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I. INTRODUCTION

White noise analysis appeared in 1975 after the work of T. Hida [25] and then has been actively
developed in a series of articles and books. For a sufficiently full bibliography see [26]. As mentioned
in [4], Gaussian white noise analysis can be thought of as a theory of generalized functions of
infinitely many variables whose pairing with test functions from special spaces is given via the
integration by the Gaussian measure. It is well known that there are several approaches to the
construction of such theory of generalized functions: the Berezansky-Samoilenko approach [3] and
the Hida approach [25]. In the Berezansky-Samoilenko approach, the spaces of test and generalized
functions are constructed as infinite tensor products of one-dimensional spaces. The Hida approach
consists in a construction of some rigging of a Fock space with subsequent application of the
Wiener-Ito-Segal isomorphism to the spaces of this rigging. In most cases, investigations in white
noise analysis and its generalizations are based on the Hida approach. So, the Hida approach is
more convenient than Berezansky-Samoilenko approach. Recently, some authors as Okb El Bab,
Zabel, Ghany and Hyder [15], Ghany [16], Ghany and Hyder [17-19], Ghany and Zakarya [20-22]
and Ghany and Qurashi [23], studied some important subjects related to Gaussian white noise
analysis. There exist many works investigated to white noise analysis development Works deal
with the construction of spaces of test and generalized functions and operators acting in these
spaces using the Wiener-Ito-Segal isomorphism and various riggings of the Fock space. For more
details, see [4,25,28]. Works deal with the so-called Jacobi fields approach to a generalization
of white noise analysis [6,7]. In these works, the role of the Wiener-It6-Segal isomorphism is
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played as a unitary Fourier transform which is defined by the Jacobi field, i.e., by some family of
commuting selfadjoint operators that act in the Fock space and have a Jacobi structure. Works
use the biorthogonal approach to a generalization of white noise analysis. In this approach, one
replaces the system of Hermite polynomials, that are orthogonal with respect to the Gaussian
measure, with a certain biorthogonal system. The biorthogonal approach was inspired by [12],
proposed in [1] and developed in [2,8,38]. Note that in [8] was first observed that the biorthogonal
approach is deep connected with the theory of hypercomplex systems.

Hypercomplex systems date back to J. Delsarte and B. M. Levitan work during the 1930s and
1940s, but the substantial development had to wait till the 1990s when Berezansky and Kondratiev
put hypercomplex systems in the right setting for harmonic analysis [9]. Recently, some authors
as Okb El Bab, Zabel and Ghany [37,40,41] studied some important subjects in hypercomplex

systems.
Generalized translation operators were first introduced by Delsarte [13] as an object that gen-

eralizes the idea of translation on a group. They were systematically studied by Levitan [31-35],
for some classes of generalized translation operators, he obtained generalizations of harmonic anal-
ysis, the Lie theory, the theory of almost periodic functions, the theory of group representations,
etc. In fact, each hypercomplex system can be associated with a family of generalized translation
operators. This correspondence can be found in [5].

This paper focuses on the connection between white noise analysis and hypercomplex systems.
Precisely, we produce a generalization of white noise analysis to the case of non-Gaussian mea-
sures. For this aim, we propose a biorthogonal approach in which instead of the exponentials the
characters of commutative hypercomplex systems are used. Furthermore, we construct the ele-
ments of Wick calculus, namely, we introduce a new Wick product with respect to non-Gaussian
measures, the associated Hermite transform and the characterization theorem for the constructed
spaces of generalized functions. In Gaussian white noise analysis such calculus has found numerous
applications, in particular, in fluid mechanics and financial mathematics, see e.g. [14,27] for more
details.

This paper is organized as follows: Section 2 is devoted to provide the basic topics of hypercom-
plex systems with locally compact basis. In Section 3, we construct spaces of test and generalized
functions by means of generalized Delsarte characters. In Section 4, we introduce the elements of
Wick calculus.

II. HYPERCOMPLEX SYSTEMS WITH LOCALLY COMPACT BASIS

Let @ be a complete separable locally compact metric space of points p,q,r,...; B(Q) is the
o-algebra of Borel subsets, and By(Q) is the subring of B(Q), which consists of sets with compact
closure. We shall consider the Borel measures; i.e., positive regular measures on B(Q), finite on
compact sets. We denote by C(Q) the space of continuous functions on @, Cy(Q), Coo (Q) and Cp(Q)
consists respectively of bounded, tending to zero at infinity and compactly supported functions
from C(Q).

