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I. Introduction 

The importance of the H-function, I-function are realized by scientists, engineers 
and statisticians (caputo [16], Glockle and Nonnenmacher [17], Mainardi et al. [18], 
Hifer[19] etc) due to vast potential of their applications in diversified fields of science 
and engineering such as rheology, diffusion in porous media, fluid flow, turbulence, 
propagation of seismic waves etc. 

In the view of importance and popularity of the I-function and H-function a large 
number of integral formulas involving these functions have been developed by many 
authors. 

The series representation for the H-function of several complex variables [3], is as 
follows: 

𝐻𝐻[𝑧𝑧1, . . , 𝑧𝑧𝑘𝑘] = 𝐻𝐻𝐴𝐴,𝐶𝐶:�𝐵𝐵′ ,𝐷𝐷′ �;…;�𝐵𝐵𝐾𝐾 ,𝐷𝐷𝐾𝐾�
0,𝜆𝜆:�𝑢𝑢′ ,𝑣𝑣′ �;…;�𝑢𝑢𝐾𝐾 ,𝑣𝑣𝐾𝐾� �

�(𝑎𝑎):𝜃𝜃′ ; … ;𝜃𝜃(𝐾𝐾)�: [𝑏𝑏′ :𝜑𝜑′ ]; … ; �𝑏𝑏(𝑘𝑘):𝜑𝜑(𝐾𝐾)�
[(𝑐𝑐):𝜓𝜓′ ; … ;𝜓𝜓(𝐾𝐾)]: [𝑑𝑑′ : 𝛿𝛿′ ]; … ; [𝑑𝑑(𝐾𝐾): 𝛿𝛿(𝐾𝐾)] ; 𝑧𝑧1, … , 𝑧𝑧𝐾𝐾� 

                              = �
 

� 𝜙𝜙1𝜙𝜙2
∏ (𝑧𝑧𝑙𝑙)𝑈𝑈𝑙𝑙(−1)∑ (𝑓𝑓𝑙𝑙)𝐾𝐾

𝑙𝑙=1𝐾𝐾
𝑙𝑙=1

∏ �𝛿𝛿(𝑒𝑒𝑙𝑙)
(𝑙𝑙) 𝑓𝑓𝑙𝑙 !�𝐾𝐾

𝑙𝑙=1

∞

𝑓𝑓𝑙𝑙=0

𝑢𝑢(𝑙𝑙)

𝑒𝑒𝑙𝑙=0

                               
 

where
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7.

Generalization

H-function, I-function, general polynomial.



             𝜙𝜙1 =
∏ Γ�1 − 𝑎𝑎𝑗𝑗 + ∑ 𝜃𝜃𝑗𝑗

(𝑙𝑙)𝑈𝑈𝑙𝑙𝐾𝐾
𝑙𝑙=1 �𝜆𝜆

𝑗𝑗=1

∏ Γ�𝑎𝑎𝑗𝑗 − ∑ 𝜃𝜃𝑗𝑗
(𝑙𝑙)𝑈𝑈𝑙𝑙𝐾𝐾

𝑙𝑙=1 �∏ Γ �1 − 𝑐𝑐𝑗𝑗 + ∑ 𝜓𝜓𝑗𝑗
(𝑙𝑙)𝑈𝑈𝑙𝑙𝐾𝐾

𝑙𝑙=1 �𝐶𝐶
𝑗𝑗=1

𝐴𝐴
𝑗𝑗=𝜆𝜆+1

 

   𝜙𝜙2 =
∏ Γ�𝑑𝑑𝑗𝑗

(𝑙𝑙) − 𝛿𝛿𝑗𝑗
(𝑙𝑙)𝑈𝑈𝑙𝑙�𝑢𝑢(𝑙𝑙)

𝑗𝑗=1 ∏ Γ�1 − 𝑏𝑏𝑗𝑗
(𝑙𝑙) + 𝜑𝜑𝑗𝑗

(𝑙𝑙)𝑈𝑈𝑙𝑙�𝑣𝑣(𝑙𝑙)
𝑗𝑗=1

∏ Γ�𝑏𝑏𝑗𝑗 − 𝜑𝜑𝑗𝑗
(𝑙𝑙)𝑈𝑈𝑙𝑙�∏ Γ �1 − 𝑑𝑑𝑗𝑗 + 𝛿𝛿𝑗𝑗

(𝑙𝑙)𝑈𝑈𝑙𝑙�𝐷𝐷(𝑙𝑙)

𝑗𝑗=𝑢𝑢(𝑙𝑙)+1
𝐵𝐵(𝑙𝑙)

𝑗𝑗=𝑣𝑣(𝑙𝑙)+1

                                  

where  

                                  𝑈𝑈𝑙𝑙 =
𝑑𝑑𝑒𝑒𝑙𝑙

(𝑙𝑙) + 𝑓𝑓𝑙𝑙
𝛿𝛿𝑒𝑒𝑙𝑙

(𝑙𝑙)    ∀ 𝑙𝑙 = 1, …𝐾𝐾  

For the converges conditions and other detail of H-function of several complex 
variables, see [3].  

