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Lyapunov inequality plays an important role both in the study of various properties of solutions
of differential and difference equations such as oscillation theory, disconjugacy and eigenvalue
problems and in the application in many directions of mathematics research areas. There have
been many proofs and generalizations as well as improvements in this topic. A thorough litera-
ture review of continuous and discrete Lyapunov-type inequalities and their applications can be
found in the survey paper [1] by Cheng. For other related references, we refer the reader to the
few papers [2-9]. In 1983, Cheng [10] first obtained the following Lyapunov inequality:

F(b− a)

b−2∑
n=a

q(n) ≥ 4, (1.1)

where a, b ∈ Z, q(n) is a non-negative function defined on the set {a, a+ 1, · · · , b} and

F(m) =

{
m2−1
m , ifm− 1 is even,

m, ifm− 1 is odd,
(1.2)

if the second-order difference equation

∆2x(n) + q(n)x(n+ 1) = 0, (1.3)

has a real solution x(n) such that

x(a) = x(b) = 0, x(n) 6≡ 0, n ∈ Z[a, b], (1.4)

where and in the sequel, a, b ∈ N,Z[a, b] = {a, a+ 1, a+ 2, ..., b− 1, b}; c, d ∈ R, d = c+N,N ∈
N, [c, d]Nc = {c, c+ 1, c+ 2, ..., d− 1, d}. The constant 4 in (1.1) cannot be replaced by a larger
number, either. For more discrete Lyapunov-type inequalities, we refer the reader to Cheng [11-
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13], Clark and Hinton [14,15], Guseinov and Kaymakcalan [16], Lin and Yang [17] and Zhang
and Tang [18].

In 2012, Zhang and Tang [19] considered the following even order difference equation

∆2kx(n) + (−1)k−1q(n)x(n+ 1) = 0, (1.5)

under the following boundary conditions:

∆2ix(a) = ∆2ix(b) = 0, i = 0, 1, ..., k − 1;x(n) 6≡ 0, n ∈ Z[a, b]. (1.6)

They obtained the following main result:
Assume that k ∈ N and q(n) is a real-valued function on Z. If (1.5) has a

solution x(n) 6≡ 0 satisfying the boundary value conditions (1.6), then

b−1∑
n=a

[|q(n)|(n− a+ 1)(b− n− 1)] ≥ 23(k−1)

(b− a)2k−3
. (1.7)

In this paper, we will consider the following fractional order difference equation

∆ν
ν−2k+ax(n) + (−1)k−1q(n)x(n+ ν − 2k + 1) = 0, (1.8)

where k ∈ N, n ∈ Z, ν ∈ R+ satisfy 2k − 1 < ν ≤ 2k and q(n) is a real-valued function defined
on Z. In this work, we establish two discrete Lyapunov-type inequalities for (1.8) under the
following boundary conditions:

x(a+ ν − 2k) = x(b+ ν − 2k) = 0, (1.9)

∆ν−2i
a+ν−2kx(n)|n=a = ∆ν−2i

a+ν−2kx(n)|n=b = 0, i = 1, ..., k− 1;x(n+ ν − 2k) 6≡ 0, n ∈ Z[a, b]. (1.10)

When ν = 2, k = 1, (1.8)(1.9) reduce to (1.3)(1.4). When ν = 2k, (1.8)(1.9) (1.10) reduce to
(1.5)(1.6).

Lyapunov-Type Inequality for Fractional order Difference Equations

II. Preliminaries

In this section, we collect some basic definitions and lemmas for manipulating discrete frac-
tional operators. These can be found in the reference [20].

For any integer β, let Nβ = {β, β + 1, β + 2, ...} . We define tν := Γ(t+1)
Γ(t+1−ν) , for any t and ν

for which the right-hand side is defined. We also appeal to the convention that if t+ 1− ν is a
pole of the Gamma function and t+ 1 is not a pole, then tν = 0.

The ν-th fractional sum of f for ν > 0 is defined by

∆−νa f(t) =
1

Γ(ν)

t−ν∑
s=a

(t− s− 1)ν−1f(s),

for t ∈ Na+ν . Also, we define the trivial sum by ∆−0
a f(t) := f(t), for t ∈ Na. We also define the

ν-th fractional difference for ν > 0 by ∆ν
af(t) := ∆N∆ν−N

a f(t),where t ∈ Na+N−ν and N ∈ N
is chosen so that 0 ≤ N − 1 < ν ≤ N.

