = yβ  then d(xα , yβ) = 0 so M� d(xα , yβ) = 1.  

            Conversely, assume  that  M� d(xα ,yβ) = 1  

            So,   
t

t+d(xα ,yβ )
 = 1, implies t = t+d(xα ,yβ)  

           Or    d(xα , yβ) = 0,  so xα  = yβ , thus M� d(xα , yβ) = 1 ⇔  xα  = yβ .  

(FM3)  Since d(xα ,  yβ) = d(yβ , xα) so M� d(xα , yβ) = M� d(yβ , xα).  

(FM4)  To prove M� d(xα , yβ) ∗ M� d(yβ , , zσ) ≤ M� d(xα , , zσ) notice that for all xα , yβ ,  

    zσ∈ Ã, we have M� d(xα ,  zσ) =  
t

t+d(xα ,zσ )
≥ t

t+d�xα ,yβ �+d(yβ ,zσ )
 

≥ t
t+d(xα ,yβ )

 . 
t

t+d(xα ,yβ )
 

= M� d(xα , yβ  ) ∗ M� d(yβ , zσ)  

(FM5)  Let {(xn ,  αn)}  and {(yn ,  βn)}  be two  sequences of fuzzy points in Ã  such that 

(xn ,
 

αn)→
 

xα  , (yn ,β𝑛𝑛) → yβ . Then
 

limn→∞M� d((xn ,
 

αn),( yn ,
 

βn)) =  

limn→∞
t

t+d((xn ,αn ),(yn ,βn ))

 
=  

t
t+lim n→∞  d((xn ,αn ),(yn ,βn ))

  
=   

t
t+d(xα ,yβ )

 
=  M� d(xα , yβ)  

That is

 

M� d((xn ,

 
αn),( yn ,

 
βn)) →M� d(xα , yβ). Hence M�

 

is a continuous fuzzy set ∎
 

Remark 2.25:

 

Let (Ã,

 

M� , ∗) be a fuzzy distance space. Then 

 

M� ((x1,α1), (xn,αn))

 
≥  M�

 
((x1,α1), (x2,α2))  ∗ M�

 
((x2,α2), (x3,α3))∗…..∗ M�

 

((xn−1,αn−1), (xn,αn)).

 

 

Fuzzy Convergence, Fuzzy Cauchy Sequences, Fuzzy Bounded, Fuzzy

 

Open

 

and  Fuzzy Closed Fuzzy  Sets

 

In this section Ã will be a fuzzy set in the nonempty set X. 

 

Definition 3.1: 

 

Let (Ã,

 

M� , ∗) be a fuzzy distance space on the fuzzy set Ã, we define B�(xα ,r)

 

= {yβ∈  Ã: 

M� (xα , yβ) >

 

(1-  r) }

 

then B�(xα ,r)

 

is called an fuzzy open fuzzy ball with center the fuzzy 

point xα∈ Ã

 

and radius  0 <

 

r < 1. 

Proposition 3.2: 

 

Let B�(xα ,r1) and B�(xα ,r2) be two fuzzy open fuzzy balls with the same center 

xα∈Ã

 

and with radiuses r1,r2∈

 

(0,1). Then we either have B�(xα ,r1) ⊆

 

B�(xα ,r2) or 

B�((xα ,r2) ⊆

 

B�(xα ,r1). 
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Proof: 

Let xα∈ Ã and consider the fuzzy open fuzzy balls B�(xα ,r1) and B�(xα ,r2) 

with r1,r2∈ (0,1). If  r1= r2 then the proposition holds. 

Next, we assume that r1≠ r2, we may assume without loss of generality that 

r1 < r2 this implies that  (1- r2) < (1- r1). 
Now let yβ∈B�(xα ,r1),  it follows that M� (yβ , xα) > (1- r1). So M� (yβ , xα) > (1- r2). 

Hence  yβ∈B�(xα,r2). This shows that  B�(xα ,r1)⊆B�(xα ,r2). By assuming that  r2 < r1. 

We can similarly show that   B�(xα ,r2) ⊆ B�((xα ,r1)∎ 

Definition 3.3: 

A sequence {(xn,αn)} of fuzzy points in a fuzzy distance space (Ã, M� , ∗) is said to  

be fuzzy converges to a fuzzy point  xα∈ Ã if for all 0 <ε< 1, there exists a positive  

number N such that, M� ((xn,αn), xα) > (1-ε)  for all n ≥ N. 