The  I-function, which is more general the Fox’s H-function [5], defined by V.P. 
Sexena [4], by means of the following Mellin-Barns type contour integral:  

𝐼𝐼[𝑧𝑧] = 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟
𝑚𝑚 ,𝑛𝑛 [𝑧𝑧] = 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟

𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �
�𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛

: �𝑎𝑎𝑗𝑗𝑖𝑖 ,𝛼𝛼𝑗𝑗𝑖𝑖 �𝑛𝑛+1,𝑝𝑝𝑖𝑖

�𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚
: �𝑏𝑏𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖 �𝑚𝑚+1,𝑞𝑞𝑖𝑖

�� =
1

2𝜋𝜋𝑖𝑖
�Θ(𝜁𝜁)𝑧𝑧𝜁𝜁  𝑑𝑑𝜁𝜁      

 

𝐿𝐿

 

where  

Θ(𝜁𝜁) =
∏ Γ�𝑏𝑏𝑗𝑗 − 𝛽𝛽𝑗𝑗 𝜁𝜁� ∏ Γ�1 − 𝑎𝑎𝑗𝑗 + 𝛼𝛼𝑗𝑗 𝜁𝜁� 𝑛𝑛

𝑗𝑗=1
𝑚𝑚
𝑗𝑗=1

∑ �∏ Γ�1 − 𝑏𝑏𝑗𝑗𝑖𝑖 + 𝛽𝛽𝑗𝑗𝑖𝑖 𝜁𝜁� ∏ Γ�𝑎𝑎𝑗𝑗𝑖𝑖 − 𝛼𝛼𝑗𝑗𝑖𝑖 𝜁𝜁� 𝑝𝑝𝑖𝑖
𝑗𝑗=𝑛𝑛+1

𝑞𝑞𝑖𝑖
𝑗𝑗=𝑚𝑚+1 �𝑟𝑟

𝑖𝑖=1

                              

𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖
 (𝑖𝑖 = 1, … , 𝑟𝑟),𝑚𝑚,𝑛𝑛  

are integer satisfying 0 ≤ 𝑛𝑛 ≤ 𝑝𝑝𝑖𝑖 ,0 ≤ 𝑚𝑚 ≤ 𝑞𝑞𝑖𝑖 ,  𝛼𝛼𝑗𝑗 ,𝛽𝛽𝑗𝑗 ,𝛼𝛼𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖
 

are real 

and positive and 𝑎𝑎𝑗𝑗 ,
 𝑏𝑏𝑗𝑗 ,𝑎𝑎𝑗𝑗𝑖𝑖 , 𝑏𝑏𝑗𝑗𝑖𝑖

 
are complex numbers. L is suitable contour of the Mellin-

Barnes type running from 𝛾𝛾 − 𝑖𝑖𝛼𝛼  
to 𝛾𝛾 + 𝑖𝑖𝛼𝛼  (𝛾𝛾  

is real) in the complex 𝜁𝜁-plane. Detail 
regarding existence conditions and various parametric restriction of I-function, we may 
refer [4].

 

Remark:
 

For  𝑟𝑟 = 1, [4] reduce to the Fox’s H-function  

                     
𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;1
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �

�𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛 :�𝑎𝑎𝑗𝑗𝑖𝑖 ,𝛼𝛼𝑗𝑗𝑖𝑖 �𝑛𝑛+1,𝑝𝑝𝑖𝑖
�𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚 :�𝑏𝑏𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖 �𝑚𝑚+1,𝑞𝑞𝑖𝑖

�� = 𝐻𝐻𝑝𝑝 ,𝑞𝑞
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �

�𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛 :�𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �𝑛𝑛+1,𝑝𝑝
�𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚 :�𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �𝑚𝑚+1,𝑞𝑞

 ��          … (1.7)
 

The multidimensional analogue of a general class of polynomials 𝑆𝑆𝑛𝑛𝑚𝑚 (𝑥𝑥)
 

is defined by [6],

 

𝑆𝑆𝑛𝑛
𝑚𝑚1,…,𝑚𝑚𝑠𝑠(𝑥𝑥1, … , 𝑥𝑥𝑠𝑠) = � (−𝑛𝑛)𝑚𝑚1𝑘𝑘1+⋯+𝑚𝑚𝑠𝑠𝑘𝑘𝑠𝑠 .