Let f : Na −→ R be given and suppose k ∈ N0 and ν > 0. Then for t ∈ Na+ν ,

∆−νa ∆kf(t) = ∆k−ν
a f(t)−

k−1∑
j=0

∆jf(a)

Γ(ν − k + j + 1)
(t− a)ν−k+j .

Deffinition 2.1. 

Lemma 2.2. 
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Lyapunov-Type Inequality for Fractional order Difference Equations

Moreover, if µ > 0 with M − 1 < µ ≤M, then for t ∈ Na+M−µ+ν ,

∆−νa+M−µ∆µ
af(t) = ∆µ−ν

a f(t)−
M−1∑
j=0

∆j−M+µ
a f(a+M − µ)

Γ(ν −M + j + 1)
(t− a−M + µ)ν−M+j .

Let ν ∈ (1, 2]. Assume that x(n + ν − 2) is a real valued function on Z[a, b]
satisfy (1.8)(1.9) and x(n+ ν − 2) 6≡ 0 for n ∈ Z[a, b]. Then,

F̃(b− a)
b−2∑
n=a

|q(n)| ≥ 1, (3.1)

where a, b ∈ Z and

F̃(m) =
1

Γ(ν)


(m+1

2
+ν−2)ν−1(m−1

2
+ν−2)ν−1

(m+ν−2)ν−1 , ifm− 1 is even,

((m
2

+ν−2)ν−1)2

(m+ν−2)ν−1 , ifm− 1 is odd.
(3.2)

III. The Main Results

Theorem 3.1.

Proof. By Lemma 2.2, we have

x(n) = −∆−νa q(n)x(n+ ν − 1) + c1(n− a)ν−1 + c2(n− a)ν−2.

Since x(a+ ν − 2) = x(b+ ν − 2) = 0, we get

x(n) =
b−2∑
s=a

G(n, s)q(s)x(s+ ν − 1) = −
b−2∑
s=a

G(n, s)∆ν
a+ν−2x(s), (3.3)

where

G(n, s) =
1

Γ(ν)


(b+ν−s−3)ν−1(n−a)ν−1

(b+ν−a−2)ν−1 − (n− s− 1)ν−1, a ≤ s < n− ν + 1 ≤ b− 2,

(b+ν−s−3)ν−1(n−a)ν−1

(b+ν−a−2)ν−1 , a ≤ n− ν + 1 ≤ s ≤ b− 2.
(3.4)

One can see that ∆sG(n, s) < 0, for a ≤ n − ν + 1 ≤ s ≤ b − 2 and ∆sG(n, s) > 0, for
a ≤ s < n − ν + 1 ≤ b − 2. Indeed, for a ≤ s < n − ν + 1 ≤ b − 2, we have ∆sG(n, s) =

−(ν − 1) (b+ν−s−4)ν−2(n−a)ν−1

(b+ν−a−2)
ν−1 + (ν − 1)(n− s− 2)ν−2.

Thus, ∆sG(n, s) > 0, if and only if

(n− s− 2)ν−2(b+ ν − a− 2)ν−1

(n− a)ν−1(b+ ν − s− 4)ν−2 > 1.

The inequality follows from the fact that tα is increasing and t−α is decreasing if 0 < α ≤ 1.
Note that G(n, b− 2) > 0 and

G(n, a) =
1

Γ(ν)

(
(b+ ν − a− 3)ν−1(n− a)ν−1

(b+ ν − a− 2)ν−1 − (n− a− 1)ν−1

)
=

1

Γ(ν)

Γ(n− a)

Γ(n− a− ν + 1)

(
(b− a− 1)(n− a)

(b− a+ ν − 2)(n− a+ 1− ν)
− 1

)
=

1

Γ(ν)

Γ(n− a)

Γ(n− a− ν + 1)

(ν − 1)(b− n+ ν − 2)

(b− a+ ν − 2)(n− a+ 1− ν)
> 0,
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we can get

G(n, s) > 0, for (n, s) ∈ [a+ ν − 1, b+ ν − 3]Na+ν−1 × Z[a, b− 2].