Definition 3.4: 

A sequence {(xn,αn)} of fuzzy points in a fuzzy metric space (Ã, M� , ∗) is said to 

be fuzzy converges to a fuzzy point xα∈ Ã if  limn→∞M�  ((xn,αn), xα) = 1. 

Theorem 1.3.5:  
Definition 3.3 and definition 3.4 are equivalent. 

Proof:  

Suppose that the sequence  {(xn,αn)} fuzzy converges to xα in sense of definition 

3.3 then for all 0 < r < 1 there exists a positive number N such that M� ((xn,αn), xα)>    
(1- r) for all n ≥ N and hence [1-M� ((xn,αn), xα)] < r. Therefore M� ((xn,αn), xα) converges 

to 1 as n tends to ∞. 

Conversely, assume that M�  ((xn,αn), xα) converges to 1 as n tends to  ∞ . 

Then for 0 < r < 1 there exists a positive integer N such that, 

[1- M� ((xn,αn), xα)] < r for all n ≥ N. 

It follows that M� ((xn,αn), xα)> (1- r) for all n ≥ N. Hence  {(xn,αn)} fuzzy converges to  

xα in sense of Definition of 3.4 ∎ 

Proposition 3.6: 

Let (X, d) be a metric space and let (Ã, M� d , ∗) be the fuzzy distance space 

induced by d. Let  {(xn,αn)} be a sequence of fuzzy points in Ã. Then  {(xn,αn)} 

converges to xα∈ Ã in (Ã, d) if and only if {(xn,αn)} fuzzy converges to xα in (Ã, M� d , ∗). 

Proof:    

Suppose that {(xn,αn)} converges to xα∈ Ã in (Ã, d) it follows that 

limn→∞d((xn,αn), xα) = 0 

Now, 

limn→∞M� d((xn,αn), xα) = limn→∞
t

t+d((xn ,αn ),xα)
= 

t
t+lim n→∞d((xn ,αn ),xα)

 = 1 

Hence {(xn,αn)}
 
fuzzy converges to xα

 
in (Ã,M� d ,∗), where t= min {α,αn}
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Conversely, assume that {(xn,αn)}  fuzzy converge to xα  in  (Ã,M� d ,∗), it follows 

that  limn→∞M� d((xn,αn), xα)  = 1  

Now,     limn→∞
t

t+d((xn ,αn ),xα )
 

= 1, where t=min{α,αn}
 

which implies
 

 
that  

t
t+lim n→∞ d((xn ,αn ),xα )

 
= 1, so t + limn→∞d((xn,αn), xα)

 
= t, it follows

 

 that limn→∞d((xn,αn), xα)
 

= t-t = 0

 

Hence{(xn,αn)}

 

fuzzy converges to xα

 

in (Ã, d)

 

∎

 

Definition 3.7: 

A fuzzy subset C�

 

of a fuzzy distance space (Ã, M� ,∗) is said to be fuzzy open if it 

contains a fuzzy ball about each of its fuzzy points. A fuzzy subset

 

D� of (Ã, M� ,∗) is said 

to be  fuzzy closed if its complement is fuzzy open that is  D�c

 

= Ã

 

–

 

D�

 

is fuzzy open.

 

Theorem 3.8:

 

Every fuzzy open fuzzy ball in a fuzzy distance space (Ã, M� ,∗) on a  fuzzy set

 

Ã

 

is a fuzzy open fuzzy set.

 

Proof: 

 

Consider a fuzzy open fuzzy ball B�(xα ,  r)

 

where xα∈Ã

 

and 0 <

 

r <1. let 

yβ∈B�(xα ,r)     implies M� (xα ,

 

yβ
 )>

 

(1- r) , put  t = M� (xα ,

 

yβ
 )> (1- r) , then we can 

find s, 0 <

 

s <

 

1, such that  t> (1- s) >

 

(1- r). Now for a given t and s such that         

t >

 

(1- s), we can find 0 < r1 <

 

1 such that (t ∗ r1) ≥

 

(1-  s)  by Remark 2.13, now 

consider the fuzzy ball B�(yβ ,1- r1), we claim B�(yβ ,1-r1) ⊆

 

B� (xα ,r). Let

 

zσ∈B�(yβ , 1- r1) 

so M� (yβ , zσ) > r1. 