𝑚𝑚1𝑘𝑘1+⋯+𝑚𝑚𝑠𝑠𝑘𝑘𝑠𝑠≤𝑛𝑛

𝑘𝑘1,…,𝑘𝑘𝑠𝑠

𝒜𝒜(𝑛𝑛: 𝑘𝑘1, … ,𝑘𝑘𝑠𝑠)

 
𝑥𝑥1
𝑘𝑘1

𝑘𝑘1!
…
𝑥𝑥𝑠𝑠
𝑘𝑘𝑠𝑠

𝑘𝑘𝑠𝑠!
     … (1.8) 

 

where  𝑚𝑚1, … ,𝑚𝑚𝑠𝑠

 

are arbitrary positive integers, 𝑛𝑛 = 0,1,2 …

 

and the coefficients 

constant 𝒜𝒜(𝑛𝑛: 𝑘𝑘1, … , 𝑘𝑘𝑠𝑠), 𝑘𝑘𝑖𝑖 ≥ 0 , 𝑖𝑖 = 1, … , 𝑠𝑠  are arbitrary constants, real and complex.

 

The order of highest degree of variables 𝑥𝑥1, … , 𝑥𝑥𝑠𝑠

 

of the multivariable polynomial (1.8) 
can be written as [7],
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                     𝕆𝕆�𝑆𝑆𝑛𝑛
𝑚𝑚1,…,𝑚𝑚𝑠𝑠(𝑥𝑥1, … , 𝑥𝑥𝑠𝑠)� = 𝕆𝕆 �𝑥𝑥1

[𝑛𝑛 𝑚𝑚1⁄ ], … , 𝑥𝑥𝑠𝑠
[𝑛𝑛 𝑚𝑚𝑠𝑠⁄ ]�                                

where [𝑥𝑥] denotes the greatest integer ≤ 𝑥𝑥. 
Remarks 

1. For 𝑚𝑚𝑖𝑖 = 1, 𝑖𝑖 = 1, … , 𝑠𝑠 and 𝒜𝒜(𝑛𝑛: 𝑘𝑘1, … ,𝑘𝑘𝑠𝑠) = (1 + 𝛼𝛼1 + 𝑛𝑛1)𝑘𝑘1 … (1 + 𝛼𝛼𝑠𝑠 + 𝑛𝑛𝑠𝑠)𝑘𝑘𝑠𝑠 , the 

multivariable polynomial reduces to a multivariable Bessel polynomial [8]. 

2. For 𝑚𝑚𝑖𝑖 = 2,𝜎𝜎𝑖𝑖 = 1, 𝑖𝑖 = 1, … , 𝑠𝑠 , 𝒜𝒜(𝑛𝑛: 𝑘𝑘1, … , 𝑘𝑘𝑠𝑠) = 1 and replacing 𝑡𝑡𝑥𝑥1 →
1

2(𝑡𝑡𝑥𝑥1)2  , 𝑡𝑡𝑥𝑥𝑖𝑖 →
𝑡𝑡𝑥𝑥𝑗𝑗

2(𝑡𝑡𝑥𝑥1)2  , 𝑗𝑗 = 1, … , 𝑠𝑠, the multivariable polynomial reduces to a multivariable Hermite 

polynomial [9]. 

3.
 

For the case  𝑟𝑟 = 1 
the multivariable polynomial (1.8) would give rise to the general 

class polynomials 𝑆𝑆𝑛𝑛𝑚𝑚(𝑥𝑥) denoted by Srivastava [10].
 

The following result is required in our present investigation, which is due to 
[Gradshteyn and Ryzhik 1965, p.375, eq. (2)]

 

           � 𝑐𝑐𝑐𝑐𝑠𝑠 �
𝜋𝜋𝜋𝜋𝑥𝑥
𝜇𝜇 � �𝑠𝑠𝑖𝑖𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝜋𝜋−𝜎𝜎−1
�𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝑥𝑥
2𝜇𝜇�

𝜎𝜎−1𝜇𝜇

0
𝑑𝑑𝑥𝑥 =

𝜇𝜇. 22𝜋𝜋−𝜎𝜎Γ �2𝜋𝜋 − 𝜎𝜎
2 � Γ(𝜎𝜎)

√𝜋𝜋
 Γ �1 − 2𝜋𝜋 + 𝜎𝜎

2 � Γ(2𝜋𝜋)

 

Provided   2𝜋𝜋 > 𝑅𝑅𝑒𝑒
 
(𝜎𝜎) > 0.

