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Super-Symmetry Quantum Factorization of

Radial Schrodinger Equation for the Doubly
An-Harmonic Oscillator Via Transformation
to Bi-Confluent Heun’s Differential Operators

A. Anjorin * & S. Akinbode®

Abstract- Radial Schrodinger equation for the doubly An-Harmonic oscillator is considered and the transformation to Bi-
Confluent equation done in [13] are considered. Super-symmetry method of factorization is applied to the transformed
equation in obtaining solutions of the Schrodinger equation. Partner potentials and super-potentials are obtained.
Keywords: heun’s, bi-confluent, schrodinger equation, super-symmetry, factorization.

[. INTRODUCTION

Heuns differential equation and its confluent forms have been subject of many investigations in last years due to a large
number of their applications in mathematical physics and quantum mechanics [13, 9]. They indeed play a central role in
a number of physical problems, like quasi-exactly solvable systems [10], higher dimensional correlated systems [11],
Kerr-de Sitter black holes [12], Calogero-Moser-Sytherland system [14], finite lattice Bethe-ansatz systems [15], etc.

Besides, this equation appears as a natural generalization of the hypergeometric equation and its special cases including

the Gauss hypergeometric, confluent hypergeometric, Mathieu, Ince, Lame, Bessel, Legendre, Laguerre equation, etc.

The general second order Heun'’s differential equation (GHE) can be written, in canonical form, as follows [6]

. . 4 8 € (aBx—q)
\begln{equatlon}Dzy + (;+xT1 + E)D'y + my =0, (1.I)

\end{equation}
Where $§ D = %,{0{, B.v,8,€,a,q} (a #0,1)$ are parameters, generally complex and arbitrary, linked by the
Fuschian constraint $ {& + f +1 = y + 6 + €.$ This equation has four regular singular points at ${0,1, a, 0},$
with the exponents of these singularities being respectively, $ {0,1,—y},{0,1 — 6},{0,1 — €},$ and ${a, B}.$ The

equation (LI) can be transformed into the foﬂowing other multi—parameters equations one of which is (14): Bi-confluent

Heun’s equation (BHE) (see page 131 of [13]).
\begin {equation} DY + (a7+1 -p - Zx) Dy + (y —a—3%- W) Y =0, (1.2)
\end{equation}

This equation has many important features in obtaining solutions to Schrodinger equations.
Consider the Schrodinger equations.
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\begin {equation}
y” (x) +{E— Mxlz - /1‘11' - nxf}’y(x) =0, \end{equation} (1.3)

Is transformed into multi-parameters equation Bi-confluent Heun differential equation via the transformation

\begin{equation} Y(x1) = x%e - (iaCOO‘f + %,[)’COO%) E(x),x% = (aic)%x \end{equation}

The Bi-confluent equation obtained was
\begin{ equation }
b Rt BBy — 202 € (x) + (o (B2, — 3 — wx + 1 (2)2(E +3 =0
x§(x) + {3 ﬁc(ac) x—2x°} ¢ (%) {Zac B, —3ac—wx 4(ac) ( B (x) =
\end{equation} (14)
with
E

2.2 3
$$a= 3B =P ()2 ¥ =5, (B —3ac—w)+5,6= ——58

(ac)?

Comparing equation (1.2) and (1.4), the following parameter relations were deduced in page 201 of [13],

8 a=20+Dap -1 =L y=S+20+1) (a2 - 1); 6= {—a+26:(1+ 1)(1 — a2)} 5

2 a

ag

F

At this point, it is necessary to emphasize that the super-symmetry method of factorization of the Bi-confluent Heun's
differential equation can be use to obtain solutions of the named Schrodinger equation. To do this we briefly discuss the
SUSY method of factorization.