A hypercomplex system with the basis @ is defined by its structure measure c¢(A, B,r)(A, B €
B(Q);r € Q). A structure measure c¢(A, B,r) is a Borel measure in A (respectively B) if we fix
B, r (respectively A, r) which satisfies the following properties:

(I) YA, B € By(Q), the function ¢(A, B,r) € Cp(Q),
(IT) VA, B € By(Q) and s,r € @, the following associativity relation holds
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/C(A,B,r)drc(Er,C, s) = /C(B,C’,r)drc(A, E, s), CeB(Q). (2.1)
Q Q

(ITI) The structure measure is said to be commutative if
¢(A,B,r)=c(B,A,r), (A BeByQ)). (2.2)
A measure m is said to be a multiplicative measure if
/C(A,B,r)dm(r) =m(A)m(B); A,B e By(Q). (2.3)
Q

(IV) We will suppose the existence of a multiplicative measure. Under certain restrictions imposed
on the commutative structure measure, multiplicative measure exists. (See [30]).

Consider the space Li(Q,dm(z)) of functions on ) with respect to the multiplicative measure
m. For any ®, ¥ € L1(Q,dm(x)), the convolution

(PxW)(r) = / dp/ q)dqc(Ey, Eq, 1)
®(p)¥(q)c(p, g, 7)dm(p)dm(q)

®(p)¥(q)dm,(p,q) (2.4)

o
o

Q— O~ ®

is well defined. (See [5]).

The space L1(Q,dm(x)) with the convolution (2.4) is a Banach algebra which is commutative
if (III) holds. This Banach algebra is called the hypercomplex system with the basis Q.

It is obvious that c¢(A4, B,r) = (KaxKp)(r); A, B € Bp(Q) and K 4 is the characteristic function
of the set A.

A hypercomplex system may or may not have a unity. If a unity not included in L, (Q, dm(x)),
then it is convenient to join it formally to Lq(Q,dm(x)).

A non zero measurable and bounded almost everywhere function @ > r — x(r) € C is said to
be a character of the hypercomplex system Li(Q,dm(zx)) if VA, B € By(Q)

/ (A, B, r)x(r)dm(r) = x(A)x(B), (2.5)
Q
/ X(r)dm(r) = x(C), C € Bo(Q). (2.6)
C

(V) A hypercomplex system is said to be normal, if there exists an involution homomorphism
Q > r — r* e Q such that m(A) = m(A*) and ¢(4,B,C) = ¢(C,B*, A),c(A,B,C) =
¢(A*,C, B), (A, B € By(Q)), where

c(A,B,C) :/C(A,B,r)dm(r) (2.7)
C

© 2016 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XVI Issue I Version I ﬂ



Global Journal of Science Frontier Research (F) Volume XVI Issue [ Version I E Year 2016

(VI) A normal hypercomplex system possesses a basis unity if there exists a point e € @ such
that e* = e and

c¢(A,B,e) =m(A*NB), A BeB(Q). (2.8)
We should remark that, for a normal hypercomplex system, the mapping
Li(Q,dm(x)) > ®(r) = @*(r) € L1(Q, dm(x))

is an involution in the Banach algebra L (Q,dm(x)), the multiplicative measure is unique and the
characters of such a system are continuous. (See [5]). A character x of a normal hypercomplex
system is said to be Hermitian if

x(r) =x(r), (reQq), (2.9)
and ordinary if it is bounded. The function x(r) = 1,r € @ is always a character; for all
X, x(e) = 1.

Denote the set of all bounded Hermitian characters by X, i.e.,
Xp={x€eG(Q): x# 0,/0(14, B,r)x(r)dm(r) = x(A)x(B), x(r) = x(r")}. (2.10)
Q

Let Li(Q,dm(z)) be a hypercomplex system with basis @ and let Q2 be a space of complex
valued functions on ). Assume that an operator valued function @ > p — L, : @ — ) is given
such that the function g(p) = (Lpf)(q) belongs to  for any f € Q and any fixed ¢ € Q). For such
hypercomplex system it is possible to introduce generalized translation operators L,:

QxQ>3 (pg) = (Lp®)(g) €C, ¢ C(Q), (2.11)

where (L,®)(q) = ®(¢ + p) in case of the usual translation on @ = R. We will suppose, in
addition, that this function is separately continuous. By using the operators L, one can rewrite

the convolution (2.4) as follows:

(@ W) (p) = /@(q) (Lg=)(p)dm(q) @,V € L1(Q,dm(x)). (2.12)
Q

A generalized character of a hypercomplex system Li(Q,dm(x)) is defined to be a function
x € C(Q) for which

(Lpx)(@) = x(p)x(0),  p.g€Q. (2.13)

Now, we give Some examples to illustrative the concept of hypercomplex systems

Example 2.1. Let Q = G be commutative, locally compact group. with unite e. Consider
G is groups algebra, i.e., a set L1 (G, m) of functions defined on the groups G with respect to the
measure m is denoted by Haar measure dm(p). Then, we can define the involution with the form

Gopr—rp=p ", (2.14)

where
(Lp®)(q) = ®(pa), (p.q € G), (2.15)
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then the convolution in (2.12) becomes in the form

(@Nmmzjwmwwmw, (2.16)
Q

and we can define the structure measure as the following
C(A,B,r) =m(A™'rnB), (2.17)

where A € B(G),r € G. Thus, we obtain a commutative hypercomplex System L;(G,m) with
basis unity e.
Example 2.2. Consider the sturm-Liouvvlle equation in the quadratic axis @ = R4 = [0, 00):

(Mu)(z) = —u + g(z)u = u, (2.18)
where g € C'(R}) is a non-negative and non-increasing potential. connect with this equation the
following hyperbolic equation on R? : Mgyu = Mg, ie.,

0% 9%

—as t gz = —== +gy)v, v=uv(z,y), (2.19)

where z,y € R, g is the even extension of the potential to the whole axis. Equation (2.19) gives
rise to a generalized translation operator L(,), z € Ry: by definition

z,y € Ry, (2.20)

where v(z,y) is the solution of the Cauchy problem for (2.19) with initial conditions v(x,0) =
f(z)v(z), %Z (2,0) =0, and v(z) = ¢(z,0), where ¢(x, \) is the solution of the following problem
on Ry : Mo = Ao, ¢p(0,\) =1, ¢ (0,\) =0 (both functions f(x) and v(z) being evenly extended
to R). Now, for any z € Ry, 2* = z,dm(z) = v*(2)d(z), and x(z) = ¢(z,\), where A € C is
arbitrary, the convolution for hypercomplex system with basis @ = Ry is constructed by (2.12) or
(2.4) with some structure measure c.

Example 2.3. Consider the special case Example 2.2, when g = 0. Then, define generalized
translation operators as following

(L) = 5(Fly—a) + 7w +2)), zyeQ=FR, (2.21)

and
oz, \) = cos (ﬁx) , o(z)=1, ze€Ry, AeC. (2.22)

In fact, there are many examples of hypercomplex systems. For more details (see [5]).
[11. SPACES OF TEST AND GENERALIZED FUNCTIONS

The classical approach to white noise analysis [4,25, 26] consists in the construction of some
rigging of the Fock space F'(H) and in the consequent application to the spaces of this rigging the
Wiener-Ito- Segal transform I. This operator transfers the space F'(H) to the space Lo(, dvy(x))
and the spaces of rigging to some spaces of test and generalized functions. The pairing between
test and generalized functions is given by the scalar product in Ly()', dvy(z)). Here, € is the dual
space of a real nuclear space Q and 7 is a Gaussian measure on 2.
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In the model one-dimensional case the space F'(H) is equal to the space Iy of complex-valued
sequences ¢ = (¢g, @1, .-..), ¥ =R, and the Wiener-1t6- Segal transform has the form

la3 ¢ = (0, 01,..) = (I9)(x) = Y enHa(z) € Lo(R,dy(z)), = €R, (3.1)
n=0

where (Hn(az));ozo is the sequence of orthonormal Hermite polynomials with respect to 7. The
operator I transfers the rigging of o to that of Lo(R,dvy(x)), which gives a model of white noise
analysis.

