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Abstract-

 

A class of entire bicomplex sequences denoted

 

by B, studied by Srivastava & Srivastava in 2007 is studied 
and is shown to be a bicomplex module. The subclasses of this class,

 

studied by Wagh in 2008, are also shown to be 
bicomplex modules. Further they have been shown to form module structure over the class B.

 I.

 

Section: C

 Bicomplex

 

Numbers

 

were

 

introduced

 

by

 

Corrado

 

Segre(1860–1924)

 

in

 

1892.

 

In[3], 
he

 

defined

 

an

 

infinite

 

set

 

of

 

algebras

 

and

 

gave

 

the

 

concept

 

of

 

multicomplex

 

numbers.

 
For the

 

sake

 

of

 

brevity,

 

we

 

confine

 

ourselves

 

to

 

the

 

bicomplex

 

version

 

of

 

his

 

theory.

 

The 
space of

 

bicomplex numbers is

 

the first in

 

an infinite sequence of multicomplex spaces. 
The set of

 

bicomplex numbers is denoted by C
2

 

and is defined as follows:

 { }04321421322112 ,,,: CxxxxxiixixixC ∈+++=

 Or equivalently

 { }1212212 ,: CzzzizC ∈+=
 

where 12
2

2
1 −== ii

 
, 1221 iiii = and 10 ,CC denote

 the space of real and complex numbers    

respectively.
 The binary compositions of addition and scalar multiplication on 2C

 
are defined

 coordinate wise and the multiplication in 2C   is defined term by term. With these 

binary compositions, 2C
 

becomes a commutative algebra with identity. Algebraic 

structure of 2C
 
differs from that of 1C

 
in many respects [2]. Few of them, which pertain 

to our work, are mentioned below:
 

a)
 
Idempotent Elements

 Besides 0 and 1, there are exactly two nontrivial idempotent elements in C2

 defined as e1 = (1 + i1i2 ) / 2, e2 = (1 –
 
i1i2) / 2.  

 Note that e1 + e2  = 1 and e1.e2 = e2.e1 = 0.
 A bicomplex numberξ = 221 ziz +

 
has a unique idempotent representation, [5] as 

 
ξ = ξ1 e1

 
+ ξ2 e2

 
where ξ1

 
= 211 ziz − , ξ2 = 211 ziz + .
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b)  Two Principal Ideals  

The Principal Ideals in 2C generated by 1e  and 2e  are denoted by 1I  and 2I  

respectively; thus  

{ }211 : CeI ∈= ξξ ,  

{ }222 : CeI ∈= ξξ .
 

Since 2
2

1
1 ee ξξξ += , where ξ1

 
and ξ2

 
are the idempotent components of ξ , 

therefore these ideals can also be represented as
 

{ }12112111 ,:)( CzzezizI ∈−= { }11 : Czez ∈=
 

{ }12122112 ,:)( CzzezizI ∈+= { }12 : Czez ∈=
 

Note that { }021 =∩ II and 221 OII =∪ , the set of all singular elements of 2C .

 

c)

 

Zero Divisors

 

As we have seen, e1. e2 = e2. e1 = 0. Thus zero divisors exist in 2C . In fact, two 

Bicomplex numbers are divisors of zero if and only if one of them is a complex multiple 
of e1

 

and the other is a complex multiple of e2. In other words, two Bicomplex numbers 
are divisors

 

of zero if and only if one of them is a member of I1

 

~ }0{

 

and the other is a 

member of I2~ }0{ .

 

d)

 

Conjugates of a Bicomplex number

 

The

 

2i -

 

conjugate of a bicomplex number is defined in [2] as follows:

 

2
1

1
2

221
# eeziz ξξξ +=−= where 221 ziz +=ξ

 

e)

 

Norm

 

of a Bicomplex number

 

The norm in 2C

 

is defined as 

 

{ } 2/12
2

2
1 zz +=ξ

 

= 

2/12221

2 











 + ξξ
 

C2

 

becomes a modified Banach algebra with respect to this norm in the sense that 

 

ηξηξ .2. ≤

 

f)

 

Entire functions

 

A function f of a bicomplex variable is said to be an entire function if it is 

holomorphic in the entire bicomplex space 2C .

