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I.

 

Introduction

 
In this paper we consider some problems concerned with the isotopy classification 

of homeomorphisms of multiply punctured compact 2-manifolds, i.e., manifolds of the 

form X –

 

∪ m
i=1

 

Definitions and Notation 

 

 

D̊i

 

–

 

Pwhere X is a closed 2-manifold, {Di

 

:1<i<m}

 

is a family of 

disjoint discs in X and P = {pm+1, …, pn}

 

is a finite subset of X  disjoint from each Di. 
Inparticular we will  show that  various homeotopy groups for these manifolds are 
generated by the isotopy class of three types of homeomorphisms. In the case X is the 
two sphere we will give a complete presentation of these homeotopy groups. Parts of 
the material in this paper have been considered in [5 ], [6] and [7], but this is the first 
time that a full treatment of this topic, including detailed illustrations of the isotopies 
involved, has been submitted for publication. For an alternate approach to the material 
in this paper see (for example) [2], and [].

 Let x be a 2-manifold (connected, triangulated). 

 

Let A⊂X and B⊂X. 
G(X) = group of all homeomorphisms of X onto itself with the compact-open topology.

 

G0(X) = arc component of 1X

 

in G(X). Clearly G0(X) is normal in G(X). 

 

H(X) = G(X)/G0(X) = the homeotopy group of X. 

 

G(X,A) = {g ϵ

 

G(X) : g/AϵG(A)}. 
G0(X,A) = arc component of 1X

 

in G(X, A). 

 

H(X,A) = G(X,A)/G0(X,A) = the homeotopy group of (X,

 

A). 

 

G (X,A) = {g ϵ

 

G(X) : g / A=1A}.

 

G 0(X,A) = arc component of 1X

 

in G (X,A). 

 

H (X,A)  = G`(X,A)/G`0(X,A) 
H*(X,A) = (G`(X,A)∩G0(X))/G`0(X,A). 
G(X,A,B) = {g ϵ

 

G(X) : g / A

 

ϵ

 

G(A), g / B ϵ

 

G(B)}. 
G0(X,A,B) = arc component of 1X

 

in G(X,A,B). 

 

H(X,A,B) = G(X,A,B)/G0(X,A,B).

 

$n= symmetric group on n letters.

 

Remarks:

 

1)

 

f ϵ

 

G0(X)iff f is isotopic to 1X (denoted f ≃ 1X).

 

2)

 

f ϵ

 

G0(X, A) iff f is isotopic to 1X

 

by an isotopy which keeps A invariant. 
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3)  f ϵ  G`0(X, A) iff f is isotopic to 1X  by an isotopy which is fixed on A (denoted f = 1X  
(rel A)).  

4)  If A is a finite set, then G0(X,A) = G`0(X,A) and if also A = A`∪A``, then G0(X, 
A`, A``) = G0(X,A).  

II.  Homeotopy Groups  
In the fpllowing we develop some of the basic tools used in studying homeotopy 

groups of multiply punctured compact manifolds. We also obtain a presentation for 
H*(S2, Fn)where Fn is a finite subset of S2.  

Lemma1:  Let X be a compact 2-manifold, F = {pi
 : 1<i<n}a finite subset of X.  

Define k:
 

H(X, F) → H(X) ×  
H(F) by k(fG0(X, F)) = (fG0(X), (f/F)G0(F)) = (fG0(X),

 

f/F).Then k is an epimorphism with kernel H*(X, F) = (G`(X, F)∩G0(X))/G`0(X,
 

F).Therefore, we have the exact sequence 0 →  
H*(X, F) →  

H(X, F) k→  
H(X) ×$n

 →  
0  

where we have identified H(F) with $n.
 

Proof.   The map k is clearly well-defined and a homomorphism. Let [gG0(X),
 α] ϵ H(X) 

×$n. Suppose g(pi) = yi. By the homogeneity of X for finite subsets of X we can assume 
g(pi) = pi. By the remark following Lemma 1.2 (or homogeneity again), we can find a 
homeomorphism h ϵ G0(X) with h/F = α. So k is an epimorphism.

 
 
Now fG0(X,F) ϵ

 
ker k if and only if f ϵ G0(X) and f/F = 1F. That is f ϵ

 

G0(X)∩G`(X, F). But for finite sets, G0(X,F) = G`0(X,F). Thus, 
 

ker f = (G0(X)∩G`(X, F))/G`0(X, F) = H*(X, F).
 

Remark 1.   By Lemma 1.1, H(X,F) ≅H(X-F) so we also have the short exact sequence 
0 →

 
H*(X, F) →

 
H(X, F) → H(X) ×$n→0.

