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I. INTRODUCTION

In this paper we consider some problems concerned with the isotopy classification
of homeomorphisms of multiply punctured compact 2-manifolds, i.e., manifolds of the

form X — U; 1 D — Pwhere X is a closed 2-manifold, {D, :1<i<m} is a family of

disjoint dlSCS in X and P = {p,.,1, ..., P,} is a finite subset of X disjoint from each D,.
Inparticular we will show that various homeotopy groups for these manifolds are
generated by the isotopy class of three types of homeomorphisms. In the case X is the
two sphere we will give a complete presentation of these homeotopy groups. Parts of
the material in this paper have been considered in [5 ], [6] and [7], but this is the first
time that a full treatment of this topic, including detailed illustrations of the isotopies
involved, has been submitted for publication. For an alternate approach to the material
in this paper see (for example) [2], and [].

Definitions and Notation
Let x be a 2-manifold (connected, triangulated).
Let AcX and BcX.
(X) = group of all homeomorphisms of X onto itself with the compact-open topology.
X) = arc component of 1y in G(X). Clearly G((X) is normal in G(X).
G(X)/Gy(X) = the homeotopy group of X.

{g € G(X) : g/AeG(A)}.
rc component of 1y in G(X, A).

=a
= G(X,A)/Gy(X,A) = the homeotopy group of (X, A).
={geG(X): g/ A=1,}.
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o(X,A) = arc component of 1y in G'(X,A).
(X,A) =G (XA)/G(X,A)
*(X,A) = (G (X A)NGH(X))/G (X A).
(X,AB) ={geG(X): g/ AecG(A), g/ BeG(B)}
o X,AB) = arc component of 1 in G(X,A,B).
(X,A,B) = G(X,A,B)/G,(X,A,B).

$§ = symmetric group on n letters.

Remarks

1) fe Gy(X)iff f is isotopic to 1y (denoted f = 1y).
2) fe Gy(X, A) iff f is isotopic to 1y by an isotopy which keeps A invariant.
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3) feG (X, A) iff f is isotopic to 1y by an isotopy which is fixed on A (denoted f = 1
(rel A)).

4) If A is a finite set, then Gy (X,A) = G ((X,A) and if also A = A"UA ", then G,(X,
A A) = Gy(XA).

[[. Homeotory GROUPS

In the fpllowing we develop some of the basic tools used in studying homeotopy
groups of multiply punctured compact manifolds. We also obtain a presentation for

H*(S?, F,)where F, is a finite subset of S°.
Lemmal: Let X be a compact 2-manifold, F = {p, : 1<i<n}a finite subset of X.

Define k: H(X, F) — H(X) x H(F) by k(fGy(X, F)) = (fG((X), ({/F)Go(F)) = (fGo(X),
f/F).Then k is an epimorphism with kernel H*(X, F) = (G (X, F)NG(X))/G (X,
F).Therefore, we have the exact sequence 0 — H*(X, F) — H(X, F) *—» H(X) x§, — 0
where we have identified H(F) with §,.

Proof. The map k is clearly well-defined and a homomorphism. Let [gG((X), a] € H(X)

x$ . Suppose g(p;) = y;- By the homogeneity of X for finite subsets of X we can assume
g(p;) = p;- By the remark following Lemma 1.2 (or homogeneity again), we can find a

homeomorphism h € G,(X) with h/F = a. So k is an epimorphism.

Now fGy(X,F) € ker k if and only if f € Gy(X) and {/F = 1,. That is f €
Go(X)NG " (X, F). But for finite sets, Go(X,F) = G ((X,F). Thus,
ker f = (G,(X)NG(X, F))/G (X, F) = H¥X, F).
Remark 1. By Lemma 1.1, H(X,F) =H(X-F) so we also have the short exact sequence
0 — H*(X, F) - H(X, F) — H(X) x8—0.

Remark 2. Similarly, if {D, : 1<i<n} is a family of disjoint discs in a closed 2-manifold
X, then by Theorem 1.6, we have the short exact sequence

0 — H¥(X, F) - H(X - U, D)"— H(X) x§, 0.