The generalization of white noise analysis proposed in [1], consists in the following. Let p be a
probability measure on R (instead of the Gaussian measure ) and let (P, (x), Qn(x))>2, (z € R)
be the biorthogonal system of functions constructed in some canonical way. The biorthogonality

means

/Pn(x)Qm(x)dp(x) =0pm-nl, , m,n€Zy. (3.2)
R

Instead of the functions F,,, we take the Appell polynomials connected with the measure p, i.e.
the coefficients of the power expansion with respect to A € C

A()\)—/e)‘md(:c) em—iﬁp(l«) zeR (3.3)
A O ‘ '

The functions @, are defined by

Qi) = ( ( (Ji))l) (@), 3.4

where the adjoint operator is considered in the Lo(R, dp(z)) sense.

The operator I is defined now just as above, but with changing H, by P,. This operator
transfers the rigging of ls to a rigging of La(R,dp(x)), which gives some theory of generalized
functions on R with pairing determinated by La(R, dp(x)).

In this section, we suggest a generalization of the above mentioned construction in which instead
of the function e*® the character of some pretty arbitrary, commutative hypercomplex system is
used. Such a generalization gives the possibility of constructing a lot of spaces of generalized
functions connected with different examples of hypercomplex system.

Consider a subclass of the above hypercomplex systems for which the set of generalized char-
acters is in one-to-one correspondence with the complex plane C: y «— X\ € C; denote this
character by x(z,A). We assume that x(z,0) =1 (z € Q), i.e., the unit character corresponds to
A = 0. We suppose the function @ x C 5 (z,A) — x(z,\) € C is continuous, and the function
C > A x(x,\) € Cis an entire for each x € Q. Thus, for each z € @ the following expansion
holds

o0 )\TL
NEVEDY “TXn(2), A€EC, (3.5)

n=0

where the coefficients x,, € C(Q) called the Delsarte characters [6]. It is possible, of course, to
give a direct definition of the Delsarte characters if we will rewrite Eq.(2.13) in terms of xs,.

Our purpose is now to construct the expansions of functions on @) using the Delsarte characters
and to introduce the corresponding spaces of test and generalized functions.

© 2016 Global Journals Inc. (US)
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Let p be a fixed Borel probability measure (p(Q) = 1), positive on open sets, which is not con-
nected directly with the multiplicative measure m . We suppose that x,’s belong to Lo (Q, dp(x)),
satisfy the estimate

3C > 0 [[xnllLo(Qudp(x)) = </!xn )[2dp( )> <C"l, neZ,. (3.6)

(explaining that always ||xn|lr,(Q.dpz)) = 1), are linearly independent and the system (x,);° is
total in La(Q, dp(z)).

Note that for a large class of hypercomplex systems (the Taylor-Delsarte hypercomplex system)
vectors x,, are automatically linearly independent. If in the estimate (3.6) instead of n! the quantity
(n!)¢ with fixed (e < 1) stands or if supp p is a compact set, then also automatically the system
(xn)S° is total. In general we will understand the above mentioned conditions as some conditions
on the measure p.

Now, we use the simple constructions connected with Hilbert rigging [4].

Let us consider a rigging of a Hilbert space Hy with positive and negative spaces H; and H_
as following

H_DHyDH,. (3.7)

Let V : H_. — H be the canonical isometry transferring H_ onto H, [4]. A biorthogonal basis
(Pns @n)S% in the space Hy is to be understood as sequences (p,)°2, C H and (g, = V "1p,)22, C
H_, where the first one is an orthogonal basis in H and therefore, the second one is an orthogonal
basis in H_.

Note that these systems of vectors p, and g, are biorthogonal (with respect to H,):

(pnaQn)Ho = 5n,mhn, hy, = ||pn||%{+ = ||QnH%L, n,m € Z+, (38)

oo o
Vo€ Hi, 0= ubns on=(0,0)mhn"s D> lenl’hn = olF, < oo,
n=0 n=0

VEeH , &= anqn, &n = (& pn)mohy Z|5n| hn = [|€]7_ < o0,

n=0 n=0
Ho =Y nPrlin. (3.9)
n=0

This definition is justified by the following.
Let (pn)52, be an arbitrary total sequence of vectors p, of a Hilbert space Hy. It is easy to
prove that such sequence (hy,)52, of positive numbers h,, exists for which the set of test functions

o o0
H,y = {@ = onpnl vn €Crllplir, = lonl* hn < OO}, (3.10)
n=0 n=0

with the corresponding scalar product is the positive space with respect to Hy and therefore the
chain (3.7) exists. Note that it is necessary to assume in addition the fulfilment of the following
necessary and sufficient condition on (p,)3%: an arbitrary sequence ()2, of vectors ¢V € H
with finite sequences of coordinates go,f which is fundamental in H; and converges to 0 in Hy
must converge to 0 in H,. This condition will always be fulfilled in our case.
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Similarly for negative space H_ by replacement p, by ¢,, we have the set of generalized
functions as follows