In recent work [4], the concept of factorization method, super-symmetry quantum mechanics (SUSY QM) and shape
invariant techniques have been extended to Sturn-Liouville (SL) equations to solve Schrédinger equations. In the present

work this concept shall be extended to the Bi-confluent Heun’s differential equation,

[I. FACTORIZATION OF BH OPERATOR

a) General method of factorization of SL operators
In this section, we extend to BH the general method of factorization of SL operators developed in the previous work [4]

to construct new solvable potentials fOf Heun’s operators. For a matter Of convenience we ﬁrst brleﬂy recall the results

of [4].

b) Brief Review of general method of factorization of SL Operator
Foﬂowing [4], the concept of factorization method was extended to SL equation SUSY QM and shape [nvariance were

widely developed to solve Schrédinger equations and reviewed. Consider the one-dimensional second order differential
equation

H® =éd', &P’ € AC. (Jab,]), (2.1)
where
d? d
H=—-0(x) i (%) ot V (x). (2.2)

¢ is a constants, a(x), T(x) and V(x) are real function defined on the open interval, (Jab,[) € R and ACjyc(a,b)

is the set of local absolute continuous functions given by

ACioc(a,b) = {f € AC[a;By], Vla;By] < (a,b), [a; B,] compact], 2.3)

AClayBy] = {f € ClasByl, F(0) = f(@) + f; g(®)dt, g € Loy}, (24)
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The suitable Hilbert space H = L? ([a, b], p (x)dx) with the inner product defined by means of non-negative weight

function p(x) on (Jab,[):
(w,v) = f;ﬁ(x)v(x)p(x)dx, u(x),v(x) € H,

such that the Pearson equation.
[c(x)p(x)] = T(x)p(x),
Is satistied. The differential equation (2.1)) can be reduced to the self-adjoint form [4]

[c()p()¥' ()] — [V—-¢&] P(x)px) = 0,
and the operator (2.2) can be written in the equivalent form of SL operators [4]

1 d d
H = o) (—Ep(x)a‘HI(x)),

(2.5)

Where U is the complex conjugate of U. The domain of H will be examined below. Choosing the weight function p(x)

(2.6)

(2.7)

(2.8)

Where p(x) = o(x)p(x) and q(x)V(x)p(x). Eq. (2.5), together with the following boundary condition:

p(x)o(x) [E(x)v’(x) - ﬁ'(x)v(x)] |§ =0, Vu,v € H,

(2.9)

Is called Sturm-Liouville system [4] The boundary condition ensures the self—adjointness of the operator H. Since we

want the operator to be self-adjoint, we take on the Hilbert space / as
D(H) ={u € H,u,pu’ € AC.(a,b),Hu € Hj},
p(x) [ﬂ(x)v’(x) — ﬁ'(x)v(x)] |§ =0, Yu,v € H.
It is clear that D(H) is dense in H since C(Jab, [) € D(H). by requiring:

(i) pE€ ACoc (Jab,[),p' € Li.(Jab,[),p~t € L, (Jab, ) positive and real-valued;
(i) q€ Lic(Jab,[), be real-valued;

(2.10)

(i) € L},.(Jab,D,pt €Ll .(ab,], positive and real valued. Then, the operator (H, D(H)) is self adjoint

[4]):

The purpose of this section is to introduce a factorization model with an annihilator operator of the form

d
A=k [E-}‘ W(x)],
with domain:

D(A) ={u e H,xu' + kWu € H},

(2.11)

(2.12)

where Kk and W are continuous functions on (]a b, [). We infer that D(A) dense in H since HY2 ((Ja b, [), p(x)dx)
is dence in Hsince H? ((Jab,[), p(x)dx) € D(A) where H™" (Q) is a sobolev space of indices {m,n}. The

operator A is closed in H. The adjoint operator At is given by [4].