Lemma 2 Let X be a closed 2-manifold, {D, : 1<i<m} a family of disjoint discs in X
with p, € D. Let {p; m+1l<i<m+rlbe a set of points in X disjoint from Uiill
D, Consider the composition ¢ : H(X- Uiill bi,ujingil p;) “— H(X- Uir:nl D,) x4,
Vo H(X, Uiill p;) x8 Y- H(X) x§, x§ where k, is as in Remark 2 after Lemma 3.1,

y is as in Theorem 1.6 and k, is as in Lemma 3.1. Then ¢ is an epimorphism with
kernalEH*(X,UIin:—'_lr D;)-

Proof.¢ is an epimorphism, since k;, k,, and y are epimorphisms. We have fG(X- Uir:nl

D;, UIIIHI_E p;) in the kernal of ¢ provided 1) fee G, (X), 2) f(dD;) = 0D;, 1<i<m, and 3)
f(p;) = p;, m+1<i<m+r. Now by Corollary 1.8 H(X- Uiill ﬁi,ugii p;) = H(X- Ur{l Pi

m-+

UE_—S pjand the image of ker ¢ under this isomorphism is H*(X, U;_ g p;). This

follows since Gy(X, UT D Uglli{ p) = Gy(X, Umii_rpi)-

Remarks.
m-r

1) Note that we have the short exact sequence 0 — H*(X, U

o m-r
Di - Um+1 pl) - H(X) X$m)($; _)0

m
p) — H(X - U;—4
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2) Since H(X) is known for X a closed 2-manifold (see Sections 2 and 6 of [1]),
Lemmas 1 and 2 show that once we determine H*(X,F) for any finite set F and any
closed 2-manifold X, the homeotopy group of any multiply punctured compact 2-
manifold will be determined up to a group extension.

3) In therolloWing we will determine a presentation for H¥*(S? F) for any finite subset
F of S°

Lemma.3 Let X be a 2-manifold and let x, € X. Then
1) G(X) is a fibre bundle over Xwith fibre G(X, x,)
2) i:m (X, x,) =2r(X, x,) Vi.

Proof 1) is given in Lemma 4.10 of [3].
2) is given in Lemma 4.11 of [3].

Remarks.

1) The homotopy sequence of this fibration together with the isomorphism in 2) yields
— m(G(X, x)lx) "= m(GX)ly) Y- n(X, x) = 1(GX, x,), lx) "—
my(G(X),1x) — 0.

The map i. : m,(G(X, x,),1x) — 7,(G(X),1x) is onto because any homeomorphism
of X is isotopic to one that fixes x,.

2) n,(G(X, x¢),1x) = H(X, x,) and n,(G(X),1y) = H(X) and making these replacements

above we get the homeotopy sequence of X

— n,(G(X, xp),1x) LN T, (G(X),1x) LANEN (X, %) o, 1,(H(X, x,), 1x) SN H(X) — 0.

3) Let X be a closed 2-manifold. Let F,,; = {p,, ... , p.} be a set of n+1 points in X
and let F, = {py, ... , Pui} = F.;1 — p,- Consider the homeotopy sequence of X-F,
where we use p, for the base point of X-F, the last few terms are ... — n,(X-F, p,)
- H(X-F,, p,) — H(X-F,) — 0.

If, in this sequence, we replace H(X-F,, p,) by a subgroup L which still contains
im d. = keri. and replace H(X-F,) by i.LL then the new sequence will also be exact. Now,
since Gy(X, F,.;) = G'(X, F,.,), we have that H*(X, F,.,) is a subgroup of H(X, F_.,).
The restriction map h — h/X-F, defines an isomorphism of H*(X, F, .,) with a
subgroup L of H(X-F , p,).

Now, a homeomorphism g of X-F  represents an element of L if and only if its
unique extension gtoXx sends p; to itself, 0<i<n, and is isotopic to 1y (all p, being
allowed to move). g € G(X-F,) represents an element of keri. provided its extension g
iends each p; to itself and is isotopic to 1y (all p, being allowed to move). Hence, keri.C

f € G(X-F,) represents an element of i.L provided f takes each p; to itself 0<i<n-
%I 3(1%((1 fF is) isotopic to 1y (all p; being allowed to move). Thus, i.Li can be identified with

Now in the homeotopy sequence of X-F, with p, as base point, we replace H(X-
F,, p,) by its subgroup L and H(X-F,) by i.L. Next, we replace L by its isomorph H*(X,
F,.,) and i.L by its isomorph H(X, F,) getting the exact sequence