 

Remark 2.  Similarly, if {Di

 
: 1<i<n}  

is a family of disjoint discs in a closed 2-manifold 
X, then by Theorem 1.6, we have the short exact sequence 

 

0 →  
H*(X, F) →  

H(X - ∪ n
i=1

 
D̊i)

k1

Lemma 2 
 

Let  X be a closed 2-manifold, {Di

 
: 1<i<m}

 
a family of disjoint discs in X 

with pi
 ϵ  D̊i. Let  {pi: m+1<i<m+r}be a set of points in X disjoint from ∪

→  
H(X) ×$n

 →0.
 

m
i=1

  

Di.Consider the composition ϕ  : H(X- ∪  m
i=1

 D̊i,∪
m+r

j=m+l
 pj) 

k1  →  H(X- ∪ m
i=1

 D̊i) ×$n  
(ψ, 

1)→  H(X, ∪ m
i=1   pi) ×$n

(k2,1)

 

Proof.ϕ  is an epimorphism, since k1, k2, and ψ  are epimorphisms. We have fG0(X-  ∪

→ H(X) ×$m ×$r  where k1  is as in Remark 2 after Lemma 3.1, 

ψ  is as in Theorem 1.6 and k2  is as in Lemma 3.1. Then ϕ  is an epimorphism with 

kernal≅H*(X,∪m+r
i=1  pi).  

m
i=1   

D̊i, ∪  
m+r
m+1 pj)  in the kernal of ϕ  provided 1) fCϵ  G0  (X), 2) f(∂Di) = ∂Di, 1<i<m,  and 3)  

f(pi) = pi, m+1<i<m+r. Now by Corollary 1.8 H(X- ∪ n
i=1  

D̊i,∪  
m+r
m+1 pj) ≅  

H(X-  ∪m
1  

 pi, 

∪
 

m+r
m+1 pj)and the image of ker ϕ

 
under this isomorphism is H*(X, ∪m+r

i=1  
 pi). This

 
follows since G0(X,

 
∪

 

m
1  pi, ∪

m+r
m+1

 
 pi) = G0(X,

 
∪

 

 

m+r
1

 
pi). 
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1) Note that we have the short exact sequence 0 → H*(X, ∪m+r
1  pi) → H(X - ∪ m

i=1
D̊i -  ∪m+r

m+1 pi) → H(X) ×$m×$r →0.

Remarks.

Notes



      

  

2)

 

Since H(X) is known for X a closed 2-manifold  (see Sections 2 and 6  of [1]), 
Lemmas 1 and 2 show that once we determine H*(X,F) for any finite set F and any 
closed 2-manifold X, the homeotopy group of any multiply punctured compact 2-
manifold will be determined up to a group extension. 

 

  

3)

 

In the following we will determine a presentation for H*(S2, F) for any finite subset 
F of S2. 

 

Lemma.3   Let X be a 2-manifold and let x0

 

ϵ

 

X̊. Then 

 

1)

 

G(X) is a fibre bundle over X̊with fibre G(X, x
0
)

 

2)

 

i*

 

: πi

 

(X̊, x0) ≅πi(X, x0) ∀i.

 

Proof.

 

  1) is given in Lemma 4.10 of [3]. 

 
 

     2) is given in Lemma 4.11 of [3]. 

 

Remarks.

 

1)

 

The homotopy sequence of this fibration together with the isomorphism in 2) yields

                                      

→

 

π1(G(X, x0),1X) 
i*→

 

π1(G(X),1X) 
p*→

 

π1(X, x0) 
d*→

 

π0(G(X, x0), 1X) 
i*

The map i*

 

: π0(G(X, x0),1X) →

 

π0(G(X),1X)  is onto because any homeomorphism 
of X is isotopic to one that fixes x0. 

 

→

 

π0(G(X),1X) →

 

0. 

 
2)

 

π0(G(X, x0),1X) ≅

 

H(X, x0) and π0(G(X),1X) ≅

 

H(X) and making these replacements 
above we get the homeotopy sequence

 

of X

 →
 

π1(G(X, x0),1X) 
i*→

 

π1(G(X),1X) 
p*→

 

π1(X, x0) 
d*→

 

π0(H(X, x0), 1X) 
i*

3)
 
Let X be a closed 2-manifold. Let Fn+1

 
= {p0, …

 
, pn}

 
be a set of n+1 points in X 

and let Fn
 
= {p0, …

 
, pn-1}

 
= Fn+1

 
–
 
pn. Consider the homeotopy sequence of X-Fn

 where we use pn
 
for the base

 
point of X-Fn,

 

the last few terms are …
 
→

 
π1(X-Fn, pn) 

→
 

H(X) →
 

0. 

 

d*

If, in this sequence, we replace H(X-Fn, pn) by a subgroup L which still contains 
im d* = keri*  and replace H(X-Fn) by i*L then the new sequence will also be exact. Now, 
since G0(X, Fn+1) = G`0(X, Fn+1), we have that H*(X, Fn+1) is a subgroup of H(X, Fn+1). 
The restriction map h → h/X-Fn defines an isomorphism of H*(X, Fn+1) with a 
subgroup L of H(X-Fn, pn).  

→
 
H(X-Fn, pn) →

 
H(X-Fn) →

 
0. 

Now, a homeomorphism g of X-Fn represents an element of L if and only if its 
unique extension ḡtoXx sends pi to itself, 0<i<n, and is isotopic to 1X (all pi being 
allowed to move). g ϵ G(X-Fn) represents an element of keri* provided its extension ḡ 
sends each pi to itself and is isotopic to 1X (all pn being allowed to move). Hence, keri*⊂ 
L. 

f ϵ G(X-Fn) represents an element of i*L provided f̄ takes each pi to itself 0<i<n-
1 and f̄ is isotopic to 1X (all pi being allowed to move). Thus, i*L can be identified with 
H*(X, Fn). 