 

Also by Churchill [11],

 

                                      Ψ(𝑥𝑥, 𝑡𝑡) =
1
2
𝑎𝑎0 + �𝑎𝑎𝜏𝜏 �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝑥𝑥𝜏𝜏
𝜇𝜇 � �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝜏𝜏𝑅𝑅𝑡𝑡
𝜇𝜇 �                                   

∞

𝜏𝜏=1

 

where 𝑎𝑎𝜏𝜏  (𝜏𝜏 = 0,1,2 … )
 

are the coefficients in the Fourier cosine series for f(x) in the 

interval (𝑐𝑐, 𝜇𝜇).
 

II.

 

Statement of

 

the Problem and Governing Equations

 

 

  

It also can be assumed that the point p moves in a same plane and it does not 
move towards the axial direction. Presently, the equation of motion for this type 
continuous system in which, the mass and stiffness both are distributed in a systematic 
way.  
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6.

Here the continuous system and the equation of motion has been explained 
through a simple diagram it was earlier developed. There is the x-axis of the rod which 
is also called the side axis and is loaded with distributed moment. At the normal 
location of the rod, the angular displacement takes place is known as 𝑥𝑥𝑡𝑡 and at the side 
view of the rod it can be pointed out is to be said point p. The motion of point can be 
seen in a large view, point p is present on to the shaft. Its radial position is r and if it 
got displaced, it reaches to the point p prime and this angle is called 𝜃𝜃 (theta). 

New Generalization of Angular Displacement with Product of Certain Special Functions in A Shaft



 

 

As an example of an application of one and multivariable special functions in 
applied mathematics, we shall consider

 
the problem of determining the angular 

displacement. The solution of boundary value problem involving the partial differential 
equation of angular displacement in a shaft is given by

 

                                                              
 

𝜕𝜕2𝜃𝜃
𝜕𝜕𝑡𝑡2 = 𝑐𝑐2

 𝜕𝜕2𝜃𝜃
𝜕𝜕𝑥𝑥2

 
                            

 

Let us consider the problem determine the angular displacement or twist 𝜃𝜃(𝑥𝑥, 𝑡𝑡)

 

in a shaft of circular section with its axis along the x-axis. The ends 𝑥𝑥 = 0 to 𝑥𝑥 = 𝜇𝜇

 

of 

the shaft are free, the 𝜃𝜃(𝑥𝑥, 𝑡𝑡)

 

due to initial twist must satisfy the boundary value (2.1).

 

Also the boundary conditions are

 

                                       
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜃𝜃(0, 𝑡𝑡) = 0 ,
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜃𝜃(𝜇𝜇, 𝑡𝑡) = 0,
𝜕𝜕
𝜕𝜕𝑡𝑡
𝜃𝜃(𝑥𝑥, 0) = 0                         

 

and 

 

𝜃𝜃(𝑥𝑥, 0) = 𝑓𝑓(𝑥𝑥)

 

, where c is a constant.

 

Let

 

𝑓𝑓(𝑥𝑥) = �𝑠𝑠𝑖𝑖𝑛𝑛 𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝛿𝛿−𝜆𝜆−1
�𝑐𝑐𝑐𝑐𝑠𝑠 𝜋𝜋𝑥𝑥

2𝜇𝜇
�
𝜆𝜆−1

𝑆𝑆𝑛𝑛1,…,𝑛𝑛𝑠𝑠
𝑚𝑚1,…,𝑚𝑚𝑠𝑠

⎣
⎢
⎢
⎢
⎡𝑡𝑡1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘1

⋮

𝑡𝑡𝑠𝑠 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘𝑠𝑠
⎦
⎥
⎥
⎥
⎤

.𝐻𝐻

⎣
⎢
⎢
⎢
⎡𝑦𝑦1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣1

⋮
𝑡𝑡𝐾𝐾 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣𝐾𝐾
⎦
⎥
⎥
⎥
⎤

 

                                        

× 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �𝑡𝑡𝑎𝑎𝑛𝑛 𝜋𝜋𝑥𝑥

2𝜇𝜇
�

2ℎ

 

�                                         
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Notes

New Generalization of Angular Displacement with Product of Certain Special Functions in A Shaft



III. The Main Integral Formula 

The main result to be established here as follows: 

� �𝑐𝑐𝑐𝑐𝑠𝑠
𝜋𝜋𝛿𝛿𝑥𝑥
𝜇𝜇 � �𝑠𝑠𝑖𝑖𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝛿𝛿−𝜆𝜆−1