Thus

max
s∈Z[a,b−2]

G(n, s) = G(n, n− ν + 1), n ∈ [a+ ν − 1, b+ ν − 3]Na+ν−1 .

|x(n)| ≤ (b+ 2ν − n− 4)ν−1(n− a)ν−1

(b+ ν − a− 2)ν−1Γ(ν)

b−2∑
s=a

|∆ν
a+ν−2x(s)|, n ∈ [a+ ν − 1, b+ ν − 3]Na+ν−1

and

|x(n+ ν − 1)| ≤ (b+ ν − n− 3)ν−1(n+ ν − a− 1)ν−1

(b+ ν − a− 2)ν−1Γ(ν)

b−2∑
s=a

|∆ν
a+ν−2x(s)|, n ∈ Z[a, b− 2]. (3.5)

Next, we denote g(n) = (b+ ν − n− 3)ν−1(n+ ν − a− 1)ν−1, then by computing, we have

∆g(n) =
Γ(b+ ν − n− 3)Γ(n+ ν − a)

Γ(b− n− 1)Γ(n− a+ 2)
(ν − 1)(b− 2n+ a− 3).

If b− a− 1 is even, let ∆g(n) = 0, then n = b−a−1
2 + a− 1.

max
n∈Z[a,b−2]

g(n) = g(
b− a− 1

2
+ a− 1) = (

b− a+ 1 + ν − 2

2
)ν−1(

b− a− 1 + ν − 2

2
)ν−1. (3.6)

If b−a−1 is odd, we obtain ∆g(n) > 0, for n < b−a−1
2 +a−1; ∆g(n) < 0, for n > b−a−1

2 +a−1.
Therefore,

max
n∈Z[a,b−2]

g(n) = max{g(
b− a

2
+ a− 1), g(

b− a
2

+ a− 2)}.

Since

g(
b− a

2
+ a− 1) = g(

b+ a

2
− 1) = ((

b− a
2

+ ν − 2)ν−1)2,

g(
b− a

2
+ a− 2) = g(

b+ a

2
− 2) = (

b− a
2

+ ν − 3)ν−1(
b− a

2
+ ν − 1)ν−1,

g(
b− a

2
+ a− 1)− g(

b− a
2

+ a− 2) = ((x+ ν − 2)ν−1)2 − (x+ ν − 3)ν−1(x+ ν − 1)ν−1

=
(x+ ν − 2)Γ2(x+ ν − 2)

x(x− 1)2Γ(x− 1)
(ν − 1) > 0,

where, x = b−a
2 , we see that

max
n∈Z[a,b−2]

g(n) = g(
b− a

2
+ a− 1) =

(
(
b− a

2
+ ν − 2)ν−1

)2
. (3.7)

Note that (3.5) and by (3.6)(3.7), we obtain

|x(n+ ν − 1)| ≤ F̃(b− a)
b−2∑
s=a

|∆ν
ax(s)| = F̃(b− a)

b−2∑
s=a

|q(s)||x(s+ ν − 1)|.
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Lyapunov-Type Inequality for Fractional order Difference Equations

Furthermore,

b−2∑
n=a

|q(n)||x(n+ ν − 1)| ≤ F̃(b− a)

b−2∑
s=a

|q(n)|
b−2∑
s=a

|q(s)||x(s+ ν − 1)|,

it shows that (3.1) holds.
Remark 3.2. The inequality (3.1) is sharp. Indeed, since

∆F̃(m) =
1

Γ(ν)

(
((m+1

2 + ν − 2)ν−1)2

(m+ ν − 1)ν−1 −
(m+1

2 + ν − 2)ν−1(m−1
2 + ν − 2)ν−1

(m+ ν − 2)ν−1

)

=
(m+1

2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν − 1)ν−1

×
(

(
m+ 1

2
+ ν − 2)ν−1(m+ ν − 2)ν−1 − (

m− 1

2
+ ν − 2)ν−1(m+ ν − 1)ν−1

)

=
(m+1

2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν − 1)ν−1

×
(

Γ(m+1
2 + ν − 1)Γ(m+ ν − 1)

Γ(m+1
2 )Γ(m)

−
Γ(m−1

2 + ν − 1)Γ(m+ ν)

Γ(m−1
2 )Γ(m+ 1)

)

=
(m+1

2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν − 1)ν−1

Γ(m−1
2 + ν − 1)Γ(m+ν−1)

Γ(m−1
2 )Γ(m)

(
2(ν − 1)

m− 1
− ν − 1

m
)> 0

for m− 1 is even,

∆F̃(m) =
1

Γ(ν)