- nl(X_Fmpn) d_) H*(X?Fn+1) e_) H*(X? Fn) - 0

4) Note if [1] n;(X-F,,p,) where 1 is a loop in X-F, based at p,, then d([t]) H*(X, F_,,)
is determined as follows:

Let H, be an isotopy of X beginning at 1y which drags the point p, about the
loop t© while leaving each p; 0<i<n-1 fixed; then d([t]) is represented by the
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homeomorphism H;. Thus, the isotopy class (rel F, ;) of a homeomorphism h represents
d([t]), provided h = 1y (relF,) and the isotopy H, from 1y to h is such that H,(p,) = 7.
Note: The map e, on the level of homeomorphisms, takes each h to itself.

Lemma 4 Let F, = {p,, ... , p,,} denote a set of n points in S*. It n > 3, then x,(G(S*
F,), 1) =0.

Proof. This is stated in Theorem 3.1 of [1]. See also page 303 of [3].

Remark. Let p,, pyy ... Py, --- be a sequence of distinct points in S* and let F,= {p,, ... ,
Pui}- Then, in view of Lemma 3.4 we have 0 —m,(S*>F,, p,) — H*(S*F,) — 0 is exact
for n> 3.

Lemma 3.5 Given an exact sequence 0 —»A'— B #— C — 0. Let {a,, ... , a,} generate
A and {c,, ... , c,} generate C. Suppose b, ... , b, are elements of B satisfying f(a,) =
b,lirand b |, ..., b in B satisfy g(b",) = ¢;, 1<i<m, then {b,, ..., b, b |, ....; b}
generates B.

Proof. Let b € B. Then g(b) € C, i.e., g(b) = w,(c;) where w,(c,) is a word in ¢, ..., c,.
Thus, g(b) = w,(g ( ) = g(w (b 1)) So g(bw,(b";))") = 1c. Now, bw,(b",)" € ker g =
Im f => bw,(b",)" = f(w,(a,)) where wy(a,) is a word in a, ..., a,. Hence, bw,(b"))" =
wy(f(2;)) = Wy(b;). So b = wy(b;)wy(by).

Next, we define “twist homeomorphisms”. These will be used to obtain
generators for H*(S*, F,).

Let P = p,, p;,-.- be a sequence of points in the interior of a disc D which
converge to p, € D. Let o be an oriented simple closed curve in D-P and let D* denote
the closure of that component of D-a which forms an open disc. We define the “twist
homeomorphism of D supported by a" *, denoted h,, as follows:

Let A denote a collar neighborhood of ain the disc D' with ANP = @ (see
Figure 1). Let e: S'’XI — A be a homeomorphism with e/S'XI = o where S'XI is oriented
as in Figure 2. Define g: S'XI —S'xI by g(x,t) = (x-t,t) where S° = R/Z (see Figure 2).
Finally, we define h,: (D, P) — (D, P) by hy(x) = ege’'(x) for x € A and hy(x) = x for x
e D-A.

Now, suppose D © X where X is a 2-manifold. Since h, is the identity on oD we
can extend hy to X by the identity. This new homeomorphism will also be denoted h,
and called the twist homeomorphism of X supported by a.

Remark 1. Different choices for the annulus A, satisfying the above conditions, result in
different choices for h,. However, each of these possibilities for h, are ambient isotopic

(rel P) to one another by the regular neighborhood theorem (applied to D" in D -P).
Since we are interested only in the isotopy classes (rel P) of homeomorphisms, we will
abuse the notation slightly and use hy to denote any homeomorphism which results from
the above process.

Remark 2. In [6] twist homeomorphisms (or “c-homeomorphisms”) are defined for any
simple closed curve B in a closed 2-manifold X as follows: Let e : S'XI — A" be a
regular neighborhood of B in X with e /S° X & = B and define g': A° — A’ as
indicated in Figure 3. Define the “c-homeomorphism corresponding to B” to be the
homeomorphism obtained by conjugating g° by e and extending by the identity. In the
case B bounds a disc D", this definition yields our definition of h; provided we add the
condition e (S° x 0) € D'. Without this condition it is possible for two different
embeddingse’ : S'XI — A" and e : S XI — A" to yield two non-isotopic “c-
homeomorphisms”, namely a homeomorphism and its inverse. Thus, the isotopy class of
a “c-homeomorphism” is not uniquely determined by the curve B.