H_= {5 = nanl & €CHIEF =D 1l hn < oo}- (3.11)
n=0

n=0

Therefore, we can construct a rigging of the space Hy := La(Q, dp(x)) of the form (3.7), (3.10)
and (3.11) in which the Delsarte characters x,(x) will play the role of the vectors p,. This result
can be stated as follows:

Theorem 3.1. There exists a quasinuclear rigging (3.7) such that Hy = L2(Q,dp(x)),
HX, D Hy D HY, (3.12)
and the space HY = H, is of the form (3.10), where
Pn=Xn, hn=@0)2K", nezZ,, (3.13)

(K > 1 is a fized sufficiently large number), and consists of continuous functions on Q.

The system (xn,qn)3% o, where g5 = V~Yx, (V is connected with (3.12)), is a biorthogonal
basis of the space Hy. For the vectors g, the following representation holds:

@ = (n)K"0,, ©,=(D")"6,c H*, necZy, (3.14)

where ©,, are “Delsarte co-characters” connected with the hypercomplex system L1(Q,dp(x)), and
the measure p. Here D is a continuous operator acting on the space HY and is defined by the
expression

Dy, =nXn-1, €N, Dyxg=0, (3.15)

Dt . HX, — HX, is its dual operator with respect to the rigging (3.12). The space HY consists of
continuous functions, therefore the &-function o, lumped at the point x € (), exist as an element
of the negative space HX,.

It is essential to introduce the rigging of the space Hy by means of projective and inductive
limits of Hilbert spaces which are constructed by rules of type (3.10), (3.12) and (3.13). Namely,
for every g € N we introduce the Hilbert space of type (3.10):

oo o
Hy = {90 =D _onxn € Ho: @llipe = Y lenl ()2 K™ < oo} . (3.16)
n=0 n=0

Then we have the nuclear rigging:

(UX)' 2 HX, 2 Ho 2 HY 2 WX, (3.17)
_ . _ /_ . . X _ X
PX = pr(l}lergHg = ﬂ HY, (TX) = 1nd£161§H_q = U HX,,
qeN qeEN

HZ, = {5 = &g Il = D P (n)? K" < oo } : (3.18)

n=0 n=0

© 2016 Global Journals Inc. (US)
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with the action

oo
(&) = ) &apa(n))’KT™, o e HY, &€ HX,.

n=0

Note that due to the first equality in (3.8) for Delsarte characters and co-characters the following
biorthogonality is true:

(On, Xn)Hy = Onm-nl, n,m € Z,. (3.19)

To illustrate the above result, we give the following example

Example 3.1. Let Hy = La(R, dz), with respect to the Lebesgue measure dz and ordinary
convolution given in Eq.(2.12) the generalized character x(z,\) = e*® (A € C) and x,(z) = 2" (z €
R, n € Z4). Therefore, the space (3.16) consists of entire functions ¢(x) and ¢, (x) are the Taylor
coefficients of ¢(z). Formula (3.8) gives their representation as the Fourier coefficients using the
scalar product (&, ) m,, (£ € H*|, ¢ € HY). The operator D now is equal d/dz.

IV. ELEMENTS OF Wick CALCULUS

The Wick product was first introduced by Wick [39] and used as a tool to renormalize certain
infinite quantities in quantum field theory. Later on, the Wick product was considered, in a
stochastic setting, by Hida and Ikeda [24]. In [11], Dobroshin and Minlos were comprehensively
treated this subject both in mathematical physics and probability theory. Currently, the Wick
product provides a useful concept for various applications, for example, it is important in the
study of stochastic ordinary and partial differential equations (see, e.g., [27]).

In this section, under the assumption that || X||12LI0 < C™ for some C > 0, we define a new Wick
product, called x-Wick product, on the space qu, which is constructed in Section 3. Then, we
give the definition of the y-Hermite transform and apply it to establish a characterization theorem
for the space HX,.