�𝑐𝑐𝑐𝑐𝑠𝑠
𝜋𝜋𝑥𝑥
2𝜇𝜇�

𝜆𝜆−1
𝑆𝑆𝑛𝑛1,…,𝑛𝑛𝑠𝑠
𝑚𝑚1,…,𝑚𝑚𝑠𝑠

⎣
⎢
⎢
⎢
⎡𝑡𝑡1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝑘𝑘1

⋮

𝑡𝑡𝑠𝑠 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝑘𝑘𝑠𝑠

⎦
⎥
⎥
⎥
⎤

.𝐻𝐻

⎣
⎢
⎢
⎢
⎡𝑦𝑦1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝑣𝑣1

⋮

𝑡𝑡𝐾𝐾 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇�

2𝑣𝑣𝐾𝐾

⎦
⎥
⎥
⎥
⎤

𝜇𝜇

0
 

× 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2ℎ  

�  

=
𝜇𝜇
√2𝛿𝛿

2𝛿𝛿𝜆𝜆−𝜆𝜆+2∑ 𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖+2∑ 𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙𝐾𝐾
𝑙𝑙=1

𝑠𝑠
𝑖𝑖=1 �  

𝑈𝑈𝑙𝑙

𝑒𝑒𝑙𝑙=1

� 𝜙𝜙1𝜙𝜙2 .
∏ (𝑦𝑦𝑙𝑙)𝑉𝑉𝑙𝑙(−1)∑ (𝑓𝑓𝑙𝑙)𝐾𝐾

𝑙𝑙=1𝐾𝐾
𝑙𝑙=1

∏ �𝛿𝛿(𝑒𝑒𝑙𝑙)
(𝑙𝑙) 𝑓𝑓𝑙𝑙 !�𝐾𝐾

𝑙𝑙=1

∞

𝑓𝑓𝑙𝑙=0

� ⋯ �  
[𝑛𝑛𝑠𝑠 𝑚𝑚𝑠𝑠⁄ ]

𝛼𝛼𝑠𝑠=0

[𝑛𝑛1 𝑚𝑚1⁄ ]

𝛼𝛼𝑖𝑖=0

  

(−1)𝑚𝑚1𝛼𝛼1

𝛼𝛼1!
⋯

(−1)𝑚𝑚𝑠𝑠𝛼𝛼𝑠𝑠
𝛼𝛼𝑠𝑠!

𝐵𝐵[𝑛𝑛1𝛼𝛼1; … ;𝑛𝑛𝑠𝑠𝛼𝛼𝑠𝑠]. �𝑡𝑡1
𝛼𝛼1 , … , 𝑡𝑡𝑠𝑠

𝛼𝛼𝑠𝑠�. 𝐼𝐼𝑝𝑝𝑖𝑖+2,𝑞𝑞𝑖𝑖+1:𝑟𝑟
𝑚𝑚+1,𝑛𝑛+1  

⎣
⎢
⎢
⎢
⎢
⎡

𝑧𝑧22ℎ

�

�
�1 − 𝛿𝛿 +

𝜆𝜆
2
−�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

;ℎ� , �𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛
; �𝑎𝑎𝑗𝑗𝑖𝑖 ,𝛼𝛼𝑗𝑗𝑖𝑖 �𝑛𝑛+1,𝑝𝑝𝑖𝑖

�𝜆𝜆 − 2�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 − 2�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; 2ℎ� , �𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚
; �𝑏𝑏𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖 �𝑚𝑚+1,𝑞𝑞𝑖𝑖

,�
1
2 − 𝛿𝛿 +

𝜆𝜆
2
−�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; ℎ�

�

⎦
⎥
⎥
⎥
⎥
⎤ 

 

where 𝑘𝑘𝑖𝑖 > 0
 
(𝑖𝑖 = 1, … , 𝑠𝑠),ℎ > 0,ℜ�𝜆𝜆 − 2𝑘𝑘 �𝛽𝛽𝑗𝑗

𝑏𝑏𝑗𝑗
�� > 0, 𝑗𝑗 = 1, …𝑚𝑚 ,𝑚𝑚

 
is an arbitrary 

positive integer and the coefficient  𝐵𝐵[𝑛𝑛1𝛼𝛼1, … ,𝑛𝑛𝑠𝑠𝛼𝛼𝑠𝑠]
 
are arbitrary constant, real or 

complex.
 

Proof.
 
To prove the integral formula

 
(3.1), we express the first multivariable H-function 

in series form by (1.1) and I-function in terms of Mellin-Barnes type of contour integral 
by (1.5) and the generalized polynomial given by (1.8), then interchanging the order 
summation and integration, which is justified due to the absolute converges of integral 
involved in the process. Evaluate the integral with help of (1.10), after straight 
calculation we finally arrive at (3.1).