© 2016 Global Journals Inc. (US)
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Remark 3. With the notational abuse mentioned in Remark 1 we can write h = (hg)™.

Remark 4. For any n, h, is defined in X-F, where F, = {py, ... , p.i} to be the
restriction of h,to X-F,.
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Figure 1
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Figure 3

The following two lemmas are versions of lemmas given in [7]. The proofs follow
almost immediately from the definitions.

Global Journal of Science

Lemma 6 Let x be a 2-manifold and let F be a finite set of points in X. Let D be a disc
in X with F € D and let o be a simple closed curve in D-F. Let f: (X, F) -> (X, F) be
a homeomorphism; then h;-,~fh,f'(rel F).

Proof If e : S'xI — A is the embedding used to define h,, then f"e : S'xI — f(A) can
be used to define h;., Hence, hy4(x) = (f e)g(f’e)’(x) on f(A) and h;4(x) = x
elsewhere. That is, h;-o(x) = f"hy " £'(x) on f(A) and h;.4(x) = x elsewhere. But £°h,°
f'(x) = x for x "€ f(A). Thus, h;-q = £° h, " f'everywhere on X.

7. D. Sprows, “Boundary fixed homeomorphisms of 2-manifolds with boundary” Global
Journal of Science Frontier Research 11 (2011) 13-15.
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Lemma 7 Let F, D, and X be as in Lemma 3.6. Let o, p € D-F be simple closed curves
with a=f (rel F), i.e., a is ambient isotopic to B (rel F) in X. Then h,=hg(rel F).

Proof. Let H, : X — X be the ambient isotopy with H,a = B, then by Lemma 3.6 h,~
H,h,H,". Thus, F, = Hh,H,". is an isotopy between h, and hg.

We now concentrate on S>. Let P = p,, ...,p,, ... be a sequence of points in S*
converging to a point p. Let ijj and let a; be the simple closed curve in S? given in
Figure 4, i.e., a; is oriented in a clockwise direction about p and encloses the points p;

and p, for k > j as indicated. Note that for pictorial purposes S* appears as a disc with
q as its boundary, but on S?, q is identified to a single point. We let a; denote the

homeomorphism hy; where to define hy;we take a disc about P not containing the point
q-

Lemma 8 Let n > 3 and let F, = {py,..., p,;}S P. Consider the short exact sequence 0
— m,(S*F,, p,) ‘— H*S* F,,) ‘— H*(S’, F,) — 0 given in the remark following
Lemma 3.4. If a; is defined as above, then the image of d is generated by {3, : 1<i<n}
where 8, = isotopy class of a;, in H¥*(S*, F,,).

Proof. The loops a,, can be deformed slightly to yield loops B, passing thru p, such that

m

- -1
in |, 1<i<n, generate m,(S*-F,, p,). Let b; be the

homeomorphism which dials the point p, once around B, as indicated in Figure 5. The

1
the homotopy classes [B

-1
identity is clearly isotopic to b;, (relF,) by an isotopyH, with the property that H,(p,)

-1
= B;

o . . -1 -1
o - Thus, as indicated in Remark 4 following Lemma 3, we have d[B;,, | = b;, . On

-1 . -1 -1 . -
the other hand,b;, = &, i.e., b;;, =a;, keeping F,, fixed. To see this just note that on

mn?

. -1 . C e
the disc about p, bounded by B, we have b;, restricted to the boundary of this disc is

. . -1 . . : . . .
the identity. Hence, b;, restricted to this can be isotope to the identity on this disc by
an isotopy which keeps the boundary of the disc fixed. Extending this isotopyby the

identity to all of S* we see bin is isotopic to a,, (relF, ;). Note if we denote the isotopy
-1 L -
from b;, to a;, by I, then [, , is given in Figure 6.

Theorem 9 For n>3, H*(S* F,,,) is generated byukig {3, : 1<i<k}where a,is the
isotopy class of a, in H¥(S*, F,,).