Definition 4.1. Let § = 3% o &mGm, 1 = Y pegndn € HX, with &,,n, € C. The x-Wick
product of &, n, denoted by § o, 7, is defined by the formula

§ Ox N = Z £m77nq;2+n- (4.1)

m,n=0

It is important to show that the spaces HX , Hy are closed under x-Wick product.

Lemma 4.1. If §,n € HX, and ¢, € Hy, we have
(1) é.OX 77 c H§q7

(i) poy, € HY.

[&.°] o0

PROOF. If £ = > &mai, 1= D Mg € qu, then for some ¢; € N we have
m=0 n=0
[e.@] [e.e]
Z |€m]? K~ 1™ < oo and Z 2K 1" < o0. (4.2)
m=0 n=0
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We note that

§<>X n= Z §mﬁnq7>%+n = Z( Z gmnn) qu = Zglqlx’ (43)

m,n=0 =0 \ m+n=l =0

(o)
where (; = > &unn. With ¢ = ¢1 + p we have

m+n=I

(o] o0 oo 2
DGR = Y Y G| KK Rt
=0 =0 Im+n=l

< Z( Z ‘gm‘ZKﬂhm) ( Z ’nn‘QK—lhn> K—pl

=0 \ m+n=l m—+n=l
< () (et (Smpaon)
=0 m=0 n=0
< o, (4.4)
which proves (i). The proof of (ii) is similar. [ |

The following important algebraic properties of the y-Wick product follow directly from Defi-
nition 4.1.

Lemma 4.2. For each &,1,¢ € H,, we get

(i) oy n=mn9oy& (Commutative law),

(ii) €0y (noy ¢) = (£0y ) oy ¢ (Associative law),
(ili) oy (n+C) =& oy n+ & oy ¢ (Distributive law).

Remark 4.1. According to Lemmas 4.1 and 4.2, we can conclude that the spaces H fq and
HY form topological algebras with respect to the x-Wick product.

As shown in Lemmas 4.1 and 4.2, the x-Wick product satisfies all the ordinary algebraic rules
for multiplication. Therefore, one can carry out calculations in much the same way as with usual
products. But, there are some problems when limit operations are involved. To treat these situ-
ations it is convenient to apply a transformation, called the y-Hermite transform, which converts
x-Wick products into ordinary (complex) products and convergence in H fq into bounded, point-

wise convergence in a certain neighborhood of 0 in C. The original Hermite transform, which first

:(s1091po) wreySurg N pue mopreg -]y U] -estou oArysod

"€0€-192 ‘(166T) ‘VIN ‘08praqure)) :ssolJ A)ISIOATU() oFpLIquIL))
SurajoAur suoryenbo [RIJUSISHIP OIISEYD01S ‘90q() ‘[ PUR [BPULSY() " ‘WOIISPUIT "I "6C

appeared in Lindstrgm et al. [29], has been applied by the authors in many different connections.
Now, we give the definition of the y-Hermite transform and discuss its basic properties.

Definition 4.2. Let £ =577, Enqn € Hﬁq with &, € C. Then, the y-Hermite transform of &,
denoted by H,&, is defined by

Hé(z) = Zénz" € C (when convergent). (4.5)
n=0

SISATRU  IISBYI0IG

In the following we define for 0 < M, ¢ < oo the neighborhoods Q4 (M) of zero in C by

Qu(M) = {z €C: i |22 KT < MQ} . (4.6)

n=0
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It is easy to see that

g<p, N<M= 0Qy(N)COy(M). (4.7)

Note that if & = Y77 (&ngn € HY,, 2 € Qy(M) for some 0 < M, q < 0o, we have the estimate

00 o0

_4qan an
dolGllz" = D lllz KT K
n=0 n=0

00 3/ i

< (Z!én!2an> (ZMPK‘”‘)
n=0 n=0

1

o0 2

- M(z\gm—qn)
n=0

< oo. (4.8)

The conclusion above can be stated as follows:

Proposition 4.1. If £ € HX, then H,& converges for all z € Oy(M) for all ¢, M < oc.
A useful property of the y-Hermite transform is that it converts the x-Wick product into
ordinary (complex) product.