 

IV.
 
Solution of the Problem

 

In this section we shell study the solution of the problem. So the solution of the 
problem posed to be obtained is

 

Φ(𝑥𝑥, 𝑡𝑡) =
22𝜏𝜏−𝜆𝜆+2∑ 𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖+2∑ 𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙+1𝐾𝐾

𝑙𝑙=1
𝑠𝑠
𝑖𝑖=1

√𝜋𝜋√2𝜏𝜏
�

 𝑈𝑈𝑙𝑙

𝑒𝑒𝑙𝑙=1

� 𝜙𝜙1𝜙𝜙2 .
∏ (𝑦𝑦𝑙𝑙)𝑉𝑉𝑙𝑙(−1)∑ (𝑓𝑓𝑙𝑙)𝐾𝐾

𝑙𝑙=1𝐾𝐾
𝑙𝑙=1

∏ �𝛿𝛿(𝑒𝑒𝑙𝑙)
(𝑙𝑙) 𝑓𝑓𝑙𝑙 !�𝐾𝐾

𝑙𝑙=1

∞

𝑓𝑓𝑙𝑙=0

  

� ⋯ �

 [𝑛𝑛𝑠𝑠 𝑚𝑚𝑠𝑠⁄ ]

𝛼𝛼𝑠𝑠=0

[𝑛𝑛1 𝑚𝑚1⁄ ]

𝛼𝛼𝑖𝑖=0

(−1)𝑚𝑚1𝛼𝛼1

𝛼𝛼1!
⋯

(−1)𝑚𝑚𝑠𝑠𝛼𝛼𝑠𝑠
𝛼𝛼𝑠𝑠!

𝐵𝐵[𝑛𝑛1𝛼𝛼1, … ,𝑛𝑛𝑠𝑠𝛼𝛼𝑠𝑠]. �𝑡𝑡1
𝛼𝛼1 , … , 𝑡𝑡𝑠𝑠

𝛼𝛼𝑠𝑠�. 𝐼𝐼𝑝𝑝𝑖𝑖+2,𝑞𝑞𝑖𝑖+1:𝑟𝑟
𝑚𝑚+1,𝑛𝑛+1
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( F
)...(3.1)  

Notes

New Generalization of Angular Displacement with Product of Certain Special Functions in A Shaft



⎣
⎢
⎢
⎢
⎢
⎡

𝑧𝑧22ℎ

�

�
�1 − 𝜏𝜏 +

𝜆𝜆
2 −�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; ℎ� , �𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛
; �𝑎𝑎𝑗𝑗𝑖𝑖 ,𝛼𝛼𝑗𝑗𝑖𝑖 �𝑛𝑛+1,𝑝𝑝𝑖𝑖

�𝜏𝜏 − 2�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 − 2�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; 2ℎ� , �𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚
; �𝑏𝑏𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖 �𝑚𝑚+1,𝑞𝑞𝑖𝑖

,�1 − 𝜏𝜏 +
𝜆𝜆
2 −�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

;ℎ�

�

⎦
⎥
⎥
⎥
⎥
⎤

 

                                                                               × �𝑐𝑐𝑐𝑐𝑠𝑠
𝜋𝜋𝑥𝑥𝜏𝜏
𝜇𝜇 � �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝜏𝜏𝑅𝑅𝑡𝑡
𝜇𝜇 �                                                             

where 𝑘𝑘𝑖𝑖 > 0
 

(𝑖𝑖 = 1, … , 𝑠𝑠),ℎ > 0,ℜ�𝜆𝜆 − 2𝑘𝑘 �𝛽𝛽𝑗𝑗
𝑏𝑏𝑗𝑗
�� > 0, 𝑗𝑗 = 1, …𝑚𝑚 ,𝑚𝑚

 
is an arbitrary 

positive integer and the coefficient  𝐵𝐵[𝑛𝑛1𝛼𝛼1; … ;𝑛𝑛𝑠𝑠𝛼𝛼𝑠𝑠]  are arbitrary constant, real or 
complex.  