Proof. Recall the short exact sequence 0 — H*(S* F,,,) — H*(S* F,) *— H(S?) x§, — 0
of Lemma 3.1. By Theorem 3.1(c) of [1], H¥*(S*, F,) ~H(S*) x§,. Hence, H*(S*, F,) = 0.
In particular, letting n=3 in the sequence 0 — m,(S* - F,, p,) *— H*(S* F,.,) ‘— H*(S?,
F,)) — 0 we have mn,(S* — F,, p;) = H*(S* F,). Thus, by Lemma 3.8, H*(S*, F,) is
generated by {a,;, 8,}. Inductively, assume “'U,_, {8,G,(S* F,) : 1<i<k}generates
H*(S? F,). Now, e(a;,Gy(S* F,.)) = a,Gy(S* F,). Hence, U1?;13 {e(a,) : l<i<k}
generates H*(S*, F,). By Lemma 3.8, {a,,...,a,,} generates the image of d. The
Theorem now follows by applying Lemma 3.5.

Notation: We let G,= Ukig {3, : 1<i<k} cH*(S’, F,,,)-

Remark. G, is a generating subset of H*(S* F,,,) by Theorem 9. The remainder of this
chapter will be devoted to finding a complete set of relations among these generators.

© 2016 Global Journals Inc. (US)
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Lemma 10 As in Lemma 3.5, let 0 - A - B *—= C — 0 be a short exact sequence of
groups. Let {a,,...,a,} generate A and {c,,..., c¢,} generate C. Let b, = f(a;), 1<i<r and
g(b,’) = ¢, 1<i<m; then (i) B has a presentation with generators {b,,..., b, b, ...,
b, } in which ever relation has the form (1) w(b) = w'(b;"), (2) b,"bb,"", (3) b,
'bb,"= w(b;)where w(b,) denotes a word in by,..., band w'(b;") denotes a word in
b, ,..., b, . (ii) Moreover, if the exact sequence splits, i.e., if there exists a

homomorphism k: C — B with g“"k= 1. and if we suppose that b, = k(c,) for 1<i<m,
then every relation of form (1) can be expressed as (1.1) w(b;) =1 and (1.2) w (b, ) =
1.

Proof. Since f (A) is normal in B we have that relations of the form (2) b,"b;"b,"" =
w(b,)and (3) b;"'b;"b,'= w(b,) exist for 1<i<r and 1<j<m. Using relations of form (2)
and (3) any other relator can be rewritten in the form w(b,)w (b;”) and then

transposed into form (1). Thus, part (i) of the lemma holds.

Part (ii) of Lemma 10 follows immediately from part (i), since if the sequence
splits, then f(A)Nk(C) = {13}, so any relation w(b,) = w' (b, ) reduces to w(b;) = 1 and
w (b)) =1L

Remark. Suppose that for a given k and j we have that a relation of the form b, =
b, w(b,)b;"" is a consequence of the relations of type (1) and (2) of Lemma 3.10. Then it

J

follows that b, 'bb," = w(b;). Hence, the corresponding relation of type (3) can be
dropped from the given presentation.

Figure 4

Figure 5
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Frontier Research (F) Volume XVI I

Global Journal of Science



Global Journal of Science Frontier Research (F) Volume XVI Issue VI Version I E Year 2016

Figure 6

Remark 1. We will apply Lemma 10 to the short exact sequence 0 — m,(S>-F,, P,) ‘—

H*(S* F,,,) “— H*(S*, F,) — 0. In the proof of Theorem 9 it is shown that the set G,

= Ul?;lg {3, : 1<i<k} maps onto a generating set for H*(S?, F,) and the set G, — G,, =

nl —
{3, 1<i<n} generates the image of d. Hence by part (i) of Lemma 3.10, H*(S* F,,,)

has a presentation using these generators in which every relation has the form (1) w(a,,)

=w (a,), (2) éikémﬁik =w (3,), (3) é}i a,3;,= w (d,) where in (1), (2), (3) we assume

k<n.

Remark 2. The Technique for determining relations of types 2 and 3 is based on
Lemmas 3.6 and 3.7. We will describe the approach for type 2 relations. Suppose a,(a,,)

= v. Then by Lemma 3.6, and the fact that a, is the twist homeomorphism

corresponding to a

Tn?

1 _
we have hy~a,a,,a; (relF,,,). Suppose also we can find a product

of homeomorphisms w (a;,) such that w' (a;,)(a,,) =y = v (relF,,,), then by Lemma 3.6
we have hy~ w'(a,)a,w (ay)" (rel F ;). Now hy=h,, (relF,.,) by Lemma 3.7. Hence

aganag = W (a;,)a,w (a;)'and therefore 8,a,3; =~ w (a,)a,w (a,)" = w '(a,) is the

rm m

desired relation of type 2. To adapt this technique to yield type 3 relations, just replace
a, with a;k .