Proposition 4.2. If {,n € qu, then
Hy(§ox ) (2) = Hy&(2) Hyn(2). (4.9)

for all z such that H,§ and H,n exist.
Proof. The proof is an immediate consequence of Definitions 4.1 and 4.2. ]
Let £ = Y 22 &nugn € HX,, with &, € R. Then, the number & = #,£(0) € R is called the
generalized expectation of £ and is denoted by E(§). Suppose that V' 5 z — f(z) € C is an analytic
function, where V is a neighborhood of E(£). Assume that the Taylor series of f around E(&) has
coefficients in R. Then, the y-Wick version f°x of f is defined by

HY, 3 € f(€) = HH(f o Hy(€)) € HY,. (4.10)
Example 4.1. If the function f : C — C is entire, then f°x is defined for all £ € qu. For
example, the y-Wick exponential is defined by
1
exp(€) = Y | £ (4.11)
— 4l
7=0
Using x-Hermite transform we see that y-Wick exponential has the same algebraic properties
as the usual exponential. For instance,

exp® (£ + 1) = exp®™(§) oy exp™(n), &n € HY,. (4.12)

From Proposition 4.1, we can deduce that y-Hermite transform of any £ € H ﬁq is a complex-
valued analytic function on Qg4 (M) for all ¢, M < co. Moreover, the converse of this deduction is
true, i.e., every complex-valued analytic function on Q4(M) (for some ¢, M < 00) is the x-Hermite
transform of some element in HX q- To prove this, we need the following two auxiliary results.
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Lemma 4.3. Let f(z) = Y " omm2z" be an analytic function in z € C such that there exists
M < 00,C > 0 and 6 > 0 such that |f(2)] < M when z € O := {2z € C : C|z| < 6?}. Then
72" < M for all z € @ and n € N.

Proof. See [27], Lemma 2.6.10.

Proposition 4.3. Let f(z) = > 7" gnnz", 1 € C be a formal power series in z € C. Suppose
there exist g, M < oo and § > 0 such that f(z) is convergent for z € Q4(5) and |f(z)| < M for all

z € O4(0). Then Ref
Z Inn2"| < MA(q) for all z € Q34(0) (4.13)
n=0

where

o
= ZK_q” < oo (Note that K > 1). (4.14)

Proof. 1t is evident that z € O3, ¢) implies K%z € O, ). According to Lemma 4.3, we get
o o % oo
> lmz"| < ( 2 rnnﬂz"PKq”) (ZK)
n=0 n=0 n=0
1
oo 2
n=0

< MY K (4.15)

=

S

= (Zrnum K )

Theorem 4.1. (Characterization Theorem for HX ) If & = > (&qn € HX,, where

Zgr
&n € C, then there exist ¢ < oo and Ry < 0o such that

M, E(2)| < R (Zw Kq”> Vz e C. (4.16)

In particular, H,& is a bounded analytic function on Qu(M) for all M < oco. Conversely,
suppose f(z) =Y 2 mmz" is a given analytic power series of z € C with n, € C such that there

(0T0g) ‘DT “eIpoIN ssoulsng-+oousidg 10duridg ‘suoryenbe

JenmasofIp erred orseyoojlg ‘Sueyyz "I, pue 204 [ ‘[BPUesQ ‘g ‘USP[OH ‘H LT

exist ¢ < oo and § > 0, such that f(z) is absolutely convergent when z € Q4(d) and

sup |f(2)] < oo. (4.17)
2€04(0)

Then, there exists a unique n € qu such that Hyn = f, namely

Global Journal of Science Frontier Research (F) Volume XVI Issue [ Version I E Year 2016

o0
n=Y gk (4.18)
n=0

Proof. For each z € C, we have

N 1M\ &(2) Zlénllznl < <Z|€n| K- q”) (ZlZ”IQKq”> : (4.19)
Since £ € qu, we see that Rg =320 ) [€nPK 1" < oo for all ¢ < oo.
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Conversely, Since K > 1, then K" € O,(9) for all r < co and for some § < co. By virtue of
Proposition 4.3, we have

D Imnll2"] < MA(q) for all z € Qsy(d). (4.20)

n=0

Hence, for r > 3¢ and z € Q34(9), we get

o0 o o0
S ImPETT < CY e KT < CY fnal|2"| < CMA(g) < oo (4.21)
n=0 n=0 n=0

where C' := sup{|n,| : n € N}, and hence n:= 37 n.qn € HY,, as claimed. |
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