Now in the homeotopy sequence of X-Fn

 
with pn

 
as base point, we replace H(X-

Fn, pn) by its subgroup L and H(X-Fn) by i*L. Next, we replace L by its isomorph H*(X, 
Fn+1) and i*L by its isomorph H(X, Fn) getting the exact sequence

 

…
 
→

 
π1(X-Fn,pn) 

d→
 
H*(X,Fn+1) 

e→
 
H*(X, Fn) →

 
0. 

4)
 
Note if [τ] π1(X-Fn,pn) where τ

 
is a loop in X-Fn

 
based at pn, then d([τ]) H*(X, Fn+1) 

is determined as follows: 
 

Let Ht

 

be an isotopy of X beginning at 1X

 

which drags the point pn about the 
loop τ

 

while leaving each pi, 0<i<n-1 fixed; then d([τ]) is represented by the 
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homeomorphism H1. Thus, the isotopy class (rel Fn+1) of a homeomorphism h represents 
d([τ]), provided h = 1X  (relFn) and the isotopy Ht  from 1X  to h is such that Ht(pn) = τ. 
Note: The map e, on the level of homeomorphisms, takes each h to itself.  

Lemma 4  Let Fn  = {p0, …  , pn-1}  denote a set of n points in S2. It n >  3, then π1(G(S2-
Fn), 1) =0.  

Proof.  This is stated in Theorem 3.1 of [1]. See also page 303 of [3].  

Remark.  Let p0, p1, …  ,pn, …  be a sequence of distinct points in S2  and let Fn= {p0, …  , 
pn-1}. Then, in view of Lemma 3.4 we have 0 →π1(S

2-Fn, pn) →  H*(S2-Fn) →  0 is exact 
for n  3.  

Lemma 3.5   Given an exact sequence 0 →Af→  B g→  C →  0. Let {ai, …  , an}  generate 
A and {c1, …  , cm}  generate C. Suppose b1, …  , br

 are elements of B satisfying f(ai) = 
bi, 1 i r and b`1, …  , b`m

 in B satisfy g(b`i) = ci, 1<i<m, then {b1, …, br, b`1, …, b`m}  
generates B.  

Proof.  Let b ϵ  B. Then g(b) ϵ  C, i.e., g(b) = w1(ci) where w1(ci) is a word in c1, …, cm. 
Thus, g(b) = w1(g(b`i)) = g(w1(b`i)). So g(bw1(b`i))

-1) = 1C. Now, bw1(b`i)
-1  ϵ  ker g = 

lm f =>  bw1(b`i)
-1 = f(w2(ai)) where w2(ai) is a word in a1,…, ar. Hence, bw1(b`i)

-1  = 
w2(f(ai)) = w2(bi). So b = w1(b`i)w2(bi). 

 

Next, we define “twist homeomorphisms”. These will be used to obtain 
generators for H*(S2, Fn).

 

Let P = p0, p1,…
 

be a sequence of points in the interior of a disc D which 
converge to p∞

 
ϵ

 
D̊. Let α

 
be an oriented simple closed curve in D̊-P and let D`  denote 

the closure of that component of D-α
 

which forms an open disc. We define the “twist 
homeomorphism of D supported by a``, denoted hα, as follows: 

 

Let A denote a collar neighborhood of α
 

in the disc D  with A ∩
 

P = ∅
 

(see 
Figure 1). Let e: S ×I →

 
A be a homeomorphism with e/S ×I = α

 
where S ×I is oriented 

as in Figure 2. Define g: S ×I →S ×I by g(x,t) = (x-t,t) where S  = R/Z (see Figure 2). 
Finally, we define hα: (D, P) →

 
(D, P) by hα(x) = ege-1(x) for x ϵ

 
A and hα(x) = x for x 

ϵ D-A. 
 

Now, suppose D ⊂ºX where X is a 2-manifold. Since hα
 

is the identity on ∂D we 
can extend hα

 
to X by the identity. This new homeomorphism will also be denoted hα

 

and called the twist homeomorphism of X supported by α. 
Remark 1.

 
Different choices for the annulus A, satisfying the above conditions, result in 

different choices for hα. However, each of these possibilities for hα
 

are ambient isotopic 
(rel P) to one another by the regular neighborhood theorem (applied to ∂D`

 
in D`-P). 

Since we are interested only in the isotopy classes (rel P) of homeomorphisms, we will 
abuse the notation slightly and use hα

 
to denote any homeomorphism which results from 

the above process. 
 

Remark 2.
 