D(AY) ={v e H}|3v e H}: (Au, v) = (Au, v),Vu,€ D(A),Atv =7

The explicit expression of (A™) is given through the following theorem

Theorem 2.1 [4] Suppose the following boundary condition

k(x)p(x)u(x)v(x) |§ =0,Vu € D(A) andv D(4A"),

(2.13)

(2.14)
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Is verified, then the opemtorA+ can be written as
i d
At = k(@) [~ £+ W) +p@)], (2.15)

where ft(%) is a real continuous function defined by p(x) = % In[k(x)p(x)].
Let Hy and Hy be the product operators A* A and AA™, respectively,
H, = A*A,  H,= AA*, (2.16)
with the corresponding domains
D (Hy) = {u € D(A),v = Au € D(AT) and ATv € H},
D (Hy) = {u € D(A"),v = Atu € D(A) and Av € H}. (2.17)
Remark that
HY2(Jab[,p(x)dx) € D(A) € D(AM),
D (Hy),D (Hy) = H*?*(Jabl, p(x)dx).

We infer the D (H;) and D (H3) are dense in H. Furthermore, the following theorem gives the additional conditions
to subject to the function of k and the potentials V'so that the operator / factorizes in terms of A and At

Theorem 2.2 [4] Suppose that

(1) K and U are related to 0 andT as:
k2 =0; k(k'—Kkw) = 7 (2.18)

(11) the potent[a] function V' is related to the W b oy the Riccati type equation

V—§&=0cW?—-W)— tW'. (2.19)

Then the operators Hy 5 are self-adjoint and

At A—H_ r —_. 4 d 2 _ '
Hy=A"A=H—§y=-0—— de+a(W wh—-tw’,
2
H, = AA*T = —a% — T% +o W2 =W+ (t— "W + k(ku)'. (2.20)

Let us remark that the condition k(k! — k) = T of (2.19) can be done from the Pearson equation (2.6) and the
1

constraint k% = ¢. The quantity @ can also be expressed as a = £ by means of the operation 4 and AT we can
K o

form a superalgebra as follows;
{04,0Q;} = Q:Q; +Q;Q; = Hy63), [HsQ1=0;  i,j=12
Where @ = (Q* +Q7)/V2and Q, = (Q* + Q7)/iV2
wingt= (4. 0= @Y = (5 ) 21
We can rewrite the operators Hy 5 as
d? d?

d d
Hy= A*A= -0 —t—+Viand Hy = AA* = —0—— — 14V, (2.22)

dx? dx?2
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Where
Vi=oaW2=W")—1W, Vy,=0cW?-W")— (-0 )W + k(xkpn)'. (2.23)

It clearly appears the SUSY QM is extended to SL operators. We design here that the operators Hy H, as SUSY partner.
V1, V5 are SUSY partner potentials. The expression [4]

Hgs = [_DZ + Wz(x)]lz + W'(x)a3, (2.24)

which gives the superalgebra in terms of the superpotentials takes here the form

d? da 1 ’ 1
Hyg= [0 —t(@®) = oW? + W — (o'W + k() )]I;
(oW’ + % (o'W + (kp)']o3.] (2.25)

Where 03 = (%1 %) is the Pauli spin matrix and I, designs the 2 X 2 identity matrix. The equation (2.23) are the

. . . . . . 1
Riccati equation relating the partner potentials to the superpotentials. We denote, for n = 0, and f,g ) the energy

eigenfunctions and eigenvalues of Hyp, respectively andq)glz) and fr(ll)of H3, respectively.
The pair of SL operators Hj 5 satisfies the interwining relation
H,A=AH, HA*= A+H2, (2.26)

and their states are related by SUSY transformations
1 1 1 2 2 2
Hy (A0) = & (a0P),  H,(40P) = &P (a0P). (2.27)

. . . . .. 1,2 :
It is then straight forward to show that the eigenvalues of Hiand H: are positive definite f,(l ) > 0and isospectra,
i.e. they have almost the same energy eigenvalues, except for the ground state energy of Hi. Their energy spectra are

related by the same equations.