Proof.  By eq. (1.11)  

Ψ(𝑥𝑥, 𝑡𝑡) =
1
2
𝑎𝑎0 + �𝑎𝑎𝜏𝜏 �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝑥𝑥𝜏𝜏
𝜇𝜇 � �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝜏𝜏𝑅𝑅𝑡𝑡
𝜇𝜇 �

∞

𝜏𝜏=1
 

where 𝑎𝑎𝜏𝜏  (𝜏𝜏 = 0,1,2 … )  are the coefficients in the Fourier cosine series for f(x) in the 
interval (𝑐𝑐, 𝜇𝜇).  
If 𝑡𝑡 = 0 , then from (1.11) and (2.3), we have  

�𝑠𝑠𝑖𝑖𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝛿𝛿−𝜆𝜆−1
�𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝑥𝑥
2𝜇𝜇
�
𝜆𝜆−1

𝑆𝑆𝑛𝑛1,…,𝑛𝑛𝑠𝑠
𝑚𝑚1,…,𝑚𝑚𝑠𝑠

⎣
⎢
⎢
⎢
⎡𝑡𝑡1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘1

⋮

𝑡𝑡𝑠𝑠 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘𝑠𝑠

⎦
⎥
⎥
⎥
⎤

.𝐻𝐻

⎣
⎢
⎢
⎢
⎡𝑦𝑦1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣1

⋮

𝑡𝑡𝐾𝐾 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣𝐾𝐾

⎦
⎥
⎥
⎥
⎤

 

                                                            × 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2ℎ  

�     =
1
2
𝑎𝑎0 + �𝑎𝑎𝜏𝜏 �𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝑥𝑥𝜏𝜏
𝜇𝜇
�

∞

𝜏𝜏=1

     

Now multiplying (4.1) both the sides by �𝑐𝑐𝑐𝑐𝑠𝑠 𝜋𝜋𝛿𝛿𝑥𝑥
𝜇𝜇
�  and integrating with respect to 

x from 0 to 𝜇𝜇, we get  

∫ �𝑐𝑐𝑐𝑐𝑠𝑠 𝜋𝜋𝛿𝛿𝑥𝑥
𝜇𝜇
�𝜇𝜇

0 �𝑠𝑠𝑖𝑖𝑛𝑛 𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝛿𝛿−𝜆𝜆−1
�𝑐𝑐𝑐𝑐𝑠𝑠 𝜋𝜋𝑥𝑥

2𝜇𝜇
�
𝜆𝜆−1

𝑆𝑆𝑛𝑛1,…,𝑛𝑛𝑠𝑠
𝑚𝑚1,…,𝑚𝑚𝑠𝑠

⎣
⎢
⎢
⎢
⎡𝑡𝑡1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘1

⋮

𝑡𝑡𝑠𝑠 �𝑡𝑡𝑎𝑎𝑛𝑛
𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑘𝑘𝑠𝑠

⎦
⎥
⎥
⎥
⎤

.𝐻𝐻

⎣
⎢
⎢
⎢
⎡𝑦𝑦1 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣1

⋮
𝑡𝑡𝐾𝐾 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇
�

2𝑣𝑣𝐾𝐾

⎦
⎥
⎥
⎥
⎤
  

× 𝐼𝐼𝑝𝑝𝑖𝑖 ,𝑞𝑞𝑖𝑖 ;𝑟𝑟
𝑚𝑚 ,𝑛𝑛 �𝑧𝑧 �𝑡𝑡𝑎𝑎𝑛𝑛

𝜋𝜋𝑥𝑥
2𝜇𝜇�

2ℎ
 

� 𝑑𝑑𝑥𝑥 =
1
2𝑎𝑎0 ��𝑐𝑐𝑐𝑐𝑠𝑠

𝜋𝜋𝛿𝛿𝑥𝑥
𝜇𝜇 �𝑑𝑑𝑥𝑥 +

𝜇𝜇

0

�𝑎𝑎𝜏𝜏 �
 

𝜇𝜇

0

�𝑐𝑐𝑐𝑐𝑠𝑠
𝜋𝜋𝑥𝑥𝜏𝜏
𝜇𝜇 �

∞

𝜏𝜏=1

�𝑐𝑐𝑐𝑐𝑠𝑠
𝜋𝜋𝛿𝛿𝑥𝑥
𝜇𝜇 �𝑑𝑑𝑥𝑥                                     

 
Now using result (3.1) along with orthogonal property of the cosine function, we obtain 

 

𝑎𝑎𝜏𝜏 =
22𝜏𝜏−𝜆𝜆+2∑ 𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖+2∑ 𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙+1𝐾𝐾

𝑙𝑙=1
𝑠𝑠
𝑖𝑖=1

√𝜋𝜋√2𝜏𝜏
�  
𝑈𝑈𝑙𝑙

𝑒𝑒𝑙𝑙=1

� 𝜙𝜙1𝜙𝜙2 .
∏ (𝑦𝑦𝑙𝑙)𝑉𝑉𝑙𝑙(−1)∑ (𝑓𝑓𝑙𝑙)𝐾𝐾

𝑙𝑙=1𝐾𝐾
𝑙𝑙=1

∏ �𝛿𝛿(𝑒𝑒𝑙𝑙)
(𝑙𝑙) 𝑓𝑓𝑙𝑙 !�𝐾𝐾

𝑙𝑙=1

∞

𝑓𝑓𝑙𝑙=0

  