In [6] twist homeomorphisms (or “c-homeomorphisms”) are defined for any 
simple closed curve B in a closed 2-manifold X as follows: Let e`: S`×I → A`

 
be a 

regular neighborhood of B in X with e`/S`
 

×
 

½ = B and define g`: A`
 

→ A` as 
indicated in Figure 3. Define the “c-homeomorphism corresponding to B”

 
to be the 

homeomorphism obtained by conjugating g`
 

by e`
 

and extending by the identity. In the 
case B bounds a disc D`, this definition yields our definition of hB

 
provided we add the 

condition e`(S`
 

× 0) ⊂ D`. Without this condition it is possible for two different 
embeddingse`: S`×I → A`

 
and e``: S`×I → A``

 
to yield two non-isotopic “c-

homeomorphisms”, namely a homeomorphism and its inverse. Thus, the isotopy class of 
a “c-homeomorphism”

 
is not uniquely determined by the curve B. 
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Remark 3. With the notational abuse mentioned in Remark 1 we can write h
-1
α  

 

= (hα)
-1. 

Remark 4. For any n, hα
 
is defined in X-Fn where Fn = {p0, … , pn-1} to be the 

restriction of hα 
to X-Fn. 

 
 
 
 
 
 
 
 
 

 
Figure 1

 

 
 
 
 
 
 
 
 
 
 

 Figure 2
  

Figure 3

 

 
 
 
 
 
 
 
 
 
 

 
 
The following two lemmas are versions of lemmas given in [7]. The proofs follow 

almost immediately from the definitions.  

Lemma 6  Let x be a 2-manifold and let F be a finite set of points in X̊. Let D be a disc 
in X̊ with F ⊂ D̊ and let α be a simple closed curve in D̊-F. Let f:  (X, F) -> (X, F) be 
a homeomorphism; then hfºα≃fhαf

-1(rel F).  

Proof.  If e : S`×I → A is the embedding used to define hα, then fºe : S`×I → f(A) can 
be used to define hfºα.

 Hence, hfºα(x) = (fºe)g(fºe)-1(x) on f(A) and hfºα(x) = x 
elsewhere. That is, hfºα(x) = fºhαº f-1(x) on f(A) and hfºα(x) = x elsewhere. But fºhαº 
f-1(x) = x for x ~ϵ f(A). Thus, hfºα

 = fº hαºf-1everywhere on X.  
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Lemma 7  Let F, D, and X be as in Lemma 3.6. Let α, β  ϵºD-F be simple closed curves 
with α≃β  (rel F), i.e., α  is ambient isotopic to β  (rel F) in X. Then hα≃hβ(rel F).  

Proof.  Let Ht  : X →  X be the ambient isotopy with H1α  = β, then by Lemma 3.6 hα≃  
H1hαH1

-1. Thus, Ft  = HthαHt
-1. is an isotopy between hα  and hβ.  

We now concentrate on S2. Let P = p0, …,pn, …  be a sequence of points in S2  

converging to a point p. Let i<j and let αij  be the simple closed curve in S2  given in 
Figure 4, i.e., αij  is oriented in a clockwise direction about p and encloses the points pi

 

and pk
 for k  >  j as indicated. Note that for pictorial purposes S2  appears as a disc with 

q as its boundary, but on S2, q is identified to a single point. We let aij
 denote the 

homeomorphism hαij
 where  to define hαijwe take a disc about P not containing the point 

q.  

Lemma 8
 

Let n >
 

3 and let Fn

 
= {p0,…, pn-1}⊂

 
P.  Consider the short exact sequence 0 

→  π1(S
2-Fn, pn) 

d→  
H*(S2, Fn+1) 

e→  
H*(S2, Fn) →

 
0 given in the remark following 

Lemma 3.4. If aij

 
is defined as above, then the image of d is generated by {āin

 
: 1<i<n}

 

where āin= isotopy class of ain

 
in H*(S2, Fn+1). 

 

Proof.
 

The loops αin

 

can be deformed slightly to yield loops Bin

 
passing thru pn

 
such that 

the homotopy classes [B
-1
in

 
], 1<i<n, generate π1(S

2-Fn, pn). Let b
 -1

in be the 

homeomorphism which dials the point pn

 
once around Bin

-1 as indicated in Figure 5. The 

identity is clearly isotopic to b
-1
in

 
(relFn) by an isotopyHt

 
with the property that Ht(pn) 

= B
 -1

in . Thus, as indicated in Remark 4 following Lemma 3, we have d[B
-1
in

 
] = b̄

 -1
in . On 

the other hand,b̄-1in
 

= āin, i.e., b
 -1

in ≃a
-1
in

 
keeping Fn+1

 
fixed. To see this just note that on 

the disc about pi

 
bounded by Bin

-1
 

we have b
 -1

in restricted to the boundary of this disc is 

the identity. Hence,  b
-1
in

 
restricted to this can be isotope to the identity on this disc by 

an isotopy which keeps the boundary of the disc fixed. Extending this isotopyby the 

identity to all of S2
 

we see b
 -1

in

 
is isotopic to ain

 
(relFn+1). Note if we denote the isotopy 

from b
-1
in

 

Theorem 9
 

For n>3, H*(S2, Fn+1) is generated by∪

to ain

 
by It, then I1/2

 
is given in Figure 6.

 

n
k=3

 

Proof.
 