 

Therefore M� (xα ,

 

zσ)≥ M� (xα ,

 

y
β

 )∗M� (y
β
, zσ)  

M� (xα , zσ)≥

 

(t ∗ r1) ≥

 

(1-  s) >

 

(1- r )

 

Hence zσ∈B�(xα , r) so B�(yβ , 1- r1) ⊆  B�(xα , r)∎

 

Definition 3.9:

 

Let (Ã,

 

M� ,∗) be a fuzzy distance space on a fuzzy  set Ã

 

and let C�⊂ Ã

 

then the 

fuzzy closure of C�

 

is denoted by C��

 

or FCL(C�) and is defined to be the smallest

 

fuzzy 

closed fuzzy set contains C�. 

Definition 3.10:

 

A fuzzy subset C�

 

of a fuzzy distance space (Ã,

 

M� ,∗) on a fuzzy  set Ã

 

is said to

 

be fuzzy dense in Ã

 

if C��

 

= Ã. 

Lemma 3.11: 

 

Let C�

 

be a fuzzy subset of Ã

 

and let (Ã,

 

M� ,∗) be a fuzzy distance space on the 

fuzzy set Ã then aα∈C��

 

if and only if there is a sequence {(an,αn)}

 

in  C�

 

such that (an,αn)  

→ aα , where α,αn∈[0,1].
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Proof:  

Let aα∈C�� , if aα∈C� then we take sequence of that type is (aα ,aα ,aα ,…,aα ,…). 

If aα∉C�, it is a limit fuzzy point of C�. Hence we construct the sequence (an,αn)∈C� by 

M� ((an,αn),aα) > (1- 
1

n 
)  for each n = 1, 2, 3,…..  

The fuzzy ball B�(aα ,
1

n ) contains (an,αn)∈C � and (an,αn)→aα because 

limn→∞M� ((an,αn),aα) = 1. Conversely if {(an,αn)} in C� and (an,αn)→ aα then aα∈C�, or 

every neighborhood of aα contains  fuzzy points (an,αn)≠ aα , so that aα is a fuzzy limit 

of C�, hence aα∈C�� by the definition of the fuzzy closure∎ 

Theorem 3.12: 

Let C� be a fuzzy subset of a fuzzy distance space (Ã, M� ,∗) then C�  is fuzzy dense 

in Ã if and only if for every xα∈ Ã there is aβ∈C�  such that  M�  (xα ,
 aβ) > (1- ε) for 

some 0 < ε < 1. 

Proof:  

Suppose that C� is fuzzy  dense in Ã and xα∈ Ã so xα∈C�  �  and by Lemma 3.11 

there is a sequence {(an,βn)}∈ C�  such that (an,βn)→ xα
 that is for a given 0< ε < 1 

there is a positive number N such that M� ((an,βn), xα) > (1- ε) for all n ≥ N. Take       

aβ
 = aN, so M� (aβ ,

 xα) >
 (1- ε).  

Conversely to prove C�  is fuzzy dense in Ã we have to show that for each xα∈ Ã  

then there is ak∈C�  such that M� ((ak,βk), xα) > (1- 
1

k

 ) . Now take 0 < ε < 1 such that  

1

k
< ε for each k ≥ N for some positive number N. Hence we have a sequence 

((ak,βk))∈C�   such that M�  ((ak,βk), xα) >
 (1-

1

k
) > (1- ε) for all k ≥ N that is (ak,βk)→ xα

 

so xα∈C�  �∎ 

Definition 3.13: 
 

A sequence {(xn,αn)}
 
of fuzzy points in a fuzzy distance space (Ã,

 
M� ,∗) is said to 

be fuzzy Cauchy if for each 0 < ε <
 
1 there is a positive number N such that M� ((xn,αn), 

(xm,αm) ) >
 
(1- ε)

 
for all n, m ≥ N. 

Theorem 3.14: 
 

In a fuzzy distance space every fuzzy convergent sequence of fuzzy points is
 
fuzzy  

Cauchy. 

Proof: 

Let  {(xn,αn)}  be a sequence of fuzzy points in a fuzzy distance space (Ã,M� ,∗) 
that is fuzzy converges to xα∈

 
Ã, then for given  0 < ε <

 
1 there is a positive number 

N
 
such that M� ((xn,αn) ,

 
xα) > (1-ε). Now by Remark 2.13, there is

 
(1-r) ∈

 
(0,1) such 

that (1-  ε) ∗
 
(1- ε)  >

 
(1- r).

 
Now for each m, n ≥N

 
, we obtain M� ((xm ,αm), (xn,αn))≥

 

M� ((xm ,αm) , xα) ∗ M� (xα , (xn,αn)) ≥
 
(1- ε)∗

 
(1- ε) >(1- r). Hence {(xn,αn)}

 
is a fuzzy 

Cauchy ∎
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Proposition 3.15:  

Let (X, d) be a metric space and let M� d(xα , yβ)= 
t

t+d(xα ,yβ )
 where t= min{α,β}. 