(
(m+2

2 + ν − 2)ν−1(m2 + ν − 2)ν−1

(m+ ν − 1)ν−1 −
((m2 + ν − 2)ν−1)2

(m+ ν − 2)ν−1

)

=
(m2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν − 1)ν−1

×
(

(
m+ 2

2
+ ν − 2)ν−1(m+ ν − 2)ν−1 − (

m

2
+ ν − 2)ν−1(m+ ν − 1)ν−1

)

=
(m2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν−1)ν−1

(
Γ(m+2

2 +ν−1)Γ(m+ν−1)

Γ(m+2
2 )Γ(m)

−
Γ(m2 +ν−1)Γ(m+ν)

Γ(m2 )Γ(m+ 1)

)

=
(m+1

2 + ν − 2)ν−1

Γ(ν)(m+ ν − 2)ν−1(m+ ν − 1)ν−1

Γ(m2 + ν − 1)Γ(m+ ν − 1)

Γ(m2 )Γ(m)

ν − 1

m
> 0

for m− 1 is odd. We see that F̃ is a strictly increasing function of m. If

F̃(b− a)

b−2∑
n=a

|q(n)| < 1,

then (1.8) cannot have a nontrivial solution x(n+ν−1) defined on the set Z[c, d] which satisfies
x(c+ ν − 2) = x(d+ ν − 2) = 0, where a− 1 ≤ c− 1 < d+ 1 ≤ b+ 1, ν ∈ (1, 2]. Otherwise,

b−2∑
n=a

|q(n)| ≥
d−2∑
n=c

|q(n)| ≥ 1

F̃(d− c)
≥ 1

F̃(b− a)
>

b−2∑
n=a

|q(n)|

which is a contradiction.
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Lyapunov-Type Inequality for Fractional order Difference Equations

Remark 3.3. In the Theorem 3.1, if ν = 2 and q(n) is a non-negative function defined on the
set Z[a, b], then F̃(m) = F(m), i.e., (1.1) holds. Therefore Theorem 3.1 contains the result of
reference [10].

Let ν ∈ (1, 2]. Assume that x(n + ν − 2) is a real valued function on Z[a, b]
satisfy (1.8)(1.9) and x(n+ ν − 2) 6≡ 0 for Z[a, b]. Then,

|x(n+ ν − 1)| ≤ (b+ ν − n− 3)ν−1(n+ ν − a− 1)ν−1

(b+ ν − a− 2)ν−1Γ(ν)

b−2∑
s=a

|∆ν
a+ν−2x(s)|, (3.8)

b−2∑
n=a

|x(n+ ν − 1)| ≤
b−2∑
n=a

(b+ ν − n− 3)ν−1)(n+ ν − a− 1)ν−1

(b+ ν − a− 2)ν−1Γ(ν)

b−2∑
s=a

|∆ν
a+ν−2x(s)|, (3.9)

and
b−2∑
n=a

|x(n+ ν − 1)|2 ≤
b−2∑
n=a

b−2∑
s=a

[G(n+ ν − 1, s)]2
b−2∑
s=a

|∆ν
a+ν−2x(s)|2. (3.10)

Proof. By (3.5), we can immediately get (3.8) and (3.9). Using Cauchy inequality and by (3.3),
we may easily see that (3.10) holds.

Let ν = 2. Assume that x(n) is a real valued function on Z[a, b] satisfy
(1.3)(1.4) and x(n) 6≡ 0 for Z[a, b]. Then,

|x(n)| ≤ (b− n)(n− a)

(b− a)

b−2∑
s=a

|∆2x(s)|, (3.11)

b−2∑
n=a

|x(n)| ≤
b−2∑
n=a

b−2∑
s=a

G(n, s)|∆2x(s)| ≤ (b− a)2

8

b−2∑
s=a

|∆2x(s)|. (3.12)

Proof.

Since

G(n, s) =
1

b− a

{
(s+ 1− a)(b− n), a ≤ s < n− 1 ≤ b− 2,
(b− s− 1)(n− a), a ≤ n− 1 ≤ s ≤ b− 2,

it follows from above form that

|x(n)| ≤
b−2∑
s=a

G(n, s)|∆2x(s)| ≤ (n− a)(b− n)

b− a

b−2∑
s=a

|∆2x(s)|.