Recall the short exact sequence 0 → H*(S2, Fn+1) →
 

H*(S2, Fn) 
k→

 
H(S2) ×$n

 

→
 

0 
of Lemma 3.1. By Theorem 3.1(c) of [1], H*(S2, F3) ≃H(S2) ×$3. Hence, H*(S2, F3) = 0. 
In particular, letting n=3 in the sequence 0 →

 
π1(S

2

 
- Fn, pn) 

d→
 

H*(S2, Fn+1) 
e→

 
H*(S2, 

Fn) →
 

0 we have π1(S
2

 
–

 
F3, p3) ≅

 
H*(S2, F4). Thus, by Lemma 3.8, H*(S2, F4) is

 

generated by  {ā13, ā23}. Inductively, assume n-1∪k=3

 
{āikG0(S

2, Fn) : 1<i<k}generates 

H*(S2, Fn). Now, e(aikG0(S
2, Fn+l)) = aikG0(S

2, Fn). Hence,
 

∪

{āik

 
: 1<i<k}where āikis the 

isotopy class of aik

 
in H*(S2, Fn+1).

 

n-1
k=3

 

Notation:
 

We let Gn= ∪

{e(āik) : l<i<k}
 

generates H*(S2, Fn). By Lemma 3.8, {āln,…,ān-ln}
 

generates the image of d. The 
Theorem now follows by applying Lemma 3.5.

 

n
k=3

 

Remark.

 

Gn

 

is a generating subset of H*(S2, Fn+1) by Theorem 9. The remainder of this 
chapter will be devoted to finding a complete set of relations among these generators. 

 

 
{āik

 
: 1<i<k}

 
⊂H*(S2, Fn+1).
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Lemma 10 As in Lemma 3.5, let 0 → A f→ B g→ C → 0 be a short exact sequence of 
groups. Let {a1,…,ar} generate A and {c1,…, cr} generate C. Let bi = f(ai), 1<i<r and 
g(b1`) = ci, 1<i<m; then (i) B has a presentation with generators {b1,…, br, b1`,…, 
bm`} in which ever relation has the form (1) w(bi) = w`(bi`), (2) bj`bibj`

-1, (3) bj`
-

1bibj`= w(bi)where w(bi) denotes a word in b1,…, brand w`(bi`) denotes a word in 
b1`,…, bm`. (ii) Moreover, if the exact sequence splits, i.e., if there exists a 
homomorphism k: C → B with gºk= 1C and if we suppose that bi` = k(ci) for l<i<m, 
then every relation of form (1) can be expressed as (1.1) w(bi) = l and (1.2) w`(bi`) = 
1.  

Proof. Since f (A) is normal in B we have that relations of the form (2) bj`bi`bj`
-1 = 

w(bi)and (3) bj`
-1bj`bi`= w(bi) exist for l<i<r and l<j<m. Using relations of form (2) 

and (3)  any other relator can be rewritten in the form w(bi)w`(bi`) and then 
transposed into form (1). Thus, part (i) of the lemma holds.  
 

Part (ii) of Lemma 10 follows immediately from part (i), since if the sequence 
splits, then f(A)∩k(C) = {lB}, so any relation w(bi) = w`(bi`) reduces to w(bi) = l and 
w`(bi`) = l. 

 

Remark.
 

Suppose that for a given k and j we have that a relation of the form bk

 

= 
bj`w(bi)bj`

-1

 

is a consequence of the relations of type (1) and (2) of Lemma 3.10. Then it 
follows that bj`

-1bkbj`
 

= w(bi). Hence, the corresponding relation of type (3) can be 
dropped from the given presentation. 
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Figure 4

Figure 5

Notes



 
 
 
 
 
 
 
 
 

Remark 1.

 

We will apply Lemma 10 to the short exact sequence 0 →

 

πl(S
2-Fn, Pn) 

d→

 

H*(S2, Fn+1) 
e→

 

H*(S2, Fn) →

 

0. In the proof of Theorem 9 it is shown that the set Gn-1

 

= ∪ n-1
k=3

  

{āik

 

: l<i<k}

 

maps onto a generating set for H*(S2, Fn) and the set Gn

 

–

 

Gn-l

 

= 

{āin: l<i<n}

 

generates the image of d. Hence by part (i) of Lemma 3.10, H*(S2, Fn+1) 
has a presentation using these generators in which every relation has the form (1) w(āik) 

= w`(āin), (2)

 

āikārnā

 

-1
ik = w`(ājn), (3) ā

-1
ik

 

Remark 2.

 

The Technique for determining relations of types 2 and 3 is based on 
Lemmas 3.6 and 3.7. We will describe the approach for type 2 relations. Suppose aik(αrn) 

= γ. Then by Lemma 3.6, and the fact that arn

 

is the twist homeomorphism 

corresponding to αrn, we have hγ≃aikarna

ārnāik= w`(ājn) where in (1), (2), (3) we assume 

k  n. 

 

-1
ik

  

(relFn+1). Suppose also we can find a product 

of homeomorphisms w`(ajn) such that w`(ajn)(αrn) = γ`≃

 

γ

 

(relFn+l), then by Lemma 3.6 
we have hγ≃

 

w`(ajn)arnw`(aik)
-1

 

(rel Fn+1). Now hγ≃hγ, (relFn+1) by Lemma 3.7. Hence 

aikarna

 

-1
ik ≃ w`(ajn)arnw`(aik)

-1and therefore āikārnā
-1
ik

 

≃ w`(ājn)ārnw`(āik)
-1

 

= w``(ājn) is the 

desired relation of type 2. To adapt this technique to yield type 3 relations, just replace 

aik

 

with a

 

Remark 3.