Then {(xn,αn)}  is a Cauchy sequence in (A�,d) if and only if {(xn,αn)}  is  a fuzzy 

Cauchy sequence in (Ã, M� d ,∗).  

Proof: 

Suppose that  {(xn,αn)}  is a Cauchy sequence in (Ã, d), then there is a positive  

number N such that d((xm ,αm), (xn,αn)  ) < ε  for given ε  and for all m, n≥ N. 

Now   t+ d((xm ,αm), (xn,αn)  ) < t + ε, implies  
t

t+d((xm ,αm ),( xn ,αn ))  > t
t+ε

 Put     

t
t+ε

  = (1- r)   for some 0 <  r <  1. It follows that M� d((xm ,αm ) , (xn,αn) ) >  (1-  r) for all 

m, n ≥  N. Hence  {(xn,αn)}  is a fuzzy Cauchy sequence in (Ã, M� d ,∗). 
Conversely, assume that {(xn,αn)}  is a fuzzy Cauchy sequence in (Ã, M� d ,∗) then  

 given 0 < ε <  1, there is a positive number N such that M� d((xm ,αm ) , (xn,αn)) >(1-  ε). 
Put (1- ε)  = r then 

t
t+d((xm ,αm ),( xn ,αn )) 

>  r for all n, m ≥  N.  

This implies   t + d�(xm ,αm ), (xn,αn)� < t
r

 ,  it follows that  d�(xm ,αm ), (xn,αn)� <  

(t
r

 –  t)  for all n, m ≥  N, put  
t
r

 –  t = k. Then  d((xm ,αm ) , (xn,αn) ) <  k  for  all n,     

m ≥N.  Hence  {(xm ,αm)}  is Cauchy sequence in (Ã, d) ∎  

Definition 1.3.16:  

Let {(xn,αn)}   be a given sequence of fuzzy points in a fuzzy distance space     

(Ã, M� , ∗) and let (nk) be a sequence of positive integer such that n1 < n2 < n3 <…Then 

the sequence {(xnk ,αnk )}  is called a subsequence of {(xn,αn)}. If (xnk ,αnk ) fuzzy 

converges, its limit is called a sub sequential limit of {(xn,αn)}.  It is clear that a 

sequence {(xn,αn)}   in Ã  fuzzy converges to xα  if and only if every subsequence of it 

fuzzy converges to xα .  

Proposition 1.3.17:  

If a fuzzy Cauchy sequence of fuzzy points in a fuzzy distance space (Ã,M� ,∗) 
contains a fuzzy convergent subsequence, then the sequence  fuzzy converges to the 
same fuzzy limit as the subsequence.  

Proof: 

Let {(xn,αn)}   be a fuzzy Cauchy sequence in (Ã, M� , ∗). Then for a given           

0 < ε <1, there exists an integer N such that M� ((xm ,αm),  (xn,αn)  ) >  (1- ε) whenever 

m, n  ≥N. Denote by {(xnk ,αnk )}
 a fuzzy convergent subsequence of {(xn,αn)}  and its 

limit by xα . It follows that M�( (xnm ,αnm ), (xn,αn)  ) >  (1- ε) whenever m, n ≥  N. Since 

(nk) is strictly increasing sequence of positive integer.  

Now M�  (xα ,(xn,αn)) ≥
 

M�  (xα , (xnm ,αnm )) ∗
 

M�
 

((xnm ,αnm ),(xn,αn)) >
 

M�  (xα , 
(xnm ,αnm )) ∗

 
(1-  ε) 

 

Letting m→∞, we have M�  (xα ,(xn,αn)  ) ≥ 1 ∗
 

(1- ε) = (1- ε)  
 

So, the sequence  {(xn,αn)}
 

fuzzy
 

converges to xα
 

∎
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Definition 1.3.18:  

Let (Ã,M� ,∗) be a fuzzy distance space. A fuzzy subset C� of Ã is said to be fuzzy 

bounded if there exists 0 < r < 1 such that, M�(xα , yβ)  > (1- r), for all  xα , yβ∈C� . 

Proposition 1.3.19:  

Let (X, d) be a metric space and let M� d(xα , yβ)=
t

t+d(xα ,yβ )
  where t=α ˄ β then a 

fuzzy subset C� of Ã is fuzzy bounded if and only if it is bounded. 