� ⋯ �
 

[𝑛𝑛𝑠𝑠 𝑚𝑚𝑠𝑠⁄ ]

𝛼𝛼𝑠𝑠=0

[𝑛𝑛1 𝑚𝑚1⁄ ]

𝛼𝛼𝑖𝑖=0

(−1)𝑚𝑚1𝛼𝛼1

𝛼𝛼1!
⋯

(−1)𝑚𝑚𝑠𝑠𝛼𝛼𝑠𝑠
𝛼𝛼𝑠𝑠!

𝐵𝐵[𝑛𝑛1𝛼𝛼1; … ;𝑛𝑛𝑠𝑠𝛼𝛼𝑠𝑠]. �𝑡𝑡1
𝛼𝛼1 , … , 𝑡𝑡𝑠𝑠

𝛼𝛼𝑠𝑠�. 𝐼𝐼𝑝𝑝𝑖𝑖+2,𝑞𝑞𝑖𝑖+1:𝑟𝑟
𝑚𝑚+1,𝑛𝑛+1  
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⎣
⎢
⎢
⎢
⎢
⎡

𝑧𝑧22ℎ

�

�
�1 − 𝜏𝜏 +

𝜆𝜆
2
−�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; ℎ� , �𝑎𝑎𝑗𝑗 ,𝛼𝛼𝑗𝑗 �1,𝑛𝑛
; �𝑎𝑎𝑗𝑗𝑖𝑖 ,𝛼𝛼𝑗𝑗𝑖𝑖 �𝑛𝑛+1,𝑝𝑝𝑖𝑖

�𝜏𝜏 − 2�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 − 2�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; 2ℎ� , �𝑏𝑏𝑗𝑗 ,𝛽𝛽𝑗𝑗 �1,𝑚𝑚
; �𝑏𝑏𝑗𝑗𝑖𝑖 ,𝛽𝛽𝑗𝑗𝑖𝑖 �𝑚𝑚+1,𝑞𝑞𝑖𝑖

,�1 − 𝜏𝜏 +
𝜆𝜆
2
−�𝛼𝛼𝑖𝑖𝑘𝑘𝑖𝑖 −�𝑉𝑉𝑙𝑙𝑈𝑈𝑙𝑙

𝐾𝐾

𝑙𝑙=1

𝑠𝑠

𝑖𝑖=1

; ℎ�

�

⎦
⎥
⎥
⎥
⎥
⎤

 

 

Now with help of (1.11) and (4.4), the solution (4.1) is obtained. 

V. Special Cases 

(A) If we set 𝑆𝑆𝑛𝑛𝑖𝑖
𝑚𝑚𝑖𝑖 = 1, (𝑖𝑖 = 1, … 𝑠𝑠) and 𝑟𝑟 = 1 in (3.1), then the results reduces to the  

result given by chaurasia and Gupta [12]. 

(B) For 𝑟𝑟 = 1, taking 𝑠𝑠 = 2 and 𝑘𝑘𝑖𝑖 → 0 in (3.1), we find the known result concluded 
by Chaurasia and Godika [13]. 

(C) Taking 𝐻𝐻�-function place of I-function and H-function of series form to unity, 
then we can easily obtained the known results given by Chaurasia and 
Shakhawat [14]. 

(D) For 𝑟𝑟 = 2 in multivariable H-function and 𝑆𝑆𝑛𝑛𝑖𝑖
𝑚𝑚𝑖𝑖 = 1, (𝑖𝑖 = 1, … 𝑠𝑠) and taking series 

representation of Fox’s H-function place of I-function, we find the known result 
obtained by Mittal and Gupta [15] 

VI. Conculsion 

In view of the generality of I-function and H-function of several complex 
variables, on specializing the various parameters, involved there in, we can obtain from 
our results, several Results involving a remarkably wide variety of useful function, 

which are expressible in terms of the H-function, 𝐻𝐻�-function, I-function of one variable 
and their special cases. Thus the results presented in this paper would at once yield a 
very large number of results involving a large variety of special function occurring in 
the problems of science, engineering and mathematical physics etc. Also results deduced 
in the present paper may provide better result of Angular displacement in a shaft and 
boundary value problem of some simpler functions. 
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