Remark 3. The next lemma is needed in the proof of Lemma 3.12, which in turn
supplies the basis for applying the technique in Remark 2.

-1
Lemma 11 Let D, be a disc and D,,...,D,; a family of disjoint discs in D’,. Let B = Uinzl
D.. Let r; be an arc from 0D, to 0D,,,, 1<i<n-l, as indicated in Figure 3.7, i.e. the r; are
disjoint arcs which have only their end points in common with BuUdD,,. Let g: D,— D,

be a homeomorphism which is fixed on BUOD, and is such that g (U121 ;)= Uiill I,
then g=1 (rel BUGD,).

Proof. Let S, = D, - B and let g° = g/S,. We will show that g = 1 (reldS,) and then
conclude g = 1 (reloD,UB) by extending the isotopy for g  over each disc D, by the

identity. For each i, g /r; is a homeomorphism which fixes the end points of r;, thus it
will be isotopic to the identity on rby an isotopy of r;which keeps the end points fixed.
Such an isotopy can be covered by an isotopy of S, which is the identity off a small

relative neighborhood of r; (mod r;) and is the identity on &8S,. Combining these
isotopies we get g is isotopic (reldS,) to a homeomorphism which fixes r; for each i.

© 2016 Global Journals Inc. (US)
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Thus without loss of generality we can assume g /Ur, is the identity. Let D" be the
disc formed by cutting S, along Uiill r. Let p: D — S, be the identification map.
Define h : D° — D" by h/oD' = 1 and h/D - 0D'= p'g p. By Lemma 1.4 h =]
(reldD ). Let G';: D° — D be an isotopy with G'o = h and G*, =1 where G, is a
homeomorphism which fixes D" for each t. Let G, :S,— S, be given by G,(x) = x if x
is in Ur,uas, and G,(x) = pG, p'(x) otherwise. Then G, = g’ and G, = 1 and also G,
fixes 0S for all t. This G, is the desired isotopy between g* and the identity on S,.
Lemma 12 Let D be a disc, I = {i,,...,i,}, J = {j,,..., j,}» K = {k,..., k,} finite sets in D.
Let v;, v;, YioYip» Yo Y @and vy, be the simple closed curves given in Figure 3.8 and let h,,
h;, hy, hy, hlk, hy, and hy be the corresponding twist homeomorphisms, then hy=
hhh hukhlk hy (rel&DUIUJUK).

Moreover this isotopy can be taken to be fixed on suitably small discs D,, D,, D,
in Dabout I, J, K respectively.

Proof. Let D,, D,, D, be discs about I, J, K as in Figure 3.9 and let r,, r,, r;be arcs as
given in Figure 3.9. Let B = U; 31 D,udD. By Lemma 3.11 it suffices to show we can
isotope hik(Ui:?)l ;) to hihh hlehlk hk (Ui_gl r;) (rel B). Figure 10 gives h, (r;) and
Figure 12 gives hjhh hukhlk h: k (r,) = thth (r,). Clearly the curves in Figures 10 and

12 are isotopic (rel B). Flgure 13 gives hy(r,). The curve y given in Figure 16 is isotopic

(rel B) to hjll{ h_--1 (r,) and hence the curve given in Figure 17 is isotopic (rel B) to

h;hh hukh1k h; 11{ But clearly the curves in Figures 13 and.17 are isotopic.

&Dl 2D D, 3D 3D
l !

2 1
\

Figure 7

Figure §
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Figure 16 Figure 17
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Figure 18 Figure 19
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] 8rs n
hy hyhyhy gk (v)
Figure 20 Figure 21

Finally the fact that the curves in Figures 18 and 20 are isotopic (rel B) implies
that hy(r;) is isotopic (rel B) to hihh hgkhlk h: k (r;). Combining these isotopies we have
the desired result.