 

The next lemma is needed in the proof of Lemma 3.12, which in turn 
supplies the basis for applying the technique in Remark 2. 

 

-1
ik . 

Lemma 11

 

Let Dn

 

be a disc and Dl,…,Dn-l

 

a family of disjoint discs in D̊n. Let B = ∪n-1
i=1

 

Di. Let ri

 

be an arc from ∂Di

 

to ∂Di+l, l<i<n-l, as indicated in Figure 3.7, i.e. the ri

 

are

 

disjoint arcs which have only their end points in common with B∪∂Dm. Let g: Dn→

 

Dn

 

be a homeomorphism which is fixed on B∪∂Dn and is such that g (∪

 

n
i=1 ri)= ∪ n

i=1

 

Proof.

 

Let Sn

 

= Dn

 

- B̊

 

and let g`

 

= g/Sn. We will show that g`≃

 

l (rel∂Sn) and then 
conclude g ≃

 

l (rel∂Dn∪B) by extending the isotopy for g`

 

over each disc Di

 

by the 
identity. For each i, g`/ri

 

is a homeomorphism which fixes the end points of ri, thus it 
will be isotopic to the identity on riby an isotopy of riwhich keeps the end points fixed. 
Such an isotopy can be covered by an isotopy of Sn

 

which is the identity off a small 
relative neighborhood of ri

 

(mod ri) and is the identity on ∂Sn. Combining these 
isotopies we get g  is isotopic (rel∂Sn) to a homeomorphism which fixes ri

 

for each i. 

  

 

ri, 

then g≃1 (rel B∪∂Dn). 
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Figure 6

`

Notes



(rel∂D`). Let G`t: D`

 

→

 

D`

 

be an isotopy with G`o = h

 

and G`, =1 where G`t

 

is a 
homeomorphism which fixes ∂D`

 

for each t. Let Gt

 

:Sn→

 

Sn

 

be given by Gt(x) = x if x 
is in ∪ri∪∂Sn

 

and Gt(x) = pGt`p-1(x) otherwise. Then Go

 

= g`

 

and Gl

 

= l and also Gt

 

fixes ∂Snfor all t. This Gt

 

is the desired isotopy between g  and the identity on Sn. 

 

Lemma 12

 

Let D be a disc, I = {i1,…,ip}, J = {j1,…, jq}, K = {k1,…, kr}

 

finite sets in D̊. 
Let γi, γj, γk,γij, γik, γjk

 

and γijk

 

be the simple closed curves given in Figure 3.8 and let hi, 
hj, hk, hij, hik, hjk,  and hijk

 

be the corresponding twist homeomorphisms, then hik≃

 

hihjhkhijkhik
-1hjk

-1

 

(rel∂D∪I∪J∪K).

 

Moreover this isotopy can be taken to be fixed on suitably small discs D1, D2, D3

 

in D̊about I, J, K respectively. 

 

Proof.

 

Let D1, D2, D3

 

be discs about I, J, K as in Figure 3.9 and let r1, r2, r3be arcs as 

given in Figure 3.9. Let B = ∪ 3
i=1

 

 Di∪∂D. By Lemma 3.11 it suffices to show we can 

isotope hik(∪

 

3
i=1 ri) to hihjhkhijkh

-1
ik

 

h

 

-1
jk  (∪ 3

i=1

 

ri) (rel B). Figure 10 gives hik

 

(r1) and

 

Figure 12 gives hihjhkhijkh

 

-1
ik h

-1
jk

 

(r1) = hihjh

 

-1
jk (r1). Clearly the curves in Figures 10 and 

12 are isotopic (rel B). Figure 13 gives hik(r2). The curve γ

 

given in Figure 16 is isotopic 

(rel B) to h
-1
jk

 

h

 

-1
ij (r2) and hence the curve given in Figure 17 is isotopic (rel B) to 

hihjhkhijkh
-1
ik

 

h

 

 

-1
jk . But clearly the curves in Figures 13 and.17 are isotopic. 

 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 7

 
 
 
 
 
 
 
 
 
 
 

                      
 

 
 
 

Figure 8
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Thus without loss of generality we can assume g`/∪ri is the identity.  Let D` be the 
disc formed by cutting Sn along ∪ n

i=1 ri. Let p : D` → Sn be the identification map. 

Define h : D` → D` by h/∂D  = 1 and h/D̀  - ∂D = p-1 g`p. By Lemma 1.4 h ≃l `

`

`

Notes



 
 
 
 
 
 
 
 
 

 
 

Figure 9

 
 

 
 
 
 
 
 
 
 
 
 

                       
                                     

 
Figure 10  

 
 
               

Figure11   

 
 
 

  
 
 
 
 
 

Figure 12    Figure 13
 

 
 
 
 
 
 
 
 

 
 
 
 
 

Figure14    Figure 15
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Notes



 
 
 
 
 
 
 
 
 
 
 

 
 Figure 16   Figure 17

 
 
 
 
 
 
 
 
 
 
 
 
                                          
 
 Figure 18                 Figure 19

 
 
 
 
 
 
 
 
 
 
 
 

 
 Figure 20    Figure 21

 
Finally the fact that the curves in Figures 18 and 20 are isotopic (rel B) implies 

that hik(r3) is isotopic (rel B) to hihjhkhijkh
-1
ik h  

Remark. In the above, if I, J, or K is singleton, then the corresponding twist 
homeomorphism hi, hj or hk is isotopic to the identity and hence can be dropped from 
the statement of the lemma.  