 

g)

 

Entire Bicomplex Sequence

 

If  ( ) ( )k
k

kf ηξαξ −=∑
≥1

 

represents an entire function, the series is called 

entire bicomplex series and the sequence { }kα

 

is called entire bicomplex sequence.

 

 
 

∑αk
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II. Class B and the Bicomplex Modules 

Let’s see at these classes for the ready reference. 

The classes '',', BBB of entire Bicomplex sequences: 

Srivastava & Srivastava [4] defined the class B as 

B = { } { }


















∞<∞<+==
≥≥

k
k

k
k

k

k
kkk kkeeff ξξξξξ 2

1

1

1
2

2
1

1 sup,sup::   (2.1.1) 

Every element of class B is the sequence of coefficients of an entire function and 
is, therefore, an entire bicomplex sequence.   

Algebraic structure of B, given by [4] 

Binary compositions on B are defined as follows: 

Let { }kf ξ=  and { }kg η=  be arbitrary members of B and 0Ca∈  

1. Addition : { }kgf α=+  where .1, ≥∀+= kkkk ηξα  

2. Scalar multiplication : { }kfa β=.  where .,1,. 0Caka kk ∈≥∀= ξβ  

3. Weighted Hadamard Multiplication : { }kgf γ=×  , 

where 1, ≥∀×= kk kk
k

k ηξγ  

They have shown that B is a commutative algebra with identity, the element 

{ }kku −=  being the identity element of B.  

Two subclasses of the class B
 
have been defined in [6] as follows: 

B′= { }












∞<=
≥

k
k

k
k keff ξξ 1

1
1

1 sup:: (2.1.2)
 

''B = { }






 ∞<=

≥
k

k

k
k keff ξξ 2

1
2

2 sup:: (2.1.3)

 

The elements of B′ and B′′

 

are the sequences with members in A1 and A2, 
respectively where A1 and A2

 

are the auxiliary space.                                                                                                     

         

Note first that B′

 

is closed with respect to the binary compositions induced on B′

 

as a subset of B, owing to the consistency of idempotent representation and the 
algebraic structure of bicomplex numbers. 

 

Norm in B′

 

is defined as follows:

 

{ }1 1
1

1
sup , . '.k k

k
f f e Bξ ξ

≥
= = ∈

 

B′

 

is Gel’fand subalgebra of B

 

[7]. B′

 

is an algebra ideal of Bwhich is not a 
maximal ideal [7]. Zero divisors, Invertible and quasi invertible elements have also been 
characterised for this subclass [7].
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Definition 2.1.1: Bicomplex Modules ( BC –  module or T –  module)  

A BC –  module  X  over the ring BC  of bicomplex numbers consists of an abelian 

group (X, +) and an operation BC X X× →  such that for all , BCξ η∈  and ,x y X∈ , 

we have  

1.  ( )x y x yξ ξ ξ+ = +  

2.  ( ) x x xξ η ξ η+ = +  

3.  ( ) ( )x xξη ξ η=  

4.  1BC x x=  , 1BC  is the multiplicative identity of BC .  
The members of X  are known as vectors and members of C2

 are known as scalar 
and in most of the books scalar are always in left and vector in right side, for example, 

)()( ξξ yxyx = . As the ring of bicomplex numbers is commutative, we don’t need to 

define left or right BC  -  modules.  

If X  is a BC  -  module, then some structural peculiarities of the set BC  are 
immediately manifested in any bicomplex module, in contrast to the case of real, 
complex or even quaternionic linear spaces where the structure of linear space does not 
imply anything immediate about the space itself.  

Consider the sets  

1 1 .eX e X= and 
2 2 .eX e X= .  

Since, we know that  

{ }
1 2

0e eX X =
 

and                               

 

   

 

     
1 2e eX X X= + ,

 

                                 

 

(2.1.4)

 

We can define two mappings:

 

: , :P X X Q X X→ →

 

by

 

( ) ( )1 2P x e x Q x e x= = .