Remark. In the above, if I, J, or K is singleton, then the corresponding twist
homeomorphism h;, h; or h, is 1sot0p1c to the identity and hence can be dropped from
the statement of the lemma

Remark 2. In Lemma 12, the homeomorphisms h;, h; or h, commute with every
homeomorphism in the lemma

Remark 3. If the curves given in Lemma 12 are in the interior of a 2-manifold X, then
we can consider the corresponding twist homeomorphisms as defined on X. In particular

if F is a finite subset of X and L = IUJUK is a subset of F with F-L outside the disc
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bounded by vy, then we have h;~hhh hlehlk h: k (rel F). Moreover this isotopy can be

taken to be fixed on a family of disjoint discs in X where each disc contains a single
point of F in its interior. In the following we will sometimes refer to the statement in
this remark as Lemma 12 (a).

Lemma 13 Let r<s and let§_be the simple closed curve in S® given in Figure 3.21 alnd
let C, be the corresponding twist homeomorphism, then C,= a,, a4 +slsr+2 asé |

-1
as ls+1 -
small discs about each p;in F, |

ars—li—l (relF, ). Moreover this isotopy can be taken to be fixed a suitably

Proof. Induct on p = s-r. If p=1, then c ~a .a., +2ass—1i-l ag_ lsl 1] (relF, ) follows from
Lemma 12 (a) by letting {ij,...,i,} = {s-1}, {Jl,...,Jq} = {s+],..., n} and {k,..., k,} = {s}.
See Figure 3.22. Now by induction assume (1) ¢, .= a., +Qas_|s__lgi2 as:;—li—l as—l_sl 11

-1 . -1 -1
'ar_ls—|—1 (reanH) claim (2) Crs™ Ay 11512 Ir4-2 Cr 158 s+l -

established, substituting (1) into (2) gives the desired result. Letting {i,...,i,} =
Upeesdad = At oy Ak ko= {rt,

a’s+ls+20r+lsa’rr+la‘ r+lr+23‘ rs+l1. See Figure 323
homeomorphisms commute, (2) now follows.

Note that once (2) is

{r},
, s} in Lemma 3.12(a), we have (3) c,=
Keeping in mind which of these

Lemma 14 Let n>m>3 and 1<r<m and i<k.
(1) If i=r or i<r>k, then aikarma,i ~ a, (relF,.).
(a‘im(a‘km e a‘m—hn) ) a‘rm(a’im(a‘km e a’m—lm) )—1 (rean-H) .

(3) If 1< r<ka then a‘ikarma’il]; = ((a’km' . am—lm) a’irn) a’rm( (akm' . 'a'm-lm) a’im)i1 (reanJrl) :

(2) If i>I', then aikarma‘il]{- =

“stla+2

Figure 22

rs frrdl

o v )
ra+l s+ls+2

ur+1r+2

r+ls

Figure 23

© 2016 Global Journals Inc. (US)

I\Iotes



Notes

Figure 25

mm-+1

Figure 27

© 2016 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XVI Issue VI Version I E Year 2016



Notes

=
mm+1

Figure 29

Moreover all the isotopes in Lemma 14 can be taken to be fixed on a family of
disjoint discs D,,...,D, with p, in D, and to be equal to the identity outside a disc about
F

Proof. Let B = Uiilo D, (S - D) where D' is a disc containing F,. In the proof we use
“h=~g” to denote “h=g (rel B)".

(1) If i=r or i<r>k, then a,can be takento be disjoint from a,,. This means that the
corresponding twist homeomorphisms commute. See Figure 3.24.
-1 -1 .
(2) Let i>r. By Lemma 12 (a) we have hy~hya,, aay) 1] aj,, where y and y  are are
given Figure 25. Keeping in mind the commuting properties of the above
-1 -1

homeomorphisms we can solve for a;, to yield ay=~a;ay_a;hh

1 1
particular, ay(0,,)=a;,ay, +1aikhyhy\ amm4+] (%), But hyhand a,,, are all the

identity when restricted to a,,, since the corresponding curves are disjoint from

Global Journal of Science Frontier Research (F) Volume XVI Issue VI Version [ E Year 2016

a,,when i>r. See Figure 3.26. Thus a,(a,,) =a,,a4.(04.)-

. k-m+1
Now by Lemma 3.13, letting r=k and s=m-1 we have h,=c, =~ay +1am111111—’_;1
-1 -1 . .. . . .
] A m - 8km - Again keeping in mind which of the homeomorphisms commute we can

. -k+1
solve for ay., to yield ay.; (.- ) aﬁm—i—;l Cn- NOW ¢,y and a,, ., are both the

identity when restricted to ., so ag.,(a,) = (ag..-a,.) (o). Thus ay(o,,)

= a‘ima‘kk-H ( arm) = a’im ( a‘km e a‘m—lm) ( 0‘rm) .