Proof: 

Assume that C� is fuzzy bounded then there is 0 < r < 1 such that 
M� d(xα , yβ)> (1- r) for all xα , yβ∈C� . Now put (1- r) = ε 

Then M� d(xα , yβ)= 
t

t+d(xα ,yβ )
> ε . Implies t+d(xα , yβ) <

t
ε
   , it follows that 

 d(xα , yβ) <
t
ε
 - t , put  

t
ε
 - t  = k. Therefore d(xα , yβ) < k for all xα , yβ∈C� . 

 Hence C� is bounded. 

Conversely, suppose that C� is bounded then there is k such that  

  d(xα , yβ) < k for all xα , yβ∈C� . Implies t+ d(xα , yβ)  < t+k,  implies 
t

t+d(xα ,yβ )
> t

t+k
 . Let 0 < ε < 1 with  

t
t+k

 = (1- ε) .  

Therefore M� d(xα , yβ))> (1- ε)  for all xα , yβ∈C� 
Hence C� is fuzzy bounded. ∎ 

Lemma 1.3.20:  

A fuzzy convergent sequence of fuzzy points in a fuzzy distance space (Ã,M� ,∗) is 
fuzzy bounded and its fuzzy limit is unique. 

Proof: 

Suppose that {(xn,αn)} fuzzy converges to xα
 then given 0 < ε < 1 we can find a 

positive number N such that M�  ((xn,αn) , xα) > (1- ε) for all n ≥ N 

Let t = min{M� ((x1,α1), xα), M� ((x2,α2), xα),…., M� ((xN,αN ), xα)}. Then by Remark 1.2.5 

there is 0 < 
r < 

1 such that  t ∗ (1- ε) > 
(1- r). Now for all n ≥ N  

M� ((xn,αn) , xα) ≥
 
M� ((xn,αn) , (xN,αN) ) ∗

 
M� ((xN,αN) , xα) 

≥
 
t ∗

 
(1- ε) >

 
(1- r) .

 

Hence {(xn,αn)}
 
is fuzzy  bounded. 

 

Assume that    (xn,αn) →
 
xα

 
and  (xn,αn)  →

 
yβ . So limn→∞M� ((xn,αn), xα) = 1

 

and  limn→∞M((xn,αn), yβ) = 1. Now
 

M�(xα , yβ)  ≥
 

M� (xα , (xn,αn) ) ∗ M� ((xn,αn) , yβ) 
Taking limit to both sides,   as  n  tends to  ∞, we obtain 

 

M�(xα , yβ)  ≥ 1∗1 = 1.  So   M�(xα , yβ)   = 1, hence   xα
 
= yβ

 
∎

 

Definition 1.3.21:  
 

Let (Ã,M� ,∗) be a fuzzy distance space, then we define a fuzzy closed fuzzy ball 

with center xα∈ Ã
 
and radius r, 0 <

 
r <

 
1 by B�[xα ,r] = {yβ∈X: M�(xα , yβ) ≥

 
(1- r)}.  
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Lemma 1.3.22:  

Every fuzzy closed fuzzy ball in a fuzzy distance space (Ã,M� ,∗) is fuzzy closed fuzzy set.  

Proof:  

Let yβ∈B�[xα , r]����������  then by lemma 1.3.11 there exists a sequence {(yn, βn)}  in  B�[xα ,r] 
such that (yn,βn) converges to yβ  ,therefore   limn→∞M� ((yn, βn) , yβ) = 1  

Now,            M�(xα , yβ)  ≥  M� (xα ,(yn,βn) ) ∗  M� ((yn,βn) , yβ)  

≥ limn→∞M� (xα ,(yn,βn) ) ∗ limn→∞M� ((yn,βn) , yβ)  

>  (1- r) ∗  1 = (1- r)  

Hence yβ∈B�[xα ,r], therefore B�[xα ,r] is a fuzzy closed fuzzy set ∎  

Theorem 1.3.23:  

A fuzzy distance space is a fuzzy topological space.  

Proof:  

Let (Ã,M� ,∗) be a fuzzy distance space. Define τM�= {C�⊂  Ã: xα∈C�  if and only if  there 

exists  0 <  r <  1 such that B� (xα , r)⊂C�}.  We prove now τM�
 is a fuzzy  topology on Ã. 

(i)  Clearly 𝜙𝜙 and Ã  belong to τM� .  