 

Since

  

2 2, 0, ,XP Q Id P Q Q P P P Q Q+ = = = = = 

 

,

 

the operators P

 

and Q

 

are mutually complementary projectors. (2.1.4) is called the 
idempotent decomposition of X, and it will play an important role in the development 
of the theory of bicomplex duals.

 

Consider the component –

 

wise operations on X:

 

If 1 2 1 2,x e x e x X y e y e y Y= + ∈ = + ∈

 

and if 1 1 2 2e eλ λ λ= +

 

, then 

 

1 2 1 2 1 1 2 2( ) ( )x y e x e x e y e y e x e y e x e y+ = + + + = + + + ,

 

1 1 2 2 1 2 1 1 2 2( ) ( )x e e e x e x x e x eλ λ λ λ λ= + + = + .
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Since, 
1e

X and 
2eX are 1 1, ( )C i− −  and 1 2( )C i −  linear spaces as well as BC  - 

modules , we have that  

1 2e eX X X= ⊕  , 

where the direct sum ⊕ can be understood in the sense of 1 1, ( )C i− −  and 1 2( )C i −  

linear spaces, as well as BC - modules. By saying that 
1e

X and 
2eX are 1 1, ( )C i− −  and 

1 2( )C i −
 
linear spaces as well as BC  - modules, we mean that 

1e
X and 

2eX are linear 

spaces over 1 1, ( )C i , 1 2( )C i and are modules over the ring of bicomplex numbers. 
 

If we consider X as a 1 1( )C i – linear space, we denote it as
1 1( )C iX  and if it is 

considered as 1 2( )C i –
 
linear space, then it is denoted as

1 2( )C iX . 

Theorem 2.1.1:
 
Prove that the class B

 
is a BC  - module. 

Proof:
 
Let us take two bicomplex scalars , BCα β∈ and ( ), ( )k kf g Bξ η= = ∈

 
. (B, +)

 
is 

an abelian group.
 

The operation BC B B× →  is well defined as 

sup sup ,k k

k k
k f k f f Bα α= <∞ ∈ . This implies that f Bα ∈  

Now, 

1. ( ) ( )k k k kf g f gα α ξ η αξ αη α α+ = + = + = +  , 

     alsosup sup sup supk k k k
k k k k

k k k k
k f g k k kα β αξ βη α ξ β η+ = + ≤ + <∞  

2. ( ) ( ) ( )k k kf f fα β α β ξ αξ βξ α β+ = + = + = + . 

3. ( ) ( )f fαβ α β=  

4.
 

1.f  = f. 

Thus, we can say that B
 
is a BC  - module. 

 

Theorem 2.1.2: Prove that the class B́
 
is a BC  - module. 

Proof: Let , BCα β∈ be two bicomplex scalars and let 1 1
1 1( ), ( ) 'k kf e g e Bξ η= = ∈

 
. 
 

(B́, +)
 
is an abelian group.

 

The operation ' 'BC B B× →
 
is well defined as

 

1 2 1 2
1 2 1 2sup sup ( ) ( )k k

k k
k f k e e f e f eα α α= + +

 

1 1 2 2
1 2sup .0 , 0k

k
k

k e e fα ξ α= + =

 

1 1sup k
k

k
kα ξ= <∞

 

This implies that 'f Bα ∈ . 

 

Now, 

 

1.

 
1 1

1 2( ) ( ) 0k kf g e eα α ξ η+ = + +
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( ) ( )
( )( ) ( )( )

1 1 1 1 2 2
1 1 2 2

1 1 2 1 1 2
1 2 1 2

1 2 1 1 2 1
1 2 1 2 1 2 1 2

0 0

0 0

0 0

k k

k k

k k

e e e e

e e e e

e e e e e e e e

f g

α ξ α η α α

α ξ α α η α

α α ξ α α η

α α

= + + +

= + + +

= + + + + +

= +

 

Also,  

1 1 1 1 1 1
1 1sup sup sup supk k k k

k k k k
k k k k

k f g k e e k kα α α ξ α η α ξ α η+ = + ≤ + <∞  

2.  1 1 1 1 1 2 2
1 1 2( ) ( ) ( ) ( .0 .0)k k kf e e eα β α β ξ α ξ β ξ α β+ = + = + + + .  