-1
jk (r3). Combining these isotopies we have 

the desired result.  

Remark 2. In Lemma 12, the homeomorphisms hi, hj
 or hk

 commute with every 
homeomorphism in the lemma.  

Remark 3. If the curves given in Lemma 12 are in the interior of a 2-manifold X, then 
we can consider the corresponding twist homeomorphisms as defined on X. In particular 
if F is a finite subset of X̊ and L = I∪J∪K is a subset of F with F-L outside the disc 
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Notes



bounded by
 

γijk, then we have hik≃hihjhkhijkh
-1
ik  

h
 

-1
jk (rel F). Moreover this isotopy can be 

taken to be fixed on a family of disjoint discs in ºX where each disc contains a single 
point of F in its interior. In the following we will sometimes refer to the statement in 
this remark as Lemma 12 (a). 

 
Lemma 13  Let r  s and let δrs

 
be the simple closed curve in S2

 given in Figure 3.21 and 

let Crs
 

be the corresponding twist homeomorphism, then Crs≃
 

arr+1a
s-r

s+ls+2  
a

 

-1
ss+l

a
-1

s-ls+l  
…a

 

-1
rs+l  

(relFn+l). Moreover this isotopy can be taken to be fixed a suitably 

small discs about each pi
 

in Fn+l.
 

Proof.
 

Induct on p = s-r. If p=1, then cs-ls≃as-lsas+ls+2a
-1

ss+l
 

a
 

-1
s-ls+l (relFn+l) follows from 

Lemma 12 (a) by letting {il,…,ip}
 

= {s-l}, {jl,…,jq}
 

=  {s+l,…, n} and {kl,…, kr}
 

= {s}. 

See Figure 3.22. Now by induction assume (1) cr+ls≃
 

ar+lr+2a
s-r-l

s+ls+2
 

a
 

-1
ss+l a

-1
s-ls+l

 
…a

 

-1
r-ls+l

 
(relFn+l) claim (2) crs≃arr+las+ls+2a

-1
r-lr+2

 
cr+lsa

 

(1)  If i=r or i<r>k, then aikarma

-1
rs+l . Note that once (2) is 

established, substituting (1) into (2) gives the desired result. Letting {il,…,ip}
 

= {r}, 
{jl,…,jq}

 
= {s+l,…, n}, {kl,…, kr}

 
= {r+l,…, s}

 
in Lemma 3.12(a), we have (3) crs≃

 as+ls+2cr+lsarr+la
-1

r+lr+2a
-1

rs+l. See Figure 3.23. Keeping in mind which of these 
homeomorphisms commute, (2) now follows.

 
Lemma 14

 
Let n>m>3 and l<r<m and i<k. 

 -1
ik  

(2)
 

If i  r, then aikarma

≃
 

arm  
(relFn+l).  

-1
ik  

(3)
  

If i  r  k, then aikarma

≃
 

(aim(akm…am-lm))arm(aim(akm…am-lm))-1

 
(relFn+l).

 -1
ik

 

 

≃
 

((akm…am-lm)aim)arm((akm…am-lm)aim)-1

 
(relFn+l).

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 22
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Figure 23

Notes



 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 24

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 25

 

 
 
 
 
 
 
 

 
 
 
 
 
 
 

Figure 26
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Figure 27

Notes



 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 28

 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 29

 Moreover all the isotopes in Lemma 14 can be taken to be fixed on a family of 
disjoint discs Do,…,Dn

 
with pi

 
in D̊I and to be equal to the identity outside a disc about 

Fn.
 

Proof.
 

Let B = ∪ n
i=o  

(1)  If i=r or i<r>k, then αikcan be takento be disjoint from αrm. This means that the 
corresponding twist homeomorphisms commute. See Figure 3.24.  

 
Di

 
(S  - D̊ ) where D`

 
is a disc containing Fn. In the proof we use 

“h≃g”
 

to denote “h≃g (rel B)”. 
 

(2)  Let i>r. By Lemma 12 (a) we have hγ≃hγ`amm+laika
-1

kk+l  a  
-1
im where γ and γ`  are are 

given Figure 25. Keeping in mind the commuting properties of the above 

homeomorphisms we can solve for aik  to yield aik≃aimakk+laikhγh
-1
γ`  a  

-1
mm+l . In 

particular, aik(αrm)≃aimakk+laikhγh
-1
γ`  

a
 

Now by Lemma 3.13, letting r=k and s=m-1 we have hγ`≃ckm-l≃akk+la

-1
mm+l (αrm). But hγ,hγand amm+l  

are all the 

identity when restricted to αrm, since the corresponding curves are disjoint from 

αrmwhen i>r. See Figure 3.26. Thus aik(αrm) ≃aimakk+l(αrm).  
k-m+1
mm+l  

a  
-1

m-lm …a
-1
km  . Again keeping in mind which of the homeomorphisms commute we can 

solve for akk+l  to yield akk+l  (akm…am-lm) a  
m-k+1
mm+l ckm-l. Now ckm-l  and amm+l  are both the 

34
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`

identity when restricted to αrm, so akk+l(αrm) ≃ (akm…am-lm) (αrm). Thus aik(αrm) 

≃aimakk+l(αrm) ≃ aim(akm…am-lm)(αrm).