(ii)  Let  C�1, C�2,…., C�n ∈ τM�
 and put  U  = ∩i=1

n C� i.We shall show that  U ∈ τM� .  

Let aα∈U  then aα∈C� i
 for each 1 ≤  i ≤  n. Hence there exists 0 ≤ ri ≤  1 such  that 

B�(aα ,ri) ⊂C� i.  

Let r = min{ri: 1 ≤
 

i ≤
 

n}
 

thus r
 

≤ ri
 

for all 1 ≤
 

i ≤
 

n so (1- r) ≥
 

(1- ri)
 

for all
 

1 ≤
 

i ≤
 

n. So B�(aα ,r) ⊆C� i
 

for all 1 ≤
 

i ≤ n 

Therefore B� (aα ,r)⊆∩i=1
n C� i

 
= U, this shows that U∈τM� . 

 

(iii)
 

Let
 

{C� i: i∈I}∈ τM�

 
and put  V�

 
= Ui∈IC� i

 
. We shall show that V� ∈ τM� .  

Let aα∈V�
 

then aα∈Ui∈IC� i

 

which implies that aα∈C� i

 

for some i∈I since C� i∈τM�   

there exists 0 <
 

r <
 

1 such that B� (aα ,r)⊂C� i

 

Hence B�
 

(aα ,r)⊂C� i⊆Ui∈IC� i

 

= V�, this shows that V�∈τM� . 

 

Hence (Ã, τM� ) is a fuzzy topological space.τM�

 

is called the fuzzy topology

 

induced by 

M�∎
 

Proposition 1.3.24:  

 

Let (X,d) be an ordinary metric space. Then (Ã,d) is a metric space and let 

M� d(xα , yβ)= 
t

t+d(xα ,yβ )

 

be the fuzzy distance space induced by d. Then the topology τd

 

induced by d and the  fuzzy topology τM� d

 

induced by M� d

 

are the same. That is 

  τd = τM� d
. 

 

Proof: 

 

Suppose that C�∈τd

 

then there exists 0 < ε <
 

1 such that B�ε(xα) ⊆C�  for every 

xα∈C� , we obtain M� d�xα , yβ�=
t

t+d(xα ,yβ )
> t

t+ε

 

where t= α
 

˄
 

β. Let  1- r = 
t

t+ε

 

,   then 

M� d�xα , yβ�
 

>
 

(1-  r) . It follows that B�(xα , r) ⊆C� .  

Hence

 

 C�∈τM� d
. This shows that τd⊆τM� d

.  
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Conversely, suppose that C�∈τM� d
then there exists 0 < r < 1 such that  

B�(xα , r) ⊆C� for every xα∈C� .  
Now     M� d�xα , yβ�= 

t
t+d(xα ,yβ )

> (1- r)  which implies that  

            t > 𝑡𝑡 (1- r) + (1- r) d�xα , yβ�.   Then    d�xα , yβ� < r
1− r

 

Let      ε = 
r

(1− r)
    then      d�xα , yβ� < ε     and therefore     B�ε(xα) ⊆C� . 

Hence  C�∈τd . This implies that  τM� d
⊆τd , therefore    τd = τM� d

∎ 

Proposition 1.3.25: 

Let (X, d) be an ordinary metric space. Then (A�,d) is a metric space and         

R�d = {(xn,αn)} and {(x́n , ´αn)} fuzzy  Cauchy sequences in (X,d), (xn,αn)~ (x́n , ´αn) 

⇔limn→∞d((xn,αn),(x́n , ´αn))=0}.  R�M� d
={(xn,αn)} and {(x́n , ´αn)} fuzzy Cauchy 

sequences in (X,M� d ,∗) such that (xn,αn) ~ (x́n , ´αn) ⇔limn→∞M� d((xn,αn),(x́n , ´αn)) = 

1}.Then R�d = R�M� d
. 

Proof: 

The prove follows from the fact  limn→∞d((xn,αn),(x́n , ´αn)) = 0  

⇔ limn→∞M� d((xn,αn),(x́n , ´αn))  = 1∎ 

Theorem 1.3.26: 
Every fuzzy distance space on a fuzzy set is a fuzzy Hausdorff space. 