    

1 2 1 1 2 1
1 2 1 1 2 1( ) ( )k ke e e e e e

f f
α α ξ β β ξ

α β
= + + +
= +

 

3.  ( )1 1 2 2 1 1 2 1 2 1
1 2 1 1 2 1 2 1( ) ( ).( )k kf e e e e e e e eαβ α β α β ξ α α β β ξ= + = + +  

( )fα β= .  

4.  1.f  = f  , where 1  is the identity element of BC .  

Thus, we can say that B́  is a BC  -  module.  

Theorem 2.1.3:  Prove that the class B́́   ́ is a BC  -  module.  

Proof: Let , BCα β∈  be two bicomplex scalars and 2 2
2 2( ), ( ) ' 'k kf e g e Bξ η= = ∈  . (B ́́  ́  , +)  

is an abelian group.  

The operation '' ''BC B B× →  is well defined as  

1 2 1 2
1 2 1 2sup sup ( ) ( )k k

k k
k f k e e f e f eα α α= + +  

1 2 2 1
1 2sup .0 . , 0k

k
k

k e e fα α ξ= + =  

2 2sup k
k

k
kα ξ= <∞  

This implies that ' 'f Bα ∈ .  
Now,  

1.  ( ) ( )1 2 1 1 2 2
1 2 1 2( ) ( )f g e e f g e f g eα α α  + = + + + +   

                        

( ) ( )1 1 1 2 2 2
1 2f g e f g eα α= + + +

 

              
( ) ( )1 2 2 2

1 20 0 k ke eα α ξ η= + + +  

              
( )( ) ( )( )1 2 2 1 2 2

1 2 1 2 1 2 1 20 0k ke e e e e e e eα α ξ α α η= + + + + +  

             
f gα α= +  

 
Also

 

2 2
2 2sup supk k

k k
k k

k f g k e eα α α ξ α η+ = +
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2 2 2 2sup supk k
k k

k k
k kα ξ α η≤ + <∞  

2. ( )2 1 1 2 2 2
2 1 2 2( ) ( ) [( ) ( ) ]k kf e e e eα β α β ξ α β α β ξ+ = + = + + + . 

                                  

1 1 2 2 2
1 2( ).0. ( ) ke eα β α β ξ= + + +

 

                               ( )( ) ( )( )1 2 2 1 2 2
1 2 1 2 1 2 1 20 0k ke e e e e e e eα α ξ β β ξ= + + + + +   

                                   
f fα β= +

  

3. ( )1 1 2 2 2 1 2 1 2 2
1 2 2 1 2 1 2 2( ) ( ).( )k kf e e e e e e e eαβ α β α β ξ α α β β ξ= + = + +  

             
( )fα β= . 

4. 1. f = f, where 1 is the identity element of BC . 

Thus, we can say that B́ ́  is a BC  - module. 

Theorem 2.1.4: Prove that the subclasses B′ and B′′ are modules over the class B that 
is, they are bicomplex modules. 

Proof:  First of all observe that B given by (2.1.1) is a ring. 

For all ( ) ( ) ( ), ,k k kf g h Bξ η ζ= = = ∈  

1. ( ) ( )k k k kf g g fξ η η ξ+ = + = + = +  

2. ( ) ( ) ( )hgfhgf kkkkkk ++=++=++=++ ζηξζηξ)(  

3. There exists 0 B∈ such that  ff =+0  

4.  There exists ( ) Bf k ∈−=− ξ  such that ( ) 0=−+ ff  

5. ( ) ( )hfgghf kkkkkk === ζηξζηξ )()(  

6. hfgfhgf kkkkkkk +=+=+=+ ζξηξζηξ )()(  

 

 
All the above properties can be easily verified with the help of idempotent 

representation. 