Furthermore

b−2∑
n=a

|x(n)| ≤
b−2∑
n=a

b−2∑
s=a

G(n, s)|∆2x(s)|

≤
b−2∑
s=a

b−1∑
n=a

G(n, s)|∆2x(s)|

≤
b−2∑
s=a

( s+1∑
n=a

G(n, s) +
b−1∑

n=s+2

G(n, s)
)
|∆2x(s)|

=
1

b− a

b−2∑
s=a

(
(b− s− 1)(1 + 2 + · · ·+ (s− a+ 1))

Theorem 3.4. 

Corollary 3.5.
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Lyapunov-Type Inequality for Fractional order Difference Equations

+(s+ 1− a)(1 + 2 + · · ·+ (b− s− 2))
)
|∆2x(s)|

=
1

b− a

b−2∑
s=a

((b− s− 1)(1 + 2 + · · ·+ s− a)

+(s+ 1− a)(1 + 2 + · · ·+ b− s− 1))|∆2x(s)|

=
1

2

b−2∑
s=a

(b− s− 1)(s+ 1− a)|∆2x(s)|

≤ (b− a)2

8

b−2∑
s=a

|∆2x(s)|.

Let ν ∈ (2k − 1, 2k]. Assume that x(n + ν − 2) is a real valued function on
Z[a, b] satisfy (1.8)-(1.10) and x(n+ ν − 2) 6≡ 0 for n ∈ Z[a, b]. Then,

b−2∑
n=a

|q(n)|(b+ν−2k−n−1)ν−2k+1(n+ν−2k+1−a)ν−2k+1 ≥ (
23(k−1)

(b− a)2
)k−1(b+ν−2k−a)ν−2k+1.

(3.13)

Proof. Assume that x(n + ν − 2) is a real valued function on Z[a, b] satisfy (1.8)-(1.10) and

x(n+ ν − 2) 6≡ 0 for n ∈ Z[a, b]. Since conditions (1.10), by Corollary 3.3, we have

b−2∑
n=a

|∆ν−2(k−1)
ν−2k+a x(s)| ≤ (b− a)2

8

b−2∑
n=a

|∆ν−2(k−1)+2
ν−2k+a x(s)|

≤ (
(b− a)2

8
)2

b−2∑
n=a

|∆ν−2(k−3)
ν−2k+a x(s)|

≤ · · ·

≤ (
(b− a)2

8
)k−1

b−2∑
n=a

|∆ν
ν−2k+ax(s)|. (3.14)

Denote β = ν − 2(k− 1), then β ∈ (1, 2],∆
ν−2(k−1)
ν−2k+a x(n) = ∆β

β−2+ax(n). By Theorem 3.4, we
have

|x(n+ β − 1)| ≤ (b+ β − s− 3)β−1(n+ β − a− 1)β−1

(b+ β − a− 2)β−1

b−2∑
s=a

|∆β
a+β−2x(s)|,

combine (3.14), we get

|x(n+ ν − 2k + 1)| ≤ (
(b− a)2

8
)k−1 (b+ β − s− 3)β−1(n+ β − a− 1)β−1

(b+ β − a− 2)β−1

b−2∑
s=a

|∆ν
a+ν−2kx(s)|

= (
(b− a)2

8
)k−1 (b+ ν − 2k − n− 1)ν−2k+1(n+ ν − 2k − a+ 1)ν−2k+1

(b+ ν − 2k − a)ν−2k+1

×
b−2∑
s=a

|q(s)x(s+ ν − 2k + 1)|.

Theorem 3.6.
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b−2∑
n=a

q(n)|x(n+ ν− 2k + 1)| ≤
b−2∑
n=a

q(n)(
(b− a)2

8
)k−1 (b+ν−2k−n−1) ν−2k+1(n+ν−2k−a+ 1)ν−2k+1

(b+ ν − 2k − a)ν−2k+1

×
b−2∑
s=a

|q(s)x(s+ ν − 2k + 1)|.

it follows that (3.13) holds.

Let ν = 2k. Assume that x(n) is a real valued function on Z[a, b] satisfy
(1.8)-(1.10) and x(n) 6≡ 0 for Z[a, b]. Then,

b−2∑
n=a

|q(n)|(b− n− 1)(n+ 1− a) ≥ 23(k−1)

(b− a)2k−3
.

Remark 3.8. The Corollary 3.7 is the Theorem A. Therefore our results contains the main results
of reference [19].

Corollary 3.7.
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