Proof:  

Let (Ã,M� ,∗) be a fuzzy distance space and let  xα , yβ∈ Ã  with xα ≠ yβ  Let       

M�(xα , yβ) = r       for some       0 < r <1. Then for each t, r < t <1, we can find  r1 

such that r1 ∗ r1 ≥ t by Remark 1.2.5. Now consider the two fuzzy open fuzzy balls 

B�(xα , 1- r1) and B�(yβ , 1- r1). Then B�(xα , 1- r1) ∩ B�(yβ , 1-r1) =∅ Since if there exists  

zσ∈B�(xα , 1- r1) ∩ B�(yβ , 1- r1). Then r=M�(xα , yβ) ≥ M�(xα , zσ) ∗ M�(zσ , yβ) ≥ r1 ∗ r1 ≥t> r, 

which is a contradiction, therefore (Ã,M� ,∗) is a fuzzy Hausdorff space ∎ 
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(e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit repetition; 
sources of information must be given and numerical methods must be specified by reference, unless non-standard. 

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable 
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design 
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to 
have adequate numerical treatments of the data will be returned un-refereed; 

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing. 

(h) Brief Acknowledgements. 

(i) References in the proper form. 

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more 
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the 
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial 
correction. 
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness. 

It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines. 

 Format 

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript 
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable, 
that manuscripts should be professionally edited. 

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary. 
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When 
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater. 

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed 
by the conventional abbreviation in parentheses. 

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration, 
1.4 l rather than 1.4 × 10-3 m3, or 4 mm somewhat than 4 × 10-3 m. Chemical formula and solutions must identify the form used, e.g. 
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by 
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear. 

Structure 

All manuscripts submitted to Global Journals Inc. (US), ought to include: 

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces), 
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining 
and indexing. 

 Abstract, used in Original Papers and Reviews: 

Optimizing Abstract for Search Engines 

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for 
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a 
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most 
public part of your paper. 

Key Words 

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and 
Internet resources. 

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible 
keywords and phrases to try. 

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses 
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing 
research paper are very helpful guideline of research paper. 

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as 
possible about keyword search: 
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• One should start brainstorming lists of possible keywords before even begin searching. Think about the most 
important concepts related to research work. Ask, "What words would a source have to include to be truly 
valuable in research paper?" Then consider synonyms for the important words. 

• It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most 
databases, the keywords under which a research paper is abstracted are listed with the paper. 

• One should avoid outdated words. 

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are 
bound to improve with experience and time. 

 Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references. 

Acknowledgements: Please make these as concise as possible. 

 References 

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their 
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work 
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with 
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions 
will cause delays. 

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an 
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make 
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the 
Editorial Board. 

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done 
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not 
being noticeable. 

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management 
and formatting. 

 Tables, Figures and Figure Legends 

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic 
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used. 

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers, 
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them. 

 Preparation of Electronic Figures for Publication 

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final 
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word 
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350 
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or 
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible). 

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi; 
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi. 
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork. 
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to 
complete and return a color work agreement form before your paper can be published. 

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the 
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore, 
the first 100 characters of any legend should notify the reader, about the key aspects of the figure. 

6. AFTER ACCEPTANCE 

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the 
Global Journals Inc. (US). 

 6.1 Proof Corrections 

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must 
therefore be provided for the related author. 

Acrobat Reader will be required in order to read this file. This software can be downloaded 

(Free of charge) from the following website: 

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for 
any corrections to be added. Further instructions will be sent with the proof. 

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt. 

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please 
note that the authors are responsible for all statements made in their work, including changes made by the copy editor. 

 6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print) 

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in 
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for 
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after 
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles 
cannot be cited in the conventional way. 

 6.3 Author Services 

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article - 
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their 
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link 
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is 
provided when submitting the manuscript. 

 6.4 Author Material Archive Policy 

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two 
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as 
possible. 

 6.5 Offprint and Extra Copies 

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to 
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org . 
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2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper. 
They are here to evaluate your paper. So, present your Best. 

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 
automatically you will have your answer. 

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 
logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 
supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 
research paper. From the internet library you can download books. If you have all required books make important reading selecting and 
analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 

 

 

Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper? 
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science 
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about

 
this field 

from your supervisor or guide.
 

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:
 

1. Choosing the topic:
 
In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can 

have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can
 
be done by 

asking several questions to yourself, like Will I be able to carry our search in this area? Will I find all necessary recourses to accomplish 
the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 
confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 
possible that evaluator has already seen it or maybe it is outdated version.  

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 
suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 
target. 

 

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 
language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 
records. 

 

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 
will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 
trouble. 

 

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

 

12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 
always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 
either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 
diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 
if study is relevant to science then use of quotes is not preferable.  
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 
Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 
to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical

 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

 

Key points to remember:  

Submit all work in its final form. 
Write your paper in the form, which is presented in the guidelines using the template. 
Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 
submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 
of prior workings. 