Now the classes defined by Wagh [7], B′  and ''B   are shown to be modules over B. 
First consider 

B′= { }












∞<=
≥

k
k

k
k keff ξξ 1

1
1

1 sup::  

In this direction, first it is needed to prove that B′  is an additive abelian group; 

For all ( ) ( ) ( ) ',, 1
1

1
1

1
1 Bezeyex kkk ∈=== ζηξ  

1. ( ) ( ) ( ) ( ) xyeeeeyx kkkkkk +=+=+=+=+ 1
11

1
11

1
1

1
1 ξηηξηξ , since kk ηξ 11 ,  are complex 

numbers and commutativity holds for them under addition. 

2. By applying the same logic, 

hghfhgf kkkkkkk +=+=+=+ ζηζξζηξ )()(

  

1
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( ) ( ) ( )1 1 1 1 1 1
1 1 1 1( ) ( ) { }k k k k k kx y z e e e eξ η ζ ξ η ζ+ + = + + = + +

 

                                  
( ) ( ){ } ( )1 1 1

1 ,k k k e x y zξ η ζ= + + = + +

 
 since associativity under addition holds for complex numbers.  

3.  Zero element, 100 e= , exists in B′ such that xx =+0 .  

4.  Additive inverse of  every element is present in B′ .  

Let ( ) Bf k ∈= ξ and ')( 1
1 Bex k ∈= ζ  

Now define an operation '' BBB →× . This map can be defined since  

( ) ( ) 1
11

21
1

2
2

1
1

1
1 0)( ekeeeekekfxxf kk

k
kkk

k
kk

k ζξζξξζξ =++==×=×  

and                 ( ) ( ) ',,sup.supsup 1
1

1
11

1

1

1

11

1
Beekkkk kkk

k

k
k

k

k
kk

kk

k
∈∞<≤

≥≥≥
ζξζξζξ   .  

Therefore, 'Bfxxf ∈×=× .  

Thus, the above map is well defined such that for all
 

( ) ( ) ( ) ( ) ',&, 1
1

1
1 BeyexBgf kkkk ∈==∈== µζηξ  

1.  ( ){ } ( )
0,,

,)(

212
2

21
2

1

1
11

1
11

1
1

1
1

===

+=+=+=+

eeeeee

yfxfekekeeyxf kk
k

kk
k

kkk



µξηξµηξ  

2.

 
( ) ( )( ) ( )1 1 1 1 1

1 1 1
k

k k k k k k kf g x e k e eξ η ζ ξ ζ η ζ+ = + = +
 

    
1 1 1 1

1 1
k k

k k k kk e k eξ ζ η ζ= +
 

    xgxf +=
 

3.

 
( ) ( )( ) ( ) 1

1112
1

111
1

1 . ekekkekxgf kkk
k

kkk
kk

kkk
k ζηξζηξζηξ ===

 

     and ( ) ( )( ) 1
1112

1
111

1
11 . ekekkekxgf kkk

k
kk

k
k

k
kk

k
k ζηξζηξζηξ ===

 

     therefore, ( ) ( )xgfxgf = .

 

4.

 
( )k

B k −=1
 

is the identity element of B, ( ) ( ) xeekkx kk
kk

B === −
1

1
1

1.1 ζζ
 

Hence,

 

'B is a module over B.

 

Now consider other subclass:

 

''B = { }2 2
2

1
: : sup k

k k
k

f f e kξ ξ
≥

 
= < ∞ 

 

 

In this also, first we prove that ''B

 

is an additive abelian group;

 

For all ( ) ( ) ( )2 2 2
2 2 2, , ''k k kx e y e z e Bξ η ζ= = = ∈

 

1.

 

( ) ( ) ( ) ( )2 2 2 2 2 2
2 2 2 2k k k k k kx y e e e e y xξ η ξ η η ξ+ = + = + = + = + , 
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     since 2 2,k kξ η  are complex numbers and commutativity holds for them under 

addition. 