Notes



 
  

Part (2) now follows from Lemmas 3.6 and 3.7 as indicated in Remark 2 following 
Lemma 3.10. 

 
(3)

 

Let i<r<k. By Lemma 12(a) we

 

have aim≃aikhγ`amm+la
-1

kk+l

 

h

 

-1
β

 

where γ` and β

 

are 

given in Figure 3.27. As before we can solve for aik

 

to obtain aikakk+laima
-1

mm+l

 

h

 

-1
γ` hβ. 

Now amm+l, hγ`, hβ

 

are all the identity on arm

 

when i<r<k, see Figure 3.28. Thus 

aik(αrm) ≃akk+laim(αrm). Now as in the proof of part (2), akk+l≃(akm…am-lm)a
m-k+1
mm+l

 
Since ckm-l

 

and amm+l

 

are the identity on aim(αrm), see Figure 3.29, we have aik(αrm) 
≃(akm…am-lm) aim(αrm). (3) now follows from Lemmas 3.6 and 3.7 as indicated above. 

 

crm-l.

 

Theorem 15 Let n>3, so that H*(S2, Fn+l) is generated by Gn

 

= n∪k=3

 

{āik

 

: l<i<k}. In

 
terms of these generators, H*(S2, Fn+l) has a presentation in which a complete set of 
relations is given as follows:

 1.
 

If p q and i=r or if p  q and i  r p, then āipārqā-1
ip =ārq.
 2.

 
If p q and i>r, then āipārqā

-1
ip
 

3.
 

If p  q and i<r<p, then āipārqā

 =

 
(āiq(āpq…āq-lq))ārq(āiq(āpq…āq-lq))

-1.
 -1

ip
 

Proof.
 
Theorem 3.9 shows Gn

 
generates H* (S2, Fn+l). We prove the present theorem by 

induction on n, beginning with n=3. For n = 3, H*(S2, F4) =π1(S
2-F3, P4) = the free 

group on 2 generators, as seen in the proof of Theorem 3.9. Moreover, H*(S2, F4) is
 generated by ā13and ā23, hence the present theorem is true in this case. 

 

 =

 
((āpq…āq-lq)āiq)ārq((āpq…āq-lq)āiq)

-1.
 

Assume Theorem 15 for n-1. 
 

Let āipdenote the equivalence class of aip in H*(S2, Fn), to distinguish it from āip, 

the equivalence class of aip in H*(S2, Fn+l). By the induction assumption G n-l = ∪ n-1
k=3 

o → π1(S
2-Fn, pn) → H*(S2, Fn+l) → H*(S2, Fn) → o. 

{āik : l<i<k} generates H*(S2, Fn) with relations as in 1, 2, and 3 with ā replaced by a̿. 
If we then replace a̿ by ā, these relations hold in H*(S2, Fn+l) by Lemma 3.14. Hence the 
map k: H*(S2, Fn) → H*(S2, Fn+l) defined by k(a̿ik) = āik defines a homomorphism which 
splits the short exact sequence 

Therefore by part (ii) of Lemma 3.10 H*(S2, Fn+l) has a presentation in terms of 
the generators G_ in which every relation has the form (1.1) w(ārn) = 1, (1.2) w`(āip) 

=1, (2) āipārnā
-1
ip

  = w(ārn) and (3) ā  

Since k is a monomorphism, w`(āip) = l if and only if w`(āip) = l. Hence by 
induction all relations of the form (1.2) are consequences of those of types 1, 2, and 3 
given in the statement of the theorem. 

 

-1
ip ārnāip

 = w(ārn) where ārnis in Gn
 – Gn-l

 and āip
 is in 

Gn-l. There can be no nontrivial relations of the form (1.1) since the subgroup generated 
by Gn

 – Gn-l, i.e. by {ārn
 : l<r<n}, is d(π1(S

2-Fn, pn)) which is free.  

 

Letting q = n, another application of Lemma 3.14 shows that the relations of 
type 1, 2, and 3 given in the statement of the present theorem supply the necessary 
relations of type (2) from Lemma 3.10. Finally we note that by 1 in Theorem 3.15, āip

 

commutes with the elements āiq, āpq,…,āq-lq

 

when p  q. Hence conjugating 2 and 3 by ā-1ip

 

-

(āiq(āpq…āq-lq))
-1 and using the above commuting properties we see that relations of type 

(3) from Lemma 10 are a consequence of 1, 2, and 3 as given in the theorem. 
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Corollary 16  H*(S2, Fn+l) made abelian is the free abelian group on 2+3+…+(n-1) = 
(n(n-1)/2) -1 generators.  
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