 

27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 
improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 
several ideas, which will be helpful for your research. 

Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 
descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be                    

29.
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Separating a table/chart or figure - impound each figure/table to a single page 
Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 
lines. It should include the name(s) and address (es) of all authors. 

 
 

 

 

 

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 
and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

Insertion a title at the foot of a page with the subsequent text on the next page 
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 
more than one ruling each.  

Reason of the study - theory, overall issue, purpose 
Fundamental goal 
To the point depiction of the research 
Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 
Significant conclusions or questions that track from the research(es)

 
Approach: 

Single section, and succinct

 
As a outline of job done, it is always written in past tense

 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 
Center on shortening results - bound background information to a verdict or two, if completely necessary 
What you account in an conceptual must be regular with what you reported in the manuscript 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

Explain the value (significance) of the study  
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 
Very for a short time explain the tentative propose and how it skilled the declared objectives.

 Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a

 

least of four paragraphs. 

 

 

Abstract: 

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 
at this point. 

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to 
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 

 

Materials: 

Explain materials individually only if the study is so complex that it saves liberty this way. 
Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  
Do not take in frequently found. 
If use of a definite type of tools. 
Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 
Describe the method entirely

 To be succinct, present methods under headings dedicated to specific dealings or groups of measures 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

Resources and methods are not a set of information. 
Skip all descriptive information and surroundings - save it for the argument. 
Leave out information that is immaterial to a third party. 

Results: 

 
 

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 

 

Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 
Shape the theory/purpose specifically - do not take a broad view. 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic 
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Do not present the similar data more than once. 
Manuscript should complement any figures or tables, not duplicate the identical information. 
Never confuse figures with tables - there is a difference. 

Approach 
As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report  
If you desire, you may place your figures and tables properly within the text of your results part. 

Figures and tables 
If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 
Despite of position, each figure must be numbered one after the other and complete with subtitle  
In spite of position, each table must be titled, numbered one after the other and complete with heading 
All figure and table must be adequately complete that it could situate on its own, divide from text 

Discussion: 

 

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 
Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  
You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 
Give details all of your remarks as much as possible, focus on mechanisms. 
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 
Try to present substitute explanations if sensible alternatives be present. 
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 
Recommendations for detailed papers will offer supplementary suggestions.

Approach:  

When you refer to information, differentiate data generated by your own studies from available information 
Submit to work done by specific persons (including you) in past tense.  
Submit to generally acknowledged facts and main beliefs in present tense.  

Content 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 
Present a background, such as by describing the question that was addressed by creation an exacting study. 
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 
Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 

What to stay away from 
Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 
Not at all, take in raw data or intermediate calculations in a research manuscript.                    
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Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 
To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.  
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring

   
                                            

© Copyright by Global Journals Inc.(US) | Guidelines Handbook

XXIII



 

  
  

  

 

 

 

 

 

 
 

  

  
  

  

 

  
  

 

  

  

  

 

 

  

 

  

 

 

  

 

  

  

 

  

 

  

  
  

Index            

 

B

Barlow · 13, 23

H

Houbold · 1

K

Kramosil · 65, 91

L

Liouville · 1
Lyapunov · 29, 38, 40

M

Mathai · 1, 9
Michalek · 65, 91

P

Pochammer · 5

R

Razumikhin · 29, 40

Z

Zadeh · 65, 91



                 Global Journal of Science Frontier Research

Visit us on the Web at www.GlobalJournals.org | www.JournalofScience.org

or email us at helpdesk@globaljournals.org

save our planet

9 2

70 116 58 698 >72416ISSN 9755896

© 201 by Global Journals© 201 by Global Journals©    Global Journals


	Global Journal of Science Frontier Research: F
	Volume 15 Issue 8 (Ver. 1.0)
	Copyright Policies
	Honourable Board Members
	Chief Author
	Contents
	1. On Certain Type Fractional Integration of Special Functions Via Pathway Operator
	2. Robustness of the Sequential Test for the Scale Parameter of Nakagami Distribution
	3. Global Exponential Stability of Impulsive Functional Differential Equations with Effect of Delay at the Time of Impulses
	4. The Univalence of A Generalized Integral Operator
	5. Two Incredible Summation Formula Involving Computational Technique
	6. Properties of Fuzzy Ditance on Fuzzy Set
	Fellows
	Auxiliary Memberships
	Process of submission of Research Paper
	Author Guidelines
	Index