2. By applying the same logic 

( ) ( ) ( )
( ) ( ){ } ( )

2 2 2 2 2 2
2 2 2 2

2 2 2
2

( ) ( ) { }

,

k k k k k k

k k k

x y z e e e e

e x y z

ξ η ζ ξ η ζ

ξ η ζ

+ + = + + = + +

= + + = + +
 

    since associativity under addition holds for complex numbers. 

3. Zero element, 20 0e= , exists in ''B such that 0x x+ = . 

4. Additive inverse of every element is present in ''B . 

Let                                ( ) ( )2
2& ''k kf B x e Bξ ζ= ∈ = ∈  

Now we define an operation '' ''B B B× → .  

( ) ( )2 1 2 2 2 2
2 1 2 1 2 2( ) 0k k k

k k k k k k kf x x f k e k e e e e k eξ ζ ξ ξ ζ ξ ζ× = × = = + + =  

and         ( ) ( )2 2 2 2 2 2
2 2

1 1 1
sup sup .sup , , ''k k k k

k k k k k k
k k k

k k k k e e Bξ ζ ξ ζ ξ ζ
≥ ≥ ≥

≤ <∞ ∈  . 

Therefore, ''f x x f B× = × ∈ . 

Thus, the above map is well defined such that for all  

( ) ( ) ( ) ( )2 2
2 2, & , ''k k k kf g B x e y e Bξ η ζ µ= = ∈ = = ∈

 

1. ( ){ } ( )2 2 2 2 2 2
2 2 2 2( ) k k

k k k k k k kf x y e e k e k e f x f yξ η µ ξ η ξ µ+ = + = + = +  

     Since, 2 2
1 1 2 2 1 2, , 0e e e e e e= = =  

2. )()()()( 2
22

2
22

2
2 eekexgf kkkk

k
kkk ζηζξζηξ +=+=+  

                                           = 2
22

2
22 ekek kk

k
kk

k ζηζξ +  

                                           
xgxf +=  

3. ( ) ( )( ) ( )2 2 2 2 2 2 2 2
2 2 2.k k k k

k k k k k k k k kf g x k e k k e k eξ η ζ ξ η ζ ξ η ζ= = =  

     and ( ) ( )( )2 2 2 2 2 2 2 2 2
2 2 2.k k k k

k k k k k k k k kf g x k e k k e k eξ η ζ ξ η ζ ξ η ζ= = =  

     Therefore, ( ) ( )xgfxgf = . 

4. ( )k
B k −=1  is the identity element of B, ( ) ( )2 2

2 21 .k k
B k kx k k e e xζ ζ−= = =  

Hence, ''B is also a module over B. 

a) Construction of a BC - module, considering B ́and B́́  ́as complex linear spaces: 

B′= { }












∞<=
≥

k
k

k
k keff ξξ 1

1
1

1 sup::  
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Let α  be a complex number and 'f B∈ , then  

1
1. ( ) 'kf e Bα α ξ= ∈  

Therefore, both B́  and B́́  ́  are complex linear spaces.  
We know that B  is a ring and  

1

2

1 1

2 2

' ( )

'' ( )
e

e

B A e B

B A e B

= =

= =
 

We have also shown that B́  and B ́́  ́  are ideals in the ring B  and they have the properties  

{ }
1 2

( ) ( ) 0e eB B = and  

21 ee BBB += , idempotent decomposition of B.  

Both the ideals are uniquely determined but their elements admit different 
representations.  

( )k Bξ ∈ can be written as  

1 2 2 1 1 2 2k k k k kz i z e eξ β β= + = +   (3.1.1)  

where,  

1 1 1 2

2 1 1 2

k k k

k k k

z i z
z i z

β
β

= −
= +

 

1( )kβ and 2( )kβ  are complex sequences i.e., 1 2 1 1, ( )k k C iβ β ∈  .  

( )kξ can also be written as  

                                  1 1 2 1 1 2 2k k k k ki e eξ η η γ γ= + = +      (3.1.2)  

where,  

1 1 2 2k k kx i xη = + ,  

2 1 2 2k k ky i yη = + ,  

1 1 2 2k k kiγ η η= − ,  

2 1 2 2k k kiγ η η= +  

All  these sequences are complex sequences in 1 2( )C i .  