© 2016 Global Journals Inc. (US)
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Part (2) now follows from Lemmas 3.6 and 3.7 as indicated in Remark 2 following
Lemma 3.10.

1 -1 .
(3) Let i<r<k. By Lemma 12(a) we have a,, ~a;h,a,,. +lakk{{—l hB where vy and B are

-1 -1
given in Figure 3.27. As before we can solve for a; to obtain a,ay a2, 41 hY hg.
when i<r<k, see Figure 3.28. Thus

-k+1
a’ik(arm) :a’kkJrlaim(arm)' NOW as in t’he pI'OOf Of pa’rt (2) a’kk+1 (a’km a’m—lm)a‘r]:rIllm_{—f——l Crm-

rm

Now a,,.;, hy, hg are all the identity on a

Since ¢, and a,,,, are the identity on a; (a,,), see Figure 3.29, we have a,(a,,)
~ (a8 m) Am(0). (3) now follows from Lemmas 3.6 and 3.7 as indicated above.

Theorem 15 Let n>3, so that H*(S?, F,.)) is generated by G, = "U,_, {a, : 1<i<k}. In
terms of these generators, H*(S?, F,,,) has a presentation in which a complete set of
relations is given as follows:

1. If p<q and i=r or if p<q and i<r>p, then 3, rqé’lip -

@8- 8))

2. If p<q and i>r, then 3,32 111) _ (85,(8,q--84))

Q01

. -1 o = N=\= (/= = =\
3. If p<q and i<r<p, then 4,83, - (8- - -Bqq)8i) g (B -Bgg)Er)

Proof. Theorem 3.9 shows G, generates H* (S* F,,). We prove the present theorem by

induction on n, beginning with n=3. For n = 3, H¥*(S*, F,) =n,(S*>F,, P,) = the free
group on 2 generators as seen in the proof of Theorem 3.9. Moreover, H*(S*, F,) is

generated by a,;and a,;, hence the present theorem is true in this case.
Assume Theorem 15 for n-1.
Let a,denote the equivalence class of a,, in H*(S? F,), to distinguish it from a,),

the equivalence class of a;, in H¥*(S? F,,)). By the induction assumption G*,, = Up—3
{a, : 1<i<k} generates H*(S?, F,) with relations as in 1, 2, and 3 with @ replaced by a.
If we then replace a by a, these relations hold in H*(S?, F,,,) by Lemma 3.14. Hence the
map k: H¥*(S*, F,) — H*(S?, F,.)) defined by k(a,) = a, defines a homomorphism which
splits the short exact sequence

o — m,(S*-F,, p,) — H¥(S* F,,)) » H*(S*, F,) — o.

n+l

Therefore by part (ii) of Lemma 3.10 H*(S?, F,,,) has a presentation in terms of

the generators G* in which every relation has the form (1.1) w(a,) = 1, (1.2) w (a,)
) and (3) &; 1 a3, = w(a,) where a_is in G, — G, and &, is in

mip

-1
=1, (2) a,8,8;, = w(a
G, ;- There can be no nontrivial relatlons of the form (1.1) since the subgroup generated

by G, — G, i.e. by {3, : I<r<n}, is d(n,(S*-F,, p,)) which is free.

Since k is a monomorphism, w (3,,) = 1 if and only if w (3,) = 1. Hence by
induction all relations of the form (1.2) are consequences of those of types 1, 2, and 3
given in the statement of the theorem.

mn

Letting q = n, another application of Lemma 3.14 shows that the relations of
type 1, 2, and 3 given in the statement of the present theorem supply the necessary

relations of type (2) from Lemma 3.10. Finally we note that by 1 in Theorem 3.15, 3,

commutes with the elements a,, a,,. when p<q. Hence conjugating 2 and 3 by .

iq? qlq 1p -
(8(8,,.-.84,,)) " and using the above commutlng properties we see that relations of type

(3) from Lemma 10 are a consequence of 1, 2, and 3 as given in the theorem.
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Corollary 16 H*(S?, F,.,) made abelian is the free abelian group on 2+3+...+(n-1) =
(n(n-1)/2) -1 generators.
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