1 2 _1 1
$n = 1(11) + SCO, Y, = LPIE )r 1(12) = 1(1%!-)1 lpr(l )= [Er(z%l-)l] /ZAIPIE+)1'
w® = (gD Yoprg® n=0,12,.. (2.28)

We remark that the SL operator (2.2) is related to the Schrodinger-type operator. If we make the chance of variable

such that x = x(t) such that % = K(x(t)) and define the new function

Pn(t) = / (e(x () p2(O)  (2(2)) (2:29)

Then equation (2.1 turns to an equation of the Schrodinger type

dZ
@+ VO ¥y = &P, (2.30)
Where
_ () (K@p() +HEE K@) 3@ (@)px))? 231
e = [V(x) * 2K(x)p(x) 4(k(x)p(x))? x=x(t) ( )

We shall denote various forms of corresponding superpotentials and partner-potentials of BHE by BHEW; and
BHEV;and j=1, ... k. The integer & depends on the number of the corresponding solutions of the Bi-confluent

Heun's equation.
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¢) Factorization of Bi-confluent Heun's Differential Operator (BH)

The second order differential operator s corresponding to BHE reads as
HBHE = —xD? — (1 + a — fx — 2x*)D — ((y —a—2)x— 1/2 [6+B(1+ a)]), (2.32)
Having the following factorization characteristics.
(1) o =x,k?=x which impies k = ++/x,
2) 7=00+a-pBx—2x?), Ref
@) V= -[y-a-x-0TFAFD]

_ Bx+2x?-a-1/,

@ u=

The operator H factorizes into two first order differentials operators A = k(%) (x)(D + W (x))and At =
k(x)(D + W(x) + p). The operator H, also could be expressed I terms of Hj 5 as

X

(G661

‘projx() ‘ssead AjysIoATUN PI0JX()) UOIYENDo RIIUSIANI(] SUNSY ('Pd) ‘XNBIAUOY "V "€T

H, = —o(x)D? —t(x)D + V;(x), H, = —0(x)D? — t(x)D + V,(x),

Vi) = oW? =W =W, Vy(x)= oc(W2-W')— (-0 )W +k(ka). (233

As accustomed, we set V3 =V — Eg, with E; = 0and W = —z'(x)/z(x) into the Riccati equation of V; we
obtain the original BHE equation given below

xD?z+ (1+a—Px—2x)Dz+ ((y —a —2)x — 1/2 [6+B(1+a)]z=0. (2.34)

Also for BHE, from results in [13](pages 203-206), Eq. (2.34) has 16 forms of solutions corresponding to the super-
potential BHEVVJ-; j=12..,16, where

BHEW;(x) = — (Ing;(x))". (3.35)
The zj (x) are the solutions of (2.34). one of which is

Zl(x) = N(arﬁry'(S;x)! ZZ(x) = x_aN(—a,ﬁ,y, 6: x)l

. . A xn
when @ is not a relative integer. Here N(a, 8,7, §; xX) = Ynso —Z)n vy where Ag = 1; A1 =

(a+
% (5 +B(1+ a)) and
1
Anz = {4+ DB +35 (6 +BA+ D)} Apss = (n = D+ 1+ )y — 2 — a — 2n)4,
The associated partner potentials reads as, for j = 1,2 ...,16,

[o+2x%+a

1
BHEV,j = x(BHEW} + BHEW}! + (a — Bx — 2x?)BHEW; + -2 (2.36)

Thus, the BH operator factorizes as, for j = 1,2...16,& = *1,

A= eJx (D + BHEW;(x)),

1 2
A= x (—D + BHEW; (x) + M)

Vx

© 2016 Global Journals Inc. (US)



Notes

Haven derive the solution of (2.34), these solutions are related to equation (1.4) with parameter relation as stated above.
These relation gives the solution of the equation (I.3>. a super—potentials and partner potentials are obtained. It should

be emphasizes at this stage that the partner-potentials and Super-potentials are not shape invariant.

[11. REMARKS

Apart from the confinement potentials of the Schrédinger equation, this method generates other potentials such as the

partner potentials and super-potentials which are not shape invariant.
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