(3.1.1) and (3.1.2) can be equally called the idempotent representations of a bicomplex 
sequence in B.  

We can say that (3.1.1) is the idempotent representation for B  when we consider 
elements are from  

2
1 1 1 1 1( ) ( ) ( )C i C i C i= ×  

And (3.1.2) is the idempotent representation for B  when we consider elements are from  

2
1 1 2 1 2( ) ( ) ( )C i C i C i= × .  
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We get similar results for both the representations. We can say that the 
consequences are similar but different. 

Note 3.1.1: One point should be noted here that ( ) ( )1 1 1 1k ke eβ γ=  and ( ) ( )1 2 1 2k ke eβ γ=  

although 1,)(, 2121 ≥∀∈ kiCkk γγ and 1,)(, 1121 ≥∀∈ kiCkk ββ . 

More specifically, given  

1 1 1 1Re( ) Im ( )k k kiβ β β= +  , 

the equality  

1 1 1 1k ke eβ γ=  

is true if and only if  

1 1 2 1Re Imk k kiγ β β= − . 

Similarly, given 

)(Im)(Re 2122 kkk i βββ +=  

the equality 

1 1 1 1k ke eβ γ=  

is true if and only if  

2 2 2 2Re Imk k kiγ β β= − . [c.f. [1]] 

Note 3.1.2: The decomposition 
1 1e eB B B= + can be written in any of the two equivalent 

forms  

1 1 2 2B A e A e= + ; 1 1 2 2( ) ' ( ) 'B A e A e= + , 

where 1 2 1 1, ( )A A C i⊆ and 1 2 1 2( ) ', ( ) ' ( )A A C i⊆  . 

If B
 
is seen as 1 1( )C i  - linear space, then the first decomposition becomes a direct sum. 

 

And if seen as 1 2( )C i  - linear space, then the second decomposition becomes a 

direct sum.
 

Note 3.1.3:
 
We know that idempotent representation is unique but (3.1.1) and (3.1.2) 

contradicts this fact. But each of them is unique in the following sense:
 

It is easy to show that 
 

   1 1 2 2 1 1 2 2 1 1 2 2,k k k k k k k kz e e e eβ β η η β η β η= + = + ⇒ = =  , 

where                                1 2 1 2 1 1, , , ( )k k k k C iβ β η η ∈ . 

Similarly                  1 1 2 2 1 1 2 2 1 1 2 2,k k k k k k k kz e e e eγ γ ξ ξ γ ξ γ ξ= + = + ⇒ = = , 

 

where                                 1 2 1 2 1 2, , , ( )k k k k C iγ γ ξ ξ ∈ . 

Hence, idempotent representation for B

 

is unique.
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Note 3.1.4:  The idempotent decomposition of B, 
1 1e eB B B= + , plays an important role, 

as it allows to realize component wise the operations on B:  

( ) ( )1 2
1 2k k ke eξ ξ ξ= +  , ( ) ( )1 2

1 2k k ke eη η η= +  

1 2
1 2e eλ λ λ= +  , then  

( ) ( ) ( ) ( )1 2 1 2 1 1 2 2
1 2 1 2 1 2k k k k k k k k k ke e e e e eξ η ξ ξ η η ξ η ξ η+ = + + + = + + +  

( ) ( ) ( )1 1 2 2
1 2k k ke eλ ξ λ ξ λ ξ= + .  

When B  is considered as 1 1( )C i  -  linear space we write 
1 1( )C iB  and when as 1 2( )C i  

-  linear space, it is written as  1 2( )C iB .  

1e
B and

2eB are R -  linear,  1 1( )C i -  linear, 1 2( )C i  -  linear and BC  -  modules.  

We can write 
1 2e eB B B= ⊕  ,  where the direct sum ⊕ can be understood in the 

sense of R -  , 1 1( )C i -  , 1 2( )C i -  linear spaces, as well as BC  -  modules.  
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